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Abstract

This online supplement contains two appendices to “Asymptotically uniformly
most powerful tests for unit roots in Gaussian panels with cross-sectional de-
pendence generated by common factors”. The first appendix, Supplement A,
contains detailed proofs. And the second appendix, Supplement B, presents

results from additional Monte Carlo simulations.

Supplement A. Detailed Proofs

A.1. Preliminaries

This section present some preliminary results that are heavily exploited in the
proofs of our main results.

First, we recall some elementary results from linear algebra (throughout
we only consider real matrices); see, e.g., Liitkepohl (1996) and Magnus &
Neudecker (1999). Let tr[C] denote the trace of a square, real matrix C' and
let Amin (C) (and Apax (C)) denote the minimal (maximal) eigenvalue of a sym-
metric, real matrix C. For any real matrix C, let ||C| » = /tr [C'C] = ||C"|
denote its Frobenius norm, while [|C|,.. = vV Amax (C'C) = |C"||spee denotes
its spectral norm. Recall ||C|| <1C p-

spec —

The inequality ||CD| < [|C||

— spec

tient. It follows that the Frobenius is submultiplicative, ||CD| r < |C| s | D|l z-

|D|| is immediate from Raleigh’s quo-



Moreover, the identity ||C ® D|| = ||C||z |D|  easily follows from the alter-
native interpretation of the Frobenius norm being the square-root of the sum of
all squared individual matrix entries. Finally, we note that for square matrices
(C,D)p = tr[C'D] defines an inner product, so we have the Cauchy-Schwarz
inequality | tr[C'D]| < |C; | D -

Next, we present a general lemma on approximating variances with long-run
variances. The results we present in this appendix are the main keys to many

proofs in Section 3. Moreover, they may be of general interest.

Lemma A.1: Consider an indexed collection of stationary time series {Xt(h)},
h € H. Denote the T x T covariance matriz of (Xl(h), ... ,X(Th)) by Xy, the m-th
autocovariance of {Xt(h)} by yn(m), and its long run variance by w3 < co. Also
write w3 = S/ T If supper S5 (jml + Dl (m)] < oo, then (with A

as defined in the main text),
1. suppey |Wi2L,T —wp| =0(T™1),
2. suppey |4 (Sh — wiIT)HF + suppey ||A(Sh — w%LIT)HF = O0(VT),
5. subper [A'(Sh = wh pIr)|| |+ supen || ASh = wi o Ir)| = OWT),

4 suppey |ASn|l p + suppey |AZh] p = O(T).

Proof: Ttem 1 follows from wj , = T > mj<r(T=m[)yn(m) and wi=Y"_ n(m),

SO

|wf2L,T - W}2L| =

= 3 (uin(ml, T)n(m)

m=—0oo

1 & ‘

which is indeed O(T~1) uniformly in h.



For Item 2, tedious but elementary calculations yield

lASn — i) [ = | 4(E - w1}
T T T—t 2
= Z Z ( Yu(m) — wils@)
s=1t=1 \m=s—t+1

t=s+1 =—00 m=T+1
T—-1T-s —t 2 &S] oS} 2
= (Z %(m)> + (Z ”Yh(m)JrZ%(m))
- Ti 0o ) 2 . :
<57y <Z wh(m>l>
s=1 \m=s
< 5T< > Ivh(m)|> > min(m, T)yn(m)].

Taking suprema, Item 2 follows immediately from this bound. Item 3 follows
by combining the first two parts and [|Al|, = 1/ T(Tz_l) = O(T). The order on
| A||  also yields

sup [|A"Sal|p < sup [|[A"(Sh — wilr)|| p + sup wi [|A4']| ¢
heH heEH heH
=0(VT) + 0(1)O(T).
Again, the second part of Item 4 is analogous. n

Recall the covariance matrices ¥, and . and their rough approximations
U, and U, defined in Lemma 3.1 and (9), respectively. The following three
lemmas use Lemma A.1 to show that these approximations do work well when

considering partial sums.

Lemma A.2: Under Assumption 2.1, ||E;1H
||\I/;1Hspec are all O(1) as n, T — c.

7 g 1=
spec’ ||\Ij77 spec’ 25 spec’ and



Proof: Note that ¥.—¥,, and ¥.—¥, are positive semidefinite. Hence Apin (22) >
Amin (E5) > inf; 7 Amin (25,:) > 0 and, using Remark 2.2 and Item 1 of Lemma A.1,

>\min (\Ils) 2)\min (\Iln) = )\min (Qn &® IT) min w?] T

i=1,...,n
> inf w? . — sup |w? , —>1nfw ;> 0.
ielN M Q iE]lI\? | n,i, T — |
This shows the boundedness of all four norms. n

Lemma A.3: Under Assumption 2.1 we have, as n,T — oo,

A" (Zy = Up)llp + A Sy = ¥y)ll p = O(VnT) = o(V/nT).
Proof: Using block diagonality and Lemma A.1, we obtain the bound

A (S, — @)% = ZHA' (S — w2 217) ||

< nsup ||A' (S, — w7277i7TIT)’|i = O(nT).
€N

The other part is analogous; every A’ and A’ are replaced by A and A, respec-
tively. n

Lemma A.4: Under Assumptions 2.1, 2.2, and 2.4 we have, as n,T — oo,

A (Se = W)l p + [A(Ze = Uo)|lp = O(nVT) = o(y/nT).
Proof: From the definitions of ¥, and V. we obtain

K
A (S =0) =) A (MA@ (Spn — wiprlr)) + A (S, — Q@ Ir),
k=1

which yields the bound [ A" (X, — U.)| < I+ II with

I—ZH Ay @ A ( Efk—wfkTIT))HF and 1T = ||A" (2, — Q, @ I7) || -



Part I1 is already treated in Lemma A.3. For part I, again using Lemma A.1,
we get a slightly weaker bound since for the factor part there is no block diag-

onality:

I= an I 1A (Bpn = whrtr) ||

K
<Y ONMA (Bpk = wh g IT)|] = O(VT) = o(\/nT).
k=1

The proof for || A (X. — ¥.)||» is analogous. n

We now present a general weak convergence result for partial sums using joint
asymptotics. Proposition 3.1 is a special case of Lemma A.5 with a;, 7 = 1.
We provide Lemma A.5 in general terms here as it might be of independent
interest and we also use it in the proof of Proposition 5.1 to demonstrate the

joint convergence of P, and the local likelihood ratio.

Lemma A.5: Let a;, 7 be a bounded sequence of non-random numbers and

15 2 MP PANIC
2w 2ie1 @iy — . Then, under Py 7 or Po7n®, as n, T — oo,

sy iy

Wi, T t=1 s=

t—1
d
MNisTit — 7] z) — N(Oa 06/2)
1

Proof: First consider the case of a; ,, 7 being identically equal to one and observe
that this implies convergence of A, 7. Recall A+ A’ = v/ — It and 20, ;1 =

2 : 2 _ 1
wp ;7 = Yn,i(0), hence, with w? ; 7 = 70/%, it

1 & 1 A+ A 1 = 68,ir
An = / 7] _— 1777(’
T NGTs Z iy NG Z

2
0, T i=1 w”]qi’T

2
n
2
J'n; I — 1 (1
| -1 -5~ mini = ¥ni(0) | -
(\/TwniT> 2 n;wn,zT T !

