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OA State Dynamics and Asset Pricing

This section contains details on the financial market model described in section 2. We give details on the
modeling of state dynamics (section OA.1), the resulting asset pricing relations (section OA.2), and the

employed estimation procedure (section OA.3).

OA.1 State Dynamics

Continuous-time dynamics. To describe the dynamics of the short rate r;, we use the Ornstein-
Uhlenbeck process proposed by Vasicek (1977). We assume that the log stock price ¢; follows diffusion
dynamics with drift depending on the contemporaneous short rate, such that the joint dynamics of r;

and ¢; under the real-world probability measure PP are described by

dry k(0 — 1) o, 0 dz7y
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ds; e+ p— 502 0 o) \dz;

S

Here, k is the speed of mean reversion, € the long-term mean, and o, the instantaneous volatility of
the short rate under P. Moreover, u denotes the constant risk premium of the stock, o, the log stock
price volatility, and Z], Z; are independent standard Brownian motions under P. While we assume no

instantaneous correlation between r; and ¢;, the processes correlate via the drift of the stock price.

Discrete-time dynamics. For the joint dynamics of the short rate and the log stock price specified in

equation (OA.1), the conditional distribution is known in closed form. Over a time horizon 7 > 0, we get
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For our specification of dynamics, the conditional mean and covariance functions in equation (OA.2)
take a particularly simple form. Specifically, the conditional mean p, (7;7,s) € R? corresponding to

time horizon 7 is

(1 —e"7) e " 0\ [r
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O+p—LtoH)r—L2(1—e") La—erm) 1) \¢

K
which can be written in affine form as p, (7;7,¢) = A, (1) + By.o(7)(r;5), where A, (1) € R? and
B, (1) € R?*2 denote the coefficients depending only on 7 and the model parameters. Moreover, the

conditional covariance matrix X, (7) corresponding to time horizon 7 is given by
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Apparently, the conditional covariance matrix is a function of the model parameters and 7, but does not
depend on the short rate and stock price. Even though we neglect instantaneous correlation, the short
rate correlates with the stock price over finite time horizons due to its impact on the stock price drift,

reflected in the off-diagonal terms in equation (OA.4).



OA.2 Asset Pricing

Continuous-time dynamics. For asset pricing purposes, we also discuss the dynamics of the short
rate and the log stock price under the risk-neutral measure Q. Denoting by Z[ and Zt‘ independent
standard Brownian motions under QQ, we employ the market price of interest rate risk A to obtain
the relations dZ] = dZ! 4+ Ay dt and dZ; = dZ; + p/o. dt. Therefore, the short rate also follows an
Ornstein-Uhlenbeck process under Q with parameters given by & = & + Aoy, 0 = 0k/k, and &, = o,.
Analogous to equation (OA.1), we thus obtain the joint dynamics of r, and ¢; under the risk-neutral

probability measure Q by

dr RO —1r o 0 dzr
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Discrete-time dynamics. As before, for the joint dynamics of the short rate and the log stock
price specified in equation (OA.5), the conditional distribution is known in closed form. Analogous to

equation (OA.2), we obtain for time horizon 7 > 0 the form

Tt4r Tt - =
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The corresponding conditional mean fi, ((7;7,¢) € R? and covariance matrix X, (1) € R?*? are given

as in equations (OA.3) and (OA.4) when using the risk-neutral coefficients from equation (OA.5).

In addition, we can derive the dynamics for discount rates 6, = ttJrT rsds for 7 > 0, which are

essential for asset pricing. Specifically, using the dynamics in equation (OA.6), we obtain

t+7
/ rsds
¢

Here, the associated conditional mean fis(7;7) € R corresponding to time horizon 7 is given by
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The expression can be written in the affine form fi5(7;7) = as(7) + 135(7')7“, where as(7), 55(7) € R denote
the coefficients depending only on 7 and the model parameters. Moreover, the conditional variance

25(7) € R corresponding to time horizon 7 is given by

= 21‘%’3 (4e™FT — e AT L 2kT — 3). (OA.9)

Asset pricing. Given the dynamics of discount factors in equation (OA.7), we immediately obtain the

T-period zero bond price V,?(7) as

VP (r) =K [exp <— /t o Ts dsﬂ (OA.10)

=exp(—js(r;7) + 526(7—)) :



From the bond price in equation (OA.11) and the affine expressions in equations (OA.8) and (OA.9), we

thus derive the yield ¢; - in the affine form

1
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T
Rewriting the expressions obtained from equations (OA.8) and (OA.9), the required coefficients a,(7) =
—Lap(r) and b, (1) = —1bp(7), in terms of the coefficients in equation (2.4), take the form
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OA.3 Estimation with the Kalman Filter

Following Duan and Simonato (1999), we estimate the coefficients of the joint dynamics of the stock

price and the short rate by a Kalman filter approach.

Transition equation. The transition equation in the definition of the Kalman filter is an immediate

consequence of the conditional distribution stated in equation (OA.2),

Tttr Tt
= Aro(7) + Bro(7) +ne, (OA.13)
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with innovations 1;. The coefficients of the transition equation are determined by the coefficients of the
affine representation of the conditional mean in equation (OA.3). In our specific case, we set 7 equal to
one week for our estimation. Moreover, the distribution of 7, is determined by the conditional covariance
matrix in equation (OA.4), i, ~ N(0,3, .(7)). By construction, 1, are independently and identically
distributed.

Measurement equation. As measurements, we use the real log stock price ¢; as well as a vector of
real yields y; € R™ for n distinct maturities 7;. To be specific, we define the measurement equation of
the Kalman filter as
S 0 0 1 T 0
"= + S It . (OA.14)
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By equation (OA.11), we can express model-implied yields using coefficients A, € R® and B, € R"
with elements given by A; = a,(T;) and B; = b,(T3;), respectively. Observed yields y; differ from the
model-implied yields by some measurement error €, i.e., y; = t; 1, + €;. By assumption, measurement
errors are independent and identically distributed over time and cross-sectionally homoscedastic such that
€ ~ N(0,%,) with diagonal matrix ¥, = 021I,, € R"*" where I,, denotes the n-dimensional identity

matrix.

