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SUPPLEMENTARY MATERIAL: THE NUMBER OF INDIVIDUALS ALIVE
IN A BRANCHING PROCESS GIVEN ONLY TIMES OF DEATHS

FRANK BALL,* ** AND
PETER NEAL,* *** University of Nottingham

In the supplementary material, the section counter continues from the main paper
with the first section being Section 8. References to sections, theorems, equations or
similar, with a section number less than 8 refer to statements or results in the main
paper.

In Section 8 we consider two special cases of the phase-type lifetime distribution,
the hyper-exponential distribution (mixture of J > 1 exponential distributions) and
the Erlang distribution (sum of J > 1 i.i.d. exponential distributions). We study time-
homogeneous branching processes with all deaths detected (for all r € R, d; = 1)
and show that the Erlang lifetime distribution satisfies (3.16), which by Corollary 3.1,
gives the number of individuals alive immediately after the k' death as a mixture
of negative binomial distributions. In Section 9, we discuss the case where L = 1,
a constant lifetime which arises as the limit as J — oo of L ~ Gamma(/,J). In
Section 10 we derive the distribution of the number of individuals alive at the first
detected death given we know the time of birth of the initial individual in Lemma 4.
We comment on how Theorem 3.1 can be adapted to the scenario where the time of
birth of the initial individual is known with Lemma 4 replacing Lemma 5.2. In Section
11, we provide two more numerical examples by applying the approximation given in
Section 3.5.2 to simulated data including an SIR epidemic with an Erlang distributed
infectious period.

8. Special cases of phase-type lifetime distributions

Throughout this section we consider a time-homogeneous branching process with
B: = a(> 0) (t € R) and all deaths detected, d, = 1. This leads to simplification
in probabilities related to exploration process defined in Section 4.2, which no longer
depend on . Using results from Section 4.3, we have that, forr e R, 7> 0,0<u <7
andi,j=1,2,...,J,

pij(t,u, ) = Pij(t —u) @,j=12,...,J)
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2 F. BALL AND P. NEAL

and

qi(t,u,7)=0 i=1,2,...,J).

For j =1,2,...,J and u > 0, the probability that an individual is of type j, u units
after they are born, is 21-1:1 xiPij(u), for which we employ the shorthand notation
x;j(u). Then, forz € R and 7 > 0, it follows from (4.14) that y;(z; 7) = &j(r), where

lﬁj(T):‘/O a exp(—au)yj(u) du, 8.1

and from (4.15) that £(¢; 7) = {(t), where

(1) = exp(—aT). (8.2)

Let (7) = X7 ¥(7) and note that /(1) = [[" @ exp(~au)P(L > u)du. As in
Section 3.3, let 1o = 1 — y(c0) and for j = 1,2,...,J, let '7(1)' =/ ;(00) /(o). Setting
t =0in (3.1) yields, for > 0, that ‘

J J
7 =1 = (1) = exp(-at) . > §(e)Pyj(7)
i=1 j=1
J J
= 70 + /(00) = () — exp(—at) ) )" F(e0)Pyj(7).
i=l j=1

Now,
J J J o0
exp(—at) )| Y Be)Pi(t) = D /0 @ exp(—a(u + T)xi(W)Pi;(v) du
=1 j=I

i=1 j i=1 j=1

= /°° aexp(—a(u+7)P(L > u+171)du
0

= /00 aexp(—au)P(L > u)du

= ¢(00) = Y(7),

so . = ;g forall T > 0.
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The number of individuals alive in a branching process given only times of deaths 3

Setting t = 0 in (3.2) now yields, fortr > 0and j =1,2,...,J, that

J
(1 = o = (1) +exp(—at) D §i(e0)P;j(7)

i=1

T J o
= / aexp(—au)yj(u) du + Z / aexp(—a(u+71))xi(w)P;;(t)du
0 i=1 Y0

= /T aexp(—au)yj(u)du + /00 aexp(—a(u+ 1))yt +u)du
0 0

= /00 a exp(—au)yj(u) du
0
= j(00),

N 77]7 = n? forall 7 > 0.
Let

7 =E[exp(—al)], (8.3)

the probability that an individual does not give birth during their lifetime. It is
straightforward to show that 7 = 1 — (o), so for all ¢ > 0, we have that 7, = 7. For
J=12,...,J,letqg; = 179, which can be expressed as

_p(e0) ()
T= ) " 1-7°

(8.4)

Let f1.(u) denote the probability density function of L. Since the probability
that an individual is of type j, u units after they are born, is y;(u), we have that