Observe that X; p := \/:;7’727 ~ N(0,1) and are independent across ¢ € IN.
Thus, for each T, F > i1 (X77—1) has the same distribution as \/% S (XE—
1), where X? (Y x2(1). Therefore, as the latter converges to a standard normal

distribution as n — oo (CLT), so does the former under joint limits. Thus, the

first, leading term converges in distribution to N(0,1/2).



Asymptotic negligibility of the second, mean-zero term follows from

1 2 2
sup var (m;11;) = sup e[S )] = 5 sup || Syl

T
2 = |m|
_ 2 _ -1
=T Sl;p __E(T_l)(l T)%z(m) =0(T™).

For general a;, r we can apply a double array CLT, see 1.9.3 in Serfling
(1980), to the first (slightly adapted) term in the expansion. The Lindeberg
condition is readily verified since we have a weighted sum of i.i.d. centered x?2
variables. Asymptotic negligibility of the second remainder term follows from

the boundedness condition on the a; , 7. u

Remark A.1: We can obtain the same conclusion without requiring Gaussian
innovations: as long as the Lindeberg condition holds, for example thanks to

higher moment conditions, the same Theorem 1.9.3 of Serfling (1980) applies.

We conclude this subsection by taking care of important terms that appear

repeatedly in the remainder.

Lemma A.6: Suppose that Assumptions 2.1-2.4 hold. Then, under P0 nT OT

P(I)D‘:‘l]\}lc and as n,T — oo, we have

1| Gaesn) ™| = o),

2. ZZ:Q UK . = Op(\/ﬁ)y
3. | Sima S|, = Op(VD),

4. ||L'ﬁQ;1A||F = 0,(vnT), and
5. ||, T A| . = Op(v/nT).

Proof: For Item 1, recall that K is fixed, so that the norm we consider is irrel-

evant. As

NQJIA = Z )\)\’ Z/\/\

SUpP;eN wn T ;=1



the smallest eigenvalue of A’ Q, TA is larger than that of A’A. Thus,

—1 —1
H(uw) (La)
n n

—>supw2H‘~I/ 1” < 00,

spec

2
< Subwp i1
i€elN

spec spec

thanks to Assumptions 2.1 and 2.2.
Item 2 follows from
2

n n
~ 2 o~
=By =Eiife =2 Enmje=T> wl,r=0(nT).
F i=1 =1

2
Note that the expectation of HZtT:Z n.+|| isgiven by (T—1)>"" w?] ;7 and
. 3

is thus of the same order.

Item 3 can be obtained along a similar line of proof.
For Item 4, note Eff i = T, so that

E || 'A% = tr B[ wqlQ;, TAN Q!

=Tt ANQ Y < T A% |9, = OmD).

spec

Item 5 follows similarly from En. 7/, = diag(y,,1(0),...,7,.x(0)) =: D, so

T
E i€ A% = eV, 0 S El o 05T A) < T AN (9502 1D

spec spec’

which is indeed O(nT) thanks to Assumptions 2.1 and 2.2. n

A.2. Proofs of Section 3

A.2.1. Proof of Lemma 3.1

Proof: In the following all probabilities and expectations are evaluated under
PEANIC. To obtain the desired result, we consider the difference between the

PANIC
two central sequences A, 7 — An,T

PANIC 1
JPANIC _ L

and the difference between the two Fisher
informations We show that expectations and variances of both
differences converge to zero, implying Lo convergence.

Part A: Under the null, AE = n and hence

V/*]n /,4/( zg: W

2
77

A T — APANIC
n,



We first show that the difference has mean zero. We have, using tr(.A4) = 0 and
block diagonality of %,

E[A,r — AR = \/713T e Ln 2: i%i
s
_ \/71€T (2, @ A)S,) — in Zj; Z%i
BN

as tr [A/Zn,i] = T(Sn,i,T~
To show that the variance of AS{*TNIC — A, 1 goes to zero, observe
nT? var(AFAN'C — A, 1) =var (' Cyn) (A1)
= tr[C, X, CpEy] + tr[C, 2, C) )]
2
SNCZn e +1CZn 2 1Z0Call

with C,) = A'(¥;' — ¥,1). Hence, it suffices to show ||C; %, || = o(y/nT) and
132,Chll = o(y/nT). Since \Ilgl and A’ commute, we obtain

HCWEWHF:HAl‘Ing(Zn*‘IJn)HF < ||‘IJ;1|| ||A/(EW*WW)HF7

spec

which is indeed o(y/nT’) by Lemmas A.2 and A.3. For ||X,C, ||, we first have

to approximate AY, with AW, before we can use the commutativity as above:
IZnCollp < 124Collp + (1G5 (Sy = Ty)|
= A, =)z ]+ (T =21 A, = )
<1125 e 14 (T = )l
VA, = @)l = o(VaT).

spec
(197 e+ 1257

spec

Part B: First, we show that the expectation of JS%NIC converges to % We

have

nT?EJNNC = tr [AS)TAS, ] = tr [A'T, 1 AS, | — tr [A'C)S,]
= tr[A"A] + tr[ AV, T A(E, — O] — tr[2,Cp Al



This implies that the leading term is %nT2, since the final two terms are o(nT?):
use the arguments already presented in Part A together with the relation be-

tween the trace and the Frobenius norm and

A= L ="T20

Al .
T2 P 2772 2

Next, we show that the variance converges to zero. By the arguments in
(A1), with D,y = A'S; 1A,

n?T* var (JUANIC) < 2|12, D, I3
The required order is now easily verified, since

”Z”IDTIHF < HA/\II#AE"HF + ”ZWCWAHF
<AAllp + |ACAE, — 8|+ 112,Cp Al

and A A p = Vi |AAl p < Vil Al = VAT (T — 1)/2. n

A.2.2. Proof of Lemma 3.2

Proof: In the following all probabilities and expectations are evaluated under
PB/I}L) - The proof of this lemma follows the idea of the proof of Lemma 3.1 by
considering means and variances. The proof that J}ng converges to % in Lo is
almost identical to its counterpart in the proof of Lemma 3.1: just replace n by
e, Xy by 2., €, by C; etc. The same replacements yield that the variance of
A%? AMT converges to zero, by applying them to the arguments starting at
(A.1). We are left to show that the expectation of Ayl\L/IP AN converges to zero.
This remaining expectation is more complicated since the variance matrices >,

and W, have additional terms due to the presence of unobservable factors.

Recall, under Pg/’[}iT, AY = ¢ and note

< 1 1
MP _ AMP —1
Anr—Anr = NG (TE’A' (ot - E Oni )

w2
77




Thus, we have

. 1 1 6 -
BAME ave_ L i) Ly O
,T T \/ﬁT 5 € \/ﬁ ; w?]’i’T
1 1 n S T
= tr[ AT, 1Y, ] i,
K
1
e Dt [V AL @ A'Sp
\/ﬁT —

1 - -
- ﬁtr (' =9, ) @A) Sy = T+ 1T+ 111

In the proof of Lemma 3.1 we have established that the first term equals zero.

Therefore, the current proof is complete once we show the final two terms con-
verge to zero.