Data. The real stock price is measured as the closing levels of the S&P 500 total return index deflated
by the CPI, which we obtain from Datastream, and is assumed to be observed without error. Real
yields are obtained as continuously compounded TIPS yields following Giirkaynak et al. (2010). Daily
data on zero-coupon TIPS yields is available through the Fed, from which we obtain a subsample of

weekly observations over the period from Jan 2000 to Dec 2016. Specifically, we use yields corresponding



to maturities of 5, 10, 15, and 20 years, i.e., y; € R* with elements 3! corresponding to a maturity
T; € {5,10,15,20}.

Estimation. Having defined the measurement equation (OA.14) and the transition equation (OA.13),
the parameter vector (u,oc, K, 0,0, A, O'E)T can be obtained by a maximum likelihood estimation. For

details of the procedure, we refer to Duan and Simonato (1999).

OB Solution Methods

This section contains details on the solution methods used for our life-cycle model in section 2. We
describe the optimization problem (section OB.1), its normalization (section OB.2), the numerical solution
method (section OB.3), the construction of analytical gradients (section OB.4), and the measurement of

numerical errors (section OB.5).

OB.1 Optimization Problem

Formally, the optimization problem described in section 2.3 can be formulated recursively in terms of a
value function J; = Jy(Wy, Ly, 14, P;) by the Bellman principle of optimality (Bellman 1954). Conditional
on being alive at time ¢, the value function J; corresponds to the utility index V; in equation (2.8) given
optimal choices for policies C;, S;, B;, and A, for all 7 > ¢, subject to appropriate budget constraints.
Noting that Cy is determined through the budget constraint below for choices Sy, By, and A;, the value

function J; can be stated in the recursive form

1

1—y ) =9
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Given the individual’s liquid wealth W; and the cumulated life annuity claims L; at time ¢, supposing
that lending and short selling is prohibited in any assets and that the individual must consume at each

point in time, problem (OB.1) is subject to the budget constraints

Ci+ St + B+ Ay = Wy + Lpsr oy L (OB.2a)
Cy>0 (OB.2b)

Si, By >0 (OB.2¢)

A >0, ifteT (OB.2d)

A =0, ift&T. (OB.2¢)

To assure time consistency, liquid wealth W; needs to be linked to the value of liquid assets and the

individual’s income. Therefore, problem (OB.1) is moreover subject to the intertemporal constraints

Wip1 = S Ry + By RPy + Y (OB.3a)
Ay

L =L+ —-. OB.3b

t K ‘/tA(Tret) ( )

Since the optimization problem (OB.1) cannot be solved analytically, we employ numerical solution
methods. For solving the problem, we need to track as state variables the current time t itself as well as

the contemporaneous liquid financial wealth (W;), cumulated life annuity claims (L;), short rate (1),



and permanent income (P;). The problem can be normalized with respect to the permanent income
component due to homogeneity, which offers significant computational advantages by saving one input
dimension of the value function J;. The normalization is derived in section OB.2. After normalization,
we apply the approach proposed by Schober et al. (2022) and use hierarchical B-splines on a spatially
adaptive full grid to construct an approximant of the value function. Hierarchical B-splines as a choice
of basis functions have multiple advantages: First, they allow for locally adaptive refinement by placing
grid points automatically where the curvature of the value function is high (see section OB.3). Second,
B-splines are globally smooth, which can save more than one order of magnitude in computational
complexity compared to non-smooth basis functions for finding the optimal policies by sequential
quadratic programming (SQP). Third, they provide an analytical expression of the gradient of the value
function (see section OB.4), which we can pass to an SQP solver. This can reduce the computational
complexity by one order of magnitude compared to using finite difference approximations for the gradient
within the SQP solver. Lastly, this approach allows us to compute generalized Euler equation errors as
described by Dillschneider et al. (2019) for controlling the approximation quality of the optimal policies
(see section OB.5).

OB.2 Normalized Optimization Problem

The optimization problem (OB.1) can be normalized with respect to the permanent income component P;.
Thus, we compute normalized optimal policies s; = S;/P;, by = B;/P;, and a; = A/ P; for the normalized
states wy = Wy/P, and l; = L;/P,. With these definitions, induction yields an expression for the
normalized value function j; = J;/P; such that the homogeneity condition ji(wy,ly, ) = Ji(wy, by, ¢, 1)

holds. Indeed, the terminal condition in equation (OB.1b) can be expressed as

Jr, =Wr, + Ly, = Pr, (U/Tu + lTu) = Pr, jr, - (OB.4)

For the case without bequest when setting b = 0, induction through equation (OB.1la) moreover yields

1-v ) T
J; = max {Ctl_w + p(ﬂ't,t-‘rlEt[(Pt+1 jt+1)1_7]> o }

Sith7At
. 1—¢ ) T-9
— . — 1—
= _max {Ctl w+P(Wt,t+1]Et[(PteXP(ﬂ{t<Tre¢}€t+1)Jt+1) 7]) W}
StthuAt

1=y }w (OB.5)

— — _ . 1— 1—
=  max, {Ptl Vel 4+ P} wﬂ(Wt,t+1Et[(exp(ﬂ{t<Tret}€t+1)Jt+1) 7]) !
ts ts t

st,be,a¢

11— 1—
— i 1— T—
= P max {Ctl v +p(71—257t+1Et[(exp(ﬂ{t<Tmc}5t+1)Jt+1) 7]) ' }
=P, j;.

We trust the reader to complete the straightforward extension to the case with bequest motive when
b > 0, which evolves analogously. Combining equations (OB.4) and (OB.5) thus establishes the claimed
homogeneity condition for the value function.

As a consequence, the normalized problem for j; = ji(we,ls,7¢) corresponding to the original



problem (OB.1) becomes

. _ . 1—
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In accordance with the employed normalizations, we rewrite the budget constraints in equation (OB.2)

as

ct + St + by +ay = w + ]l{tZTrct}lt (OB.?a)

¢ >0 (OB.7b)

St,bt Z 0 (OB?C)

a; >0, ifteT (OB.7d)

ar =0, ift&T (OB.Te)

and the intertemporal constraint in equation (OB.3) as
siRPy ) + b RE
= 1 9 1 re B.
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Since all random shocks are jointly normally distributed, we can define a random vector w; =

(reyse,€6,9¢) T with conditional multivariate normal distribution
Wi41 |wt ~ N(uw(wt),Ew) . (OBQ)

Here, pto, (w¢) and X, denote the conditional mean and covariance matrix, respectively, whose components
are defined through equations (OA.3) and (OA.4) and the labor income shocks described in section 2.2.

