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This supplement provides some lemmas for proving the main theorems in the paper.

In the following, we consider using the Series Logit Estimator (SLE) to estimate the

propensity score function p(x). Specifically, let κ = (κ1, . . . , κm)′ ∈ Nm
0 be anm-dimensional

vector of nonnegative integers. Define |κ| =
m∑
i=1

κi, and let {κ(`)}∞`=1 be a sequence that

includes all distinct vectors in Nm
0 and and satisfies |κ(`)| is nondecreasing in `. For

x = (x1, · · · , xm) ∈ Rm, let xκ denote the power function
m∏
j=1

x
κj
j . We further define

RL(x) = (xκ(1), . . . , xκ(L))′ as an L-vector of power functions for L > 0. Then the SLE for
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p(x) is

p̂n(x) = g
(
RL(x)′π̂L

)
with g(u) = exp(u)/(1 + exp(u)) and

π̂L = arg max
π

n∑
i=1

{
Di ln g

(
RL(Xi)

′π
)

+ (1−Di) ln
[
1− g

(
RL(Xi)

′π
)]}

.

Assume that L = a · nν , where a is a positive constant. According to Lemmas 1 and 2 in

Hirano et al. (2003), it can be shown that under Assumption 6,

sup
x∈X
|p̂n(x)− p(x)| = Op

(
n3ν/2−1/2).

Define W0(Xi, Di) = 1−Di
1−p(Xi) and W1(Xi, Di) = Di

p(Xi)
. We also let Ŵn,0(Xi, Di) =

1−Di
1−p̂n(Xi) and Ŵn,1(Xi, Di) = Di

p̂n(Xi)
, where p̂n(x) is the SLE of the propensity score function

p(x) using (Xi, Di), i = 1, · · · , n. To prove Theorem 1, we first provide the following lem-

mas. Note that Lemma 1 provides an equivalence between the quantile estimate based on

the weighted check function and the quantile estimate by inverting the weighted empirical

distribution so that it can make some theoretical proofs simpler.

Lemma 1.1Suppose Y1, · · · , Yn are observed. Let ai ≥ 0 for i = 1, · · · , n and
∑n

i=1 ai = 1.

For 0 < τ < 1, define

q̃τ = inf

{
y : Fn(y) :=

n∑
i=1

aiI(Yi ≤ y) ≥ τ

}
,

and

q̃∗τ = inf

{
q : arg min

q

n∑
i=1

aiρτ (Yi − q)

}
,

where ρτ (Yi − q) = (Yi − q)
(
τ − I(Yi − q ≤ 0)

)
. Then q̃τ = q̃∗τ .

Proof of Lemma 1: Without loss of generality, we assume that Y1 < Y2 < · · · < Yn.

Suppose that
∑l

i=1 ai < τ <
∑l+1

i=1 ai for some l. In this case, it is easy to see that

1The authors thank one of the anonymous referees for bringing our attention to this equivalent result.
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q̃τ = inf {y :
∑n

i=1 aiI(Yi ≤ y) ≥ τ} = Yl+1. Define h(q) =
∑n

i=1 aiρτ (Yi − q). We consider

the first derivative of h(q) except for q ∈ {Y1, · · · , Yn} where h(q) is not differentiable. We

have

dh(q)

dq
=


∑k

i=1 ai − τ < 0, if Yk < q < Yk+1 and k ≤ l;∑k
i=1 ai − τ > 0, if Yk < q < Yk+1 and k ≥ l + 1.

Hence, h(q) is monotonically decreasing when q < Yl+1 and is monotonically increasing

when q > Yl+1. Therefore, q̃∗τ = inf{q : arg minq h(q)} = Yl+1 = q̃τ .

When
∑l1−1

i=1 ai < τ =
∑l1

i=1 ai =
∑l2

i=1 ai <
∑l2+1

i=1 ai for some l1 ≤ l2, q̃τ = inf
{
y :∑n

i=1 aiI(Yi ≤ y) ≥ τ
}

= Yl1 . Since

dh(q)

dq
=


∑k

i=1 ai − τ < 0, if Yk < q < Yk+1 and k < l1;∑k
i=1 ai − τ = 0, if Yk < q < Yk+1 and l1 ≤ k ≤ l2;∑k
i=1 ai − τ > 0, if Yk < q < Yk+1 and k ≥ l2 + 1,

any q ∈ [Yl1 , Yl2+1] is a solution to arg minq h(q). Hence, q̃∗τ = inf{q : arg minq h(q)} = Yl1 =

q̃τ . This completes the proof. �

Lemma 2. Suppose Assumptions 1-5 hold. Then,

sup
τ∈A

sup
z∈Z

∣∣∣q̄j,τ (z)−qj,τ (z)− 1

n

n∑
i=1

[
%n,j,τ (Yi, Xi, Di; z)−E%n,j,τ (Yi, Xi, Di; z)

]∣∣∣ = Op

( √
lnn

(nhd)3/4

)

for j = 0 and 1, where

q̄j,τ (z) = inf

y :

n∑
i=1

Kh,i(z)Wj(Xi, Di)I{Yi ≤ y}
n∑
i=1

Kh,i(z)Wj(Xi, Di)
≥ τ


and

%n,j,τ (Yi, Xi, Di; z) = −S−1n,j,τ (z)Wj(Xi, Di)Kh

(
Zi − z

)
ϕτ (Yi; qj,τ (z))
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with ρτ (y; q) = ρτ (y − q) = (y − q)(τ − I{y ≤ q}), ϕτ (y; θ) = τ − I{y ≤ θ} and

Sn,j,τ (z) =

∫
K(u)fY (j)|Z

(
qj,τ (z)|z+hu

)
fZ(z+hu)du = fY (j)|Z

(
qj,τ (z)|z

)
fZ(z)+O(h2), j = 0, 1.

Proof of Lemma 2: According to Lemma 1,

q̄j,τ (z) = inf

y :

n∑
i=1

Kh,i(z)Wj(Xi, Di)I{Yi ≤ y}
n∑
i=1

Kh,i(z)Wj(Xi, Di)
≥ τ


= inf

{
q : arg min

q

n∑
i=1

Kh,i(z)Wj(Xi, Di)ρτ (Yi − q)

}
.

Then, following the proof of Theorem 1 in Lee et al. (2015), it can be shown that

sup
τ∈A

sup
z∈Z

∣∣∣q̄j,τ (z)−qj,τ (z)− 1

n

n∑
i=1

[
%n,j,τ (Yi, Xi, Di; z)−E%n,j,τ (Yi, Xi, Di; z)

]∣∣∣ = Op

( √
lnn

(nhd)3/4

)
.�

Lemma 3. Suppose that Assumptions 1-6 are satisfied, then

sup
τ∈A

sup
z∈Z

∣∣q̂j,τ (z)− q̄j,τ (z)
∣∣ = Op

{
max

{
lnn

n1/2−3ν/2 ,

√
lnn

(nhd)3/4

}}
, j = 0, 1.

Proof of Lemma 3: For j = 0 and 1, define cumulative distribution functions

F̄n,j(y | z) =

∑n
i=1Kh,i(z)Wj(Xi, Di)I{Yi ≤ y}∑n

i=1Kh,i(z)Wj(Xi, Di)

and

F̂n,j(y | z) =

∑n
i=1Kh,i(z)Ŵn,j(Xi, Di)I{Yi ≤ y}∑n

i=1Kh,i(z)Ŵn,j(Xi, Di)
.

Then q̄j,τ∗(z) = inf{y : F̄n,j(y | z) ≥ τ ∗} and q̂j,τ∗(z) = inf{y : F̂n,j(y | z) ≥ τ ∗} for 0 < τ ∗ <
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1. By the definition of a quantile, we have

∣∣∣F̄n,j(q̄j,τ∗(z) | z
)
− τ ∗

∣∣∣ ≤ max
i=1,··· ,n

{
Kh,i(z)Wj(Xi, Di)I{Yi ≤ y}∑n

i=1Kh,i(z)Wj(Xi, Di)

}

for any 0 < τ ∗ < 1, hence F̄n,j
(
q̄j,τ∗(z) | z

)
= τ ∗ + Op(1/(nh

d)). By using ν ∈
[

m
s+m

, d
6η

)
, it

can be shown that

sup
y∈Yj

sup
z∈Z

∣∣∣F̂n,j(y | z)− F̄n,j(y | z)
∣∣∣ = Op

(
sup
x∈X

∣∣p̂n(x)− p(x)
∣∣) = Op

(
n

3ν−1
2

)
,

where Yj is the support of Yi(j) for j = 0, 1. Let cn = max
{

lnn
n1/2−3ν/2 ,

(lnn)2

nhd

}
. Then,

F̂n,j
(
q̄j,τ+cn(z) | z

)
= F̄n,j

(
q̄j,τ+cn(z) | z

)
+Op

(
n

3ν−1
2

)
= τ + cn +Op(1/(nh

d)) +Op

(
n

3ν−1
2

)
> τ (S.1)

in probability as n→∞. Similarly,

F̂n,j
(
q̄j,τ−cn(z) | z

)
= F̄n,j

(
q̄j,τ−cn(z) | z

)
+Op

(
n

3ν−1
2

)
= τ − cn +Op(1/(nh

d)) +Op

(
n

3ν−1
2

)
< τ (S.2)

in probability as n→∞. Combining (S.1) and (S.2), we have

P
(
q̄j,τ−cn(z) ≤ q̂j,τ (z) ≤ q̄j,τ+cn(z)

)
→ 1 as n→∞.