Convergence to zero of II follows from = tr(A'Sy ) = dppr = O(1) in
combination with

Ztr NN =AU TA] = tr [0 - OF! (O + A1) T op

K K
<tr Zw —>Zw)2€

k=1 fik,T k=1

Convergence to zero of I11 follows from

k

|IU|<\FTZ( CIA(QF + AQTA) T A’Q;l)__|tr[A’En7i]|

i,

1 _ _ —14\ 1 -
< \/ﬁTtr(inA(QF1+A’Qn1A) A’in)sgpﬁr[A’Zm]\.

AL |21

(QF" + A0 A

sup | tr [A'S, ]|

_\/>T spec

spec
Observe sup; tr [A’'3,, ;] = O(T') by Item 4 of Lemma A.1. From Assumption 2.2

we get ||[Al| - = O(y/n) and
1 1 -1
=||{ =zt + =AQ 1A
|<n Fot n n >

1,1 I BV
= A (S5 + —NOTIA) <AL (S QA

min

nH(Q;1 +AQ )

spec

spec

1
<A\ (nA A) sgﬂ;\?wn T A (Ta) sgpw ; < 00.

10



A combination of these observations with the penultimate display yields I1] =
0(1). [

A.2.8. Proof of Lemma 3.3
Proof: We have

* A 1 ok — —1\ =
|An,T - A}r\L/I,I;"| = W| tI‘(Aé‘(’l/)E b 1/’5 1)5,)|

1
< -
< 7t |

R N E

We consider each norm separately. We have

2
spec|

2
[AllE

v = S e A et - e 9
= 0(n%)0(1)0(n) = O(n™"),

as ||Al = O(v/n) by Assumption 2.2, |||

and

= O(1) by Assumption 2.1,

spec

n(WQ A+ Qp) Tt = (W)Y

-1 -1
_ (A’inA . QF> - <A’QW1A>
n n n
spec
-1 -1
L (A/inA . QF> o (A’Q#A)
n n n n
spec

B —1 B —1
NQIA 0 A TA
spec n n n ’

spec spec
which is O(n™1): the second norm converges to the third, which is O(1) by

~ ’ ~
5'%5” and
F

Qp

n

IN

Item 1 of Lemma A.6. For ||&'A¢|| -, we note that ||’ Aé|| =
recall that A+ A’ = ' — I, so that

o~ A~ ~ ~ ~112 ~112
2 €' Adl|p = I (' — Ir)El p < 2N + ]2 = Op(nT),

as [|€]| p < |[|[All g HfHF + il » = O(v/1n)Op(VT) + O, (vnT) and, using Items 2
and 3 of Lemma A.6, a similar bound holds for ||//¢]|,. Conclude that the

central sequence difference is O, (n='/2). n

11



A.2.4. Proof of Lemma 3.4

Proof: As 1*~! projects out the factors, we have

1
nT

/T

_ 1 ~ogx—1 —1\~/
—\/ETU(AW( £ Q77 )77 )

Note that for a symmetric matrix B,

Arp—Dpr = tr(Agyr e — tr( AR, ')

A+ A
(ATBIT) = (BT A') = tw(ATBT) = ( ! ﬁBﬁ’) ,

so, as ¢ ! and Q, are symmetric and A + A’ = u/ — Iy, we have

| tr(Adj(yp: = Qi) = %\ tr((et) — Ir)i(y: " = Qi)
< (i = QD]+ [t = QD)
< |[vag )™ (leaes Al + 1, A7)
= 0(n"1)(0p(nT) + Op(nT)) = O, (T),

using Items 1, 4, and 5 of Lemma A.6. n

A.2.5. Proof of Proposition 3.1
Proof: Apply Lemma A.5 with a; ,, 7 =1 for all 4,n,T. n

A.3. Proofs of Section 4

A.8.1. Proof of Lemma 4.1

Remark A.2: The proof follows along similar lines as that of Moon & Perron
(2004). By treating the norm of 77 differently, we obtain, under the assump-
tions of this paper, HAHK — AHF = 0,(1) instead of the O,(1) obtained by Moon
& Perron (2004). In particular, we exploit |7'n)|,,.. = op(v/nT), whereas Moon

& Perron (2004) only use |7'7||p = Op(v/nT).

spec

Proof: As Moon & Perron (2004), we take Hx = f;f A;f‘. First note that from

the definitions of Hx and A and using & = fA’ + 1) we have
~ 1

_ (A= ~/N/*_LMNI £~ ~/~\ X
A AHK—nT(ss AffA)A_nT(an +Af'n+0NA,

12



so that

i, i,

nT nT H

/ Hn fH ||A|| ||AH 1 X
<2 A 77} Al A2
By the definition of A, ||M|F =+vnK = O(y/n). We have

J

HAHK iy n

A

=Mn)_ > (T —|ml)hk(m)| = O(nT),

for some finite constant M, using that, thanks to Assumption 2.1, v, ,;(t — s)
is bounded uniformly in ¢ and t — s. Thus, each term of the first summand in
(A.2) is Op(1).

Finally, we consider the second summand, which is treated differently from
Moon & Perron (2004). We obtain HAHK — AHF = 0,(1) if we can indeed
show that [|77'7][|spec = op(fT) (Moon & Perron (2004) only use |77, =
O,(y/nT)). For this, note that 77 = + Ethl 71.47]. 4, which can be considered
an approximation to I, := diag(v,,1(0),...,v,.n(0)), the n x n cross-sectional
covariance matrix of the n. From Assumption 2.1, ||T,|| < oo. We now

spec

show that indeed the approximation works. Using Isserlis’ Theorem to write

13



Bl 7 ) = 295.4(t — 5)° + E[n? JE[ ], we have

ZZE<TZU1t77]t_ nztn]t]>

E
t=1 i=1 j=1
n o n 1 T T
=> > T2 > Z Eni,415,41i,5Mj,s] — E[i,en5,¢/E 15,515
i=1 j=1 t=1 s=1
n 1 T T
SIS 9 SRR
=1 t=1 s=1
n 1 T T
T2 7w 2 2 nalt = st =)
i#£j t=1 s=1

=O0(n/T)+ O(n*/T).
Conclude that the difference in Frobenius norm is O, (n/v/T).

Remark A.3: Note that, even without Gaussianity, this conclusion holds as

long as the long-run variances of the {771‘2,t} are uniformly bounded.

Thus,

|~l

Zn il =TT,
:Op(nf) +0(T) = Op(\/ﬁT)~

+ [T

nn ‘ ‘ spec — spec

Finally, we show the boundedness properties of Hy. First note that

|77, e 1A

Hgllp < EXELE — 0,(1).

