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This supplement provides some lemmas for proving the main theorems in the paper.
In the following, we consider using the Series Logit Estimator (SLE) to estimate the
propensity score function p(x). Specifically, let kK = (K1, ..., kn)" € NJ* be an m-dimensional
vector of nonnegative integers. Define |k| = i ki, and let {k(€)}32, be a sequence that
i=1

includes all distinct vectors in N and and satisfies |x(¢)| is nondecreasing in ¢. For

x = (x1,-+ ,xym) € R™ let 2% denote the power function [] xfj We further define
j=1
RE(z) = (2" ... ")) as an L-vector of power functions for L > 0. Then the SLE for
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with g(u) = exp(u)/(1 + exp(u)) and
T = arg mgxz {D;Ing(R"(X;)'r) + (1 - D;)In[1 — g(R*(X,)'m)] } .

Assume that L = a - n”, where a is a positive constant. According to Lemmas 1 and 2 in

Hirano et al. (2003), it can be shown that under Assumption 6,

sup [pu () — p()| = O, (n™/*7172).
S

Define Wy(X;, D;) = 135{2) and Wy(X;, D;) = %. We also let /Wn,o(Xz‘; D;) =
1_15:%(1_) and /Wm(Xi, D;) = 1%’ where p,,(z) is the SLE of the propensity score function

p(z) using (X;, D;), i = 1,--- ,n. To prove Theorem 1, we first provide the following lem-
mas. Note that Lemma 1 provides an equivalence between the quantile estimate based on
the weighted check function and the quantile estimate by inverting the weighted empirical

distribution so that it can make some theoretical proofs simpler.

Lemma 1.'Suppose Y1, -+ .Y, are observed. Let a; >0 fori=1,--- ,n and Y ;' a; = 1.
For 0 <71 <1, define

g = inf {y  Fo(y) = Zai[(Y} <y)> T} ;
i=1

and

¢; = inf : 1 iT)/i_ ;
gy =in {q argmin ) aip, C])}

i=1
where p,(Y; — q) = (Vi — q) (v — (Y — ¢ < 0)). Then G, = ..
Proof of Lemma 1: Without loss of generality, we assume that ¥; < Y, < -+ < Y.

Suppose that Zézl a; < T < Zig a; for some [. In this case, it is easy to see that

!The authors thank one of the anonymous referees for bringing our attention to this equivalent result.
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¢ =inf{y:> " aI(Y; <y)>71} =Y. Define h(q) = >, aip-(Y; — q). We consider
the first derivative of h(q) except for g € {Yi,---,Y,} where h(q) is not differentiable. We

have

dh(Q) Zf:1 a; —7<0, fYy<qg<VYi and k <I;

dq Zleai—7'>0, if Y, <q<Yiand k>1+1.

Hence, h(q) is monotonically decreasing when ¢ < Y;4; and is monotonically increasing
when ¢ > Y;41. Therefore, ¢& = inf{q : argmin, h(q)} = Y11 = q,.

When Zi;l a; < T = 2?:1 a; = Ziil a; < Z?j a; for some l; < Iy, ¢, = inf {y :
S al(Y; <y)>7} =Y. Since

Z?Zlai—7'<0, ifY, <q<Yi and k < Iy;
dh
ﬁ: Zleai—T:Q ifYi<qg<Yiand [ <k <l

S ai—7>0, ifYVi<qg<Yiand k>l +1,

any q € [Y},, Yi,+1] is a solution to arg min, h(q). Hence, ¢¢ = inf{q : argmin, h(q)} =Y, =
¢-. This completes the proof. []

Lemma 2. Suppose Assumptions 1-5 hold. Then,

2 (w)

SUpSUP 43+ (2) =1 ()= D o (Vis Xis D )= By (Vi Xi, Dii2)]| = O

TEA z€2Z i—1

for =0 and 1, where

> Kni(2)W;( Xy, Di)I{Y; <y}
=1
> T

gi-(z) =1inf S y: —
> Kni(2)W;(Xi, Dy)
i=1

and

QTLJJ(Y;'?XDD%'; Z) = _S_l' (Z>W](X17D1)Kh(zz - 3)907(}/;;%',7'(2))

n’]’T
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with pr(y;9) = pr(y —q) = (y — ) (7 — H{y < q}), ¢-(y:0) =7 — I{y < 0} and
Snjr(z) = /K(u)fy(j)|z(qj,T(z)|z+hu)fZ(z+hu)du = fy(j)|z(qj,T(z)|z)fZ(z)+O(h2), j=0,1.

Proof of Lemma 2: According to Lemma 1,

52 Kina(2)W; (X, D)I{Y; < y}

_ =1

gi-(2) = infy: > T

> Kni(2)W; (X5, Dy)
=1

= inf {q ; argminzKhﬂ-(z)Wj(Xi,Di)pT(Y; — q)} .
q

i=1
Then, following the proof of Theorem 1 in Lee et al. (2015), it can be shown that

. 1 n vlnn
Sup Sup qj7T<Z)_q‘]‘,T(Z>__ Z [Qn,j,T(l/ﬁ Xi, DZ; Z>—E9n,j,7(}/i7 Xi7 D?,; Z):| ‘ = Op (( > D

TEA z€Z n < nhd)3/4

Lemma 3. Suppose that Assumptions 1-6 are satisfied, then

TEA 2€2

Inn Vinn )
L =0, 1

sup sup I@T(Z) - ‘L’,r(Z)‘ = Op{ max {n1/2—3u/2’ (nhd)3/4

Proof of Lemma 3: For j = 0 and 1, define cumulative distribution functions

2 D K () W5(Xa, D) I{Y; <y}
Fraly]2) = 251 Kni(2)W;(Xi, D)

and

- S K (2) Wi (Xs, D)I{Y; <y}
anj (y | Z) = 1 n J — .
Y it K i(2)Wh i ( Xy, Dy)