Jfr(w) = ZJJ.ZI xjw)yj (u > 0) and from (8.4), (8.1) and (8.3) that

J J
(=7 ) Ay = D iy,
j=1 j=1

/00 a exp(—au) fr.(u) du
0
aE[exp(-al)] = ax. (8.5)

For a > —(1 — 7)ij, let W(a) denote the J-dimensional random variable with, for
6 < [0, 1]”, probability generating function (pgf)

J _
s0: =5 |[ 0"
Jj=1

J _
_1+Zj:1aj0jx s

1+37a;  1-(-DT_ 7,0,
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s Thus W(a) is the time-homogeneous version of W(z, a) defined in (3.4).
s Finally, fori =1,2,...,Jand ¢t > 0, let

U= XLy [80 - o]

o

Ci() = —— (3.6)
Syl =) = d50)]
D;(t)
=7 8.7
50 8.7
s Say, where E(t) > 0. Note that (8.6) is the time- homogeneous version of (3.19) and
s Ci(t) = ¢i(0,;0) is defined in (3.8). Let C(¢) = C (t) with C(t) = D(t)/E(¢),
ss where

M“

J
=0-m)

i=1 i=1j

M\

yi [, - ;] - (8.8)

Il
—_

s 8.1. Mixture of Exponential Distributions

60 For a mixture of J exponentials with the j*”* mixture component being Exp(y i), we
o have that y;(u) = x;jexp(—y;u) giving
5 Xy
g=) = (8.9)
S +y;
e and
. = 0 Xja
(I =m)j =y (o) = / a exp(—au)yjexp(—y;ju)du = . (8.10)
0 a + Yj
« To ease the presentation, let &; = a’fyi i=12,...,J). Thenl -7 =« ij':l &, since

o4 Z;Zl nj = 1. Itis trivial to show that, foralli = 1,2,...,Jand 7 > 0,

Yi(r) = aé; [1 —exp(—{a +yi}0)] = (1 -7 [1 —exp(~{a+y:}0)] . (8.11)
o5 From (8.10), (8.11) and (8.7), we have that

E(t) = aexp(-at) )y ;& exp(=y;t)
j=1
= aexp(—at)g(t), say. (8.12)

e Similarly using (8.10), (8.11) and (8.8),

J J
Diy=a ), > vl - )]

i=1 j=1

J J
=a’exp(-ar) Y. > yéitilexp(—yit) —exp(-y;n].  (8.13)

i=1 j=1
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The number of individuals alive in a branching process given only times of deaths 5

The summands are zero when i = j, so

J-1 J

D() = a®exp(—at) D 3" &€ {y;lexp(—yit) — exp(=y;)] +vi[exp(=y;1) - exp(=yin)]},

i=1 j=i+l

J-1 J
= o? exp(—ar) Z Z &€y — vi)lexp(—yit) — exp(—y;1)].

i=1 j=i+l
Thus D(t) = o exp(—at) f(t), where

J-1

J
F0 =) > i = véig; [exp(=yit) = exp(=y;D)] . (8.14)

i=1 j=i

The term when i = j has been included in the double summation to ease the subsequent
algebra.

Forallz > 0,if y; # v,
(v =70 [exp(=yiT) — exp(=y;7)] > 0,
so it follows from (8.14) that, for r > 0, D(r) > 0, and hence, C(f) > 0. Since the

numbers of individuals of each type alive immediately following the first death are
distributed according to W(0), it follows from Lemma 5.4, (5.29), that

{(Xa|T> = 7} 2 W(C(1)) + W(0), (8.15)
where C(1) = (Ci(1), Ca(7), ..., Cy(1)) and W(C(7)) and W(0) are independent.

Therefore, it follows from Lemma 3.1 that the size of the population immediately after
the second death,

N &) . _ . C(T)
{X3|T> = 7} = NegBin(2, ) + Bin <1, = é(T)) ,

where the two random variables on the right-hand side are independent. In Lemma 1
below we show that C(7) is increasing in 7, and consequently that, XJ is stochastically
increasing in 7.