Hence, the expected values in equation (OB.6) can be written in the form

1—

]
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where ®(-; p, ) denotes the cdf of a multivariate normal distribution with mean g and covariance

matrix 3. For our implementation, equation (OB.10) is approximated by a Gaussian quadrature.

0OB.3 Numerical Solution

We approximate the value function j; in equation (OB.6) by an approximant th, for which we use
hierarchical B-spline interpolation on a spatially adaptive full grid. In what follows, we give details on
the formal construction, following Schober et al. (2022).

With hierarchical basis functions, for a given level n € N¢, the d-dimensional grid I';, on the bounded

domain T’ = [I, u] with lower boundaries I € R? and upper boundaries u € R? has equidistant mesh



width (w —1)2~™ with respect to each individual coordinate. The grid points of the grid are
(@i =l+i(u—-0)27" [0<i<27"}. (OB.11)

Here, for two vectors a, b, it is @ < b if a’ < b* for all 4. In addition to what has been proposed by Schober
et al. (2022), we use a transformation to distribute the grid points closer in regions where the value
function has sharp kinks (usually low values of w; and I;). Specifically, we use groot(2) = 2/ with p = 8
and giog(x) = log(z+s) with s = 1. Our calculation base for w; and I; is 10000 US dollars, and we choose
the (transformed) boundaries I = (gro0t(0.02), giog(0),0 — 35,) " and u = (groot(50), giog(10), 6 + 35,)
to truncate the continuous state space where ¢, = 0./ V/2k is the long term standard deviation of dr.!
We pick a level that is equal for every dimension, n = (4,4,4) T, which accounts to (2* + 1) = 4913
grid points equally distributed in [l, u], and interpolate the value function on this grid using hierarchical

B-splines. To evaluate the interpolated value function j7*, we then map any (wy,l;, )" to @; € T via

Ty = (groot(wt)a glog(lt); rt)T . (OB.12)

To determine the value function values at the grid points at time ¢, we apply the inverse mapping of
equation (OB.12), compute the optimal policy for these points using the known value function interpolant
jgj_l, and fit the interpolant afterwards. We then adaptively refine the resulting grid in each time step as
described in Schober et al. (2022) using the surplus-volume refinement criterion with refinement tolerance
1-10~2. This way, a maximum of around 100 grid points is additionally inserted in one time step.

Let us denote the grid with Ny, points by I'y, = {z; ) | k = 1,..., N, }. Then, the value function

values in between grid points are interpolated by

37w b, 1) = ZVk@c x) (OB.13)

with B-splines of degree three as basis functions ¢, and x; as defined in equation (OB.12). The
corresponding coefficients v are computed by interpolating the value function values at the grid points
(Valentin 2019).

We employ numerical integration on sparse grids to compute expectations involving the interpolated
value function in equation (OB.13) using Gauss-Hermite quadrature. By this, we break the curse of
dimensionality for high-dimensional numerical integration, which considerably saves quadrature nodes
(and by this evaluations of the interpolated value function) as our integration domain is already four-
dimensional. As quadrature nodes may lead to evaluations of the value function at points outside of T,
we use the first term of the Taylor approximation of the value function — i.e., linear extrapolation using
the exact gradient of the interpolated value function as the slope — to compute these value function
values as described in Valentin (2019).

The code is written in MATLAB where the interpolation is implemented by a MEX file interface to the
sparse grids C++ toolbox SG™" (sgpp.sparsegrids.org). The quadrature routine was implemented
by a MEX file interface to the TASMANIAN sparse grids C++ toolbox (tasmanian.ornl.gov). For the
optimization we used the gradient-based SQP solver SNOPT in the implementation of the Numerical
Algorithms Group (www.nag.co.uk). Within the optimization, we set the stopping criteria Optimality
Tolerance to 110710 for ¢ < Ty and higher to /(1 - 1071%) after retirement. This is because the
optimization problem is easier to solve after retirement when the annuity policy is constrained to 0,

which reduces the control space by one variable and only the gradient of the value function with respect

1In the case of one-time annuitization at age 64, more wealth is accumulated, and we have to choose a bigger grid
setting ul = Jroot (80) with p = 9.5 to keep the grid point density for low values of w; approximately the same as before.


sgpp.sparsegrids.org
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to w; is required. To avoid being stuck in local minima, we use approximately 10 multi-start points. In
the rare cases the optimizer did not converge, we stopped the optimization after 100 iterations. The
overall computational time for the optimization of each grid point at each age was about 150 minutes
(slightly varying for different cases) using 80 cores with clock speed 3.2 GHz on a cluster, where we
parallelized with MATLAB’s parfor.

OB.4 Analytical Gradients

Within our solution method, we provide analytical gradients of the approximant jg“ in equation (OB.13)
to the employed local sequential quadratic programming (SQP) solver. In what follows, we give details
on the construction of these gradients, where — for the ease of exposition — we assume a zero bequest
strength with b = 0.