Also, one has q̄j,τ−cn(z) ≤ q̄j,τ (z) ≤ q̄j,τ+cn(z) by definition, and it follows that

P
(

sup
τ∈A

sup
z∈Z

∣∣q̂j,τ (z)− q̄j,τ (z)
∣∣ ≤ sup

τ∈A
sup
z∈Z

∣∣q̄j,τ+cn(z)− q̄j,τ−cn(z)
∣∣)→ 1 as n→∞. (S.3)

Next, we consider the order of supτ∈A supz∈Z
∣∣q̄j,τ+cn(z)−q̄j,τ−cn(z)

∣∣. Recall that Sn,j,τ∗(z) =∫
K(u)fY (j)|Z

(
qj,τ∗(z)|z + hu

)
fZ(z + hu)du for j = 0 and 1. It is easy to show that

supτ∈A supz∈Z |Sn,j,τ±cn(z) − Sn,j,τ (z)| = O(cn). By using the Bahadur representation of
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q̄j,τ∗(z) provided by Lemma 2, it follows that

sup
τ∈A

sup
z∈Z

∣∣q̄j,τ+cn(z)− q̄j,τ−cn(z)
∣∣

≤ sup
τ∈A

sup
z∈Z

∣∣qj,τ+cn(z)− qj,τ−cn(z)
∣∣+Op

{ √
lnn

(nhd)3/4

}
+ sup

τ∈A
sup
z∈Z

∣∣∣S−1n,j,τ (z)
1

n

n∑
i=1

Kh,i(z)Wj(Xi, Di)×
(
I{Yi ≤ qj,τ−cn(z)} − I{Yi ≤ qj,τ+cn(z)}

)
+Op(cn)

∣∣∣
+ sup

τ∈A
sup
z∈Z

∣∣∣S−1n,j,τ (z)E
[
Kh,i(z)Wj(Xi, Di)

(
I{Yi ≤ qj,τ−cn(z)} − I{Yi ≤ qj,τ+cn(z)}

)]
+O(cn)

∣∣∣
≤ sup

τ∈A
sup
z∈Z

∣∣qj,τ+cn(z)− qj,τ−cn(z)
∣∣

+ sup
τ∈A

sup
z∈Z

∣∣∣S−1n,j,τ (z)
1

n

n∑
i=1

Kh,i(z)Wj(Xi, Di)×
(
I{Yi ≤ qj,τ−cn(z)} − I{Yi ≤ qj,τ+cn(z)}

)∣∣∣
+ sup

τ∈A
sup
z∈Z

∣∣∣S−1n,j,τ (z)E
[
Kh,i(z)Wj(Xi, Di)

(
I{Yi ≤ qj,τ−cn(z)} − I{Yi ≤ qj,τ+cn(z)}

)]∣∣∣
+O(cn) +Op

{ √
lnn

(nhd)3/4

}
:= M1 +M2 +M3 +Op(cn) +Op

{ √
lnn

(nhd)3/4

}
.

For M1, note that FY (j)|Z(qj,τ+cn(z)|z) = τ + cn and FY (j)|Z(qj,τ−cn(z)|z) = τ − cn under

Assumption 2.3. Thus,

2cn = FY (j)|Z(qj,τ+cn(z)|z)− FY (j)|Z(qj,τ−cn(z)|z) = fY (j)|Z(q∗n|z)
(
qj,τ+cn(z)− qj,τ−cn(z)

)
,

where q∗n is a point between qj,τ−cn(z) and qj,τ+cn(z), which implies that

M1 = sup
τ∈A

sup
z∈Z

∣∣qj,τ+cn(z)− qj,τ−cn(z)
∣∣ = O(cn)

by the assumption that fY (j)|Z(q|z) is uniformly bounded away from zero in a neighborhood

of qj,τ (z). For M2, since qj,τ−cn(z) ≤ qj,τ (z) ≤ qj,τ+cn(z) and supτ∈A supz∈Z
∣∣qj,τ+cn(z) −

qj,τ−cn(z)
∣∣ = O(cn), there exists a constant A which does not rely on z and τ , such that

M2 ≤ sup
τ∈A

sup
z∈Z

∣∣∣S−1n,j,τ (z)
1

n

n∑
i=1

Kh,i(z)Wj(Xi, Di)I{qj,τ (z)− Acn ≤ Yi ≤ qj,τ (z) + Acn}
∣∣∣
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≤ sup
τ∈A

sup
z∈Z

∣∣∣∣S−1n,j,τ (z)
1

n

n∑
i=1

[
Kh,i(z)Wj(Xi, Di)I{qj,τ (z)− Acn ≤ Yi ≤ qj,τ (z) + Acn}

−E
(
Kh,i(z)Wj(Xi, Di)I{qj,τ (z)− Acn ≤ Yi ≤ qj,τ (z) + Acn}

)]∣∣∣∣
+ sup

τ∈A
sup
z∈Z

∣∣∣∣S−1n,j,τ (z)E
(
Kh,i(z)Wj(Xi, Di)I{qj,τ (z)− Acn ≤ Yi ≤ qj,τ (z) + Acn}

)∣∣∣∣
:= M2,1 +M2,2.

Using Assumption 2.3, we have that

E

[(
K
(
(Zi − z)/h

)
Wj(Xi, Di)I{qj,τ (z)− Acn ≤ Yi ≤ qj,τ (z) + Acn}

)2]
= E

{
K2
(
(Zi − z)/h

)
p(Xi)

−j(1− p(Xi))
j−1E

[
I{qj,τ (z)− Acn ≤ Yi(j) ≤ qj,τ (z) + Acn}

∣∣Xi

]}
= O(hdcn).

Also, note that
{
K
(
(Zi − z)/h

)
Wj(Xi, Di)I{qj,τ (z) − Acn ≤ Yi ≤ qj,τ (z) + Acn} : z ∈

Z, τ ∈ A
}

is Euclidean for a constant envelope, which together with lnn
nhdcn

= o(1) implies

the conditions required by Theorem II.37 of Pollard (1984) are met. Hence, by Theorem

II.37 of Pollard (1984),

sup
τ∈A

sup
z∈Z

∣∣∣∣ 1n
n∑
i=1

[
K
(
(Zi − z)/h

)
Wj(Xi, Di)I{qj,τ (z)− Acn ≤ Yi ≤ qj,τ (z) + Acn}

−E
(
K
(
(Zi − z)/h

)
Wj(Xi, Di)I{qj,τ (z)− Acn ≤ Yi ≤ qj,τ (z) + Acn}

)]∣∣∣∣ = op(h
dcn),

together with the fact Sn,j,τ (z) is bounded away from zero, we have that M2,1 = 1
hd
·

op(h
dcn) = op(cn). It is also easy to show that M2,2 = O(cn). Hence, M2 = Op(cn).

Similar to the proof of M2,2 = O(cn), we can also show that M3 = O(cn). Therefore,

sup
τ∈A

sup
z∈Z

∣∣q̄j,τ+cn(z)− q̄j,τ−cn(z)
∣∣ = Op(cn) +Op

{ √
lnn

(nhd)3/4

}
.

Together with (S.3), we have

sup
τ∈A

sup
z∈Z

∣∣q̂j,τ (z)− q̄j,τ (z)
∣∣ = Op(cn) +Op

{ √
lnn

(nhd)3/4

}
= Op

{
max

{
lnn

n1/2−3ν/2 ,

√
lnn

(nhd)3/4

}}
.
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This completes the proof. �

Lemma 4. Under Assumptions 1-6, we have

sup
τ∈A

sup
z∈Z

∣∣∣q̂j,τ (z)− qj,τ (z)− 1

n

n∑
i=1

[
%n,j,τ (Yi, Xi, Di; z)− E

(
%n,j,τ (Yi, Xi, Di; z)

)]∣∣∣
= Op

{
max

{
lnn

n1/2−3ν/2 ,

√
lnn

(nhd)3/4

}}

for j = 0 and 1.

Proof of Lemma 4: The result comes from Lemma 2 and Lemma 3. �

Lemma 5. Let R1, R2, · · · be an i.i.d. sequence. Suppose that the U-statistic Un =∑
1≤i<j≤n

Hn(Ri, Rj) with symmetric variable function Hn is centered (i.e., E[Hn(R1, R2)] =

0) and degenerated (i.e., E[Hn(R1, R2)|R1 = z1] = 0 almost surely for all z1). Then, if

lim
n→∞

E
[
E2
[
Hn(R1, R3)Hn(R2, R3)

∣∣R1, R2

]]
+ n−1E

[
H4
n(R1, R2)

]
E2
[
H2
n(R1, R2)

] = 0,

we have that as n→∞,
21/2

nσn
Un

D−→ N (0, 1),

where σ2
n = E

[
H2
n(R1, R2)

]
.