Lemma l. ForJ >2andt > 0,

J J-1 J
Cm=—=Dme ) (DD éémtyi —ym) expl-lyi + ymlt) | >0
80\ k=1 m=k+1

(8.16)
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e Proof. Let h(t) = g(7) f'(t) — f(7)g’ (7). Then
J-1 7
Z('y] 71)§l§] Y exp(— ')’]T) Yi exp(‘?’ﬂ')])

J
h(r) = (Z Ymém eXp(- 7m7)> (
i=1 j=i
J-1J J
+( 2 v = vk [exp(=yim) - exp(- y,r)) <Z Ymbm eXP(—VmT)>,
| m=1

1= =l

(8.17)
s SO h(7) admits the form
J J
)= D> @hm Xp(=(yic + Ym)T). (8.18)
k=1 m=k
s« Using (8.17),fork =1,2,...,J,
Akk = Vibk |~ Z(w YIEKEj Vi + Z(’}’k ~ Yi)§iEkVk
j=k
+Viér —Zm Yéik +Zm mgkf,]
Jj=k
0. (8.19)
8 Forl <k<m</J,
J m
@km = Yk |~ Z(w ~ Ym)ém&jYm + Z(ym = Y)Ei&mYm
j=m i=1
J k
+Ymém | = D0 = VOEE i+ ) vk — YEET
j=k i=1
J m
V| D = Ymdem€ = ) (Ym — wafm]
j=m i=1
J k
FYREm | D = vOEkE] = D vk = )ik | (8.20)
j=k i=1
8 Thus ay,, takes the form

J
Cm = ) B Eikrém. (8.21)
i=1
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The number of individuals alive in a branching process given only times of deaths 7

Fori < k < m, only the 2nd, 4th, 6th and 8th sums in (8.20) give contributions to ,8{."",
SO

B = yim = Yi)Ym + Ym Vi = ¥ Vk = Yem = 1) = YOV = ¥2)
=YYk = Ym)’
Similar calculations for the case k < i < m, when the 2nd, 3rd, 6th and 7th sums
in (8.20) give contributions to ﬁf‘m, and the case k < m < i, when the 1st, 3rd, 5th

and 7th sums in (8.20) give contributions to ﬂl'."”, show that in both of these cases
,Bl’."" =yi(yx — )/m)2 also. Recalling (8.19), it then follows using (8.18) and (8.21) that

J J J
h(r) = (Z D Exémye = ym) exp(=yi + m]r)) <Z m) ,
i=1

k=1 I=k

and (8.16) follows as C’(1) = a,g%. .

8.2. Erlang Distribution

In general, if L = 1:1 E;, where the E; ~ Exp(fi;)s are independent, then
individuals start in type 1 and transition through the types in order before leaving
type J via death. For j = 1,2,...,J, and u > O, the probability that an individual
born at time 0 is of type j at time u is

j J-l
xj() =P (Z E; > u> -P (Z E: > u) (8.22)
i=1 i=1

with le.: E; =0if j = 1. Further, y1(= x1(0)) = 1, x;= xi(0)=0G =2,3,...,J),
vi=0@G=1,2,...,J —1)and y; = ;. Since for a random variable Z with support
on [0, 00),
/ aexp(—az)P(Z > z2)dz =1 - E [exp(-aZ)],
0

it is straightforward to show, using (8.1) and (8.4), that

(I-mm; = /0 aexp(—au)yj(u) du

o0 J Jj—1
:/ a exp(—au) {P (ZE, >u> —P(ZEi >u>} du
0 i=1 i=1

I
—_—
—
|
7 <

Q

+ | =

=

——
|

—_—
|

- <

D

Q

+ | =

=

——
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8 F. BALL AND P. NEAL

For the Erlang distribution, where each fi; = u so successive jumps to the next type
form a Poisson process having rate u, we have that

(upy !

u
(j = D!

xj(u) = exp(—uu) G=L2,...,J).
Therefore, recalling (8.1),
Yi(r) = yy — [1 —exp(—{a + p}1)], (8.23)

and for j > 1, using integration by parts,

W exp(—{a+#}u)]T
G-DU" T avn

dj(r) = ap’™! [—

a/,uf !
a/+/1,/ G- 2)'exp(—{a/+,u}u)du
j-1
:—afﬂ El;T_)l)'exp(—{a/+,u}T) + (8.24)

Noting that the solution of the difference equation
Xi=a; +0x;_; (i=2,3,...)
is
X =0+ Y a0 (=23,

it follows from (8.23), (8.24) and a little algebra, fori = 1,2, ..., J, that

< M ) Z (,uT)k < M )i_l_k e—((t+y)‘r (8 25)
u+a u+a ’ ’

Yi(o0) =

Yi(r) =

a+pu

Thus

J(o0) = XL i) = 1 = 5

/-\
\_/
~
[~
=3
o

H+a

- ﬂ J
—Y(o0) = ( > . (8.26)