Since the gradient Vg, ¢ is known for each £ =1,..., N,,, we can also interpolate the derivative of

the value function j7* in equation (OB.13) with respect to w; and I; by

& 4 LN 9
thjt (wi, le,re) = kZ:l Vkaixtl@c(wt) Etgroot(wt) (OB.14a)
d Moo 9 B
a—ltj{‘t(wt,lhrt) = kZ:l yk%%m(wt) Eglog(lt) . (OB.14D)

We can state the objective function of the optimization problem (OB.6) as

1—1 i—9¢
= — ~ 1— T—
]t(St;btaatawtalt7Tt) = {Ctl v + P(Wt,t-s-l]Et[(]tH) ’Y}) } > (OB-15)

abbreviating 3t+1 = jt+1(wt+1, lt+1, ’I‘t+1) according to the definition 3t+1 = jt+1exp(1{t<Tret}€t+1)' We
interpolate j7i; = jAA exp(lit<7,,16¢+1) in the right-hand side of the objective function (OB.15) with
the B-spline interpolant (OB.13) evaluated at (w¢41,lt+1,7++1) to obtain an interpolant for the objective

function

|

1-9 ) -9
~ _ N 1— j
jiA(St, bt,at,wt, lt7rt) = {C; 4 + ,0(7Tt,t+1Et[(JZi1) ’Y]) } . (OBlG)

With the B-spline interpolant of the derivative (OB.14) evaluated at (wyy1,li+1,7¢+1), the derivatives of
the objective function (OB.16) with respect to the policies s, b;, and a; are

0 ~ ~ AW 1—v ’I:w —y
8754%4 = (JtA) <_Ct vt P(Wt t41Ee Jt+1) ]) ! o1 (JZL-‘H) 8 .]t+1Rt+1 (OB.17a)
0 5a_ ;Y E(GA) B GAY RE (OB.17b
8b = (ji" ) =+ p| Tl Jt+1) ]) T, 110 (]t+1) 3 Jt+1 t+1 17b)
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——j = (G —th"‘p(ﬂt 1B () VD Tt t+18e (Jt“il) ! JfH A (OB.17c)
aCLt 8 V
We can now supply these gradients to an SQP solver to solve the Bellman problem (OB.6) numerically

at all grid points x, ) (k=1,..., Np),

.7'24(91?);(%1( 1) Groot (T7 (1)) T2 (1)) = max {5{4(%bt’at,91;;(%1,(1:))’gr_ci)t(ﬂf?,(k))’xf,(k))}- (OB.18)

st,be,at

As a result of the optimization, we obtain the values of the interpolant th(k) and the optimal policies



(5?22)7 b?,IEZ:)? G?EZ)) at these grid points for all ¢t < T, (k=1,...,Ny),

(5708 0008 a50) T = awgmax{ G4 (st bes a0 Giob (51 1)) G (57,10 7 1y) } (OB.19)

st,bt,at

OB.5 Generalized Euler Equation Errors

From the optimization, we have the optimal policies at the points of the grid I',,. Within our simulation
study, we then interpolate optimal policy values in between grid points using the same approach as in
equation (OB.13) with B-splines of degree one as basis functions, i.e., we interpolate linearly. We denote
these interpolants evaluated at any given state (wy, I, r¢) by soPUA, poPtA | (OPHA,

To assess the quality of our numerical solution to the optimal policies, we have to resort to Euler
equation errors as there is no analytical or reference solution available. We follow Dillschneider et al.
(2019) to compute the generalized Euler equation error for the interpolated optimal annuity policy agpt’A,
as this is the policy of the highest interest to us.? Dillschneider et al. (2019) show that for the very
similar model with regard to the optimization problem properties of Horneff et al. (2008), the Euler
equation error for the annuity policy cannot be determined by conventional means, but can be computed
with the generalized Euler equation errors that require an approximation of the value function’s gradient.

To derive our error measure, we set up the Lagrangian £; with multipliers A; € R* for problem (OB.6).
As annuities can only be bought before retirement, we only look at the resulting optimization problem
for t < Tret,

Et = 515 -+ )\tl (wt — St — bt — a¢ — cmin) -+ )\?St -+ )\?bt -+ )\fat , (OBQO)

where ¢y, is an arbitrarily small minimal consumption level.? The first-order condition with respect to

the optimal annuitization policy a; is (see equation (OB.17c))

y=v

8 ~ — Al— 1—v A— a . 1
%ﬁt = J;p <_Ct v + P(Wt,tJrlEt []t+17]) Tt 11K |:.7t+’yl Wﬂ]ﬂrl VtA}) - )‘% +Af =0. (0OB.21)

For our error measure, we neglect binding constraints, i.e., we assume A\} = \} = 0. For any given state
Wy, bg, T¢), We determine w, . ", Thyand ¢ T a e optimum (s, 7, Th,ay 7). Rearranging
l determine w1979 and ¢;*"* at the opti optA popt A goptAy R i
and evaluating equation (OB.21) at the approximated optimum yields the generalized unit-free Euler

equation error

1

— Y
opt, A -1 A 1—v W17*/ A —y 8 3 1
e = (™) (P(Wt,tHEt[(JfH) ]) Tt 4114 [(JZL) ﬂ]ﬁi—lﬂ -1, (0B22)
¢
where jii | and 9ji},/ 0l;11 are evaluated at (w?ﬂ’A, lfﬂ’A, rer1)

We then randomly choose N = 1000 points @) € I' (k = 1,..., N), which are the same for all times

t =1Ti,...,Tiet — 1, and compute the errors € () = € (glj)g1 (xtl,(k)), ggét(xi(k)), 1‘?7(@) for each ¢. Finally,

2More specifically, the Euler equation errors deliver a set of equations that must hold for cfpt, one for each optimal

policy, and all interpolated optimal policies contribute to each of these errors, see below. We have also computed the

generalized Euler equation errors for s?pt’A and bgpt’A and find that they have the same magnitude as the errors for
opt,A

a .
t

3In the optimization, we choose ¢min = 0.001.
4For a detailed derivation, see Dillschneider et al. (2019).

10



we determine the L', L2, and the L> norm for each ¢ such that

N
L' . 1

& =% > lee )l (OB.23a)

k=1

. 1 &
k= v > e 2 (OB.23b)

k=1
etLoo = max{|e;, | | k=1,..., N}, (0OB.23c¢)

where we set ¢, () = NaN whenever Al # 0 or A} # 0 for any T(k)-

OC Comparing Term-Certain and Life Annuities

In order to gain a better understanding of their inner workings, we provide an illustrative comparison of
term-certain annuities and life annuities at different ages, each promising a unit payment in every year
starting at the retirement age Ty = 65 until the maximum age T3, = 100. The only economic difference
of these contracts is that a life annuity provides payments conditional on survival of the annuitant, while
a term-certain annuity provides payments that are unconditional. To enable a numerical comparison, we
use our Monte Carlo simulation setup and the parameterization in table 2.2 to generate 10 000 interest
rate paths over the period from age 20 to age 64, representing the eligible purchase dates in T39_g4. For
each of these paths, we then determine at every age the respective annuity prices using equation (2.5)
with 7; ; = 1 for term-certain annuities and 7; s = m s for life annuities, given the simulated interest
rate levels. Figure OC.1 displays the cross-sectional distributions of annuity prices and implied yields at

different ages obtained from these Monte Carlo simulations.
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Figure OC.1: Distribution of prices and implied yields over time for term-certain annuities (panel a)
and life annuities (panel b) with deferral until Tyo; (shaded area) and corresponding averages (red line).
The shaded area corresponds to the range between the 5th and 95th percentile of the distribution at a
given t; darker colors indicate higher density. Distributions are computed over 10000 simulated interest
rate paths. Model parameters are taken from table 2.2.