Then G, (2) = inf{y : F,,;(y|2) > 7*} and G, (2) = inf{y : ﬁnj(y |z) > 7"} for 0 < 7 <
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1. By the definition of a quantile, we have

K i(2)W;(Xi, Di) I{Y; <y}

Fri (G — 7 < -
o019 = e (P 7

for any 0 < 7% < 1, hence F, ;(g;(2)|z) = 7" 4+ Oy(1/(nh%)). By using v € [S_Tm, %), it

can be shown that

sup sup | Fo;(y]2) — Fn;(y]2)
yeY; 2€2

- Op<sup }ﬁn(l’) —p(l’)D = Op(n%)’

reX

where Y; is the support of Y;(j) for j =0, 1. Let ¢, = max {%, %} Then,

~

Foj(@irsen(2)|2) = Foj(@irees(2)]2) + Op(n"%)

= T+Cn+0p(1/(nhd))—l—Op(nSU;l) > T (Sl)
in probability as n — oco. Similarly,
ﬁnvj (qjvT_Cn<Z) | Z) = F’n,_] (qj7T—Cn<Z) | Z) —+ Op (n%)
3v—1

= T—cp,+ Op(l/(nhd)) + Op(n P ) <T (S.2)
in probability as n — co. Combining (S.1) and (S.2), we have
P(Gjir—cn(2) < Qir(2) < Gjrien(2)) = 1 asn — .
Also, one has @j,—c,(2) < @j+(2) < Gjrte,(2) by definition, and it follows that
P<§2§ sup 1G-(2) = G- (2)| < sup sup |Gjiren(2) — cL-,T_c"(z)I) —1 asn—o0. (S3)

Next, we consider the order of sup, 4 sup,cz }qu,7+% (2)=jr—en(2) { Recall that S, j +(z) =
[ K@) fygyz(aj+(2)|z + hu) fz(z + hu)du for j = 0 and 1. It is easy to show that

SUD,c 4 SUD,c 2 | Snjirten (2) — Snjr(2)| = O(cn). By using the Bahadur representation of
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¢;(z) provided by Lemma 2, it follows that

SUD SUD | Gy r4e, (2) = Gjr—en (2))]

TEA z€Z

< sup sup |Girten (2) = Gjir—en (2)| + Op{%}
+supsup |5, . ZKM $(Xi, Di) x (I{Y; < Gjr—en (2)} = I{Y < @ren (2)}) + Oplcn)
Fsupsup |8, (z >E[Kh,i<z>wj<xi, D) (1Y < gjren(2)} = Vi < it (1) ] + O(c0)

< supsup |@jirren (2) = jir—ea (2)]
+supsup |31 ZKM Wi(Xe, D) % (1Y < g0 (2} = H{Yi € v ()|
supsup S (? )E[Kh,i(z)wj(XivDi)U{Yi < Qe (2)} = I{Yi < qj,7+cn(z)})H
+0(c,) + Op{%}

V1
= M1+M2+M3+Op(cn)+0p{ ki }

(nhd)3/4
For My, note that Fy()z(qjrte.(2)|2) = T + ¢n and Fy(jyz(¢j,r—c, (2)|2) = T — ¢, under

Assumption 2.3. Thus,

2¢, = FY(j)\Z(Qj,T+cn(Z)|Z) - FY(j)\Z(Qj,T—cn(Z)|Z) = fY(j)|Z(Q:L|Z) (Qj,T—I—Cn(Z) - Qj,r—cn(z)),

where ¢ is a point between ¢; ;_,(2) and ¢; r+,(z), which implies that

My = supsup |gjrie, (2) = Gr—c, (2)| = O(cy)
T€EA z€Z

by the assumption that fy(;)z(¢|z) is uniformly bounded away from zero in a neighborhood

of ¢;,(z). For Mg, since gjr—c,(2) < ¢j,r(2) < @jrie,(2) and sup,c 4 sUp,cz |qj rren (2) —

Qjr—en (2 ‘ = , there exists a constant A which does not rely on z and 7, such that

My < supsup|S
TEA 2z€Z

nJT ZKhz X17D )I{QJ ‘r( ) Acn S Y; S an'(z) + Acn}
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IN

Z |:Khz XuD )I{QJ 7'( ) Acn S }/z S qj,T(Z) +Acn}

=1

_ E( Kni(2)W;(Xy, D)I{q;-(2) — Acp < Vi < qj0(2) + Acn})} ‘

3I>—‘

sup sup [S

n ] T
TEA 2€Z

supsup |51 (B (KW X6 DT (2) — Ay < V5 < 05,(2) + )
TEA z€Z

= My + My,

Using Assumption 2.3, we have that

B (K (2= WX D) {430(2) = Aew Vi < 01002) + 4} |
= E{Kz((Zi — 2)/h)p(X;) 7 (1 = p(X3)) T E|1{gj.(2) — Acy, < Yi(j) < g (2) + Acn}’XZ} }

= O(h%,).

Also, note that {K ((Z; — 2)/h)W;(Xi, D;)I{q;,(2) — Ac, <Y; < qj-(2) + Ac,} : 2 €

Z. 1€ A} is Euclidean for a constant envelope, which together with 1“” = o(1) implies

the conditions required by Theorem I1.37 of Pollard (1984) are met. Hence, by Theorem
I1.37 of Pollard (1984),

n

U5 [K((Z - )W (X DIT{gr(2) — Ac < Vi < g;0(2) + ey}

i=1

sup sup
TEA 262

_E(K(( i Z)/h) (Xm D; )I{QJ +(2) = Ac, <Y; < err(z) + ACn})] ‘ = Op(hdcn)>

together with the fact S, ;,(2) is bounded away from zero, we have that My; = 7 -
o,(hlc,) = op(c,). Tt is also easy to show that My = O(c,). Hence, My = O,(cy).