Recalling ZJJ-:1 i1; = 1, the definitions of C;(t), C(r), D;(r), D(7) and E() given
in (8.6)-(8.8), and using (8.5), we have that

J
E@) =) vl = = 0,(0)] = aF - iy (7)

j_

pa (/n) p \E
e (et — 8.27
e U () &z
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The number of individuals alive in a branching process given only times of deaths 9

and

J
D) = (1 =) ) y; [0 (1) = 7,050
=1

= u(l =) {71 (7) = (D)} . (8.28)
Noting from (8.4) that (1 — 7)57; = :ﬁj(oo) (j=12,...,J), it follows from (8.28) that

J
D(z) = )" Dj(r) = ulih(cois (t) = ¥ (o(7)]. (8.29)
J=1

Now (7) = ¥, :(1), so, using (8.25),

. U p i-1 -1 (uryk u i-1-k "
= _ —(a+u)T
w(T)_Za+ <ﬂ+a> kZ:;) k! <u+a> © ]

U+a = k!
whence
W (o) (7)
J-1 J J-1 X J-k
— a lu 1 _ lu _ e—(a+ﬂ)7 Z (IUT) _ ﬂ
a+u \pu+a U+a e k! U+a ’
Further,
(ool s (1)
J J-1 J-1 k J-1-k
— 1 _ ﬂ a # _ (/'LT) ﬂ e—(a+l1)‘r
U+a a+u U+a okl \pta ’
so using (8.29),
pa J-1 L J-1-k u J-1 (ﬂT)k
D — _ —(a+)T _ ) )
© ,u+ae kz:;) <ﬂ+a> (,u+a> k! (8.30)

Hence, D(t) < 0, and consequently, C(t) < 0. Therefore it follows from (8.15) and
Lemma 3.1 that

) _ . e 1+_C_‘(‘r)—7_r
X =7 ~ NegBin(2, ) with probability —(1+C(C_T))()l_—7‘r) (8.31)
Geom(7) with probability =0T —.
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Equations (8.27) and (8.30) yield

C(1)

_D@ _

~

-1

(ur)*

k=0 k

!

k=0

CE@ T (o)

k!

F. BALL AND P. NEAL

- 1.

(8.32)

It is shown in Lemma 2 below that, for J > 2, C(7) is strictly decreasing in 7 on [0, co0),
and hence, that X7 is stochastically decreasing in 7.

Lemma 2. For J > 2, C(1) is strictly decreasing in T on [0, o).

and define the function € : [0, ) — [0, 1) by

u+a

Proof. Letn=J -1, p = —

Then, by (8.32),

Let (1) = XLy 5. &) = X7,

where

a; =

u

min(i,n)

2

k=max(0,i—n+1)

Fori=0,1,...,n—-1,

as p > 1.

a

i
-3
k=0
i
k=0
<0,

C(t)=C(ur) - 1.

(’Z?k and h(t) = () f'(t) - f(©)g'(t). Then

2n-1

h(t) = Z at',
i=0

ok

Kl —k)!

ok

K\i— k)
o
k(i — k)!

min(i,n)

2

k=max(0,i—n+1)

i

2,

k=0
i

2,

k=0

pi—k+1

k+1
P

pi—k+1

k(i — k)"

kG - k)!

kG - k)!

(8.33)
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132 Fori=n,n+1,...,2n — 1, substituting [ = k — (i + 1 — n) in (8.33) yields

2n—1-i l+i+1-n 2n—1-i n-1

S P B o
¥i= IZ; (+i+1-m)ln—-1-1)! ; (+i+1-m)n—-1-1)!

2n—-1-i 1 2n—-1-i 2n—1-i-I
:pi+1—n Z P _ P
L4 (+i+l-mln—[-DI & (+i+l-mln—1-1)

2n—-1-i 1 2n—1-i 1 }

_ Aitl-n P _ P
-F [Z (+it1l-m)ln—1-1) ;; (A+i-m)ln—1)

() ()

i+1-n 2n=1-i
we  Substituting k = 2n — 1 — i — [ in the final sum above yields

_P i
T 2"
: 2n—1-i . .
_ o pittn 2n—1-i—k L !
U kZ::‘) P n-k) \n-k-1/|

=0
~ 1Pi+1_n2n_l_i I on-1-i-1 i I
R T >, ('=p Mlaziot) )| (8.34)