As visible by comparison of figures OC.1(a) and OC.1(b), the survival contingency significantly affects
the pricing of these assets. For an individual aged 30, the term-certain annuity costs on average 7.82 US
dollars, while an otherwise equivalent life annuity costs on average just 4.84 US dollars. The difference,
which reflects (risk-adjusted) survival probabilities, is referred to as the mortality credit. Economically,
the mortality credit represents the monetary value of the deallocation of payments from states in
which the annuitant is dead. As suggested by Milevsky (2005a,b), we can also express the mortality
credit through (annualized) implied yields, which for the same age equal 3.07 % and 4.05 % on average,
respectively. Mortality credits are not constant over time, but increase with age. In fact, term-certain
annuity prices increase faster than life annuity prices, with implied yields decreasing for the former
while increasing for the latter. At age 60, on average, the term-certain annuity has an implied yield
of 2.82 %, whereas the life annuity has an implied yield of 5.05%. Intuitively, the increasing mortality
credit reflects the decreasing average survival probabilities embedded in life annuities. Not only are life
annuities available at a discount compared to otherwise identical term-certain annuities, but also do
their prices exhibit lower variability due to their shorter effective duration. These properties make life

annuities an attractive investment to reallocate wealth for retirement.

OD Optimal Gradual Annuitization over the Life Cycle

This section provides supplementary results for section 3. We investigate the effects of labor income risk
in section OD.1, different Epstein-Zin preference specifications in section OD.2, and actuarial loadings in
section OD.3.
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OD.1 Impact of Labor Income Risk

It is well-established that the presence of labor income risk induces savings based on a precautionary
motive (Leland 1968; Levhari and Srinivasan 1969). With regards to income shocks, Wang et al. (2016)
find that permanent shocks make consumption smoothing quantitatively more difficult and that they
have a more significant effect on savings than transitory shocks because permanent shocks are harder
to self-insure against. This causes the agent to generally hold larger precautionary savings in life-cycle
models (e.g., Gomes 2020).

For the case of spanned labor income risk, Munk and Sgrensen (2004, 2010) argue that a hedge
portfolio can be constructed using a money market investment and a long-term bond to achieve a desired
structure of future consumption. In our model, labor income risk is fully unspanned (i.e., independent
of all financial assets), which makes a hedge portfolio infeasible. Nevertheless, the available financial
assets allow to build up precautionary buffer savings to absorb future labor income risks (Carroll 1997;
Deaton 1991). While liquid financial assets can be used for precautionary savings at any horizon, annuity
holdings can solely buffer income risk manifesting during retirement.

In the presence of interest rate risk, there is an additional precautionary effect on savings that
accounts for the more difficult build-up of long-term savings due to the additional riskiness of liquid
assets, both the money market and the stock. On the other hand, an increase in interest rate risk also
gives rise to an opposing substitution effect, making saving less attractive due to the accompanying
deterioration of liquid assets (Eeckhoudt and Schlesinger 2008). Annuities may be subject to analogous
effects. From a precautionary perspective, annuities still offer a risk-free opportunity to long-term
saving, which would make them more attractive relative to liquid assets for that purpose. However, as
short-term saving becomes more risky, a counteracting substitution effect would actually increase also
their illiquidity costs, as the preference shifts towards more liquid holdings to buffer short-term shocks.

We quantify these effects within our life-cycle model by defining precautionary savings to be the sum
of the average holdings in stocks, bonds, and the present value of cumulated annuity claims. Following the
established insight that variation in permanent income risk is of much higher importance than variation of
transitory income risk (e.g., Gomes 2020), we consider different levels of the permanent income volatility
0., while leaving the transitory income volatility oy at its base-case value. Specifically, we investigate
three cases of higher (0. = 15.44 %), lower (0. = 5.15%), and no (0. = 0.00 %) permanent labor income
risk. Consistent with our discussion above and the existing literature (e.g., Gomes 2020; Munk and
Sgrensen 2010), our results on the level of total precautionary savings (not reported) indicate that higher
labor income risk induces larger holdings of financial assets over the life cycle. The quantitative effect
is substantial for each given level of interest rate risk, compared to the effect of interest rate risk for a
given level of labor income risk.

With our agenda in this paper, we are particularly interested in the part of precautionary savings
that can be attributed to annuities. Therefore, figure OD.1 investigates the effect of labor income risk

on whether and to what extent the individual participates in the annuity market.
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Figure OD.1: Average cumulated annuity claims Efpt at age t for different levels of short rate volatility
o, and permanent income volatility o. in market B.

Our base-case parameterization with interest rate risk o, = 1.05% and permanent labor income risk
. = 10.30% is shown figure OD.1(a). In line with our previous discussion of interest rate effects,
figures OD.1(b) and OD.1(c) convey that participation in the annuity market is shifted to later ages and
fewer annuity claims are acquired for lower interest rate risk. With regards to income risk effects at any
given level of interest rate risk, we observe quantitatively sizable effects of even larger magnitude in the
same direction. In other words, higher income risk tends to induce earlier annuity market participation
and overall more annuity purchases. For our base-case interest rate risk scenario with o, = 1.05%,
we find that a high level of labor income risk yields an increase in average cumulated annuity claims
at retirement to 20719 US dollars (+34.16 %), whereas low labor income risk leads to a decrease to
10327 US dollars (—33.13%). Without labor income risk, average cumulated annuity claims decline
even to 8262 US dollars (—46.50 %). Similar relative changes are observed also in the other interest
rate scenarios. Hence, this verifies that annuities indeed play an important role as precautionary buffer
savings for retirement income risks, which are implied by the specification of the labor income process in

equation (2.6).