Similar to the proof of My s = O(¢,), we can also show that M3 = O(c,,). Therefore,

Vinn
T+cC T—C - n O :
1 i)~ o) = o) + O G

Together with (S.3), we have

g9~ 040+ 0 T} 0 ot TN

€A z€Z (nhd)3/4 nl/2—3v/2’ (nhd)3/4
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This completes the proof. [

Lemma 4. Under Assumptions 1-6, we have

n

1

supsup |G+ (2) = - (2) = = > [onjr (Y, Xi, Dys 2) — E(0nj.(Yi, Xy, Di3 2)) | ‘
TEA z€Z n i—1
Inn Vinn
= Opq max 1723027 (Y374
for 7 =0 and 1.

Proof of Lemma 4: The result comes from Lemma 2 and Lemma 3. [J

Lemma 5. Let Ry, Rs,--- be an i.i.d. sequence. Suppose that the U-statistic U, =
> H,(Ri, R;) with symmetric variable function H, is centered (i.e., E[H,(Ry, Ry)] =

1<i<j<n

0) and degenerated (i.e., E[H, (R, R2)|R1 = z1] = 0 almost surely for all z,). Then, if

E [EQ [H,(Ry, Rs)H,(Ra, Rs) | Ry, RQH + 0 E[HA(Ry, Ry)]

lim =0,
n—o0 E2 [Hz(Rl, Rg)]
we have that as n — oo,
21/2 D
U, — N(0,1),
no,

where 02 = E[H2(Ry, R,)].
Proof of Lemma 5: The result is given by Theorem 1 in Hall (1984). O
Lemma 6. Suppose the conditions required by Theorem 1 are satisfied. Then,

1 n
nh’d/Q{ / [E Z (Qn,l,T(}/;'7Xi7 D’L? Z) - EQn,l,T(EyXia DZ? Z)
i=1

2
~0007(Yi, Xis Dii 2) + Bono7 (Vi, Xi, Dy 2)) | w(2)dz — m} = N(0,07),

where

L [ [ ) por(z2) | @)
o= g [ K | {f5(1>|z<ql,T<z>rz>+f§<0)|z<qo,7<z>\z>}fz<z>d’
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and

, 2 () () 2wt(u)
3 = 2 f ([ KoK ga)as | {fé(ljzwl,xu)ru)+f§(;z<qo,7<u>|u>} 2™

with

MO,T(z;U) =F {#(XJU{Y;(O) < QO,T(U)} _ T)Z}Zi _ z} 7
and
1 2
r(zu) = E L?(Xi) (H{Y:(1) < q-(w)}—7)7| % = z] .

Proof of Lemma 6: For simplicity, we let

’Yn,T(}/;aXia Dza Z) = Qn,l,T(Y;yXiv Dza Z) - EQn,l,T(}/inia DZa Z)

—0n,0,-(Ys, Xi, Di; 2) + E0y 0. (Yi, Xi, Dy; 2).

Then,

/ (liryn,T()/i,XﬁDi;z))gw(z)dz (S.4)

n

1=

= 22 ) /fynJ(Y;,Xi,Di;z)fynJ(Yk,Xk,Dk;z)w(z)dz—l—n22/72(K,X1,Di;z)w(z)dz
1<i<k<n i=1
= In,l + [n,Q-

First, we consider the term I,,;. Let R; = (Y;, X;, D;) and define

2

H,.(R;, Ry) = m/%,T(Ri;z)fyn,T(Rk;z)w(z)dz.

Then, I,1 = >, Hu(R;, Ry) is a centered U-statistic. Note that

1<i<k<n

E[H,(R;, Ry,)’] (S.5)

= L {% / / %%T(Ri; u)%%’r(Rk; u) /YN,T(Ri; U)Vnw(Rk; U)W<U)W(U)dudv
- %//E[’YH:T(Ri;uWn,T(Ri;U)Vn,r(Rk;U)’Vn,T(Rk;U)}W(U)w(v)dudv
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- 2 / / B [ (Res ) (R )] () (0) dud,
It is easy to find that
B[S j+(2) " W;(Xy, Di)r (Vi ¢5.-(2)) Zi = 2] = 0.
Hence,
E[0njr(Yi, Xi, Dis 2)] = E[Kp(Zi — 2) Snjir (2) 7 Wi(Xs, Di)or (Yis 4-(2))] = O(h?)  (S.6)
uniformly in z for j = 0 and 1. Also note that D;(1 — D;) = 0, then,

B s (Bis ) (R v)| (8.7)
= E[(Qn,l,T(Ri; w) = 0n0,r(Ri; ) (0n,1,-(Ri; v) — 0no.r (Ri; U))]
—FE |:QTL,1,T(R’i; u) = On,0,r(Rs; U)] E [Qn,l,r(Rz'; V) = On o, (Ri; U)}

= S 1.(w)S, 1 (vE {Kh(zz» —u) Ky (Z; —v) ]%%(Yi; 1.7 (w)er (Vs ql,T(v>>}

+s;éT<u>S;aT<v>E{Kh<Zi W) K (Z - v) 2%(1@;qo,T<u>>soT<m;qo,T<v>>] +o(ht)

(1—p(Xy))

p&i)%(y"(l);q“<“))%(yi(1>; ql,f(v))}

+S 5. (w)S . (V) E [Kh(Zi —u) Ky (Z; — v)

n,0,7 n,0,

= S (u)S,;iT(v)E[Kh(ZZ» —u) Ky (Z; — v)

1
1—p(Xi)
= Soi.(wS, 1, (vE [Kh (Zi —u)Kn(Z; — v)s1(Zs; u, v)}

n,L, T n,

21 (V40 do.r (1)) on (Yi(0): qo,7<v>>] Lo

£S2) (w)Soh (o )E[Kh(Z _U)Kh(z kol Zicu @} oMY

_ 1
- ﬁsan n /K

/ﬁl(u + ht;u,v) fz(u+ ht)dt

+ dSnéT /K /io(u—i-ht;u,v)fz(u—l—ht)dt+0(h4),
where
wa(0.0) = B[ (G0 ) (s ()] 2 = <],
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and

ko(z;u,v) = E[#(Xi)%(ii(@); do,- ()7 (Yi(0); g0, (v))| Zi = z},

with ¢, (y;q) =7 — I[{y < ¢q}. Thus,

E2 IYn T(RZ7 u)’yﬂ T(Rl7 v :|

1
- th an /K

Wsn(%r 7:07' /K

K1(u + ht; u,v) fz(u + ht)dt)2

/io(u + ht;u,v) fz(u + ht)dt>2

thsniT( WS (1)) /K 1 (4 Bt w, 0) f (u + Bt
x/KtK t /io(u—f-ht'u v) fz(u+ ht)dt
+20(h* S, 1 (w) S, 1, (v) /K h v m(u+ht;u,v)fz(u+ ht)dt
+20(h* %) /K “ I@'O(u + ht;u,v) fz(u + ht)dt + O(h®).