Proof of Lemma 5: The result is given by Theorem 1 in Hall (1984). �

Lemma 6. Suppose the conditions required by Theorem 1 are satisfied. Then,

nhd/2

{∫ [ 1

n

n∑
i=1

(
%n,1,τ (Yi, Xi, Di; z)− E%n,1,τ (Yi, Xi, Di; z)

−%n,0,τ (Yi, Xi, Di; z) + E%n,0,τ (Yi, Xi, Di; z)
)]2

ω(z)dz − µJ

}
D−→ N (0, σ2

J),

where

µJ =
1

nhd

∫
K2(s)ds

∫ {
µ1,τ (z; z)

f 2
Y (1)|Z(q1,τ (z)|z)

+
µ0,τ (z; z)

f 2
Y (0)|Z(q0,τ (z)|z)

}
ω(z)

fZ(z)
dz,
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and

σ2
J = 2

∫ (∫
K(t)K(t+ s)dt

)2
ds

∫ {
µ1,τ (u;u)

f 2
Y (1)|Z(q1,τ (u)|u)

+
µ0,τ (u;u)

f 2
Y (0)|Z(q0,τ (u)|u)

}2
ω2(u)

f 2
Z(u)

du,

with

µ0,τ (z;u) = E

[
1

1− p(Xi)

(
I{Yi(0) ≤ q0,τ (u)} − τ

)2∣∣Zi = z

]
,

and

µ1,τ (z;u) = E

[
1

p(Xi)

(
I{Yi(1) ≤ q1,τ (u)} − τ

)2∣∣Zi = z

]
.

Proof of Lemma 6: For simplicity, we let

γn,τ (Yi, Xi, Di; z) = %n,1,τ (Yi, Xi, Di; z)− E%n,1,τ (Yi, Xi, Di; z)

−%n,0,τ (Yi, Xi, Di; z) + E%n,0,τ (Yi, Xi, Di; z).

Then,

∫ ( 1

n

n∑
i=1

γn,τ (Yi, Xi, Di; z)
)2
ω(z)dz (S.4)

= 2n−2
∑

1≤i<k≤n

∫
γn,τ (Yi, Xi, Di; z)γn,τ (Yk, Xk, Dk; z)ω(z)dz + n−2

n∑
i=1

∫
γ2n(Yi, Xi, Di; z)ω(z)dz

:= In,1 + In,2.

First, we consider the term In,1. Let Ri = (Yi, Xi, Di) and define

Hn(Ri, Rk) =
2

n2

∫
γn,τ (Ri; z)γn,τ (Rk; z)ω(z)dz.

Then, In,1 =
∑

1≤i<k≤n
Hn(Ri, Rk) is a centered U -statistic. Note that

E
[
Hn(Ri, Rk)

2
]

(S.5)

= E

[
4

n4

∫ ∫
γn,τ (Ri;u)γn,τ (Rk;u) γn,τ (Ri; v)γn,τ (Rk; v)ω(u)ω(v)dudv

]
=

4

n4

∫ ∫
E
[
γn,τ (Ri;u)γn,τ (Ri; v)γn,τ (Rk;u)γn,τ (Rk; v)

]
ω(u)ω(v)dudv
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=
4

n4

∫ ∫
E2
[
γn,τ (Ri;u)γn,τ (Ri; v)

]
ω(u)ω(v)dudv.

It is easy to find that

E
[
Sn,j,τ (z)−1Wj(Xi, Di)ϕτ (Yi; qj,τ (z))|Zi = z

]
= 0.

Hence,

E
[
%n,j,τ (Yi, Xi, Di; z)

]
= E

[
Kh

(
Zi − z

)
Sn,j,τ (z)−1Wj(Xi, Di)ϕτ (Yi; qj,τ (z))

]
= O(h2) (S.6)

uniformly in z for j = 0 and 1. Also note that Di(1−Di) = 0, then,

E
[
γn,τ (Ri;u)γn,τ (Ri; v)

]
(S.7)

= E
[(
%n,1,τ (Ri;u)− %n,0,τ (Ri;u)

)(
%n,1,τ (Ri; v)− %n,0,τ (Ri; v)

)]
−E
[
%n,1,τ (Ri;u)− %n,0,τ (Ri;u)

]
E
[
%n,1,τ (Ri; v)− %n,0,τ (Ri; v)

]
= S−1n,1,τ (u)S−1n,1,τ (v)E

[
Kh

(
Zi − u

)
Kh

(
Zi − v

) Di

p2(Xi)
ϕτ (Yi; q1,τ (u))ϕτ (Yi; q1,τ (v))

]
+S−1n,0,τ (u)S−1n,0,τ (v)E

[
Kh

(
Zi − u

)
Kh

(
Zi − v

) 1−Di

(1− p(Xi))2
ϕτ (Yi; q0,τ (u))ϕτ (Yi; q0,τ (v))

]
+O(h4)

= S−1n,1,τ (u)S−1n,1,τ (v)E

[
Kh

(
Zi − u

)
Kh

(
Zi − v

) 1

p(Xi)
ϕτ (Yi(1); q1,τ (u))ϕτ (Yi(1); q1,τ (v))

]
+S−1n,0,τ (u)S−1n,0,τ (v)E

[
Kh

(
Zi − u

)
Kh

(
Zi − v

) 1

1− p(Xi)
ϕτ (Yi(0); q0,τ (u))ϕτ (Yi(0); q0,τ (v))

]
+O(h4)

= S−1n,1,τ (u)S−1n,1,τ (v)E

[
Kh

(
Zi − u

)
Kh

(
Zi − v

)
κ1(Zi;u, v)

]
+S−1n,0,τ (u)S−1n,0,τ (v)E

[
Kh

(
Zi − u

)
Kh

(
Zi − v

)
κ0(Zi;u, v)

]
+O(h4)

=
1

hd
S−1n,1,τ (u)S−1n,1,τ (v)

∫
K(t)K

(
t+

u− v
h

)
κ1(u+ ht;u, v)fZ(u+ ht)dt

+
1

hd
S−1n,0,τ (u)S−1n,0,τ (v)

∫
K(t)K

(
t+

u− v
h

)
κ0(u+ ht;u, v)fZ(u+ ht)dt+O(h4),

where

κ1(z;u, v) = E
[ 1

p(Xi)
ϕτ (Yi(1); q1,τ (u))ϕτ (Yi(1); q1,τ (v))

∣∣Zi = z
]
,

S10



and

κ0(z;u, v) = E
[ 1

1− p(Xi)
ϕτ (Yi(0); q0,τ (u))ϕτ (Yi(0); q0,τ (v))

∣∣Zi = z
]
,

with ϕτ (y; q) = τ − I{y ≤ q}. Thus,

E2
[
γn,τ (Ri;u)γn,τ (Ri; v)

]
(S.8)

=
1

h2d
S−2n,1,τ (u)S−2n,1,τ (v)

(∫
K(t)K

(
t+

u− v
h

)
κ1(u+ ht;u, v)fZ(u+ ht)dt

)2
+

1

h2d
S−2n,0,τ (u)S−2n,0,τ (v)

(∫
K(t)K

(
t+

u− v
h

)
κ0(u+ ht;u, v)fZ(u+ ht)dt

)2
+

2

h2d
S−1n,1,τ (u)S−1n,1,τ (v)S−1n,0,τ (u)S−1n,0,τ (v)

∫
K(t)K

(
t+

u− v
h

)
κ1(u+ ht;u, v)fZ(u+ ht)dt

×
∫
K(t)K

(
t+

u− v
h

)
κ0(u+ ht;u, v)fZ(u+ ht)dt

+2O(h4−d)S−1n,1,τ (u)S−1n,1,τ (v)

∫
K(t)K

(
t+

u− v
h

)
κ1(u+ ht;u, v)fZ(u+ ht)dt

+2O(h4−d)S−1n,0,τ (u)S−1n,0,τ (v)

∫
K(t)K

(
t+

u− v
h

)
κ0(u+ ht;u, v)fZ(u+ ht)dt+O(h8).

Combining (S.5) and (S.8), and some straightforward calculations imply that

E
[
Hn(Ri, Rk)

2
]

=
4

n4

∫ ∫
E2
[
γn,τ (Ri;u)γn,τ (Ri; v)

]
ω(u)ω(v)dudv (S.9)

=
4

n4hd

{∫ (∫
K(t)K(t+ s)dt

)2
ds ·

[ ∫
S−4n,1,τ (u)κ21(u;u, u)f 2

Z(u)ω2(u)du

+

∫
S−4n,0,τ (u)κ20(u;u, u)f 2

Z(u)ω2(u)du

+2

∫
S−2n,1,τ (u)S−2n,0,τ (u)κ1(u;u, u)κ0(u;u, u)f 2

Z(u)ω2(u)du
]

+ o(1)

}
.