OD.2 Impact of Preference Specifications

So far our analysis has been limited to time-separable utility, i.e., the CRRA case ¥ = . Inkmann
et al. (2011) find that the main determinants of annuity demand are the RRA, the EIS, and the bequest
motive. A life-cycle model with reasonable preference parameters can then match the observed low
annuity market participation and average annuity demand during retirement when an empirical wealth
distribution is used as an input to the simulation. Consequently, to assess how the individual’s preferences
shape optimal annuity demand over the life cycle, we vary the EIS and RRA in our model specification.

From an economic perspective, the effect of the RRA on precautionary savings and consumption is
clear, as higher risk aversion leads to more precautionary savings and lower consumption at all levels
of wealth (Wang et al. 2016), which is also reported in the life-cycle literature (e.g., Cocco et al. 2005;
Gomes 2020). In contrast, the effect of the EIS on the consumption-saving decision can be ambiguous,
as it depends on return characteristics of the endogenously determined optimal portfolios (Campbell
and Viceira 1999; Inkmann et al. 2011) and can be shown to act opposingly at the low and high ends of
the wealth distribution (Wang et al. 2016). Not surprisingly, therefore, the life-cycle literature reports
both positive (e.g., Gomes and Michaelides 2005) as well as negative (e.g., Cocco et al. 2005) effects on
precautionary savings when increasing the EIS.

To quantify and assess the direction of the effects in our life-cycle model, we consider different
Epstein-Zin parameterizations in addition to our baseline CRRA case with v = ¢ = 5. In particular, we
counsider a low EIS of 1/¢ = 0.1 (¢ = 10) and a high EIS of 1/¢ = 0.3 (¢ = 3.33), while keeping the risk
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aversion at v = 5. We then repeat this exercise with a (very) low RRA of 7 = 2 and a high RRA of
v = 8, while setting v» = 5. Each combination with + > 1 implies a preference for early resolution of
uncertainty, while v < v implies a preference for late resolution of uncertainty.

Our results on the level of total precautionary savings (not reported) indicate that the individual
builds up more savings, the higher the EIS is. This is consistent with the anticipated behavior when
expected returns of endogenously determined portfolios exceed the mortality-adjusted discount rate
(Gomes 2020) or when wealth is low (Wang et al. 2016). Overall, for the chosen variation in this parameter,
the magnitude of this effect is moderate, but increasing in the level of interest rate risk. Turning to the
RRA, we obtain the expected outcome that the individual tends to save more for higher levels of risk
aversion. The effect is strong, especially for the chosen low RRA level, and again somewhat increasing in
the level of interest rate risk. Intuitively, these results reflect that the individual is increasingly willing
to give up current consumption to build a buffer for future consumption, thereby effectively engaging in
consumption smoothing over time and states.

It can be expected that the effects on overall precautionary holdings spill over to annuity demand.

Figure OD.2 investigates the results for the suggested alternative Epstein-Zin preference parameteriza-
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Figure OD.2: Average cumulated annuity claims L{P" at age t for different levels of short rate volatility
o, and different preference parameterizations v, v in market B.

These pretty much mimic the effects on overall precautionary savings. When varying the EIS in
figures OD.2(a) to OD.2(c), we find a moderately increasing effect on the annuity demand, which is
larger for higher interest rate risk. For our base-case interest rate scenario with o, = 1.05%, a larger
EIS leads to average cumulated annuity claims at retirement of 17824 US dollars (+15.42 %), while a
lower EIS yields 13016 US dollars (—15.72 %). With regards to the RRA in figures OD.2(d) to OD.2(f),
we observe a stronger impact. A higher RRA goes along with earlier and higher demand for annuity
claims in each of the interest rate scenarios. In our base-case interest rate scenario, we specifically obtain

average cumulated annuity claims at retirement of 18822 US dollars (+21.88%). Especially for the
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chosen low RRA parameterization, we find that annuity demand is significantly delayed and reduced to
4587 US dollars (—70.30 %), and even almost completely crowded out for the constant interest rate case
with 1390 US dollars (—87.98 %). The latter is due to lower precautionary savings and a larger allocation
to risky assets in that case. This is further facilitated by the fact that we determine stock dynamics
using market data, but equip the individual with economically reasonable preference parameters, which
renders the stock overly attractive by the well-established equity premium puzzle (Mehra 2007; Mehra
and Prescott 1985, 1988; Rietz 1988). Overall, for less extreme preference parameterizations, our results
in figure OD.2 suggest that increasing precautionary savings occur to a significant part through the

annuity market.

OD.3 Impact of Actuarial Loadings

So far, we have maintained the assumption that annuities are priced in an actuarially fair way such that
it,s = T, holds in equation (2.5). However, it has long been argued that empirically the pricing of
annuities is not actuarially fair in this sense (e.g., Finkelstein and Poterba 2002, 2004; Mitchell et al.
1999), but rather incorporates actuarial loadings. If annuities are relatively more expensive, it can be
expected that the annuity demand decreases accordingly, an effect that we aim at quantifying in what
follows. To get an idea of the quantitative impact, we set 7y s = (1 + £)m s for some actuarial loading
£ > 0, which makes the results easy to interpret, as this is equivalent to a proportional increase in all
annuity prices. For this, we choose a low (¢ =5 %), medium (¢ = 10%), and high (¢ = 20 %) level of
actuarial loadings, which covers a reasonable range of values (e.g., Mitchell et al. 1999). Nevertheless,
considering alternative non-proportional choices of 7, s > 7 may entail additional non-trivial effects on
the structure of the annuity demand that are not captured by our analysis.

Figure OD.3 shows the effects of our specification of actuarial loadings on the gradual demand for

annuities, differentiated by levels of interest rate risk.
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Figure OD.3: Average cumulated annuity claims L{P" at age t for different levels of short rate volatility
o, and actuarial loadings ¢ in market B.

