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1 Proof of Theorem 2.1

Based on Assumptions 2.1 and 2.2, we have:

E[Y] = 1n ⊗ µ0,

where 1n denotes a column vector with dimension n. According to the double expectation
formula, we have

Cov(Yi,Yj) = E [Cov(Yi,Yj|Θ)] + Cov [E(Yi|Θ),E(Yj|Θ)] =

{
T + Σ0, i = j

T, i ̸= j
.

Thus, we have

Cov(µ(Θ),Y) = E [Cov(µ(Θ),Y|Θ)] + Cov [µ(Θ),E(Y|Θ)] = 1′
n ⊗ T

and
Cov(Y,Y) = In ⊗ Σ0 + (1n1

′
n)⊗ T,

where In is the n-dimensional identity matrix. By applying the matrix inversion formula:

(A+BCD)−1 = A−1 − A−1B
(
C−1 +DA−1B

)−1
DA−1,

we obtain

Cov−1(Y,Y) = In ⊗ Σ−1
0 −

(
1n ⊗ Σ−1

0

) (
T−1 + nΣ−1

0

)−1 (
1′
n ⊗ Σ−1

0

)
.

Consequently, the optimal linear estimate of the conditional mean vector µ(Θ) is:

µ̂C,n(Θ)

= µ0 + (1′
n ⊗ T )

[
In ⊗ Σ−1

0 −
(
1n ⊗ Σ−1

0

) (
T−1 + nΣ−1

0

)−1 (
1′
n ⊗ Σ−1

0

)]
(Y − 1n ⊗ µ0)

= µ0 + nTΣ−1
0

(
Ip −

(
T−1 + nΣ−1

0

)−1
nΣ−1

0

) (
Y − µ0

)
= µ0 + ZC,n

(
Y − µ0

)
= ZC,nY + (Ip − ZC,n)µ0,

which completes the proof of Theorem 2.1.

2 A useful lemma for constrained problem

Lemma 1. Consider a constrained optimization problem{
min

x1,...,xp

f (x1, x2, · · · , xp)

s.t. g (x1, x2, · · · , xp) ≥ 0
, (1)

as well as the optimization problem without constraints:

min
x1,...,xp

f (x1, x2, · · · , xp) . (2)
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and let
(
x∗
1, x

∗
2, · · · , x∗

p

)
be the optimal solution obtained from (2). If

(
x∗
1, x

∗
2, · · · , x∗

p

)
precisely satisfies the condition g

(
x∗
1, x

∗
2, · · · , x∗

p

)
≥ 0, then problems (1) and (2) are

equivalent.

Proof. Let
(
y∗1, y

∗
2, · · · , y∗p

)
be the solution of problem (1). Evidently, we have

f
(
x∗
1, x

∗
2, · · · , x∗

p

)
≤ f

(
y∗1, y

∗
2, · · · , y∗p

)
.

On the other hand, due to g
(
x∗
1, x

∗
2, · · · , x∗

p

)
≥ 0,

(
x∗
1, x

∗
2, · · · , x∗

p

)
is within the feasible

domain of equation (1). Therefore, with the presence of

f
(
x∗
1, x

∗
2, · · · , x∗

p

)
≥ f

(
y∗1, y

∗
2, · · · , y∗p

)
,

it follows that
f
(
x∗
1, x

∗
2, · · · , x∗

p

)
= f

(
y∗1, y

∗
2, · · · , y∗p

)
,

indicating that problems (1) and (2) are equivalent.