=0

13¢ SO

s It is easily checked that

>0 ifl<n-%l

( " >-< i ) 0 ifl=n- i,
n—-1-1 n—1 iil’

<0 ifl>n-

e and,as p > 1,

>0 ifl>n- 5,
I on—l-i-l)_ e _ j+1
pr=pT T =0 ifl=n-57,

<0 ifl<n-H

1z Hence it follows from (8.34) that @; < 0 (i =n,n+1,...,2n—2) and @,,,—1 = 0. Thus
w  C'(1) < 0forall ¢ > 0 and the lemma follows. |
130 Suppose now that L ~ Gamma(J/, J), so 4 = J, and consider the limit as J — co,
w in which case L converges in distribution to a unit mass at one. This provides a link
w1 between phase-type distributions and the analysis of a constant lifetime distribution
w2 presented in Section 9.

«w Lemma 3. Under the above limit, @ — exp(—a) and C(t) — —r(t), where

{1 —exp(—at) ift <1,
r(t) = :
1 —exp(—a) ift > 1.
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Proof. It follows from (8.26) that

_ ( J
T =
J+a

as required.
Let F(r) = C(r) + 1. Using (8.32),

F(r) =

F. BALL AND P. NEAL

J
) — exp(—a),

exp(JT)P(X <J-1)

Z (J+ CL’)T)k

T ep((J+a)P¥ <J 1)

where X ~ Po(Jt)and Y ~ Po((J+a)7). Let W ~ Gamma(J, 1). ThenP(X < J-1) =

P(WW>Jr)andP(Y <J -1)=P(W > (J + @)7), s0O

F(t) = exp(-=a1) f5(1)

where

fi(r) =

with

gs(JT)

g/ +a)r)’

gJ(x):/ u’"le " du.

log f7(t) = hy(Jt) = hy((J + @)71),

Thus

where h;(x) = log gs(x).

_/()oo(1+v

)J_le‘v dv’

Now -
, —x’ e
0 = 7 J-1 -
f u’~le 4 du
X
so0, by the mean value theorem,
log /(1) =

for some x € (J7, (J + @)7). Further,

v J-1
hm(1+—) -
J—o00 JT

sosince JT < x < (J + a)T,

Jim log f(7) =

lim <1 +
J—o00

|

aT

0
a(t—-1)

1%

J-1
:e?’
(J+a)7'>

(o] vV
/0 ere Vdy

ifr <1,
ifr>1.

(8.35)

(8.36)
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The number of individuals alive in a branching process given only times of deaths 13

(The two sequences in (8.36) are increasing, so the monotone convergence theorem
can be used to justify the above limit.) The second part of the lemma now follows
using (8.35), since C(t) = D(1)/E(t) = F(1) - 1. m]

In the limit as / — oo, we focus on 0 < 7 < 1 since for v > 1 the probability that
the second death occurs time 7 after the first death tends to 0 as J — oo. Using (8.15),
it follows from Lemma 3, that, forO < 7 < 1,

x| _ ] 1+sC@) 7 2
E[s TZ_T]_ 1+C() <1—(1—ﬁ)S>
1 - (1 — exp(-a1))s 7 2
T exp(—ar) <1 —a —ﬁ)s) ’ (8.37)

as J — oco. Applying Lemma 3.1 to (8.37), yields after straightforward algebraic
manipulation, that in the limit as J — oo, for 0 < 7 < 1,

NegBin(2, ) with probability 1 — i(7)

(6l =1} ~ { Geom(7) with probability h(t) (8.38)
where
h(t) = M' (8.39)
exp(a) -1

Note that i(1) = 1, so in the limit as J — oo, {X5|T>» = 1} ~ Geom(exp(—a)). This
has a simple explanation, since if all lifetimes are equal to one and the second death
occurs one time unit after the first death, then the initial individual had only one child,
who was born as the initial individual dies. Therefore the population just after the
second death comprises solely of the descendants of the second individual at its death,
which follows a Geom(exp(—a)) distribution.

9. Constant Lifetime distribution

In this section, we explore further L = 1 and as in Section 8 we assume that all
deaths are detected. However, we allow a time-inhomogeneous birth rate. That is, an
individual born at time ¢ is alive on the interval [z,7 + 1) and during this time gives
birth at the points of a time-inhomogeneous Poisson point process with rate 3, at time
u, so if there are x individuals alive in the population at time u the infinitesimal birth
rate is xB,. Given that the first death is at time O, the initial individual starts their
lifetime at time ¢ = —1 and we require S, to be defined for # > —1, but unlike the
general phase-type model given in Section 2 we do not require the birth rate to be
constant before the first (detected) death.