IHiclp < g E I = 0,(1)

To show boundedness of the inverse, we will show that the limiting eigenvalues

of Hi are positive. Introduce I'y := diag(y;1(0),...,77x(0)), the K x K

covariance matrix of the f, and write

ANA
n

AA
n

o

= Op(1)op(1),

|-,
F

F

spec ‘

where the latter follows from Assumption 2.1. As I' has full rank, it is sufficient
to show that the eigenvalues of % are bounded away from zero. A is defined
through the eigenvectors of &'¢/(nT). As the eigenvalues of &' are closely

related to those of Af/fA’, we can use this relation to learn about the rank of

14



A’A. Formally, define D to be the K x K matrix with the K largest eigenvalues
of &&/(nT). Then, from the definition of A,

N ge A
- nnT n'

Recalling some of the above results we obtain

gz AfIfN B
HnT A (4.3)
spec
so that
N AFFA A _ ANA_ AA
:% nT % + Op(n 1/2) = 7Ff n +Op(1)

As the Kth largest eigenvalue of &’2/(nT) is bounded away from zero (using
(A.3) the nonzero limiting eigenvalues are given by those of WAI'p, a product

of two rank K matrices), so must the limit of % and thus Hg. n

15



A.3.2. Proof of Lemma 4.2
Proof: First note that

E Qn_QnH ZE 2 <n max E( v _%2;,1')2:0(1)»

i=1,...,n

from Assumption 4.1. Thus both Hfln — Q"H and Hfln - QnH are op(1).
F spec
Together with Assumption 2.1 this also implies, with probability converging to

one,
infienyw;
< min w ; < max w i < 2supw < 00.
2 i=1,....,n i=1,...,n ieN
Therefore, = O,(1), so that finally also HQ;l -t H and HQ;l -t
spec F spec

are op,(1). Similarly, we note for the one-sided long-run variances that >, (5,,’1-—
8y.4)% = 0p(1) follows from Assumption 4.1, so that, along the same lines, we
obtain max;=i . n Sw‘ = 0,(1).

We split the central sequence difference in three parts: one for replacing
Y? with QZJE, one to take care of the initial value, and one for estimating the
correction term. Thus AmT —ALp=1—-11—-1II, with

1 v T
1= (A (bt —wz™)2)
1 &, -
II - W 26{71¢;1€ .t
t=2
1 = [ yi O
IHnZ<w2 - )
i=1 nyi i

For part I, insert Equations (11) and (13) to find

1| = | tr(& AW =)

fT
< —T\ tr(&’A'E(Q, " — )|

n

A ~\ 1 -
<AQ EAEOA (MO R) - AR A (N0, ) 1)‘

n
L1
JnT
< L w@Easo o)
= /nT n n
L lasta (e ) At et A (et et A
+\/ﬁT ( n ) n ( n ) n F”€ 5HF~

16



As Q; I Q, 1'is diagonal, the first summand is bounded by (using Cauchy-

Schwarz)
— <Zn:(5‘Ae>2>l/2 Ot —Q—1H — L 0,(VaT)oy(1) = 0y(1)
/nT — v n e nT P P L)
For 11, we have
vartn <[z el (14l + lleal)

= OP(DOP(\/E)(OP(\/ﬁ) +O0p(Vn) = Op(n\/T)»

where [le.alp < Al | £, + 131 = Op(v/m) and 921 = 0p(1)
follows from Assumption 4.1 and Item 2 of Lemma A.7 implying

1&71 _ w*fl

|

= 0,(n"'/?) and

spec
]

spec

- " . —14y 1
e W L WS L T T

spec

= 0(1) + 0(1)0(n)O(n~1) = O(1),

using Assumptions 2.1 and 2.2 and Item 1 of Lemma A.6. We conclude that
11=0, () = 0p(1).
Finally, we obtain for I11:

I < 1 - 1 &~ 5
1] =— —— (65 — Oy _ n,% 2 n2
n ; 72”( n, mi) T Jn - D2 W, (W — @y4)
1 1 /2 , 5 1/2
s 2
(iSar) (Bi-ar)
i=1 i i=1

Lo 52 /2 , ., 1/2
g "2 2 12
+ (n Z (1112 : 2 )2) (Z(wn,i - wn,i) > )

i=1 0,077 n,% i=1

which is indeed 0,(1) thanks to the observations at the beginning of this proof.m

A.4. Auziliary Lemmas

Lemma A.7: Consider the factor estimates and the Hy from Lemma 4.1.

Then, under Assumptions 2.1, 2.2, 2.4, 2.5, and 4.1, under Pé\ffyﬁT or Pgﬁf\}lc

and as n, T — 0o, we have

= 0,(n"%/%), and

ATO—1A -t I ATO—1 -1
1 H(A O;1A)  — (M N AHK) )
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Pt I —
) A - oA (Ve ) TN = o),

F

Proof: We start by noting that HH}(A'leAHK - A’Q;lf\HF = 0p(yv/n): The
terms for approximating the loadings are negligible thanks to HAH K — AHF
(Lemma 4.1) and HQ;I -t

being 0, (1) in combination with Hg being
spec

n
bounded and ||Q; ! ||Spec = O(1). The term due to approximating the long-run
variances, H}(A'(Qg1 - Q;l)f\, can again be treated using Cauchy-Schwarz:

Ignoring Hg, its (k,1)th entry is given by
n

" 1/2
S dda(@2) " = @27 < (Z m&-;) (e
i=1

i=1

=0p(Vn)op(1),

thanks to the discussion at the beginning of Section A.3.2.
Next, we have that
spec

L o AL -
|menapam| < ima Bl jog) 0w,
F

and
-1

—1
1 1
Amin (nH}(A’leAHK) = HHKl (nA’leA) (Hjo)™t

1 —1
-1
<nA’Q,7 A>

being bounded and Item 1

spec
—1

—1—2
> || Hg' ||

)

spec

1
I
of Lemma A.6. Thus, we can restrict attention to a compact subset of the

which is bounded away from zero thanks to ||H K

invertible matrices on R¥, on which the matrix inverse is uniformly continuous.

Therefore, ||+ Hj A'QPAHk — %A’Q;U\H = 0,(n~%/?) implies the same for
F

(LHI AQ AH) " — (lA’Q—lA)fl
n K n K n n

F
For Item 2, let a = Q;lAHK and b = (H}(A’leAHK)fl and define a =

18



IA and b = ([\’ Q; 1]\) analogously. Thus

P N A —
A (RO;TA) O - oA (e )T e,

F

<lla—allp [, lall + llallz |[o— b Nall + lallz 1ol lla = all

From Assumption 2.2 and Hy being bounded it follows that ||b]|, = O,(n™")

and in combination with Assumption 2.1 we obtain

lallp < 197 | oe 1Al p 1 HEc Nl = Op(v/).-

spec

From Item 1,

b— bHF = 0,(n™%/?) so that also HBHF = Op(n~1). Finally, we

have

n spec

la—all, <07 - 07!

Al )z + ()

-

spec

=0p(1)0p (V) Op(1) + O(1)0p(1) = 0,(V'n),

where HA — AHK‘

yields the correct rate. n

o 0p(1) by Lemma 4.1. Combining all these results indeed

Independent proof of Proposition 5.1: Here we demonstrate the joint asymp-
totic normality required to apply the second part of Corollary 5.1. We divide
the proof into two parts. In Part A, we prove the theorem for P, while in Part B
we discuss t,. We omit the proofs concerning P, and t; as they follow along the
same lines.

Part A: First, we establish the joint convergence, under PB{%’,T and Pgﬁfgc,
of P, and the local likelihood ratio. As already hinted at in Remark 3.4, the
results in Sections 3.1 and 3.2 imply that we only have to show this conver-
gence once to get the powers in both experiments, as both likelihood ratios are
asymptotically equivalent and the models coincide under the hypothesis. Hav-
ing established this joint convergence, an application of Le Cam’s third lemma

will lead to the asymptotic distribution of P, under P?I/IP Pﬁﬁllf%c.