This, coupled with Sn,j,τ (z) = fZ(z)fY (j)|Z(qj,τ (z)|z) +O(h2) for j = 0 and 1, yields

E
[
Hn(R1, R2)

2
]

=
4

n4hd

(∫ (∫
K(t)K(t+ s)dt

)2
ds

×
∫ {

κ1(u;u, u)

f 2
Y (1)|Z(q1,τ (u)|u)

+
κ0(u;u, u)

f 2
Y (0)|Z(q0,τ (u)|u)

}2
ω2(u)

f 2
Z(u)

du+ o(1)

)
=

2

n4hd
(
σ2
J + o(1)

)
. (S.10)
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Similarly, by straightforward calculations, we can verify that the condition

lim
n→∞

E
[
E2
[
Hn(R1, R3)Hn(R2, R3)

∣∣R1, R2

]]
+ n−1E

[
Hn(R1, R2)

4
]

(
E
[
Hn(R1, R2)2

])2 = 0

in Lemma 5 is satisfied. So that

√
2

nE1/2
[
Hn(R1, R2)2

] In,1 D−→ N (0, 1),

or equivalently,

nhd/2 In,1
D−→ N (0, σ2

J). (S.11)

Now, we move to the term In,2 = n−2
n∑
i=1

∫
γ2n(Yi, Xi, Di; z)ω(z)dz. Note that

E
[
γ2n(Yi, Xi, Di; z)

]
= E

[
%n,1,τ (Yi, Xi, Di; z)

]2
+ E

[
%n,0,τ (Yi, Xi, Di; z)

]2
+O(h4)

= S−2n,1,τ (z)E

[
1

h2d
K2
(Zi − z

h

) Di

p2(Xi)
(I{Yi ≤ q1,τ (z)} − τ)2

]
+S−2n,0,τ (z)E

[
1

h2d
K2
(Zi − z

h

) 1−Di

(1− p(Xi))2
(I{Yi ≤ q0,τ (z)} − τ)2

]
+O(h4)

= S−2n,1,τ (z)E

[
1

h2d
K2
(Zi − z

h

) 1

p(Xi)
(I{Yi(1) ≤ q1,τ (z)} − τ)2

]
+S−2n,0,τ (z)E

[
1

h2d
K2
(Zi − z

h

) 1

1− p(Xi)
(I{Yi(0) ≤ q0,τ (z)} − τ)2

]
+O(h4)

= S−2n,1,τ (z)E

[
1

h2d
K2
(Zi − z

h

)
µ1(Zi; z)

]
+ S−2n,0,τ (z)E

[
1

h2d
K2
(Zi − z

h

)
µ0(Zi; z)

]
+O(h4)

= S−2n,1,τ (z)

[
1

hd

(
µ1,τ (z; z)fZ(z)

∫
K2(s)ds+O(h2)

)]
+S−2n,0,τ (z)

[
1

hd

(
µ0,τ (z; z)fZ(z)

∫
K2(s)ds+O(h2)

)]
+O(h4)

=
1

hd

{∫
K2(s)ds ·

(
S−2n,1,τ (z)µ1,τ (z; z) + S−2n,0,τ (z)µ0,τ (z; z)

)
fZ(z) +O(h2)

}
+O(h4),

coupled with Sn,j,τ (z) = fZ(z)fY (j)|Z(qj,τ (z)|z) +O(h2) for j = 0 and 1, we have

E
(
In,2
)

(S.12)

=
1

n

∫
E
[
γ2n(Yi, Xi, Di; z)

]
ω(z)dz

S12



=
1

nhd

{∫
K2(s)ds ·

∫ (
S−2n,1,τ (z)µ1,τ (z; z) + S−2n,0,τ (z)µ0,τ (z; z)

)
fZ(z)ω(z)dz +O(h2)

}
+O

(h4
n

)
=

1

nhd

∫
K2(s)ds ·

∫ {
µ1,τ (z; z)

f 2
Y (1)|Z(q1,τ (z)|z)

+
µ0,τ (z; z)

f 2
Y (0)|Z(q0,τ (z)|z)

}
ω(z)

fZ(z)
dz +

O(h2)

nhd
+O

(h4
n

)
= µJ +O

(h2−d
n

)
+O

(h4
n

)
.

Furthermore,

Var
(
nhd/2In,2

)
= E

{
nhd/2

[
In,2 − E(In,2)

]}2

(S.13)

= n−1hd
{
E

[(∫
γ2n(Yi, Xi, Di; z)ω(z)dz

)2]
− E2

[ ∫
γ2n(Yi, Xi, Di; z)ω(z)dz

]}
= n−1hd

{
E

[(∫
γ2n(Yi, Xi, Di; z)ω(z)dz

)2]
−
[ ∫

E
[
γ2n(Yi, Xi, Di; z)

]
ω(z)dz

]2}
= n−1hd

{∫ ∫
E
[
γ2n(Yi, Xi, Di;u)γ2n(Yi, Xi, Di; v)

]
ω(u)ω(v)dudv −O(h−2d)

}
= n−1hd ·O(h−2d)→ 0,

together with (S.12), we have

In,2 = µJ +O
(h2−d

n

)
+O

(h4
n

)
+ op

( 1

nhd/2

)
.

Hence, when 1 ≤ d ≤ 3, we have

nhd/2
(
In,2 − µJ

)
= op(1). (S.14)

It follows by combining (S.4), (S.11) and (S.14) that

nhd/2

{∫ [ 1

n

n∑
i=1

(
%n,1,τ (Yi, Xi, Di; z)− E%n,1,τ (Yi, Xi, Di; z)

−%n,0,τ (Yi, Xi, Di; z) + E%n,0,τ (Yi, Xi, Di; z)
)]2

ω(z)dz − µJ

}
D−→ N (0, σ2

J).

The proof is completed. �

Now, we introduce some notation before considering the proofs of the following lemmas

and Theorem 3. First, let P denote the distribution of {(Yi(0), Yi(1), Xi, Di)}ni=1 and use
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P ∗ to denote the Bootstrap distribution, which is the distribution of {(Y ∗i , X∗i , D∗i )}ni=1,

conditional on {(Yi, Xi, Di)}ni=1. Also, we use E∗ and Var∗ to denote the expectation and

variance with respect to P ∗, respectively. Finally, following Lee et al. (2015), let S1, S2, · · ·

be a sequence a random variables and a1, a2, · · · be a sequence of positive real numbers,

define Sn = op∗(an) if for any ε > 0 and ε > 0, limn→∞ P
{
P ∗(|Sn/an| > ε) > ε

}
= 0.

Similarly, Sn = Op∗(an) means that if for any ε > 0 and ε > 0, there exists M > 0 such

that lim supn→∞ P
{
P ∗(|Sn/an| > M) > ε

}
< ε.

Lemma 7. Suppose Assumptions 1-5 are satisfied. Then,

sup
τ∈A

sup
z∈Z

∣∣∣q̄∗j,τ (z)− q̄j,τ (z)− 1

n

n∑
i=1

[
%n,j,τ (R

∗
i ; z)− E∗

(
%n,j,τ (R

∗
i ; z)

)]∣∣∣ = Op∗

( √
lnn

(nhd)3/4

)

for j = 0 and 1, where R∗i = (Y ∗i , X
∗
i , D

∗
i )
′,

q̄∗j,τ (z) = inf

y :

n∑
i=1

Wj(X
∗
i , D

∗
i )K

(
Z∗
i −z
h

)
I{Y ∗i ≤ y}

n∑
i=1

Wj(X∗i , D
∗
i )K

(
Z∗
i −z
h

) ≥ τ

 ,

and

%n,j,τ (R
∗
i ; z) = −S−1n,j,τ (z)Wj(X

∗
i , D

∗
i )Kh

(
Z∗i − z

)
ϕτ (Y

∗
i ; qj,τ (z)).

Proof of Lemma 7: According to Lemma 1,

q̄∗j,τ (z) = inf

y :

n∑
i=1

Wj(X
∗
i , D

∗
i )K

(
Z∗
i −z
h

)
I{Y ∗i ≤ y}

n∑
i=1

Wj(X∗i , D
∗
i )K

(
Z∗
i −z
h

) ≥ τ


= inf

{
q : arg min

q

n∑
i=1

Wj(X
∗
i , D

∗
i )K

(Z∗i − z
h

)
ρτ (Y

∗
i − q)

}
.

The result can be proved following the proof of Theorem 2 in Lee et al. (2015). �

Lemma 8. Under Assumptions 1-6, then, we have

sup
τ∈A

sup
z∈Z

∣∣∣q̂∗j,τ (z)− q̄∗j,τ (z)
∣∣∣ = Op∗

{
max

{
lnn

n1/2−3ν/2 ,

√
lnn

(nhd)3/4

}}

S14



for j = 0 and 1.

Proof of Lemma 8: This result can be proved by the similar arguments to that of Lemma

3 and the details are thus omitted. �

Lemma 9. Suppose Assumptions 1-6 hold. Then, for j = 0 and 1,

sup
τ∈A

sup
z∈Z

∣∣∣q̂∗j,τ (z)− q̂j,τ (z)− 1

n

n∑
i=1

[
%n,j,τ (R

∗
i ; z)− E∗(%n,j,τ (R∗i ; z))

]∣∣∣ = Op∗

{
max

{
lnn

n1/2−3ν/2 ,

√
lnn

(nhd)3/4

}}
.