For s > -1 and 0 < 7 < 1, let Z(s,7) denote the number of offspring alive at
time s + 1 given there is a single individual alive at time s who dies at time s + 7. It
is straightforward using the exploration process outlined in Section 4.2, with minor

modifications, to show that Z(s, 7) is a zero-modified Geometric random variable with
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probability mass function,

P(Z(s,7) =0) =exp (— /HT Bu du)

P(Z(s,7) = k) = [1 — exp (—/Wﬁu duﬂ [1— A1 ]! R, (k=1,2,...).

F. BALL AND P. NEAL

9.1

9.2)

where for r > 0, &, = exp(— /tt_l Bu du) is the probability that an individual alive on
the interval (¢ — 1,7] has no offspring. The main observations in deriving (9.1) and
(9.2) are that (9.1) is the probability that the initial individual has no offspring and
since L = 1 that any individual born in (¢ — 1, ¢] will be alive at time ¢. For0 < 7 < 1,

s+T
exp <—/ Bu du) > s+l

and it follows using Lemma 3.1 that

Z(s,7) L

Geom(7s41)

0

1
with probability

. . CXP
with probability

9.3)

©.4)

For ¢t > 0, let S; denote the death times of all individuals who die before time . Let
R: = 8:\S¢-1, the set of death times in the interval (¢ — 1, ¢]. Then the cardinality of
R:is R; = Y*(t — 1), the number of individuals alive at time ¢ — 1 and

D

Y*(0)|S; =Y ()| Ry,

since no individuals born before time ¢ — 1 are alive at time ¢. Write R, = {(t — 1 +
p1),(t—=1+p2),...,(t=1+pg,)}, 500 < p; < 1is the remaining lifetime at time ¢ — 1

of the i'" to die in the interval (t — 1,t]. Therefore if 71,70, ..

random variables with Z; 2 Z(t -1, p;), we have that

It follows straightforwardly from (9.4) and (9.5) that Y*(¢)| R, is a mixture of {NegBin(k, 7;); k =

0,1,...,R.}.

R
Y ()[R, 2 >z

i=1

., Zg, are independent

9.5)

We note that Z(s, 1) ~ Geom(f5+1), so for X;|To.x = tax 2 Y*(sk)|Rs, is a mixture
of {NegBin(k,;);k = 1,2,..., Ry, }. In particular, for k =2 with 0 < £(= s52) < 1,

we have that

D
X3 =1=

NegBin(2, 7t;,)

Geom(7t;,)

with probability

with probability

1—exp<— ft;)—l Pu du)

-7,

exp(— ft;)—l Bu du) — Ty,

-7,

(9.6)
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In the time-homogeneous case where 5, = a (u# € R), we have that 7, = 7 = exp(—a)
(t € R) and (9.6) becomes

o NegBin(2, 7) with probability % =1 - h(ty)
=1y ~ _ar _ _
227271 Geom(w) with probability SPC(ZRO=0) )

where h(-) is defined in (8.39), in agreement with (8.38).

10. Initial individual’s birth time known

In this section we consider the case where the birth time of the initial individual,
So, is known and is equal to —tg, say, for some ¢y > 0. We derive the distribution of
X in this case without any restrictions on the birth-rate, §8;, or detection probabilities,
d;, (—t9 <t < 0) prior to the first detected death.

Let g =1 -y (—to;t9) and for j = 1,2,...,J, let

(=to; 1, (=to; 1,
77? _ ‘r///( Ov O) _ l///( 0 0). (10.1)
1 = 7o Y (—to; to)
Fora > —(1 - ﬁo)ﬁo, let W(a) denote a J-dimensional random variable with, for
6 € [0, 1]”, probability generating function (pgf)

J oo
g@:a)=E|[ [0
j=1

B 1+Z]'(:1 ajHj N 7o
L+Xa;  1=(-%) X, 750,

Note the similarity between the pgf of W(a) and the pef of W(z, a) defined in (3.4).

(10.2)

Lemma 4. Suppose that the initial individual is born at time Sy = —tg for some ty > 0.
Forj=1,2,...,J, let

. S xi iy doyi [wi(=tos to)pij(—to, 0, to) — ¥ j(—to; to) pir(—to, 0, o) |

¢j 7 7
et Xi 2= do,iyipi(=to, 0, 10)
(10.3)
Then

X; ~ W(0) + W(©), (10.4)

where W(0) and W (&) are independent random variables.