3 Proof of Theorem 3.1

Due to
E [Hi (y)] = E [E (Hi(y)|Θ)] = F0 (y) ,

we can apply the variance formula to derive

E

(F (y|Θ)− α0 (y)−
n∑

s=1

αsHs (y)

)2


= V

(
F (y|Θ)−

n∑
s=1

αsHs (y)

)
+

{(
1−

n∑
s=1

αs

)
F0 (y)− α0 (y)

}2

≥ V

(
F (y|Θ)−

n∑
s=1

αsHs (y)

)
. (3)

It is straightforward to verify that the equality above holds if and only if

α0 (y) = (1−
n∑

s=1

αs)F0 (y) ,

Therefore, the solution for α0 (y) is given by

α̂0 (y) = (1−
n∑

s=1

αs)F0 (y) . (4)

Substituting equation (4) into (3) and denoting

φ (y) = E

(
F (y|Θ)− α̂0 (y)−

n∑
s=1

αsHs (y)

)2

,
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the problem (14) in the main paper is equivalent to the problem

min
αs∈R

∫
Rp

φ (y) dy. (5)

To find the optimal solution to the problem (5), we let

Φ =

∫
Rp

φ (y) dy

and take the partial derivative of αs with respect to Φ. Thus, we obtain

∂Φ

∂αs

=

∫
Rp

Cov [F (y|Θ) , Hs (y)] dy −
n∑

s=1

αs

∫
Rp

Cov [Ht (y) , Hs (y)] dy. (6)

According to the double expectation formula, we have

Cov [F (y|Θ) , Hs (y)]

= E [Cov (F (y|Θ)) , Hs (y|Θ)] + Cov {F (y|Θ) ,E [Hs (y|Θ)]}
= V [F (y|Θ)] (7)

and

Cov [Ht (y) , Hs (y)] = E [Cov (Ht (y) , Hs (y)|Θ)] + V [F (y|Θ)]

=

{
V [F (y|Θ)] t ̸= s

E [V (Ht (y)|Θ)] + V [F (y|Θ)] t = s
. (8)

Substituting equations (7) and (8) into (6) and setting it equal to 0, we obtain

∂Φ

∂αs

= (1−
n∑

s=1

αs)

∫
Rp

V [F (y|Θ)] dy − αt

∫
Rp

E [V (Ht (y)|Θ)] dy

= −
n∑

s=1

αsτ
2
0 − αtσ

2
0 + τ 20 = 0, t = 1, 2, · · · , n.

Summing up the above equation for t from 1 to n, it gives
n∑

s=1

αs =
nτ 20

nτ 20 + σ2
0

.

Furthermore, the solution for αt is given by

αt =
τ 20

nτ 20 + σ2
0

, t = 1, 2, · · · , n. (9)

Substituting equations (4) and (9) into (13) of the main paper, we can obtain the optimal
linear estimate of F (y|Θ) as

F̂ (y|Θ) =

(
1− nτ 20

nτ 20 + σ2
0

)
F0 (y) +

τ 20
nτ 20 + σ2

0

n∑
i=1

Hi (y)

=

(
1− nτ 20

nτ 20 + σ2
0

)
F0 (y) +

nτ 20
nτ 20 + σ2

0

Fn (y)

= ZN,nFn (y) + (1− ZN,n)F0 (y) .
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4 Proof of Proposition 3.1

By applying the plug-in method, we have

̂µN,n(Θ) =

∫
Rp

yd [ZN,nFn (y) + (1− ZN,n)F0 (y)]

= ZN,n

∫
Rp

ydFn (y) + (1− ZN,n)

∫
Rp

ydF0 (y)

= ZN,nY + (1− ZN,n)µ0,

which yields the desired result.

5 Proof of Proposition 3.3

Due to

E
[(
Y − µ(Θ)

)
(µ0 − µ(Θ))′

]
= E

{
E
[(
Y − µ(Θ)

)
(µ0 − µ(Θ))′

∣∣Θ]} = 0,

it follows that

E
[(

̂µN,n(Θ)− µ(Θ)
)(

̂µN,n(Θ)− µ(Θ)
)′]

= E
[(
ZN,n

(
Y − µ(Θ)

)
+ (1− ZN,n) (µ0 − µ(Θ))

)((
ZN,n

(
Y − µ(Θ)

)
+ (1− ZN,n) (µ0 − µ(Θ))

))′]
= Z2

N,nE
[(
Y − µ(Θ)

) (
Y − µ(Θ)

)′]
+ (1− ZN,n)

2E
[
(µ0 − µ(Θ)) (µ0 − µ(Θ))′

]
= Z2

N,nE
{
E
[(

Y − µ(Θ)
) (

Y − µ(Θ)
)′∣∣∣Θ]}+ (1− ZN,n)

2V [µ(Θ)]

=
Z2

N,n

n
Σ0 + (1− ZN,n)

2T.