Combining (S.5) and (S.8), and some straightforward calculations imply that

E[H,(R;,Ry)?] = i//E2 Yo (Ri; )Y r Ri;v)]w(u)w(v)dudv (S.9)

= o [ ([ KOR@ ) as [ s mte e s
+ [ i (s ) 2 )

+2/ 2 (w)Si 2 () (s 1 ) g (s 1, ) F2 (u)w (u)du} —|—0(1)}.

This, coupled with S, ;-(2) = f2(2) fy()12(¢j-(2)|z) + O(h?) for j = 0 and 1, yields

E[H,(Ri, Ry)?] = n4hd</ /K t+sdt
< {fé(fz(?éfi&)>|u> ’ fﬁ(srz(?c;ot&))\w }?EZ; o+ ol)

= nfhd (o5 + o(1)). (S.10)
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Similarly, by straightforward calculations, we can verify that the condition

E[E2 [H,(Ry, Rs)H,(Ry, Rs) | Ry, RQH +n L E[H,(Ry, Ry)"]

lim 5 =0
n—oo 2
<E[Hn(R1,R2) ])
in Lemma 5 is satisfied. So that
V2 D
I,. — N(0,1),
nE1/2 [Hn(Rl,R2)2:| ! ( )
or equivalently,
nh*? 1,1 25 N(0,02). (S.11)

Now, we move to the term I,,o =n"2 > [12(Vi, X;, D;; 2)w(z)dz. Note that
i=1

E['WZL(}/%X???DZ';Z)}
= E[Qn,l,T(Y;; Xi, Dy; 2)}2 + E[Qn,o,r(Y;, Xi, D;; 2)]2 + O(h4)
= S2 (2)E {L[@( z) D (Y <qui-(2)} — T)z]

n,1,7

#5238 (08 |t (P ) e 00 < s (9 = 72 + 0l
1

oo T < ar(2)) - Tﬂ

K (22 ) g (10 < (2) = 7] + O
1

B 1 Ji— 2 —
= Sn,?;(@E[WKZ( h ’“%;Z)} +S”’%’T(Z)E[WK2<

~—

Zi—Z
h

Jia(zi2)| + 0ln
= 5200 (s s2ta(e) [ K201+ 002)]
#5230 | (o 1 01262) [ K2o0as +002) | + otht
= il [ s (82305 + 823 (1)) £l2) + 002 b+ 00,
coupled with S, ;(2) = f2(2) fy(j)z(¢-(2)|2) + O(h?) for j = 0 and 1, we have
E(I.2) (8.12)
- / Blya(Yi, Xi, Dis 2)|w(2)d

S12



- #{/Kz ds/ ot (D) (2:2) + 855 - (2) o (23 ))fz(Z)W(Z)dZ+O(h2)}+O<h4)

_ 2 P25 2) for (23 2) }W(Z) O(h?) h_4
= o [ K {fé(l D) T P& ) Foe) ™+ b ()

_ h4
- MJ+O( n >+O<g>
Furthermore,
2
Var(nh"2I,,) = E{nhd/Q[In,Q—E(fn,z)}} (S.13)

= wat e[ [2on X D) | - 82| [ X Dot |
= wwf | ([0 xs)] - | [ Ehim,xi,Di;zﬂw(z)dzr}

N n_lhd{//E[%%(Yi,XiyDi;U)vi(YiaXi’Di;”)]w(“)w(”)dwv_O(h_%)}
O(h™%)

= n~'h?-O(h™7) =0,

together with (S.12), we have

=m0 < 02) (k).

Hence, when 1 < d < 3, we have

nh? (Lo — py) = o,(1). (S.14)

It follows by combining (S.4), (S.11) and (S.14) that

1
nhd/Q{ / [E Z (leJ(Y;,Xi, D;; Z) — EQn,l,T(}/;aXia D;; Z)

i=1
2
—Qn,o,T(Yi, Xi, Dy; Z) + EQn,O,T(Yi,Xi, Dy; 2))] w(z)dz - MJ} i> N((]’ U?I)'
The proof is completed. [J

Now, we introduce some notation before considering the proofs of the following lemmas

and Theorem 3. First, let P denote the distribution of {(Y;(0),Y;(1), X;, D;)}, and use
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P* to denote the Bootstrap distribution, which is the distribution of {(Y;*, X}, D})}7,,
conditional on {(Y;, X;, D;)} ;. Also, we use E* and Var® to denote the expectation and
variance with respect to P*, respectively. Finally, following Lee et al. (2015), let S;, S, - - -
be a sequence a random variables and aj,as,--- be a sequence of positive real numbers,
define S,, = 0,+(a,) if for any ¢ > 0 and € > 0, lim, P{P*(|Sn/an| > €) > 6} = 0.
Similarly, S,, = Op+(a,) means that if for any ¢ > 0 and € > 0, there exists M > 0 such
that limsup,,_,. P{P*(|S./an| > M) > e} <e.