Roughly speaking, our numerical results indicate that increasing the annuity price by a factor of 1 + ¢
approximately decreases cumulated annuity claims at retirement by a factor of 1 — £, on average. Hence,
the value invested in annuity claims stays more or less constant, only the number of acquired annuities
changes with their price increase. Accordingly, for £ = 20 % in our base-case interest rate scenario, on
average 12476 US dollars (—19.21 %) worth of annuity claims are held at retirement. Without interest
rate risk, acquired annuity claims amount to 8063 US dollars (—30.27 %). Despite the effect on annuity
prices, the general temporal structure of gradual annuitization is not substantially affected by our choice
of actuarial loadings, although some notable structural effects can be witnessed. Annuity demand is

slightly more impacted at ages closer to retirement relative to earlier ages in the life cycle. One additional
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change in this regard is that the spike in annuity demand at the last eligible purchase date becomes
significantly less pronounced for higher levels of actuarial loadings, implying that the binding timing

constraint is less relevant when annuities are more expensive.

OE Optimal One-Time Annuitization and Its Welfare Costs

This section provides supplementary results for section 4. We investigate the effects of labor income risk
in section OE.1, different Epstein-Zin preference specifications in section OE.2, and actuarial loadings in
section OE.3. Moreover, we provide further details on the impact of bequest motives and life insurance

in section OE.4 and longer-term bonds in section OE.5.

OE.1 Impact of Labor Income Risk

As discussed in section OD.1, the level of permanent labor income risk is an important determinant
of precautionary savings and annuity risk. Accordingly, we can expect also a sizable effect on the
economic costs of one-time annuitization relative to gradual annuitization and on the relative difference
of cumulated annuity claims. In addition to our base-case parameterization of o, = 10.30 % studied so
far in section 4.1, we again consider three cases of higher (0. = 15.44 %), lower (0. = 5.15%), and no
(0. = 0.00 %) permanent labor income risk.

Tables OE.1 and OE.2 report the associated indifference wealth levels, certainty-equivalent consump-

tion streams, and average cumulated annuity claims at retirement.

0. = 15.44% e =5.15% o =0.00%
Ty WQO Eggt Wgo [_/th WQO Eggt
Tes 31941 21873 15234 10235 14967 8006
Losg  Teo-oe 14840 20719 14840 10327 14840 8262
T A 17101 1154 393 —93 127 —255
A 11523%  557% 2.65% —0.90% 0.85% —3.00%
Tou 25261 19391 14990 9177 14903 7180
T 14840 17650 14840 8701 14840 7045
P Aune 10421 1741 150 476 62 136
A 70.22%  9.86% 101%  547% 042%  1.92%
Tou 21948 17287 14920 7991 14888 6087
T 14840 15628 14840 7544 14840 5958
T Aune 7107 1658 79 447 47 129
A 47.89% 10.61% 053%  5.92% 0.32%  2.16%

Table OE.1: Indifference wealth levels Wag at age 20 and cumulated annuity claims f/ggt at age 65
for different levels of short rate volatility o, and permanent labor income volatility o. in market 5.
Absolute values are denominated in US dollars. Relative values are expressed using the gradual values as
denominator.

17



0. =15.44% o =5.15% o = 0.00%

Or C’?O 065 CA'QO éﬁ5 CA120 CA’65

Tes 10235 42552 19187 30290 20314 27953

Lo, Tro-es 10971 40819 19272 30156 20350 27998
T Aune 737 1733 _85 133 —36 —45
A —6.71% 4.25% —0.44% 0.44% ~018% —0.16%

Tes 10290 40916 19172 29803 20305 27591

oszy Tm-ss 10767 38572 19204 29070 20322 27142
T Aune 477 2344 —33 733 —18 449
Ava  —443% 6.08% —017% 2.52% —0.09%  1.65%

Tes 10257 39604 19157 29405 20297 27302

o000 Tr-ei 10584 37425 19174 28771 20311 26965
T Aune 327 2179 _17 634 ~13 338
A —3.09% 5.82% —0.09% 2.20% —007%  1.25%

Table OE.2: Certainty-equivalent consumption Coo (over the whole life cycle) and Cos (over the
retirement period) for different levels of short rate volatility o, and permanent labor income volatility o.
in market B. Absolute values are denominated in US dollars. Relative values are expressed using the
gradual values as denominator.

Overall, the results underline that permanent labor income risk is a key driver of the gradual annuitization
decision and, thereby, also of the welfare costs associated to exogenous timing constraints on this decision.
Due to the receding precautionary savings motive with lower labor income risk, we observe an increase
of absolute certainty-equivalent consumption levels compared to the baseline cases in table 4.1. Not
surprisingly given our prior observations in section OD.1, we see that lower labor income risk has a
dampening effect on the gap between one-time and gradual annuitization. This is as expected because
the optimal gradual annuitization decision was found to be postponed until closer to retirement, thereby
effectively reducing the temporal distance to the decision date for one-time annuitization. Specifically,
the level of labor income risk is positively related to the magnitude of welfare losses over the whole
life cycle and of welfare gains over the retirement period as well as to the relative difference in average
cumulated annuity claims at retirement.

Indeed, for low labor income risk at 0. = 5.15% in our base-case interest rate risk scenario with
o, = 1.05 %, the wealth welfare loss now merely amounts to 2.65 % (393 US dollars), while the consumption
welfare loss over the whole life cycle is only 0.44 % (85 US dollars). This welfare loss further shrinks
without interest rate risk. Likewise, the consumption welfare gain over retirement only amounts to 0.44 %
(133 US dollars) for our base-case interest rate risk scenario, going along with slightly fewer average
cumulated annuity claims at retirement. The life-cycle losses and gains shrink even further without
permanent labor income risk at all levels of interest rate risk. On the other hand, the gap significantly
widens for higher labor income risk, which would optimally imply even earlier gradual annuitization
relative to the base case. In our high labor income risk scenario with o, = 15.44 %, the wealth welfare
loss is 115.23 % (17101 US dollars) and the consumption welfare loss over the whole life cycle is 6.71 %
(737 US dollars) in the base-case interest rate scenario. Over retirement, consumption welfare gains
also become more pronounced, rising to 4.25% (1733 US dollars) in the base-case interest rate scenario,

while 5.57% (1154 US dollars) more annuity claims are acquired compared to gradual annuitization.
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OE.2 Impact of Preference Specifications

