
Streamline Geometries
orthogonal coordinate (𝜉, 𝜂)
geometric properties: r, 𝜃, 𝜅

𝐴 =
��r𝜉 �� , 𝐵 =

��r𝜂 ��
(𝐴𝜅)𝜂 = 𝐴 (𝐵′′ + 𝐵𝐾)
𝜃𝜂 = 𝐵′ +

∫
𝐴𝐵𝐾d𝜉

Governing Equations of T
U𝜂 = F (U)

Boundary Conditions & Solutions
streamline b.c.: numerical iteration
shock b.c.: applying T in sequence

Mass Conservation
(𝜌𝑢)𝑖𝑛 𝑆𝑖𝑛 = (𝜌𝑢)𝑜𝑢𝑡 𝑆𝑜𝑢𝑡

𝐵 = ℎ

(𝐴𝜅)𝜂 = 𝐴 (ℎ′′ + ℎ𝐾)
𝜃𝜂 = ℎ′ + 𝐹

Centrifugal Equilibrium

𝐹𝑔 ∝ 𝜅, 𝐹𝑔 ∝ 𝜕𝑝

𝜕𝜂

(ln 𝐴𝜆)𝜂 = P
L𝜂 = P/H + 𝑘

Streamline Boundaries
Type: I-IV

Weak Discontinuity Corrections T𝐶

(𝜃 + 𝜚𝜈)′ =
( ¤𝜆/𝜆 − Q/𝛾𝑀2

)
csc 𝛽

(𝜃 + 𝜚𝜈)′ = ¤𝜃 sec 𝛽 + (R − 𝐹/ℎ) tan 𝛽

Shock Relations & Gradients

Shock Boundaries

Streamline Transformation Method
(STM)
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Streamline Transformation

U (𝜉, 𝜂 + d𝜂) = T[ 𝜉 ]
𝜂→𝜂+d𝜂

[U (𝜉, 𝜂)]

Calorically perfect gas model:
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(effective curvature)

I: r = r0 (𝜉) , 𝜆 = 𝜆0 (𝜉)
II slip wall: r = r𝑤 (𝜉)
III far-field: 𝜆 = 𝜆∞
IV pressure: 𝜆 = 𝜆𝑝 (𝜉)

Shock Invariants & Relations
S,D → 𝜆∓, 𝛽∓, 𝑝+0/𝑝

−
0 , . . .

1st-Ordered Curved Shock Theory

M1

[
𝜅

ℎ′/ℎ

]
=

[
𝑏𝜅

𝑏ℎ

]

2nd-Ordered Curved Shock Theory

M2

[
𝜅′

ℎ′′/ℎ

]
=
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𝑑𝜅
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M1 =

[
cos 𝛽 sin 𝛽

sin 𝛽 𝜛 cos 𝛽

]

M2 =

[
cos2 𝛽 +𝜛−1 sin2 𝛽 2 sin 𝛽 cos 𝛽

2 sin 𝛽 cos 𝛽 𝜛 cos2 𝛽 + sin2 𝛽

]
𝜉 = 𝜉 (𝑠) , 𝜂 = 𝜂 (𝑠):
r = r (𝑠) , 𝜃 = 𝜃 (𝑠) 𝜅 = 𝜅 (𝑠) , 𝐴 = 𝐴 (𝑠)
𝜆 = 𝜆 (𝑠) , ℎ = ℎ (𝑠) , ℎ′ = ℎ′ (𝑠) , ℎ′′ = ℎ′′ (𝑠)

differential geometry

geometrical relations

directional derivatives
along the shock wave

directional derivatives
along the shock waveapplying along the

given shock wave
i.e. inverse design

D = 0

quasi-one-dimensional
isentropic
relations

replacing 𝐵 with ℎ

expressing 𝑝
with 𝜆

summarizing
only
when

crossing
d.m.w.

generic geometrical relations

in continuously differentiable regions

along discontinuities: shock

along discontinuities: Mach wave

d.m.w. = discontinuous Mach wave
b.c. = boundary condition