Lemma 7. Suppose Assumptions 1-5 are satisfied. Then,

3. (2) — Gir(2) — %Z [0njr (RF52) = E* (00, (R]52))] ‘ = Opr ((%4)

1=1

sup sup
TEA z€2

for j =0 and 1, where Rf = (Y;*, X}, D},

< * * Z:_Z *

> WX DK (S ) 1Yy <)
gj.(2)=inf ¢y — >T1p,
’ * * Zz‘*_z

> WXy, DK (%)

=1

and

Onjir (B3 2) = =S, 5 ()W (X], DY) Kn (27 — 2) 07 (Y]"1 ¢ (2))-

n’.]?,r

Proof of Lemma 7: According to Lemma 1,

- * * Z—= *

> Wi (X7, DK (52 ) 1Yy < )

0.(z) = infQy: S— - > T
> W (X7, DK (%57)

n 7F —z
in {q argmqln;:l (X7, Dy) ( - )p( f CI)}

The result can be proved following the proof of Theorem 2 in Lee et al. (2015). O

Lemma 8. Under Assumptions 1-6, then, we have
Inn Vinn
= Op-{ max nl/2=30/2" (pd)3/4

S14
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for 7 =0 and 1.

Proof of Lemma 8: This result can be proved by the similar arguments to that of Lemma

3 and the details are thus omitted. OJ

Lemma 9. Suppose Assumptions 1-6 hold. Then, for j =0 and 1,

n

Tk o~ 1 * * *
Sup sup an-(z) - Qj,7(2> - E Z [Qn,jﬂ'(Ri ; Z) - LK (Qn,j,T(Ri ) Z))] ‘ - Op*{ max {

TEA 262 i—1

mn  Vhn }}

nl/2=3v/2 (npd)3/4

Proof of Lemma 9: It is easy to observe that

1 n
supsup |35 (2) = Gir(2) = = D [003ir (R 2) = E™ (007 (R} 2 ‘
sup sup Gr(2) = 0 (2) n“[y( ) (0nj.r (B3 2))]
1 n
< supsup |75,(2) = G (2) = = > [Ongir (R 2) — E*(0njr (RS 2 ]
Sup sup ir(2) = G (2) niZI[J( ) (0nj.r (B3 2))]
+supsup |3, (2) — @;.-(2)| +supsup |G;-(2) — G- ()|
TEA z€Z TEA z€Z

Inn Vinn
= Opr§ max nl/2=80/2" (nfd)3/4

by Lemmas 3, 7 and 8. Therefore, the proof of Lemma 9 is completed. [

Lemma 10. Suppose the conditions required by Theorem 3 are satisfied. Then,

. { nid/ { / (% S (i (B3 2) = oo (RS z>))2w<z>dz - w} < y} - o(y)

sup

= Op(l)v
yeR

=1

where Yy, j (R 2) = 00 (Y, X7, Df 2) — E*(gn,jJ(Y;*, X}, Df, z)) for 7 =0 and 1. That

18,

] (335 ) st

i=1

converges to N'(0,1) in distribution in probability.
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Proof of Lemma 10: It is noticed that

Q/GfX%mewwwwwwfwm&

=1

= 5 Y [ (B2~ i (B5) (e (B3 2) = o (52 ) o(2)ds

1<2<]<n
2
+M2/wm.w e (BE:2)) wlz)dz
= Qn,l + Qn72' (815)
We first consider the term @7, ;. Define
) = 2 [ (b Bi52) = i (852)) (b (B552) = (53 2) (2

Then, ()}, ; can be written as a second-order U-statistic as follows:

Q= >, TiR,R)).

1<i<j<n

By its definition, it is easy to find that E*[T,;(R;, R})] = 0 and E*[T;(R;, R})|R;] = 0.
Thus, conditional on {Y;, X3, D;}iy, @, ; is a second-order degenerate U-statistic. To apply

Lemma 5, we need to verify the condition

B | B2 [T (Ri, BT (R, 13) | R, RS) |+ n B [T (RY, Ry)
E=2[T;(R;, R))]

= 0,(1).

7= BT RI»RQ» .16

_ 4 / / B (nar(Ri30) = nor(Ri0)) (V1. (B3 0) = o (B35 w))
X<¢%J“(RT””"d“””‘37”0>(¢%Jw<RE10-—dmp;<R;n»)}“%uxu@»dudv

. %//Eﬂ@MA%M_%WmW®@MAmW—%mwwﬂ%@w@mm

4
o [ B e B (R5:0) + B (i (R 0 (R550)
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B (1 (R )t (RE50)) — B (1 (R 0o (R 0)) | olun)ofv)

From (S.6) and some calculations, we have

1 n
E” (Qn,j,T(RIQ U)) - Z Onj.r (R 1) (S.17)
i=1

nhd

1 1/2 , _ 2 1
= 0, (E(Qn7j77-(Ri;U)> + %Var / (Qij(Ri,u))) = Op(h + )

uniformly in w. It follows that for j = 0,1,

E” (¢n7j,T(RI§U)¢n7jvT<RT?U)) = FE° (Qn,j,T(R?u)Qn,j,T(RT;U)) - FE (Qn,j,T(R;U)) BT (Qn,j,T(RIQU))

= B (0 (i )y (Riz0)) + O =g + 1),
and
1
E* (Y1, (BT W, (B150)) = =B (001, (Bi5 1)) - B (0n0,-(B150)) = Oy <_ + h4>.