T and

Specifically, Lemmas 3.1 and 3.4 imply that the limiting distributions of
dPAT dPy T 172
(Pa, log W) and (Pa, log W) are equal to that of (Pa, hAn T — 7h ),

under PIOV)[E,T and Pgﬁﬂlc. From Lemma 1 and Lemma 2 in Bai & Ng (2010) we
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see that P, is adaptive with respect to the estimation of nuisance parameters
while Lemma A.2 in Moon & Perron (2004) shows that —= 1" Ef 1 E;

convergfs innprol,oability t? %0:212 Therefore, P, is asymptotically equivalent to
Pa _ /nT > Ei,—lAEi_ﬁ D i1 Oni )
Vot/2
Under PY'F /. or P{ANIC, we can compute the asymptotic distribution of all

possible linear combinations of P, and A, 7 by an application of Lemma A.5.
2

For all a, 8 in R, we find, using a; , 1 = 04\71;2’—72 + B in Lemma A.5,

/ 2
aP, + BA, 1 4N <O, <a2+aﬁ 2;?—1—%)) .

Thus, the Cramér-Wold theorem and the asymptotic equivalence of P, and

P i <t MP PANIC
Py, yield, still under Py 7 or Py or™,

0 1 /2
(Pa, Apr) -5 N ( ) 2¢*

0 Vi 1/2
Equivalently,
APy 0 L /g
(Pa,log r)h’ ’T> AN ( Lo ) ; — 2(1)24
0.nT —3h hy[ 550 1/2h

Applying Le Cam’s third lemma, we obtain P, AN (h %, 1) under
PMP | or PPANIC.

Part B: As far as t, is concerned, we recall that ¢, is adaptive with re-
spect to the estimation of nuisance parameters (see proofs of Theorem 2a) and
b) in Moon & Perron (2004)) and that —= S Y/, 1Q,Y ;-1 converges in

probability to 1w? under PIOV’[E}T . Thus, t, is asymptotically equivalent to
. \/%T S Y QAAY i — Y
' NCP '

Moreover, we have

T T
1 1
W Z Y.:tQAAY,t—l = W Z E./7tQAAE~,t—1

t=1 t=1
T T

= LS B AB, - S B AWA)AAE

= \/HT Lt t—1 \/ET ot Ht—1
t=1 t=1

1 n
= 7T > B LAE; +op(1),
=1
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where the last equality follows from the proof of Lemma 2 ¢) in Moon & Perron
(2004). Therefore, t, is asymptotically equivalent to P,. Thus, following the
same steps as in Part A, we find t, - N (h1 / %, 1) under P)F - or PYANIC g

21



Supplement B. Additional Monte-Carlo Results

In this supplement we present sizes and powers for additional DGPs and
additional long-run variance estimates. The first subsection provides sizes and
powers for additional DGPs. In the second subsection, we consider the same
DGPs as in Section 6 of the main text and Section B.1, but now with long-run

variances estimated using the Newey & West (1994) bandwidth.

B.1. Sizes and Powers in Additional DGPs

First, Table B.1 complements Table 1 in the main text with the sizes for
\/W € {0.6,1}. Next, Figures B.1 and B.2 consider the powers in the pres-
ence of MA and AR serial correlation, respectively. The results are similar to
those for i.i.d innovations. Figure B.3 shows the results when the factor inno-
vations are overdifferenced, i.e., the factor is stationary under the hypothesis.
The powers appear to be unaffected. Figure B.4 considers the case of the depen-
dence being generated by three factors, with the corresponding sizes reported
in Table B.2. For very small sample sizes, powers of both tests are affected, but
generally the results are similar also here.

We now consider deviations from our assumptions. Figure B.5 reports the

size-corrected powers of our tests against heterogeneous alternatives of the form

where the U; are i.i.d. random variables with mean one. We draw the U; from a
Uniform(0.2,1.8) distribution. Once again, the finite-sample behavior does not
appear to be affected significantly, for both small and large samples.

Finally, we consider non-Gaussian innovations. Figure B.6 reports size cor-
rected powers with the innovations drawn from a ¢ distribution with five degrees
of freedom. The corresponding sizes are reported in Table B.3. Also here, the

conclusions remain the same.
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Figure B.1: Size-corrected power of unit-root tests as a function of —h for varying sample
sizes in the PANIC framework with MA factor innovations and MA idiosyncratic parts and
Vw1/¢? = 0.8. Based on 100000 replications.
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Figure B.2: Size-corrected power of unit-root tests as a function of —h for varying sample
sizes in the PANIC framework with AR factor innovations and AR idiosyncratic parts and
Vw1/¢? = 0.8. Based on 100000 replications.
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Figure B.3: Size-corrected power of unit-root tests as a function of —h for varying sample sizes
in the PANIC framework with overdifferenced i.i.d. factor innovations and i.i.d. idiosyncratic
parts and y/w?/¢% = 0.8. The factor is stationary. Based on 100 000 replications.
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Figure B.4: Size-corrected power of unit-root tests as a function of —h for varying sample

sizes in the PANIC framework with i.i.d. factor innovations and i.i.d. idiosyncratic parts and
w1/¢* = 0.8. Dependence based on three factors. Based on 100000 replications.
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Figure B.5: Size-corrected power of unit-root tests as a function of —h for varying sample
sizes in the PANIC framework with i.i.d. factor innovations and i.i.d. idiosyncratic parts and
Vwi/¢* = 0.8. Alternatives drawn from a Uniform(0.2,1.8) distribution. Based on 100 000

replications.
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Figure B.6: Size-corrected power of unit-root tests as a function of —h for varying sample
sizes in the PANIC framework with i.i.d. factor innovations and i.i.d. idiosyncratic parts and
y/w*/¢* = 0.8. Innovations drawn from a t5 distribution. Note that the power envelopes

refer to the Gaussian experiment. Based on 100000 replications.