Proof of Lemma 9: It is easy to observe that

sup
τ∈A

sup
z∈Z

∣∣∣q̂∗j,τ (z)− q̂j,τ (z)− 1

n

n∑
i=1

[
%n,j,τ (R

∗
i ; z)− E∗(%n,j,τ (R∗i ; z))

]∣∣∣
≤ sup

τ∈A
sup
z∈Z

∣∣∣q̄∗j,τ (z)− q̄j,τ (z)− 1

n

n∑
i=1

[
%n,j,τ (R

∗
i ; z)− E∗(%n,j,τ (R∗i ; z))

]∣∣∣
+ sup

τ∈A
sup
z∈Z

∣∣q̂∗j,τ (z)− q̄∗j,τ (z)
∣∣+ sup

τ∈A
sup
z∈Z

∣∣q̄j,τ (z)− q̂j,τ (z)
∣∣

= Op∗

{
max

{
lnn

n1/2−3ν/2 ,

√
lnn

(nhd)3/4

}}

by Lemmas 3, 7 and 8. Therefore, the proof of Lemma 9 is completed. �

Lemma 10. Suppose the conditions required by Theorem 3 are satisfied. Then,

sup
y∈R

∣∣∣∣∣P ∗
{
nhd/2

σJ

[ ∫ (
1

n

n∑
i=1

(
ψn,1,τ (R

∗
i ; z)− ψn,0,τ (R∗i ; z)

))2

ω(z)dz − µJ
]
≤ y

}
− Φ(y)

∣∣∣∣∣ = op(1),

where ψn,j,τ (R
∗
i ; z) = %n,j,τ (Y

∗
i , X

∗
i , D

∗
i ; z)−E∗

(
%n,j,τ (Y

∗
i , X

∗
i , D

∗
i ; z)

)
for j = 0 and 1. That

is,

nhd/2

σJ

[ ∫ (
1

n

n∑
i=1

(
ψn,1,τ (R

∗
i ; z)− ψn,0,τ (R∗i ; z)

))2

ω(z)dz − µJ
]

converges to N (0, 1) in distribution in probability.
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Proof of Lemma 10: It is noticed that

∫ (
1

n

n∑
i=1

(
ψn,1,τ (R

∗
i ; z)− ψn,0,τ (R∗i ; z)

))2

ω(z)dz

=
2

n2

∑
1≤i<j≤n

∫ (
ψn,1,τ (R

∗
i ; z)− ψn,0,τ (R∗i ; z)

)(
ψn,1,τ (R

∗
j ; z)− ψn,0,τ (R∗j ; z)

)
ω(z)dz

+
1

n2

n∑
i=1

∫ (
ψn,1,τ (R

∗
i ; z)− ψn,0,τ (R∗i ; z)

)2
ω(z)dz

:= Q∗n,1 +Q∗n,2. (S.15)

We first consider the term Q∗n,1. Define

T ∗n(R∗i , R
∗
j ) =

2

n2

∫ (
ψn,1,τ (R

∗
i ; z)− ψn,0,τ (R∗i ; z)

)(
ψn,1,τ (R

∗
j ; z)− ψn,0,τ (R∗j ; z)

)
ω(z)dz.

Then, Q∗n,1 can be written as a second-order U -statistic as follows:

Q∗n,1 =
∑

1≤i<j≤n

T ∗n(R∗i , R
∗
j ).

By its definition, it is easy to find that E∗[T ∗n(R∗i , R
∗
j )] = 0 and E∗[T ∗n(R∗i , R

∗
j )|R∗i ] = 0.

Thus, conditional on {Yi, Xi, Di}ni=1, Q
∗
n,1 is a second-order degenerate U -statistic. To apply

Lemma 5, we need to verify the condition

E∗
[
E∗2
[
T ∗n(R∗1, R

∗
3)T

∗
n(R∗2, R

∗
3)
∣∣R∗1, R∗2]]+ n−1E∗

[
T ∗4n (R∗1, R

∗
2)
]

E∗2
[
T ∗2n (R∗1, R

∗
2)
] = op(1).

Define

σ∗2n := E∗
(
T ∗2n (R∗1, R

∗
2)
)

(S.16)

=
4

n4

∫ ∫
E∗
[(
ψn,1,τ (R

∗
1;u)− ψn,0,τ (R∗1;u)

)(
ψn,1,τ (R

∗
2;u)− ψn,0,τ (R∗2;u)

)
×
(
ψn,1,τ (R

∗
1; v)− ψn,0,τ (R∗1; v)

)(
ψn,1,τ (R

∗
2; v)− ψn,0,τ (R∗2; v)

)]
ω(u)ω(v)dudv

=
4

n4

∫ ∫
E∗2
[(
ψn,1,τ (R

∗
1;u)− ψn,0,τ (R∗1;u)

)(
ψn,1,τ (R

∗
1; v)− ψn,0,τ (R∗1; v)

)]
ω(u)ω(v)dudv

=
4

n4

∫ ∫ [
E∗
(
ψn,1,τ (R

∗
1;u)ψn,1,τ (R

∗
1; v)

)
+ E∗

(
ψn,0,τ (R

∗
1;u)ψn,0,τ (R

∗
1; v)

)
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−E∗
(
ψn,1,τ (R

∗
1;u)ψn,0,τ (R

∗
1; v)

)
− E∗

(
ψn,1,τ (R

∗
1; v)ψn,0,τ (R

∗
1;u)

)]2
ω(u)ω(v)dudv.

From (S.6) and some calculations, we have

E∗
(
%n,j,τ (R

∗
1;u)

)
=

1

n

n∑
i=1

%n,j,τ (Ri;u) (S.17)

= Op

(
E
(
%n,j,τ (Ri;u)

)
+

1√
n

Var1/2
(
%n,j,τ (Ri;u)

))
= Op

(
h2 +

1√
nhd

)
uniformly in u. It follows that for j = 0, 1,

E∗
(
ψn,j,τ (R

∗
1;u)ψn,j,τ (R

∗
1; v)

)
= E∗

(
%n,j,τ (R

∗
1;u)%n,j,τ (R

∗
1; v)

)
− E∗

(
%n,j,τ (R

∗
1;u)

)
· E∗

(
%n,j,τ (R

∗
1; v)

)
= E∗

(
%n,j,τ (R

∗
1;u)%n,j,τ (R

∗
1; v)

)
+Op

( 1

nhd
+ h4

)
,

and

E∗
(
ψn,1,τ (R

∗
1;u)ψn,0,τ (R

∗
1; v)

)
= −E∗

(
%n,1,τ (R

∗
1;u)

)
· E∗

(
%n,0,τ (R

∗
1; v)

)
= Op

( 1

nhd
+ h4

)
.

Hence, according to (S.16), we have

σ∗2n =
4

n4

∫ ∫ [
E∗
(
ψn,1,τ (R

∗
1;u)ψn,1,τ (R

∗
1; v)

)
+ E∗

(
ψn,0,τ (R

∗
1;u)ψn,0,τ (R

∗
1; v)

)
−E∗

(
ψn,1,τ (R

∗
1;u)ψn,0,τ (R

∗
1; v)

)
− E∗

(
ψn,1,τ (R

∗
1; v)ψn,0,τ (R

∗
1;u)

)]2
ω(u)ω(v)dudv

=
4

n4

∫ ∫ (
E∗
(
%n,1,τ (R

∗
1;u)%n,1,τ (R

∗
1; v)

)
+E∗

(
%n,0,τ (R

∗
1;u)%n,0,τ (R

∗
1; v)

)
+Op

( 1

nhd
+ h4

))2

ω(u)ω(v)dudv

=
4

n4

∫ ∫ (
E∗
(
%n,1,τ (R

∗
1;u)%n,1,τ (R

∗
1; v)

)
+ E∗

(
%n,0,τ (R

∗
1;u)%n,0,τ (R

∗
1; v)

))2

ω(u)ω(v)dudv

+Op

( 1

n5hd
+
h4

n4

)∫ ∫ (
E∗
(
%n,1,τ (R

∗
1;u)%n,1,τ (R

∗
1; v)

)
+E∗

(
%n,0,τ (R

∗
1;u)%n,0,τ (R

∗
1; v)

))
ω(u)ω(v)dudv +Op

( 1

n6h2d
+
h8

n4

)
:= A1 + A2 + op

( 1

n4hd

)
.
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We focus on the term A1. Note that

Var
[
E∗
(
%n,j,τ (R

∗
1;u)%n,j,τ (R

∗
1; v)

)]
= Var

[
1

n

n∑
i=1

%n,j,τ (Ri;u)%n,j,τ (Ri; v)

]
≤ 1

n
E
(
%n,j,τ (Ri;u)%n,j,τ (Ri; v)

)2
=

1

n
E
(
S−1n,j,τ (u)S−1n,j,τ (v)Wj(Xi, Di)Kh(Zi − u)Kh(Zi − v)ϕτ (Yi; qj,τ (u))ϕτ (Yi; qj,τ (v))

)2
=

1

n
· 1

h4d
S−2n,j,τ (u)S−2n,j,τ (v)E

{
W 2
j (Xi, Di)K

2
(Zi − u

h

)
K2
(Zi − v

h

)
ϕ2
τ (Yi; qj,τ (u))ϕ2

τ (Yi; qj,τ (v))

}
=

1

n
· 1

h4d
S−2n,j,τ (u)S−2n,j,τ (v)E

{
K2
(Zi − u

h

)
K2
(Zi − v

h

)
×E
(
p−3j(Xi)(1− p(Xi))

−3(1−j)ϕ2
τ (Yi(j); qj,τ (u))ϕ2

τ (Yi(j); qj,τ (v))
∣∣∣Zi)}

=
1

n
· 1

h3d
S−2n,j,τ (u)S−2n,j,τ (v)

∫
K2(s)K2

(
s+

u− v
h

)
`j(u+ hs;u, v)fZ(u+ hs)ds = O

( 1

nh3d

)
,

where

`j(z;u, v) = E
(
p−3j(Xi)(1− p(Xi))

−3(1−j)ϕ2
τ (Yi(j); qj,τ (u))ϕ2

τ (Yi(j); qj,τ (v))
∣∣∣Zi = z

)
.