Hence, according to (S.16), we have

0-:;2 - i4 / / |:E* (¢n71,q—(RT; u)wn,l,T(RT; U)) + E” (wn,O,T<RT; UJ)q/}n,O,T(RT; U))
_E* ¢an(R17u)wn07—< )) E*(d}an( T;U)wn,()n—(RT;u))i|2w<u>w<v)dUdrU

_ //(E (00,1 (B3 0) 001, (RY50))

1 2
+E*(0n,0,-(R}; W) 0n0,-(R};0)) + O, ( e —|—h4>) w(u)w(v)dudv
4 2
= F// <E*(QTL,1,T<RT;u)gn,l,T(RT;U>) —|—E*(gmoﬂ-(RI;U)Qmo’T(RT;U))) w(u)w(v)dudv
1 h? . i .
+0( 5 + 1) // (E (on17(Bisu)on 1 (R} )

. i . 1 h®
FE (0na (i)t () ouhote)dudo + O, (s + 1)

= A+ A +Op<#>.
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We focus on the term A;. Note that

Var

—

E* (Qn,],T(RT, U)Q’I’LJJ'(RI, ’U))]

n

Z Onj.r (R w) 0n jir (R U)]
i=1

I
=
=

SHE

<Qn,j,T(Rz‘; u) 0n jr (R U)) 2

(5;;7(“)5;;,7(”)”/]'()@'7 Di)Kn(Zi — w) Kn(Z; — v)er (Y55 ¢5,r (w)) o (Vi qj,T(v)))2
20,2 0B w2, D) (B 1 (B ) 2y ) Vi o)}

h
[y

S s e k() e (B

& X

SI— 3313+

X
&

(p (X1 = (X)) 20 G2Vi(): 4y ()92 5 (0)

1 1 _
=SS0 [ KK (s

%) }

)Kj(u + hs;u,v) fz(u + hs)ds = O(%),

u—v

h

where

Uiz u,0) = E(p’?’j (X)) (1 = (X)) P PR2Yil5); ¢ ()2 (Vi) 0 ()

Zi = Z) .
Therefore,
* * * 1 -
E*(0nj- (R uw)on - (Ri0)) = — > onjr(Riu)on - (Risv)
i=1

= E(Qn,j,T(R1§ U) Qn,j,r(Rl; U)) -+ Op (ﬁ) . <818>

2
E*(0n1,(Ry; 1) 0n,(RY;0)) + E* (0n0.0 (RY; 4) 0no,r (RS v))) w(u)w(v)dudv

- i// <E(gn,17T(R1;u)gn,LT(Rl;v)) + E(0n,0,+(R1; 1) 0n0.-(R1;0))
1

))zw(u)w(v)dudv.
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Using similar arguments as in (S.7), (S.8), (S.9) and (S.10), we have

A = {//K t+sdt>ds

" / {fw”(?qu(u )>\u> . i?;f;ffﬂu) }?Ezi tut Oy m) + OP<#)1
{

)
2

K(t+ s)dt> ds

n? hd

po (11, ) po (1, u) }2w2<u>d 0y(—==) +0 L]
fY(1)|z Q1. (u )+f52/(0)\Z(QO,T(U)|u) f2(u) ut p(dnhd)—}_ p(nh2d>

- n4hd(0J+OP )

It is also easy to find that Ay = op< + hd> Thus,

*2 * *2 * * —20-‘2] !
o2 = F (Tn (R17R2)) = pApd +Op<n4hd>'

Similarly, by some straightforward but tedious calculations, we can verify that the condition

B [E*Q [T (R, B3) T (Rs, R;)

RS | (TR RY)

=0,(1
L2 [T;7(R;. ;) o
is satisfied. From Lemma 5 we know that
V20Q;
Q* LS N(0,1)
no;
in distribution in probability. Since o} = \/n—\/fw (0.4 0p(1)), we also have
nhd/Q *
A—W(o, 1) (S.19)
gJ
in distribution in probability.
Next, for the term @}, 5, we have

Z/ Una7 (R 2) — Ynor(R] )>2w(z)dz
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= RQZ/ on1,7 (R 2 gnoT(R;";z))—E*(@n,l,T(RZ‘;Z)—@n,o,T(RI;Z)))ZW(Z)dZ
- Z [ (ena(52) = g 2)) (e
—l-ﬁZ/ (E*(Qn,l,T<R;'k;Z> _QH,O,T<R:;Z)))QW(2)CZ2

2 n
53 [ B 0naa Bi52) = 00 (Bi52)] (bt (i3 2) = o (Bis2) Jo(a)ds
=1
= Q:;,le + QZ7272 - 2@:,2,3'

For @}, 54, it is easy to obtain that

1 & 2
E® (Q221) =2 Z/ (Qn,l,T(Ri; 2) — onor(Ri; 2)) w(z)dz,
i=1

and

Var'(Qi) = (HQZ [ (na(i52) = ol ) wtera: ) (5.20)
= ([ (@i,lmz; )4 g o(Fis2) () )
= S ([ (Batmn) s Joteres)
_i{/(E*in(R* )+E*9270(R;‘;z)>w(z)dz}2
= 5 [ [ (B @R, () + (6o (R 0 o 7)) () (w)dudo
—_{/(E*gmm* )—l—E*gfL’O(R;";z))w(z)dz}z.

n3

It is easy to obtain that

E(/ (E*Qi,l(Ré‘;Z)+E*Qi,o(R§‘;Z)>W(Z)dZ>
- / {E g2 (R )—i—E(E*gide;z))]w(z)dz
id{/ S:2 () /K2 Vin (2 + hs; z)fz(z+hs)ds> (2)dz
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—i—/Smg,T(z)(/Kz(s)po,T(z—i-hs; z)fZ(z—i-hs)ds)w(z)dz}
= 0(1/h?),

which implies that
[ (B (R + B2 (Ri2) o)z = 0,1/, (s.21)

Similarly, by straightforward calculations, we can obtain that

// (o2, (R w) @2 (R v)))w(u)w(v)dudv
— // (02, (R u)d,(R v)))w( Yoo () dudy

xE[Wf(Xk,Dk)W

= n;w// S, 2(u)S, 3 (v) /K2 K2<t+$>@(u+ht'u v)fz(u—i-ht)dt)w(u)w(v)dudv

2h2d // n] M /K2 s)p;(u+ hs;u) fz(u+ hs)ds

/K2 Yoy (0 -+ i) 7 (0 + hs)ds ) o(ow)o(v) dudo

- o { /K2 )ds) // 2 () 52 (0) 1y (s W) (03 0) fr () fr () () <v>dudv+0<1>}

+0 (nh2d>
= O(1/h*),

which implies

[ [ (B (@ Bisn)d (Bis)) + B (@ ol i) o (Bise) (o) dude = O,(1/1).
(5.22)
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From (S.20), (S.21) and (S.22), we have