28



iid. AR(1) MA(1)
n T Vwt /o tump  tone B tump  toae B tump  tome  Po
25 25 0.6 0.6 2.8 3.1 1.8 4.5 4.2 2.2 7.0 5.6
25 50 0.6 14 4.7 4.0 1.7 4.9 3.6 3.1 8.9 6.2
25 100 0.6 1.8 5.5 4.6 2.3 6.1 4.1 3.9 10.1 6.7
50 50 0.6 2.0 4.3 3.7 2.5 4.5 3.5 5.3 9.9 6.6
50 100 0.6 2.6 5.1 4.2 2.9 5.2 3.7 6.1 11.0 7.0
50 200 0.6 2.9 5.5 4.6 3.4 5.9 4.1 5.3 9.2 6.1
100 100 0.6 3.2 5.0 4.2 3.3 4.9 3.8 9.1 13.1 8.2
100 200 0.6 3.6 5.3 4.5 3.7 5.3 4.1 7.0 10.0 6.6
100 400 0.6 3.6 5.3 4.5 4.3 6.1 4.5 4.9 7.1 5.1
25 25 0.8 0.9 3.1 3.5 1.8 4.3 4.7 2.4 6.7 6.4
25 50 0.8 1.8 5.1 4.6 1.7 4.4 4.0 3.1 8.3 7.2
25 100 0.8 2.3 5.8 5.2 2.2 5.3 4.6 3.9 9.3 7.8
50 50 0.8 2.4 4.6 4.2 2.4 4.2 4.2 5.1 9.3 8.3
50 100 0.8 3.0 5.4 4.8 2.6 4.6 4.3 5.9 10.1 8.5
50 200 0.8 3.3 5.7 5.2 3.1 5.2 4.7 5.0 8.4 7.1
100 100 0.8 3.5 5.1 4.6 3.1 4.4 4.4 8.7 12.3 104
100 200 0.8 3.8 5.5 5.0 3.3 4.7 4.5 6.6 9.2 7.9
100 400 0.8 3.9 5.5 5.1 3.9 5.5 5.0 4.7 6.6 5.9
25 25 1.0 1.0 3.3 3.9 1.9 4.3 5.4 2.4 6.5 7.2
25 50 1.0 2.0 5.2 5.1 1.7 4.2 4.5 3.2 8.1 8.2
25 100 1.0 2.6 6.0 5.8 2.1 5.0 5.1 3.9 8.9 8.8
50 50 1.0 2.5 4.7 4.6 2.4 4.0 5.0 5.2 9.2 10.1
50 100 1.0 3.1 5.4 5.2 2.6 4.4 4.8 5.8 9.8 10.0
50 200 1.0 3.4 5.7 5.6 3.0 5.0 5.1 4.9 8.2 8.1
100 100 1.0 3.6 5.2 4.9 3.0 4.2 4.9 8.6 12.1  12.6
100 200 1.0 3.9 5.5 5.3 3.2 4.6 4.9 6.5 9.0 9.1
100 400 1.0 4.0 5.6 5.5 3.8 5.3 5.5 4.6 6.4 6.4
Mean abs. dev. from 5% 2.3 0.6 0.6 2.3 0.5 0.6 1.4 4.1 2.7

Table B.1: Sizes (in percent) of nominal 5% level tests with no heterogeneity in the alterna-
tives. Based on 1000 000 replications. Andrews Bandwidth.
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iid. AR(1) MA(1)
n T Vwt /o tump  tone B tump  toae B tump  tome  Po
25 25 0.6 0.8 3.9 5.9 4.6 10.5 9.5 3.9 10.8 9.6
25 50 0.6 14 5.7 6.6 3.1 8.2 6.4 4.2 12.0 9.4
25 100 0.6 1.8 6.5 7.1 3.5 9.3 6.5 5.1 13.7 9.9
50 50 0.6 1.7 4.4 4.7 4.8 8.2 5.6 6.8 12.9 8.4
50 100 0.6 2.1 5.1 5.1 4.3 8.0 4.8 7.4 14.0 8.4
50 200 0.6 2.4 5.5 5.4 4.6 8.5 5.0 6.4 11.9 7.3
100 100 0.6 2.9 5.0 4.6 5.4 7.8 4.7 11.3 16.6 9.3
100 200 0.6 3.1 5.2 4.8 5.0 7.4 4.5 8.5 12.5 7.4
100 400 0.6 3.3 5.3 5.0 5.7 8.3 4.9 6.0 8.9 5.7
25 25 0.8 1.0 3.7 5.2 4.9 9.8 9.6 4.1 10.0 9.5
25 50 0.8 1.9 5.7 6.0 2.8 6.7 6.0 4.0 10.1 9.0
25 100 0.8 2.5 6.6 6.6 2.9 7.0 6.0 4.7 11.1 9.5
50 50 0.8 2.4 5.0 5.0 4.5 7.1 6.5 6.7 11.4 9.9
50 100 0.8 3.0 5.6 5.5 3.6 6.2 5.3 6.8 11.7 9.6
50 200 0.8 3.3 6.0 5.8 3.7 6.3 5.3 5.7 9.7 8.1
100 100 0.8 3.6 5.4 5.0 4.6 6.3 5.7 10.2 14.2  11.6
100 200 0.8 3.8 5.6 5.3 4.0 5.6 5.0 7.4 10.4 8.6
100 400 0.8 3.9 5.6 5.4 4.4 6.2 5.4 5.2 7.3 6.4
25 25 1.0 1.2 4.0 5.2 5.1 9.6 10.2 4.4 9.8 10.1
25 50 1.0 2.4 6.0 6.1 2.8 6.2 6.3 4.1 9.6 9.5
25 100 1.0 3.1 7.0 6.8 2.8 6.2 6.1 4.8 10.4  10.1
50 50 1.0 2.9 5.3 5.4 4.5 6.8 7.7 6.6 10.9 11.5
50 100 1.0 3.4 5.9 5.7 3.4 5.6 5.8 6.7 10.9 109
50 200 1.0 3.8 6.2 6.1 3.4 5.5 5.6 5.6 9.0 8.9
100 100 1.0 3.9 5.6 5.3 4.4 5.9 6.6 9.9 13.6 139
100 200 1.0 4.1 5.7 5.5 3.7 5.1 5.4 7.2 9.9 9.9
100 400 1.0 4.2 5.8 5.7 4.1 5.6 5.7 5.0 6.8 6.8
Mean abs. dev. from 5% 2.3 0.8 0.6 1.0 2.2 1.2 1.7 6.1 4.2

Table B.2: Sizes (in percent) of nominal 5% level tests with no heterogeneity in the alterna-

tives. Based on 1000000 replications. Andrews Bandwidth, three factors.

30



iid. AR(1) MA(1)
n T Vwt/et tump  tompe  Po tump  tonme Db tume  tome Db
25 25 0.6 0.7 2.9 3.3 2.0 4.9 4.6 2.3 7.2 5.9
25 50 0.6 14 4.7 4.2 1.8 5.0 3.7 3.2 9.1 6.4
25 100 0.6 1.8 5.5 4.7 2.3 6.1 4.2 3.9 10.1 6.8
50 50 0.6 2.0 4.3 3.7 2.6 4.6 3.6 5.3 10.0 6.8
50 100 0.6 2.6 5.1 4.3 2.9 5.3 3.8 6.1 10.9 7.0
50 200 0.6 2.9 5.4 4.5 3.4 5.9 4.1 5.3 9.2 6.1
100 100 0.6 3.2 5.0 4.2 3.3 4.9 3.8 9.1 13.2 8.2
100 200 0.6 3.6 5.3 4.4 3.6 5.3 4.0 6.9 9.9 6.7
100 400 0.6 3.7 5.4 4.6 4.4 6.2 4.5 4.9 7.1 5.2
25 25 0.8 0.9 3.1 3.5 2.0 4.5 4.9 2.4 6.8 6.5
25 50 0.8 1.8 5.0 4.6 1.7 4.5 4.1 3.1 8.3 7.2
25 100 0.8 2.3 5.9 5.2 2.2 5.3 4.6 3.9 9.3 7.7
50 50 0.8 2.3 4.6 4.2 2.4 4.2 4.3 5.2 9.4 8.3
50 100 0.8 3.0 5.4 4.8 2.6 4.7 4.3 5.9 10.1 8.5
50 200 0.8 3.3 5.7 5.2 3.0 5.2 4.7 5.0 8.4 7.2
100 100 0.8 3.5 5.2 4.7 3.1 4.4 4.4 8.7 124 104
100 200 0.8 3.8 5.5 5.0 3.3 4.7 4.5 6.6 9.3 7.9
100 400 0.8 3.9 5.5 5.1 3.9 5.5 5.0 4.7 6.5 5.9
25 25 1.0 1.0 3.3 3.8 2.0 4.4 5.6 2.5 6.7 7.3
25 50 1.0 2.0 5.2 5.1 1.7 4.2 4.5 3.3 8.1 8.2
25 100 1.0 2.6 6.0 5.8 2.2 5.1 5.1 3.9 9.0 8.9
50 50 1.0 2.5 4.7 4.6 2.4 4.1 5.0 5.1 9.1 10.0
50 100 1.0 3.1 5.4 5.2 2.6 4.4 4.8 5.8 9.9 10.0
50 200 1.0 3.5 5.8 5.6 3.0 5.0 5.2 4.9 8.1 8.1
100 100 1.0 3.6 5.3 4.9 3.0 4.3 5.0 8.6 12.1 126
100 200 1.0 3.9 5.5 5.2 3.2 4.6 4.9 6.4 9.0 9.0
100 400 1.0 4.1 5.6 5.5 3.8 5.3 5.4 4.6 6.3 6.4
Mean abs. dev. from 5% 2.3 0.6 0.6 2.2 0.5 0.6 14 4.1 2.8