Additionally, as the sample size n tends to infinity (n → ∞), we have:

E
[(

̂µN,n(Θ)− µ(Θ)
)(

̂µN,n(Θ)− µ(Θ)
)′]

→ 0p×p,

where 0p×p represents the zero matrix. Furthermore, for any p-dimensional real vector ξ,
we have

ξ′E
[(

̂µN,n(Θ)− µ(Θ)
)(

̂µN,n(Θ)− µ(Θ)
)′]

ξ = E
[
ξ′
(

̂µN,n(Θ)− µ(Θ)
)]2

→ 0.

Based on the arbitrariness of ξ, we conclude that:

E
[∣∣∣∣∣∣µ̂N,n(v)− µ(Θ)

∣∣∣∣∣∣2
ξ

]
→ 0.
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6 Proof of Proposition 3.4

Since

Σn =
1

n

n∑
i=1

(
Yi −Y

) (
Yi −Y

)′
= Un −Y ·Y′

and
Σ0 = E (Σ(Θ)) = U0 − µ0µ

′
0,

it follows that

̂ΣN,n(Θ) =

∫
Rp

[
y − ̂µN,n(Θ)

] [
y − ̂µN,n(Θ)

]′
dF̂ (y|Θ)

=

∫
Rp

yy′dF̂ (y|Θ)− ̂µN,n(Θ) · ̂µN,n(Θ)
′

= ZN,nUn + (1− ZN,n)U0 −
(
ZN,nY + (1− ZN,n)µ0

) (
ZN,nY + (1− ZN,n)µ0

)′
= Z2

N,n

(
Un −Y ·Y′

)
+ (1− ZN,n)

2 (U0 − µ0µ
′
0)

+ZN,n(1− ZN,n)
(
Un −Yµ′

0 − µ0Y
′
+ U0

)
= ω1,nΣn + ω2,nΣ0 + (1− ω1,n − ω2,n)M0.

7 Proof of Theorem 3.2

By the strong law of large numbers, we have

Y → µ(Θ), a.s., and
1

n

n∑
i=1

YiY
′
i → E (Y1Y

′
1|Θ) , a.s.,

when n → ∞. Using the continuity theorem of almost sure convergence, it gives

Σn =
1

n

n∑
i=1

YiY
′
i −Y ·Y′ → Σ(Θ), a.s.

Furthermore, from (23) of the main paper, we have ZN,n → 1 when n → ∞. Hence, we
obtain

̂µN,n(Θ) = ZN,nY + (1− ZN,n)µ0 → µ(Θ), a.s.

and
̂ΣN,n(Θ) = ω1,nΣn + ω2,nΣ0 + (1− ω1,n − ω2,n)M0 → Σ(Θ), a.s.

8 Proof of Theorem 3.3

Note that

√
n
(

̂µN,n(Θ)− µ(Θ)
)
=

√
n
(
Y − µ(Θ)

)
+
√
n(1− ZN,n)

(
µ0 −Y

)
.
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Obviously, the sample mean Y and the aggregate mean µ0 are both bounded in proba-
bility, when n → ∞, we have

(1− ZN,n)
√
n = O

(
1√
n

)
.

Thus, it gives √
n(1− ZN,n)

(
µ0 −Y

) P→ 0.

Furthermore, by the multidimensional central limit theorem of independent and iden-
tically distributed random variables (cf. Serfling, 2009), we have

√
n
(
Y − µ(Θ)

) L→ N(0,Σ(Θ)).