Var' Q1) = 5 Op(U/W%) — 0,1/ = 0y (52

Then, according to the results in (S.12) and (S.13), we obtain that

2—d

) +o{am)

E(Q:ﬂl) = E[E* (Q;m)} = pg+ O(

and

Var(Q;Zl) = Var[E*(Q:;Zl)}+E[Var*(Q:‘l’271)]
1 1 1
= 0u(sam) o () = o0 ()

which lead to
2-d

1 1
n ) +Op<nhd/2> - MJ+Op<nhd/2>

when 1 < d < 3. By noting that E* (gnJ,T(R{; u)) =0, <h2 +
to obtain that

Qnoy = py + O(

ﬁ) as in (S.17), it is easy

. 1 , 1 1
iaa = - 00"+ ) = ()

and

Qlny = % : Op<h2 + \/%) -0,(1/h%) = o, (ﬁ)

since nh?? — oco. Thus, we have

* * * * 1
Qno = Qnoit@naa—2Qn03=ps+ Op(m>- (S.23)

Combining (S.15), (S.19) and (S.23), we complete the proof of Lemma 10. O
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Lemma 11. Suppose the conditions required by Theorem 3 are satisfied. Then,

T(Z))w(z)dz = 0,(1/+/n) + Op*{ max { nl/l;l_zy/w (7’%4 } }

—
P
>
3 %
3
|
>

Proof of Lemma 11: According to Lemma 9, we know that
/ (3:(2) —87(2 / Z 77/}an ¢n07’( ))w(z)dz
Inn Vinn
+O0p { max { nl/2=80/2" (nfyd)3/4 } }’

where ¥, ;- (R} 2) = 0njr(R};2) — E*(0n,j-(R}; 2)) for j =0 and 1. Denote

Z/ Una,r (R 2) = tnor (B ))w(z)dz

Obviously, E*(M?) = 0. We then consider E*(M}?). We have

B — _ZE*</ Ui (BE2) = o (R >)w<z>dz)2
= B (G (R 0) = o (Bi520) (b (R 0) = (R 0)) s e
= ] [ B s (R wonan (B0l (w)dudo
- / / E* (0.5 (R}30)0n,1.- (R 0))w(w)ew(v)dudv
L B (0 E* (B b
% / / E*(0n0+(R;31)) - B (0n,1,7(R;; 0))w(u)w(v)dudv
%/ / E*(0ua+(R}3u)) - B (0004 (R} 0))w(u)w(v)dudy
_% / / E*(0n1 (R 0)) - B (0n1r (R 0))w(u)w(v)dudy,
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Denote
1
B = ﬁ//E*(9n7j7T(R:;U)Qn,j,r(Rf;U))W(U)w(v)dudv
1 n
- ﬁZ//Qn7j7T(Ri;U’)Qn,j,r(Ri;U)W(U)W(U)dudv,
i=1

here we have used that E* (0, (R};u)0n-(R}50)) =171 04 (Ri;w)0njr(Ri;v). Us-
i=1

ing the results in (S.7), we obtain that

) = 1 [ [{siwrmst0

/K(t)K(t + 5)kj(v+ hs + ht;v + hs;v) fz(v + hs + ht)dt}w(v + hs)w(v)dsdv
()

Moreover, by straightforward calculations, one can obtain that

X
= 0

E(//Qn,ij(Ri;u)gn,j,T(Rl-;'U)w(u)w(v)dudv)2
= [ ] ] ] s B )nso B 00000 (B )i (B ) duddisi
- [ [ () s ()

xm;(riu,v,s,t) fz(r) }w(u)w(v)w(s)w(t)dudvdsdt

where

It follows that
1 ¢ ) ) d
Var(B) = Var ﬁil Onjr (Ri; ) 0n jr (Ri; v)w(u)w(v)dudv
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_ —var<//gw Ry w)onsr (R 0)w(u )w(v)dudv)

< $E<//Qn,j,T(Ri3 W) 0n,jr (R v)w(u)w(v)dudv)2
o)
Hence, we have
B=E(B)+ op(#) - 0p<1>.

Also, by noting that

1
E*(0nj-(Rj;u)) = O, <h2 + )
as in (S.17), we have

%//E*(Qn’j’T(R:; w)) - E*(on i+ (R;;0))w(uw)w(v)dudv = o, (n_1>

for j,k = 0, 1. Therefore,
E*(M;?) = 0,(1/n),

which implies

M = O, (1/v/n).
This completes the proof of Lemma 11. [

Lemma 12. Suppose the conditions required by Theorem 4 are satisfied. Then,

nhdﬂ{ / / (001r (Yis Xi, Dis 2) — Egun (Yo X, Dy 2)
2
_Qn,07T(}/;7XiaDi;Z) + EQn,O,T(Y;aXini;Z))} W(Z,T)dZdT - MS} i>'/\/’(070-§’)7

where

o= g [ 10 [ [{ G+ e s Y
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and

2/</K(t) dt ds///{fY(mz C]1:1T;’Z)(Q;YZ);)(QLTQ(U)!U)

o, ms (U5 1, 1) } w(u, 71)w(u, 7)

oz Gom )]) Fr @12 (doms (W)]) 72(w)

dUdTldTQ.

Proof of Lemma 12: Define

Ve (Ris 2) = on1+(Ris 2) — Eoni1+(Ris 2) — ono+(Ris 2) + Eono-(Ri; 2),

where R; = (Y;, X;, D;). Then,

//(%i%,T(Ri;z)Ycu(z,T)dsz (S.24)
= 2072 Z //’an Ri; 2) Vo (Ry; 2)w(z, T)dzdT +n~ ZZ//%T R;; 2)w(z, T)dzdr

1<i<k<n

= Bn,l + Bn72~
We first consider the term B,, ;. Define

2
Gn(Ru Rk) = E /A/’Yn,T(Ri; z)PYn,T(Rk; Z)W(Z, T)dsz‘

Then, B,1 = >, Gu(R;, Ri) is a centered U-statistic. Thus,

1<i<k<n

E[Gn(Ri, Rp)?] = =3 / / //E2 Yoors (Ri3 W) Vnmy (Ri; 0) | w(u, 71 )w (v, 7o) dudvdrdrs.