Table B.3: Sizes (in percent) of nominal 5% level tests with no heterogeneity in the alterna-

tives. Based on 1000000 replications. Andrews Bandwidth, ¢-distribution with five degrees

of freedom.
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B.2. Finite-Sample Results with the Newey & West (1994) Bandwidth

Tables B.4 to B.6 are analogous to Tables B.1 to B.3. And Figures B.7
to B.15 are analogous to Figures 1 to 3 and B.1 to B.6. In general, the sizes
for the MA case are slightly better controlled with the Newey & West (1994)

bandwidth, at the expense of slightly lower power for small sample sizes.
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Figure B.7: Difference between powers in the MP vs the PANIC framework as a function of
—h with i.i.d. factor innovations and i.i.d. idiosyncratic parts and \/w?%/¢* = 0.8. Based on

1000000 replications.
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Figure B.8: Size-corrected power of unit-root tests as a function of —h for varying sample
sizes in the PANIC framework with i.i.d. factor innovations and i.i.d. idiosyncratic parts and
Vw1/¢? = 0.8. Based on 100000 replications.
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Figure B.9: (Size-corrected) power gains from using t%n&fp over P, for varying values of

Vwt/¢* and sample sizes in the PANIC framework with i.i.d. factor innovations and i.i.d.
idiosyncratic parts. Based on 100000 replications.
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Figure B.10: Size-corrected power of unit-root tests as a function of —h for varying sample
sizes in the PANIC framework with MA factor innovations and MA idiosyncratic parts and
Vw1/¢? = 0.8. Based on 100000 replications.
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Figure B.11: Size-corrected power of unit-root tests as a function of —h for varying sample
sizes in the PANIC framework with AR factor innovations and AR idiosyncratic parts and
Vw1/¢? = 0.8. Based on 100000 replications.
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Figure B.12: Size-corrected power of unit-root tests as a function of —h for varying sample sizes
in the PANIC framework with overdifferenced i.i.d. factor innovations and i.i.d. idiosyncratic
parts and y/w?/¢* = 0.8. The factor is stationary. Based on 100 000 replications.
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Figure B.13: Size-corrected power of unit-root tests as a function of —h for varying sample
sizes in the PANIC framework with i.i.d. factor innovations and i.i.d. idiosyncratic parts and
w1/¢* = 0.8. Dependence based on three factors. Based on 100000 replications.

38



n=25 T=25

Rt
0
O

’ tonp === Fb rwee Asympt. Power Envelope «:-:- Asympt. Power MP/BN

Figure B.14: Size-corrected power of unit-root tests as a function of —h for varying sample
sizes in the PANIC framework with i.i.d. factor innovations and i.i.d. idiosyncratic parts and
Vwi/¢* = 0.8. Alternatives drawn from a Uniform(0.2,1.8) distribution. Based on 100 000

replications.

39



n=25T=25

Rt
*
G

10

’ tonp === Fb rwee Asympt. Power Envelope «:-:- Asympt. Power MP/BN

Figure B.15: Size-corrected power of unit-root tests as a function of —h for varying sample
sizes in the PANIC framework with i.i.d. factor innovations and i.i.d. idiosyncratic parts and
y/w*/¢* = 0.8. Innovations drawn from a t5 distribution. Note that the power envelopes

refer to the Gaussian experiment. Based on 100000 replications.
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iid. AR(1) MA(1)
n T Vwt /o tump  tone B tump  toae B tump  tome  Po
25 25 0.6 0.3 1.2 1.5 1.3 3.4 3.6 1.0 3.3 3.6
25 50 0.6 0.6 2.5 2.3 14 4.2 3.1 1.3 4.1 3.3
25 100 0.6 1.3 4.2 3.6 2.3 6.0 4.0 2.2 6.3 4.4
50 50 0.6 0.9 2.1 1.9 2.1 3.9 3.0 1.9 3.8 3.1
50 100 0.6 1.9 3.8 3.1 2.9 5.3 3.6 3.1 6.0 4.2
50 200 0.6 2.4 4.6 3.7 3.4 6.0 3.9 2.8 5.1 3.6
100 100 0.6 2.3 3.7 2.8 3.4 5.1 3.6 4.1 6.1 4.3
100 200 0.6 2.9 4.4 3.5 3.8 5.5 3.8 3.2 4.7 3.4
100 400 0.6 3.2 4.8 3.9 4.2 6.0 4.1 3.1 4.6 3.5
25 25 0.8 0.4 1.3 1.7 1.4 3.2 4.1 1.1 3.2 4.1
25 50 0.8 0.9 2.8 2.6 14 3.7 3.4 14 3.9 3.7
25 100 0.8 1.7 4.6 4.0 2.1 5.3 4.4 2.3 5.9 5.0
50 50 0.8 1.2 2.4 2.1 2.0 3.6 3.6 1.9 3.7 3.7
50 100 0.8 2.2 4.2 3.4 2.6 4.7 4.1 3.1 5.6 4.8
50 200 0.8 2.8 4.9 4.2 3.1 5.3 4.4 2.7 4.7 4.0
100 100 0.8 2.6 3.9 3.0 3.2 4.6 4.2 4.0 5.8 5.1
100 200 0.8 3.2 4.6 3.8 3.5 4.9 4.2 3.0 4.4 3.7
100 400 0.8 3.5 5.0 4.3 3.9 5.4 4.6 3.0 4.3 3.8
25 25 1.0 0.5 1.5 1.9 1.4 3.3 4.8 1.1 3.2 4.5
25 50 1.0 1.1 3.0 2.9 14 3.6 3.9 14 3.9 4.2
25 100 1.0 2.0 4.8 4.5 2.1 5.0 4.9 2.4 5.7 5.6
50 50 1.0 1.3 2.5 2.2 2.0 3.5 4.2 2.0 3.6 4.4
50 100 1.0 2.4 4.2 3.7 2.6 4.5 4.6 3.1 5.5 5.4
50 200 1.0 2.9 5.0 4.4 3.0 5.0 4.8 2.8 4.7 4.4
100 100 1.0 2.7 4.0 3.1 3.1 4.4 4.7 3.9 5.7 5.7
100 200 1.0 3.3 4.8 3.9 3.4 4.8 4.5 3.0 4.3 3.9
100 400 1.0 3.7 5.1 4.5 3.8 5.3 4.9 3.0 4.2 3.9
Mean abs. dev. from 5% 3.0 1.3 1.8 2.4 0.7 0.9 2.5 0.9 0.9