Therefore, by the Slutsky’s theorem, we obtain

√
n
(

̂µN,n(Θ)− µ(Θ)
)
=

√
n
(
Y − µ(Θ)

) L→ N(0,Σ(Θ)).

9 Proof of Proposition 3.5

Firstly, for the traditional multivariate credibility estimation µ̂C,n(Θ), the credibility
factor matrix is give by

ZC,n =

(
ZC

11 ZC
12

ZC
21 ZC

22

)
=

(
nτ21 δ2−nν1δ3

δ1δ2−δ23

nν1σ2
2−nν2τ22

δ1δ2−δ23
nν1σ2

1−nν2τ21
δ1δ2−δ23

nτ22 δ1−nν1δ3
δ1δ2−δ23

)
.

Furthermore, according to Theorem 2.1, we have

µ̂C,n(Θ) =

 µ̂
(1)
C,n(Θ)

µ̂
(2)
C,n(Θ)

 =

 ZC
11Y

(1)
+
(
1− ZC

11

)
µ1 + ZC

12

(
Y

(2) − µ2

)
ZC

22Y
(2)

+
(
1− ZC

22

)
µ2 + ZC

21

(
Y

(1) − µ1

)  .

Using the double expectation formula, we have

E

[(
µ̂
(1)
C,n(Θ)− µ1(Θ)

)2
]

= E
[(

ZC
11(Y

(1) − µ1(Θ)) + (1− ZC
11)(µ1 − µ1(Θ)) + ZC

12(Y
(2) − µ2)

)2]
=

(
ZC

11

)2 E [(Y (1) − µ1(Θ)
)2]

+
(
1− ZC

11

)2 E [(µ1 − µ1(Θ))2
]

+
(
ZC

12

)2 E [(Y (2) − µ2

)2]
+ 2ZC

12(1− ZC
11)E

[
(µ1 − µ1(Θ))(Y

(2) − µ2)
]

=
(
ZC

11

)2 σ2
1

n
+
(
1− ZC

11

)2
τ 21 +

(
ZC

12

)2(σ2
2

n
+ τ 22

)
− 2ν1Z

C
12(1− ZC

11).
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Similarly, we obtain

E

[(
µ̂
(2)
C,n(Θ)− µ2(Θ)

)2
]

=
(
ZC

22

)2 σ2
2

n
+
(
1− ZC

22

)2
τ 22

+
(
ZC

21

)2(σ2
1

n
+ τ 21

)
− 2ν1Z

C
21(1− ZC

22).

Therefore, the mean of the weighted F -norm error of µ̂C,n(Θ) is

E
[∣∣∣∣∣∣µ̂C,n(Θ)− µ(Θ)

∣∣∣∣∣∣2
ξ

]
= E

[
ξ1

(
µ̂
(1)
C,n(Θ)− µ1(Θ)

)2
]
+ E

[
ξ2

(
µ̂
(2)
C,n(Θ)− µ2(Θ)

)2
]

=
(
ξ1
(
ZC

11

)2
+ ξ2

(
ZC

21

)2) δ1
n

+
(
ξ1
(
ZC

22

)2
+ ξ2

(
ZC

12

)2) δ2
n

−2ν1
(
ξ2Z

C
21

(
1− ZC

22

)
+ ξ1Z

C
12

(
1− ZC

11

))
+ξ2

(
1− 2ZC

22

)
τ 22 + ξ1

(
1− 2ZC

11

)
τ 21

= ∆1 +∆2 +∆3 +∆4.

On the other hand, according to Proposition 3.1, we have

̂µN,n(Θ) =

 ̂
µ
(1)
N,n(Θ)
̂

µ
(2)
N,n(Θ)

 =

(
ZN,nY

(1)
+ (1− ZN,n)µ1

ZN,nY
(2)

+ (1− ZN,n)µ2

)
.