Proof. The proof is similar to the proof of Lemma 5.2. We show that
S 1+37,¢0; . 2
X! =1%JYJ 7

B[ ]6]S0=—t|= / X 0 . (10.5)

1+370,¢ L= (1 = st0) X7_, 176,
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16 F. BALL AND P. NEAL

from which the lemma follows immediately.
For i = 1,2,...,J, the initial individual is type i at birth with probability y;.
Therefore, for any 0 € [0, 117, we have that

o T viHp(0;—10, to: €;
E([]6][S0 =10 _ Ziz XiHlp(®: 1o, 1o; ) (10.6)

1 J

J=

SL xiHp(1; —to, to; €;) '

(c.f- (5.7)). Using Corollary 5.1 along with (5.2), we have that

J
(103 10)
Hp(0; 1o, 10;€;) = Zdo,m Sl 5
I=1 [1 - Z_f:l %‘(—lo;lo)@j]

J J

X |pir(=t9,0,10) | 1 - Z Wi(—to;20)0; | +wi(—to;10) Zpij(—to; 10)0;] .
j=1 j=1

(10.7)

By summing (10.7) over i and simplifying, we have that

J 7 7 J
—to; ¢ L xid . d i1(=t0, 0,1
ZXiHDw;—to,to;ei) _ {(=tos10) Xi—y Xi 2j=1 droyipi(=to, 0, to) s chjgi ‘

2
i=1 1= 37 ¢ (=103 106, J=1
(10.8)

By setting & = 1 in (10.8) and substituting into (10.6), we have that (10.5) and the
lemma is proved.

It is straightforward to modify Theorem 3.1 to obtain X |T,.x in the case where
So = —to using Lemma 4 for X;. We set my = 79 and nO = f]o and for t > 0, construct
n, and p' using (3.1) and (3.2), respectively. Given the base step X 2 W(O) + W(©),
the inductive step proceeds as in Theorem 3.1 (b), with X5.x|T2.x = t2.x now being
a mixture of k! random variables each consisting of the sum of £ + 1 independent
zero-modified geometric random variables.

11. Numerical Results

In this section we present two additional examples to demonstrate the approximation
given in Section 3.5.2.

The first example is a simulated branching process with L ~ Gamma(4, 4) up until
the 500"" death was observed. For k = 1,2,...,500, let a; and &x denote the birth
rate and the probability of detecting the death of a type-4 individual, respectively,
between the (k — 1)°* and k'" detected death. (Remember that since the lifetime is
an Erlang distribution only type-4 individuals can die.) The birth rate and detection
probability changed after every 100 detected deaths with (@, €x) = (@200+k> €200+k) =
(@400+k> €400+k) = (2.0, 0.25) and (@100+k» £100+k) = (@300+k> €300+k) = (0.5,0.5) (k =
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1,2,...,100). Since E[L] = 1 the branching process alternates after every 100
detected deaths between being super-critical (Ry = 2) and sub-critical (Ry = 0.5).
In Figure 5, we plot the number of individuals alive, of each type and total number,
immediately after a detected death against the number of detected deaths from a single
realisation of the branching process, along with the median ()A( /. j=12,3; X Z) of the
approximate distribution derived in Section 3.5.2. We also include the 5% and 95%
quantiles of the approximate distribution, denoted /; and uy, with [l, uy] shaded for
k=1,2,...,500. We observe that there is very different behaviour over time in the
number of individuals of the four types (four stages of the Erlang distribution). For
all four types the approximation captures the trajectories of the number of individuals
alive of that type.

As in Section 7, we assess the performance of the approximate distribution based
on 100 branching processes realisations using a P-P plot (Figure 6), of . 509, ;, the
ordered w. 500,; (j = 1,2,3,4), where u; ¢ ; (i = 1,2,...,100;k = 1,2,...,500; j =
1,2,3,4) are obtained using (7.1). The P-P plots demonstrate good performance of the
approximate distribution for number of each type alive after the 500/" detected death.
We also considered the above branching process with the detection probability changed
in the sub-critical phases, in particular, we considered (a) €100+x = €300+« = 0.25,
no change in the detection probability and (b) €190+x = €300+« = 0.75, a more
signficant change in the detection probability. We noted better performance of
the approximation distribution in (a) and worse performance of the approximation
distribution in (b) supporting the notion that the approximation becomes worse as the
detection probability changes more dramatically.