It is easy to show that
E[onjr(Ri;2)] = O(h?)

uniformly in z and 7 for j = 0 and 1. Thus, by straightforward calculations, one can obtain

B [y (R 0) s (R )]
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= S (S / K(t u_U>)\1,n,m(u+ht;u,v)fz(u+ht)dt

hdSnll)Tl ’I’LOTQ /K

) Moy a1 Bt ,0) f2 (1 4+ bt + O(h?),
where

)\1,7’1,7'2 (Z; u, 1}) =F [@Qpﬁ (Y;(l)> q1,m (u)>(1072 (Y;(l), q1,m, (U))‘Zl = Z] s

and

1

%mdmww—EH:E@%JW%%QMMAK@WMWM&—4.

It follows that

B2y (R ) (R 0)|
= thSn%Tl Sn_17'2 /K t+ —>>\1 el TQ(U+ht u U)fz(u+ht)dt)
thSn(z)n 7;07'2 /K
1 — — _ u—v
thSanl( )Sang( )SnOTl( )Sn07-2< ) K(t)K(t+ T)/\Lﬁﬂ?(u—i_ ht,U,U)fz(U+ ht)dt
x/K@Kt+“
+20(h* S, 1, (W)S, 1L, (v /K t—i— —)Aln (U ht;u,v) fz(u + ht)dt

+20(h4 d)SJOTl TLOT2 /K

>A0ﬁmﬁr+htuzﬁﬁdu+hﬁdo

v> /\0 ,T1,T2 (U + ht; u, U)fz(u + ht)dt

)Aonm(u+iwzlvyg@w+hwdt+(Xh%

Therefore, we have

ﬂ@@ﬁﬁ]:%//
- MM{/
</,

/// o (WS 3 (WG, 1, (s w,w) [ (w)w(u, 71 )w(u, T2)dudTydry

/ E? [%,n (Ri; )Y my (R v)} w(u, 1)w(v, 72)dudvdr dry
/K

t+sﬁ>ds

[ 822 0,2 0% 0, 0) £ ) s, o)
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+2/// () S (WS b (W) Sih ()

X1 7y (W5 U, W) Ay 7y (05 0, u)f%(u)w(u, 1 )w(u, Tg)dudTldTQ] + 0(1)}.
This, coupled with S, ; -(2) = f2(2) fy)12(¢j,-(2)|z) + O(h?) for j = 0 and 1, yields

)‘1 JT1,T2 (u u ’LL)

E[Gu(Br, R)*] = nh(/ /K K+ <)) ///{fy 01201 (W]u) fr 12(01.7 ()] 0]

)\07’1 Tz(u u u) W(’LL 7'1)w(u 7'2) i d )
+fy(o)|Z(CIo,ﬁ( )w) fy 012 (qo,m (u )]u)} 2w dudrdry + (1)>
= o (oh o)

Similarly, by straightforward calculations, we can verify the condition

E[E2 [Go(Ry, Rs)G(Ra, Bs) | Ry RQH + 0 E[Go(Ry, Ry)Y]

lim 5 =0
n—oo 2
(B[Ga(R1, R2)])
in Lemma 5 is satisfied, so that
V2 D
Bn,1 — N(0,1),
nEV2[G, (R, Ry)?] a (0,1)
or equivalently,
nhd/2 Bn,l i> N<O7 U%’) (825>

Now, we move to the term By =n">3" [, [ 72 (R z)w(z,7)dzdr. Recall that
i=1

par(zu) = E[p(;(z) (I{Y:(1) < q1r(w)} — T)2|Z¢ = z],
and
1 2
Hor(zu) = E [T(Xi)(f{Yi(O) < q-(w)}—1)|% = z} .

It is noted that
By (Ri;2)] :id K*(s)ds-( S, 3 (2) .+ (2 2) 45,5 (2o (2 2) ) f2(2)+O(h?) ¢ +O(h"),
h
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coupled with S, () = fz(2) fv(j)z(¢;-(2)|2) + O(h?) for j = 0 and 1, we have

E(Bn,Q) =

% /A/E [ (Ris 2)]w(z, 7)dzdr

il [ s [ (82 + S8 s () ot

n

+0(h2)} + 0( )

= i [ s [ [ e s

+

O(h?) +O<h4>

nhd n

= s+ 20 o(1),

Furthermore,

Var (nhd/2 Bmg)

hd

= E{nhd/z[B 2— E(B, )]}2

_ n—lhd{ { //% (Ri; 2)w(z, 7)dzdr } Ez{/ /%T Ri;2)w(z T)dszH
_ n—lhd{ [ //%T Ri; 2)w ZTdZdT } [// (V2 - (Ri; 2)|w(z, T)dsz} }
_ —lhd{//// 2 (R ) (R 0) |0, 7)o, 7o) dudvdmadrs, — O(h™? )}

o flhd —2

together with F(B,2) = ps + o) 4 O(Z—Al), we have

nhd

O(h?)

nh?[ By = ps] = nh®? [Byo — B(Bo)] +nh™? =222 +0)(1) = 0,(1)  (S.26)

when 1 < d < 3.
It follows by combining (S.24), (S.25) and (S.26) that

nhd/2{ /

/ (usr (Yis Xiy Dz 2) — Bgua (Y, Xo, D 2)

2
_Qn,O,T(Y;7Xi7 Dza Z) + EQn,O,T(}/;in’ Dza Z))] W(Z7T)d2d7— - MS} i> N(07 0-?})7
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which implies the proof is completed. [J
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