Therefore,

E∗
(
%n,j,τ (R

∗
1;u)%n,j,τ (R

∗
1; v)

)
=

1

n

n∑
i=1

%n,j,τ (Ri;u)%n,j,τ (Ri; v)

= E
(
%n,j,τ (R1;u)%n,j,τ (R1; v)

)
+Op

( 1√
nh3d

)
. (S.18)

Then,

A1 =
4

n4

∫ ∫ (
E∗
(
%n,1,τ (R

∗
1;u)%n,1,τ (R

∗
1; v)

)
+ E∗

(
%n,0,τ (R

∗
1;u)%n,0,τ (R

∗
1; v)

))2

ω(u)ω(v)dudv

=
4

n4

∫ ∫ (
E
(
%n,1,τ (R1;u)%n,1,τ (R1; v)

)
+ E

(
%n,0,τ (R1;u)%n,0,τ (R1; v)

)
+Op

( 1√
nh3d

))2

ω(u)ω(v)dudv.
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Using similar arguments as in (S.7), (S.8), (S.9) and (S.10), we have

A1 =
4

n4

[
1

hd

∫ (∫
K(t)K(t+ s)dt

)2
ds

×
∫ {

κ1(u;u, u)

f 2
Y (1)|Z(q1,τ (u)|u)

+
κ0(u;u, u)

f 2
Y (0)|Z(q0,τ (u)|u)

}2
ω2(u)

f 2
Z(u)

du+Op

( 1√
nh3d

)
+Op

( 1

nh3d

)]
=

4

n4hd

[ ∫ (∫
K(t)K(t+ s)dt

)2
ds

×
∫ {

κ1(u;u, u)

f 2
Y (1)|Z(q1,τ (u)|u)

+
κ0(u;u, u)

f 2
Y (0)|Z(q0,τ (u)|u)

}2
ω2(u)

f 2
Z(u)

du+Op

( 1√
nhd

)
+Op

( 1

nh2d

)]
=

2

n4hd
(
σ2
J + op(1)

)
.

It is also easy to find that A2 = op

(
1

n4hd

)
. Thus,

σ∗2n = E∗
(
T ∗2n (R∗1, R

∗
2)
)

=
2σ2

J

n4hd
+ op

( 1

n4hd

)
.

Similarly, by some straightforward but tedious calculations, we can verify that the condition

E∗
[
E∗2
[
T ∗n(R∗1, R

∗
3)T

∗
n(R∗2, R

∗
3)
∣∣R∗1, R∗2]]+ n−1E∗

[
T ∗4n (R∗1, R

∗
2)
]

E∗2
[
T ∗2n (R∗1, R

∗
2)
] = op(1)

is satisfied. From Lemma 5 we know that

√
2Q∗n,1
nσ∗n

−→N (0, 1)

in distribution in probability. Since σ∗n =
√
2√

n4hd

(
σJ + op(1)

)
, we also have

nhd/2Q∗n,1
σJ

−→N (0, 1) (S.19)

in distribution in probability.

Next, for the term Q∗n,2, we have

Q∗n,2 =
1

n2

n∑
i=1

∫ (
ψn,1,τ (R

∗
i ; z)− ψn,0,τ (R∗i ; z)

)2
ω(z)dz
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=
1

n2

n∑
i=1

∫ ((
%n,1,τ (R

∗
i ; z)− %n,0,τ (R∗i ; z)

)
− E∗

(
%n,1,τ (R

∗
i ; z)− %n,0,τ (R∗i ; z)

))2
ω(z)dz

=
1

n2

n∑
i=1

∫ (
%n,1,τ (R

∗
i ; z)− %n,0,τ (R∗i ; z)

)2
ω(z)dz

+
1

n2

n∑
i=1

∫ (
E∗
(
%n,1,τ (R

∗
i ; z)− %n,0,τ (R∗i ; z)

))2
ω(z)dz

− 2

n2

n∑
i=1

∫ [
E∗
(
%n,1,τ (R

∗
i ; z)− %n,0,τ (R∗i ; z)

)](
ψn,1,τ (R

∗
i ; z)− ψn,0,τ (R∗i ; z)

)
ω(z)dz

:= Q∗n,2,1 +Q∗n,2,2 − 2Q∗n,2,3.

For Q∗n,2,1, it is easy to obtain that

E∗
(
Q∗n,2,1

)
=

1

n2

n∑
i=1

∫ (
%n,1,τ (Ri; z)− %n,0,τ (Ri; z)

)2
ω(z)dz,

and

Var∗(Q∗n,2,1) = Var∗
(

1

n2

n∑
i=1

∫ (
%n,1(R

∗
i ; z)− %n,0(R∗i ; z)

)2
ω(z)dz

)
(S.20)

=
1

n3
Var∗

(∫ (
%2n,1(R

∗
i ; z) + %2n,0(R

∗
i ; z)

)
ω(z)dz

)
=

1

n3
E∗
(∫ (

%2n,1(R
∗
i ; z) + %2n,0(R

∗
i ; z)

)
ω(z)dz

)2

− 1

n3

{∫ (
E∗%2n,1(R

∗
i ; z) + E∗%2n,0(R

∗
i ; z)

)
ω(z)dz

}2

=
1

n3

∫ ∫ (
E∗
(
%2n,1(R

∗
i ;u)%2n,1(R

∗
i ; v)

)
+ E∗

(
%2n,0(R

∗
i ;u)%2n,0(R

∗
i ; v)

))
ω(u)ω(v)dudv

− 1

n3

{∫ (
E∗%2n,1(R

∗
i ; z) + E∗%2n,0(R

∗
i ; z)

)
ω(z)dz

}2

.

It is easy to obtain that

E

(∫ (
E∗%2n,1(R

∗
i ; z) + E∗%2n,0(R

∗
i ; z)

)
ω(z)dz

)
=

∫ [
E
(
E∗%2n,1(R

∗
i ; z)

)
+ E

(
E∗%2n,0(R

∗
i ; z)

)]
ω(z)dz

=
1

hd

{∫
S−2n,1,τ (z)

(∫
K2(s)µ1,τ (z + hs; z)fZ(z + hs)ds

)
ω(z)dz

S20



+

∫
S−2n,0,τ (z)

(∫
K2(s)µ0,τ (z + hs; z)fZ(z + hs)ds

)
ω(z)dz

}
= O(1/hd),

which implies that

∫ (
E∗%2n,1(R

∗
i ; z) + E∗%2n,0(R

∗
i ; z)

)
ω(z)dz = Op(1/h

d). (S.21)

Similarly, by straightforward calculations, we can obtain that

E

∫ ∫ (
E∗
(
%2n,j(R

∗
i ;u)%2n,j(R

∗
i ; v)

))
ω(u)ω(v)dudv

=

∫ ∫
E
(
E∗
(
%2n,j(R

∗
i ;u)%2n,j(R

∗
i ; v)

))
ω(u)ω(v)dudv

=
1

nh4d

∫ ∫
S−2n,j(u)S−2n,j(v)E

[
W 4
j (Xi, Di)K

2
(Zi − u

h

)
K2
(Zi − v

h

)
×ϕ2

τ (Yi; qj,τ (u))ϕ2
τ (Yi; qj,τ (v))

]
ω(u)ω(v)dudv

+
1

n2h4

∑
i 6=k

∫ ∫
S−2n,j(u)S−2n,j(v)E

[
W 2
j (Xi, Di)K

2
(Zi − u

h

)
ϕ2
τ (Yi; qj,τ (u)

]
×E
[
W 2
j (Xk, Dk)K

2
(Zk − v

h

)
ϕ2
τ (Yk; qj,τ (v)

]
ω(u)ω(v)dudv

=
1

nh3d

∫ ∫
S−2n,j(u)S−2n,j(v)

(∫
K2(t)K2

(
t+

u− v
h

)
`j(u+ ht;u, v)fZ(u+ ht)dt

)
ω(u)ω(v)dudv

+
n(n− 1)

n2h2d

∫ ∫
S−2n,j(u)S−2n,j(v)

(∫
K2(s)µj(u+ hs;u)fZ(u+ hs)ds

×
∫
K2(s)µj(v + hs; v)fZ(v + hs)ds

)
ω(u)ω(v)dudv

=
n(n− 1)

n2h2d

{(∫
K2(s)ds

)2 ∫ ∫
S−2n,j(u)S−2n,j(v)µj(u;u)µj(v; v)fZ(u)fZ(v)ω(u)ω(v)dudv + o(1)

}
+O
( 1

nh2d

)
= O(1/h2d),

which implies

∫ ∫ (
E∗
(
%2n,1(R

∗
i ;u)%2n,1(R

∗
i ; v)

)
+ E∗

(
%2n,0(R

∗
i ;u)%2n,0(R

∗
i ; v)

))
ω(u)ω(v)dudv = Op(1/h

2d).

(S.22)
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From (S.20), (S.21) and (S.22), we have

Var∗(Q∗n,2,1) =
1

n3
·Op(1/h

2d)− 1

n3
·Op(1/h

2d) = op

( 1

n2hd

)
.