The second example is a simulated epidemic in a population of 2000 individuals
with L ~ Gamma(2, 2), infection rate § = 1.5(= Ry), detection probability £ = 0.4
(the probability an individual is detected on entering the removed state) and 1 initial
infective in an otherwise susceptible population. The epidemic resulted in 480 detected
removals (out of a total of 1239 removals) and we estimate the number of infectives of
each type (each stage of the Erlang distribution) immediately after each removal. For
k=1,2,...,480, let a) denote the birth rate between the (k — 1)’ and k*"* detected
removal (death) of the approximating branching process. We set

1 k-1 ..
ag = ﬁﬁ {N - —— —E[X{|Tox-1 = t2:k—1]} (I1.1)
&
where (k — 1)/& and E[X;_1|T2:k—] = tp.x_1] are the estimated mean numbers of

removed and infectives immediately after the (k — 1)*" detected removal. Note that
if &€ = 1, all removals are detected, the equation for a; given by (11.1) reduces to
the equation given in [2], Section 7. In Figure 7, we plot the number of infectives,
of each type and in total, immediately after a detected removal against the number of
detected removals, along with the approximate median ()A(]](, j=172 )?Z) calculated
using Section 3.5.2. We also include the 5% and 95%, I and uy with [, ux] shaded
for k =1,2,...,480. We observe that the branching process approximation provides
a good approximation to the trajectory of the total number, and the number of each
type, of infectives over the entire course of the epidemic.
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Ficure 5: Number of individuals alive (solid line) and median of approximate distribution
XZ|tyx (z = 1,2,3,4) (dashed line) up to the 500" detected death with L ~ Gamma(4, 4),

(ak,ex) = (@2004k>€2004k) = (@400+k> E4004k) = (2.0,0.25) and (@100+k> E1004k) =
(@300+k> €300+k) = (0.5,0.5) (k = 1,2,...,100). The shaded area represents the probability
mass between the 5% and 95% quantiles of X < |t2:k. Top left: Number of Type 1 individuals
alive; Top right: Number of Type 2 individuals alive; Bottom left: Number of Type 3 individuals
alive; Bottom right: Number of Type 4 individuals alive.

We again assess the performance of the approximate distribution based on 100
epidemic realisations with the population size and parameters given above. We restrict
attention to epidemics which take-off and result in at least 100 detected removals with
the number of detected removals ranging from 383 to 548. In Figure 8, we use P-P plots
of the u. x ; (k = 100,200,300, j = 1,2). The plots show that using the branching
process approximation with birth rate given by (11.1) provides a good approximation
for the number of infectives of each type in the epidemic process.
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FiGure 6: P-P plots based on 100 simulations of the ordered quantiles of @i 500,; (j = 1,2, 3,4),

where L ~ Gamma(4,4), (ax,&x) = (@200+k> €200+k) = (@400+k> E400+k) = (2.0,0.25) and
(0'100+k’ 8100+k) = ((l’30()+k, 8300+k) = (05, 05) (k = 1, 2, ey 100) TOp left: Number of Type

1 individuals alive; Top right: Number of Type 2 individuals alive; Bottom left: Number of

Type 3 individuals alive; Bottom right: Number of Type 4 individuals alive.
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Ficure 7: Number of infectives (solid line) and median X ,fltz;k (z = *,1,2,3) (dashed line)
after each detected removal k in an epidemic in a population of size 2000 which infects
480 detected removals with infection rate 8 = 1.5, removal detection probability ¢ = 0.4
and L ~ Gamma(2,2). For the branching process approximation ay = S{N — (k — 1)/e —
E[X w_11T2:k-1 = ta:x—1]}/N. The shaded area represents the probability mass between the 5%
and 95% quantiles of X ¢ [t2:. Top left: Total number of infectives; Top right: Number of Type
1 infectives; Bottom left: Number of Type 2 infectives
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Ficure 8: P-P plots based on 100 simulations of the ordered quantiles of 1. x ; for k =
100,200,300 and j = 1, 2, where L ~ Gamma(2, 2),, ay = S{N - (k- 1)/8—E[XZ_1|T2:1<—1
t.x—1]}/N. Top left: Number of Type 1 infectives k = 100; Top right: Number of Type 2
infectives & = 100; Middle left: Number of Type 1 infectives k = 200; Middle right: Number
of Type 2 infectives k = 200; Bottom left: Number of Type 1 infectives & = 300; Bottom right:
Number of Type 2 infectives k£ = 300.