Table B.4: Sizes (in percent) of nominal 5% level tests with no heterogeneity in the alterna-

tives. Based on 1000 000 replications. Newey Bandwidth.
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iid. AR(1) MA(1)
n T Vwt /o tump  tone B tump  toae B tump  tome  Po
25 25 0.6 0.5 1.5 3.3 3.0 7.2 7.9 1.6 5.0 6.3
25 50 0.6 0.6 2.6 4.2 2.4 6.7 5.6 1.6 5.6 5.5
25 100 0.6 1.1 4.7 5.7 3.4 9.1 6.2 2.9 8.7 6.9
50 50 0.6 0.6 1.7 2.6 3.9 6.8 4.8 2.4 5.0 4.3
50 100 0.6 1.3 3.5 3.8 4.2 7.9 4.6 3.7 7.6 5.1
50 200 0.6 1.8 4.4 4.4 4.6 8.6 4.7 3.3 6.6 4.4
100 100 0.6 1.9 3.4 3.2 5.5 7.9 4.5 5.0 7.8 4.9
100 200 0.6 2.4 4.1 3.8 5.2 7.7 4.2 3.7 5.8 3.8
100 400 0.6 2.8 4.6 4.2 5.7 8.3 4.5 3.7 5.7 3.8
25 25 0.8 0.5 1.5 2.8 3.2 6.9 8.1 1.8 4.6 6.2
25 50 0.8 0.8 2.8 3.6 2.2 5.5 5.2 1.6 4.7 5.0
25 100 0.8 1.8 5.1 5.2 2.8 6.9 5.8 2.8 7.0 6.3
50 50 0.8 1.0 2.3 2.6 3.7 5.9 5.6 2.5 4.7 4.9
50 100 0.8 2.1 4.2 4.0 3.6 6.2 5.1 3.6 6.4 5.6
50 200 0.8 2.7 5.0 4.7 3.7 6.4 5.0 3.1 5.5 4.6
100 100 0.8 2.5 3.9 3.3 4.7 6.5 5.4 4.7 6.9 5.8
100 200 0.8 3.1 4.7 4.0 4.1 5.9 4.7 3.3 4.9 4.0
100 400 0.8 3.5 5.0 4.5 4.3 6.1 4.9 3.3 4.7 4.0
25 25 1.0 0.7 1.7 2.7 3.4 6.8 8.7 1.9 4.7 6.6
25 50 1.0 1.1 3.2 3.6 2.2 5.1 5.4 1.8 4.6 5.2
25 100 1.0 2.3 5.5 5.3 2.7 6.2 5.9 2.9 6.7 6.6
50 50 1.0 1.3 2.7 2.7 3.7 5.7 6.6 2.6 4.6 5.6
50 100 1.0 2.6 4.5 4.0 3.4 5.6 5.6 3.5 6.1 6.1
50 200 1.0 3.2 5.4 4.8 3.4 5.6 5.3 3.1 5.1 4.8
100 100 1.0 2.9 4.2 3.4 4.5 6.1 6.3 4.7 6.6 6.6
100 200 1.0 3.4 4.9 4.1 3.8 5.3 5.0 3.3 4.7 4.3
100 400 1.0 3.8 5.3 4.7 4.0 5.5 5.2 3.2 4.4 4.1
Mean abs. dev. from 5% 3.1 1.3 1.2 1.3 1.6 0.8 2.0 1.0 0.8

Table B.5: Sizes (in percent) of nominal 5% level tests with no heterogeneity in the alterna-

tives. Based on 1000000 replications. Newey Bandwidth, three factors.
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iid. AR(1) MA(1)
n T Vwt/et tump  tump Db tump  tonme Db tume  tome Db
25 25 0.6 0.3 1.2 1.7 1.5 3.7 4.0 1.1 3.4 3.8
25 50 0.6 0.7 2.5 2.4 1.5 4.3 3.2 1.3 4.2 3.5
25 100 0.6 1.3 4.2 3.6 2.3 6.0 4.0 2.3 6.4 4.5
50 50 0.6 0.9 2.1 1.9 2.2 4.0 3.0 1.9 3.9 3.2
50 100 0.6 1.9 3.9 3.1 2.9 5.3 3.6 3.1 6.0 4.2
50 200 0.6 2.4 4.6 3.7 3.4 6.0 3.9 2.8 5.2 3.6
100 100 0.6 2.3 3.7 2.9 3.5 5.1 3.6 4.1 6.1 4.3
100 200 0.6 2.9 4.4 3.4 3.8 5.5 3.8 3.2 4.7 3.4
100 400 0.6 3.3 4.9 3.9 4.3 6.1 4.1 3.2 4.6 3.5
25 25 0.8 0.4 1.3 1.7 1.5 3.5 4.3 1.1 3.3 4.1
25 50 0.8 0.9 2.8 2.6 1.4 3.8 3.5 14 3.9 3.7
25 100 0.8 1.7 4.6 4.0 2.1 5.2 4.4 2.3 5.9 5.0
50 50 0.8 1.1 2.4 2.0 2.1 3.6 3.6 2.0 3.7 3.8
50 100 0.8 2.2 4.2 3.4 2.7 4.7 4.2 3.1 5.6 4.9
50 200 0.8 2.8 4.9 4.1 3.0 5.3 4.4 2.7 4.8 4.1
100 100 0.8 2.6 4.0 3.0 3.2 4.6 4.2 4.0 5.8 5.1
100 200 0.8 3.2 4.7 3.8 3.5 4.9 4.2 3.0 4.4 3.7
100 400 0.8 3.5 5.0 4.3 3.9 5.5 4.6 3.0 4.3 3.7
25 25 1.0 0.5 14 1.8 1.5 3.4 4.9 1.2 3.2 4.6
25 50 1.0 1.0 3.0 2.9 1.4 3.6 3.8 1.5 3.9 4.2
25 100 1.0 2.0 4.9 4.4 2.1 5.0 4.9 2.4 5.8 5.6
50 50 1.0 1.3 2.5 2.2 2.1 3.6 4.3 2.0 3.6 4.3
50 100 1.0 2.4 4.3 3.6 2.6 4.5 4.6 3.1 5.5 5.5
50 200 1.0 3.0 5.0 4.5 3.0 5.0 4.8 2.7 4.7 4.4
100 100 1.0 2.7 4.0 3.1 3.1 4.5 4.7 3.9 5.7 5.7
100 200 1.0 3.3 4.7 3.9 3.4 4.8 4.5 2.9 4.2 3.9
100 400 1.0 3.7 5.2 4.6 3.7 5.2 4.9 2.9 4.1 3.8
Mean abs. dev. from 5% 3.0 1.3 1.8 2.4 0.7 0.8 2.5 0.9 0.9

Table B.6: Sizes (in percent) of nominal 5% level tests with no heterogeneity in the alterna-

tives. Based on 1000000 replications. Newey Bandwidth, ¢-distribution with five degrees of

freedom.
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