Then, according to the results in (S.12) and (S.13), we obtain that

E
(
Q∗n,2,1

)
= E

[
E∗
(
Q∗n,2,1

)]
= µJ +O

(h2−d
n

)
+ o
( 1

nhd/2

)
and

Var
(
Q∗n,2,1

)
= Var

[
E∗
(
Q∗n,2,1

)]
+ E

[
Var∗

(
Q∗n,2,1

)]
= Op

( 1

n3h2d

)
+ op

( 1

n2hd

)
= op

( 1

n2hd

)
,

which lead to

Q∗n,2,1 = µJ +O
(h2−d

n

)
+ op

( 1

nhd/2

)
= µJ + op

( 1

nhd/2

)
when 1 ≤ d ≤ 3. By noting that E∗

(
%n,j,τ (R

∗
1;u)

)
= Op

(
h2 + 1√

nhd

)
as in (S.17), it is easy

to obtain that

Q∗n,2,2 =
1

n
·Op

(
h4 +

1

nhd

)
= op

( 1

nhd/2

)
and

Q∗n,2,3 =
1

n
·Op

(
h2 +

1√
nhd

)
·Op(1/h

d) = op

( 1

nhd/2

)
since nh2d →∞. Thus, we have

Q∗n,2 = Q∗n,2,1 +Q∗n,2,2 − 2Q∗n,2,3 = µJ + op

( 1

nhd/2

)
. (S.23)

Combining (S.15), (S.19) and (S.23), we complete the proof of Lemma 10. �
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Lemma 11. Suppose the conditions required by Theorem 3 are satisfied. Then,

∫ (
∆̂∗τ (z)− ∆̂τ (z)

)
ω(z)dz = Op∗(1/

√
n) +Op∗

{
max

{
lnn

n1/2−3ν/2 ,

√
lnn

(nhd)3/4

}}
.

Proof of Lemma 11: According to Lemma 9, we know that

∫ (
∆̂∗τ (z)− ∆̂τ (z)

)
ω(z)dz =

∫
1

n

n∑
i=1

(
ψn,1,τ (R

∗
i ; z)− ψn,0,τ (R∗i ; z)

)
ω(z)dz

+Op∗

{
max

{
lnn

n1/2−3ν/2 ,

√
lnn

(nhd)3/4

}}
,

where ψn,j,τ (R
∗
i ; z) = %n,j,τ (R

∗
i ; z)− E∗

(
%n,j,τ (R

∗
i ; z)

)
for j = 0 and 1. Denote

M∗
n =

1

n

n∑
i=1

∫ (
ψn,1,τ (R

∗
i ; z)− ψn,0,τ (R∗i ; z)

)
ω(z)dz.

Obviously, E∗(M∗
n) = 0. We then consider E∗(M∗2

n ). We have

E∗(M∗2
n ) =

1

n2

n∑
i=1

E∗
(∫ (

ψn,1,τ (R
∗
i ; z)− ψn,0,τ (R∗i ; z)

)
ω(z)dz

)2

=
1

n

∫ ∫
E∗
((
ψn,1,τ (R

∗
i ;u)− ψn,0,τ (R∗i ;u)

)(
ψn,1,τ (R

∗
i ; v)− ψn,0,τ (R∗i ; v)

))
ω(u)ω(v)dudv

=
1

n

∫ ∫
E∗
(
%n,0,τ (R

∗
i ;u)%n,0,τ (R

∗
i ; v)

)
ω(u)ω(v)dudv

+
1

n

∫ ∫
E∗
(
%n,1,τ (R

∗
i ;u)%n,1,τ (R

∗
i ; v)

)
ω(u)ω(v)dudv

− 1

n

∫ ∫
E∗(%n,0,τ (R

∗
i ;u)) · E∗(%n,0,τ (R∗i ; v))ω(u)ω(v)dudv

+
1

n

∫ ∫
E∗(%n,0,τ (R

∗
i ;u)) · E∗(%n,1,τ (R∗i ; v))ω(u)ω(v)dudv

+
1

n

∫ ∫
E∗(%n,1,τ (R

∗
i ;u)) · E∗(%n,0,τ (R∗i ; v))ω(u)ω(v)dudv

− 1

n

∫ ∫
E∗(%n,1,τ (R

∗
i ;u)) · E∗(%n,1,τ (R∗i ; v))ω(u)ω(v)dudv.
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Denote

B =
1

n

∫ ∫
E∗
(
%n,j,τ (R

∗
i ;u)%n,j,τ (R

∗
i ; v)

)
ω(u)ω(v)dudv

=
1

n2

n∑
i=1

∫ ∫
%n,j,τ (Ri;u)%n,j,τ (Ri; v)ω(u)ω(v)dudv,

here we have used that E∗
(
%n,j,τ (R

∗
i ;u)%n,j,τ (R

∗
i ; v)

)
= n−1

n∑
i=1

%n,j,τ (Ri;u)%n,j,τ (Ri; v). Us-

ing the results in (S.7), we obtain that

E(B) =
1

n

∫ ∫ {
S−1n,j,τ (v + hs)S−1n,j,τ (v)

×
∫
K(t)K(t+ s)κj(v + hs+ ht; v + hs; v)fZ(v + hs+ ht)dt

}
ω(v + hs)ω(v)dsdv

= O
( 1

n

)
.

Moreover, by straightforward calculations, one can obtain that

E

(∫ ∫
%n,j,τ (Ri;u)%n,j,τ (Ri; v)ω(u)ω(v)dudv

)2

=

∫ ∫ ∫ ∫
E
(
%n,j,τ (Ri;u)%n,j,τ (Ri; v)%n,j,τ (Ri; s)%n,j,τ (Ri; t)

)
dudvdsdt

=

∫ ∫ ∫ ∫ {
1

h4d

∫
K
(r − u

h

)
K
(r − v

h

)
K
(r − s

h

)
K
(r − t

h

)
×mj(r;u, v, s, t)fZ(r)

}
ω(u)ω(v)ω(s)ω(t)dudvdsdt

= O(1),

where

mj(z;u, v, s, t) = E

{
ϕ
(
Yi(j); qj,τ (u)

)
ϕ
(
Yi(j); qj,τ (v)

)
ϕ
(
Yi(j); qj,τ (s)

)
×ϕ
(
Yi(j); qj,τ (t)

)(
1− p(Xi)

)−3(1−j)(
p(Xi)

)−3j∣∣∣Zi = z

}
.

It follows that

Var(B) = Var

(
1

n2

n∑
i=1

∫ ∫
%n,j,τ (Ri;u)%n,j,τ (Ri; v)ω(u)ω(v)dudv

)
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=
1

n3
Var

(∫ ∫
%n,j,τ (Ri;u)%n,j,τ (Ri; v)ω(u)ω(v)dudv

)
≤ 1

n3
E

(∫ ∫
%n,j,τ (Ri;u)%n,j,τ (Ri; v)ω(u)ω(v)dudv

)2

= O
( 1

n3

)
.

Hence, we have

B = E(B) +Op

( 1

n3/2

)
= Op

( 1

n

)
.

Also, by noting that

E∗
(
%n,j,τ (R

∗
1;u)

)
= Op

(
h2 +

1√
nhd

)
as in (S.17), we have

1

n

∫ ∫
E∗(%n,j,τ (R

∗
i ;u)) · E∗(%n,k,τ (R∗i ; v))ω(u)ω(v)dudv = op

(
n−1
)

for j, k = 0, 1. Therefore,

E∗(M∗2
n ) = Op

(
1/n
)
,

which implies

M∗
n = Op∗

(
1/
√
n
)
.

This completes the proof of Lemma 11. �

Lemma 12. Suppose the conditions required by Theorem 4 are satisfied. Then,

nhd/2

{∫
A

∫ [ 1

n

n∑
i=1

(
%n,1,τ (Yi, Xi, Di; z)− E%n,1,τ (Yi, Xi, Di; z)

−%n,0,τ (Yi, Xi, Di; z) + E%n,0,τ (Yi, Xi, Di; z)
)]2

ω(z, τ)dzdτ − µS

}
D−→ N (0, σ2

S),

where

µS =
1

nhd

∫
K2(s)ds ·

∫
A

∫ {
µ1,τ (z; z)

f 2
Y (1)|Z(q1,τ (z)|z)

+
µ0,τ (z; z)

f 2
Y (0)|Z(q0,τ (z)|z)

}
ω(z, τ)

fZ(z)
dzdτ,
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and

σ2
S = 2

∫ (∫
K(t)K(t+ s)dt

)2
ds

∫
A

∫
A

∫ {
λ1,τ1,τ2(u;u, u)

fY (1)|Z(q1,τ1(u)|u)fY (1)|Z(q1,τ2(u)|u)

+
λ0,τ1,τ2(u;u, u)

fY (0)|Z(q0,τ1(u)|u)fY (0)|Z(q0,τ2(u)|u)

}2
ω(u, τ1)ω(u, τ2)

f 2
Z(u)

dudτ1dτ2.

Proof of Lemma 12: Define

γn,τ (Ri; z) = %n,1,τ (Ri; z)− E%n,1,τ (Ri; z)− %n,0,τ (Ri; z) + E%n,0,τ (Ri; z),

where Ri = (Yi, Xi, Di). Then,

∫
A

∫ ( 1

n

n∑
i=1

γn,τ (Ri; z)
)2
ω(z, τ)dzdτ (S.24)

= 2n−2
∑

1≤i<k≤n

∫
A

∫
γn,τ (Ri; z)γn,τ (Rk; z)ω(z, τ)dzdτ + n−2

n∑
i=1

∫
A

∫
γ2n,τ (Ri; z)ω(z, τ)dzdτ

:= Bn,1 +Bn,2.

We first consider the term Bn,1. Define

Gn(Ri, Rk) =
2

n2

∫
A

∫
γn,τ (Ri; z)γn,τ (Rk; z)ω(z, τ)dzdτ.