Similarly, it gives

E

[(
̂

µ
(1)
N,n(Θ)− µ1(Θ)

)2
]
=E

[(
ZN,n

(
Y

(1) − µ1(Θ)
)
+ (1− ZN,n)(µ1 − µ1(Θ))

)2]
=Z2

N,nE
[(

Y
(1) − µ1(Θ)

)2]
+ (1− ZN,n)

2E
[
(µ1 − µ1(Θ))2

]
+ 2ZN,n(1− ZN,n)E

[(
Y

(1) − µ1(Θ)
)
(µ1 − µ1(Θ))

]
=Z2

N,nE
[
σ2
1(Θ)/n

]
+ (1− ZN,n)

2V(µ1(Θ))

=Z2
N,n

σ2
1

n
+ (1− ZN,n)

2τ 21

and

E

[(
̂

µ
(2)
N,n(Θ)− µ2(Θ)

)2
]
= Z2

N,n

σ2
2

n
+ (1− ZN,n)

2τ 22 .

Thus, the mean of the weighted F -norm error of µ̂N,n(Θ) is given by

E
[∣∣∣∣∣∣ ̂µN,n(Θ)− µ(Θ)

∣∣∣∣∣∣2
ξ

]
= E

[
ξ1

(
̂

µ
(1)
N,n(Θ)− µ1(Θ)

)2
]
+ E

[
ξ2

(
̂

µ
(2)
N,n(Θ)− µ2(Θ)

)2
]

=
nτ 40 (ξ1σ

2
1 + ξ2σ

2
2)

(nτ 20 + σ2
0)

2 +
σ4
0 (ξ1τ

2
1 + ξ2τ

2
2 )

(nτ 20 + σ2
0)

2 .
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10 Proof of Proposition 3.6

Firstly, according to equation (26) of the main paper, when ρ1 = ρ2 = 0, we have

ZC,n =

(
nτ21

nτ21+σ2
1

0

0
nτ22

nτ22+σ2
2

)
.

Therefore, we obtain the mean of the weighted F -norm for the error of µ̂C,n(Θ) as follows:

E
[∣∣∣∣∣∣µ̂C,n(Θ)− µ(Θ)

∣∣∣∣∣∣2
ξ

]
= ξ1E

[(
µ̂
(1)
C,n(Θ)− µ1(Θ)

)2
]
+ ξ2E

[(
µ̂
(2)
C,n(Θ)− µ2(Θ)

)2
]

= ξ1
τ 21σ

2
1

nτ 21 + σ2
1

+ ξ2
τ 22σ

2
2

nτ 22 + σ2
2

.

Furthermore, according to equation (25) of the main paper, we obtain

E
[∣∣∣∣∣∣µ̂C,n(Θ)− µ(Θ)

∣∣∣∣∣∣2
ξ

]
− E

[∣∣∣∣∣∣ ̂µN,n(Θ)− µ(Θ)
∣∣∣∣∣∣2
ξ

]
= ξ1

(
τ 21σ

2
1

nτ 21 + σ2
1

− nτ 40σ
2
1 + σ4

0τ
2
1

(nτ 20 + σ2
0)

2

)
+ ξ2

(
τ 22σ

2
2

nτ 22 + σ2
2

− nτ 40σ
2
2 + σ4

0τ
2
2

(nτ 20 + σ2
0)

2

)
= ξ1

−n(τ 20σ
2
1 − σ2

0τ
2
1 )

2

(nτ 21 + σ2
1)(nτ

2
0 + σ2

0)
2
+ ξ2

−n(τ 20σ
2
2 − σ2

0τ
2
2 )

2

(nτ 22 + σ2
2)(nτ

2
0 + σ2

0)
2

≤ 0.

References

Serfling, R. J. (2009). Approximation Theorems of Mathematical Statistics. John Wiley & Sons.

9


	Proof of Theorem 2.1
	A useful lemma for constrained problem
	Proof of Theorem 3.1
	Proof of Proposition 3.1
	Proof of Proposition 3.3
	Proof of Proposition 3.4
	Proof of Theorem 3.2
	Proof of Theorem 3.3
	Proof of Proposition 3.5
	Proof of Proposition 3.6