Then, Bn,1 =
∑

1≤i<k≤n
Gn(Ri, Rk) is a centered U -statistic. Thus,

E
[
Gn(Ri, Rk)

2
]

=
4

n4

∫
A

∫
A

∫ ∫
E2
[
γn,τ1(Ri;u)γn,τ2(Ri; v)

]
ω(u, τ1)ω(v, τ2)dudvdτ1dτ2.

It is easy to show that

E
[
%n,j,τ (Ri; z)

]
= O(h2)

uniformly in z and τ for j = 0 and 1. Thus, by straightforward calculations, one can obtain

E
[
γn,τ1(Ri;u)γn,τ2(Ri; v)

]
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=
1

hd
S−1n,1,τ1(u)S−1n,1,τ2(v)

∫
K(t)K

(
t+

u− v
h

)
λ1,τ1,τ2(u+ ht;u, v)fZ(u+ ht)dt

+
1

hd
S−1n,0,τ1(u)S−1n,0,τ2(v)

∫
K(t)K

(
t+

u− v
h

)
λ0,τ1,τ2(u+ ht;u, v)fZ(u+ ht)dt+O(h4),

where

λ1,τ1,τ2(z;u, v) = E
[ 1

p(Xi)
ϕτ1(Yi(1); q1,τ1(u))ϕτ2(Yi(1); q1,τ2(v))

∣∣Zi = z
]
,

and

λ0,τ1,τ2(z;u, v) = E
[ 1

1− p(Xi)
ϕτ1(Yi(0); q0,τ1(u))ϕτ2(Yi(0); q0,τ2(v))

∣∣Zi = z
]
.

It follows that

E2
[
γn,τ1(Ri;u)γn,τ2(Ri; v)

]
=

1

h2d
S−2n,1,τ1(u)S−2n,1,τ2(v)

(∫
K(t)K

(
t+

u− v
h

)
λ1,τ1,τ2(u+ ht;u, v)fZ(u+ ht)dt

)2
+

1

h2d
S−2n,0,τ1(u)S−2n,0,τ2(v)

(∫
K(t)K

(
t+

u− v
h

)
λ0,τ1,τ2(u+ ht;u, v)fZ(u+ ht)dt

)2
+

2

h2d
S−1n,1,τ1(u)S−1n,1,τ2(v)S−1n,0,τ1(u)S−1n,0,τ2(v)

∫
K(t)K

(
t+

u− v
h

)
λ1,τ1,τ2(u+ ht;u, v)fZ(u+ ht)dt

×
∫
K(t)K

(
t+

u− v
h

)
λ0,τ1,τ2(u+ ht;u, v)fZ(u+ ht)dt

+2O(h4−d)S−1n,1,τ1(u)S−1n,1,τ2(v)

∫
K(t)K

(
t+

u− v
h

)
λ1,τ1,τ2(u+ ht;u, v)fZ(u+ ht)dt

+2O(h4−d)S−1n,0,τ1(u)S−1n,0,τ2(v)

∫
K(t)K

(
t+

u− v
h

)
λ0,τ1,τ2(u+ ht;u, v)fZ(u+ ht)dt+O(h8).

Therefore, we have

E
[
Gn(Ri, Rk)

2
]

=
4

n4

∫
A

∫
A

∫ ∫
E2
[
γn,τ1(Ri;u)γn,τ2(Ri; v)

]
ω(u, τ1)ω(v, τ2)dudvdτ1dτ2

=
4

n4hd

{∫ (∫
K(t)K(t+ s)dt

)2
ds

×
[ ∫
A

∫
A

∫
S−2n,1,τ1(u)S−2n,1,τ2(u)λ21,τ1,τ2(u;u, u)f 2

Z(u)ω(u, τ1)ω(u, τ2)dudτ1dτ2

+

∫
A

∫
A

∫
S−2n,0,τ1(u)S−2n,0,τ2(u)λ20,τ1,τ2(u;u, u)f 2

Z(u)ω(u, τ1)ω(u, τ2)dudτ1dτ2
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+2

∫
A

∫
A

∫
S−1n,1,τ1(u)S−1n,1,τ2(u)S−1n,0,τ1(u)S−1n,0,τ2(u)

×λ1,τ1,τ2(u;u, u)λ0,τ1,τ2(u;u, u)f 2
Z(u)ω(u, τ1)ω(u, τ2)dudτ1dτ2

]
+ o(1)

}
.

This, coupled with Sn,j,τ (z) = fZ(z)fY (j)|Z(qj,τ (z)|z) +O(h2) for j = 0 and 1, yields

E
[
Gn(R1, R2)

2
]

=
4

n4hd

(∫ (∫
K(t)K(t+ s)dt

)2
ds

∫
A

∫
A

∫ {
λ1,τ1,τ2(u;u, u)

fY (1)|Z(q1,τ1(u)|u)fY (1)|Z(q1,τ2(u)|u)

+
λ0,τ1,τ2(u;u, u)

fY (0)|Z(q0,τ1(u)|u)fY (0)|Z(q0,τ2(u)|u)

}2
ω(u, τ1)ω(u, τ2)

f 2
Z(u)

dudτ1dτ2 + o(1)

)
=

2

n4hd
(
σ2
S + o(1)

)
.

Similarly, by straightforward calculations, we can verify the condition

lim
n→∞

E
[
E2
[
Gn(R1, R3)Gn(R2, R3)

∣∣R1, R2

]]
+ n−1E

[
Gn(R1, R2)

4
]

(
E
[
Gn(R1, R2)2

])2 = 0

in Lemma 5 is satisfied, so that

√
2

nE1/2
[
Gn(R1, R2)2

] Bn,1
D−→ N (0, 1),

or equivalently,

nhd/2Bn,1
D−→ N (0, σ2

S). (S.25)

Now, we move to the term Bn,2 = n−2
n∑
i=1

∫
A

∫
γ2n,τ (Ri; z)ω(z, τ)dzdτ . Recall that

µ1,τ (z;u) = E

[
1

p(Xi)

(
I{Yi(1) ≤ q1,τ (u)} − τ

)2∣∣Zi = z

]
,

and

µ0,τ (z;u) = E

[
1

1− p(Xi)

(
I{Yi(0) ≤ q0,τ (u)} − τ

)2∣∣Zi = z

]
.

It is noted that

E
[
γ2n,τ (Ri; z)

]
=

1

hd

{∫
K2(s)ds·

(
S−2n,1,τ (z)µ1,τ (z; z)+S−2n,0,τ (z)µ0,τ (z; z)

)
fZ(z)+O(h2)

}
+O(h4),
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coupled with Sn,j,τ (z) = fZ(z)fY (j)|Z(qj,τ (z)|z) +O(h2) for j = 0 and 1, we have

E(Bn,2) =
1

n

∫
A

∫
E
[
γ2n,τ (Ri; z)

]
ω(z, τ)dzdτ

=
1

nhd

{∫
K2(s)ds ·

∫
A

∫ (
S−2n,1,τ (z)µ1,τ (z; z) + S−2n,0,τ (z)µ0,τ (z; z)

)
fZ(z)ω(z, τ)dzdτ

+O(h2)

}
+O

(h4
n

)
=

1

nhd

∫
K2(s)ds ·

∫
A

∫ {
µ1,τ (z; z)

f 2
Y (1)|Z(q1,τ (z)|z)

+
µ0,τ (z; z)

f 2
Y (0)|Z(q0,τ (z)|z)

}
ω(z, τ)

fZ(z)
dzdτ

+
O(h2)

nhd
+O

(h4
n

)
= µS +

O(h2)

nhd
+O

(h4
n

)
.

Furthermore,

Var
(
nhd/2Bn,2

)
= E

{
nhd/2

[
Bn,2 − E(Bn,2)

]}2

= n−1hd
{
E

[(∫
A

∫
γ2n,τ (Ri; z)ω(z, τ)dzdτ

)2]
− E2

[ ∫
A

∫
γ2n,τ (Ri; z)ω(z, τ)dzdτ

]}
= n−1hd

{
E

[(∫
A

∫
γ2n,τ (Ri; z)ω(z, τ)dzdτ

)2]
−
[ ∫
A

∫
E
[
γ2n,τ (Ri; z)

]
ω(z, τ)dzdτ

]2}
= n−1hd

{∫
A

∫
A

∫ ∫
E
[
γ2n,τ1(Ri;u)γ2n,τ2(Ri; v)

]
ω(u, τ1)ω(v, τ2)dudvdτ1dτ2 −O(h−2d)

}
= n−1hd ·O(h−2d)→ 0,

together with E(Bn,2) = µS + O(h2)
nhd

+O
(
h4

n

)
, we have

nhd/2
[
Bn,2 − µS

]
= nhd/2

[
Bn,2 − E(Bn,2)

]
+ nhd/2

O(h2)

nhd
+ op(1) = op(1) (S.26)

when 1 ≤ d ≤ 3.

It follows by combining (S.24), (S.25) and (S.26) that

nhd/2

{∫
A

∫ [ 1

n

n∑
i=1

(
%n,1,τ (Yi, Xi, Di; z)− E%n,1,τ (Yi, Xi, Di; z)

−%n,0,τ (Yi, Xi, Di; z) + E%n,0,τ (Yi, Xi, Di; z)
)]2

ω(z, τ)dzdτ − µS

}
D−→ N (0, σ2

S),
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which implies the proof is completed. �
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