Following the analysis in section OD.2, risk preferences are important determinants that shape precau-
tionary savings, which can thus also be expected to affect the welfare losses of timing restrictions on
the annuitization decision and the associated relative changes in the accumulation of annuity claims.
In addition to our baseline CRRA parameterization with v = = 5, we also consider the alternative
Epstein-Zin parameterizations introduced before. Specifically, we take a low EIS (¢» = 10) and a high
EIS (¢ = 3.33) with the base-case RRA as well as a low RRA (v = 2) and a high RRA (v = 8) with
the base-case EIS. In our analysis, we stick to measuring welfare losses through relative increases of
indifference wealth levels and relative differences of certainty-equivalent consumption streams, which now
entails that we are effectively comparing losses as perceived by different individuals, each being equipped
with distinct preferences. This complicates the interpretation, but still yields interesting economic
insights.

Tables OE.3 and OE.4 present the results for the associated indifference wealth levels, certainty-

equivalent consumption streams, and average cumulated annuity claims.

v =5.00 ¥ = 5.00
Y =3.33 ¥ =10.00 v =2.00 v =8.00

Op W20 Eggt W20 Eggt WQO Eggt WQO Eggt
Te4 22915 18356 16 333 15032 15000 3460 29705 22419
1.05% T20—64 14840 17824 14840 13016 14 840 4587 14 840 18 822
o Aabs 8075 532 1493 2015 160 —1127 14 865 3597
Are 54.41%  2.98% 10.06% 15.48% 1.08% —24.56% 100.17%  19.11%
Te4 18103 16615 15469 13230 14928 2153 21004 20082
0.53 % T20-64 14 840 15150 14 840 11246 14 840 2221 14 840 16 348
oo Agbs 3262 1465 629 1985 88 —68 6164 3734
Arel 21.98%  9.67% 4.24% 17.65% 059% —3.07% 41.54% 22.84%
To4 15800 14599 14992 11517 14918 1379 16 984 17842
0.00 % T20—64 14840 13235 14 840 10036 14 840 1390 14 840 14754
T Aabs 960 1363 151 1481 78 -12 2143 3087
Ave  6.47%  10.30% 1.02% 1475 % 052% —0.83% 14.44% 20.92%

Table OE.3: Indifference wealth levels Waq at age 20 and cumulated annuity claims I_/ggt at age 65 for
different levels of short rate volatility o, and different preference parameterizations v, v in market 5.
Absolute values are denominated in US dollars. Relative values are expressed using the gradual values as
denominator.
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v =5.00 ¥ = 5.00

¢ =333 b = 10.00 ~ = 2.00 ~ = 8.00
O C,\'20 CAYGES 020 CAY65 éQO 065 éQO 065
Ter 15190 38092 14812 36155 18477 30733 12274 41947
o5y Twoer 15633 37443 15038 33773 18509 30171 12917 38241
‘ Aune 443 649 —9226 2382 33 562 —644 3706
Al —283% 1.73% ~150%  7.05% —0.18% 1.86% —4.98%  9.69%
Ter 15193 36668 14816 34910 18466 30507 12387 39653
oagy Toes 15871 35116 14914 32791 18484 30064 12674 35733
T A ~179 1552 98 2120 18 443 987 3921
A —1.16% 4.42% —0.66% 6.46% —0.10% 1.47% —297% 10.97%
Tes 15159 35590 14802 34192 18461 30382 12376 37871
000y Tw-e 15215 34132 14826 32447 18477 30009 12468 34457
T Aune 56 1458 94 1745 ~16 373 92 3414
Al —037% 4.27% —0.16% 5.38% —0.09% 1.24% —0.74%  9.91%

Table OE.4: Certainty-equivalent consumption Chg (over the whole life cycle) and Cos (over the
retirement period) for different levels of short rate volatility o, and different preference parameterizations
1, v in market B. Absolute values are denominated in US dollars. Relative values are expressed using
the gradual values as denominator.

The effects on gradual annuity demand identified in section OD.2 translate into life-cycle welfare losses
for the respective Epstein-Zin parameterizations. In that sense, a higher EIS and higher RRA have an
amplifying impact on these losses as compared to the baseline parameterization, with the magnitude
of welfare losses increasing in the level of interest rate risk, which is in line with the more pronounced
gradual demand for annuity claims in these cases. With regards to welfare gains over retirement, we
observe a decreasing behavior in the level of interest rate risk under preferences for early resolution
of uncertainty (i.e., v > ), whereas they exhibit the opposite behavior under a preference for late
resolution of uncertainty (i.e., v < v). Larger welfare gains over the retirement period are typically
associated with more average cumulated annuity claims at retirement.

For v = 5 and a high EIS in our baseline interest rate risk scenario, as gradual annuity demand is
increased according to figure OD.2, the welfare loss over the entire life cycle increases compared to the
baseline case in table 4.1. The wealth welfare loss amounts to 54.41 % (8075 US dollars) and the life-cycle
consumption welfare loss to 2.83 % (443 US dollars), with consumption welfare gains over retirement
diminishing to 1.73 % (649 US dollars) and relative differences in average cumulated annuity claims to
2.98% (532 US dollars). Under lower levels of interest rate risk, welfare losses are decreasing but remain
above their baseline levels, thereby aligning with the increasing retirement welfare gains and relative
differences in cumulated annuity claims. Interestingly, these results are driven by opposing effects, as
for higher EIS, the individual needs to compensate a larger gradual demand for annuities relative to
the base case, which increases precautionary savings under a one-time annuitization strategy. At the
same time, the individual is more willing to substitute consumption during retirement by consumption
earlier in the life cycle, which partially counteracts the precautionary saving motive, leading to a lower
relative effect on retirement consumption compared to the base case. For v = 5 and a low EIS in our
baseline interest rate risk scenario, effects are reversed in that retirement welfare gains are higher than in
our base case at 7.05% (2382 US dollars) with a larger relative difference in cumulated annuity claims
of 15.48% (2015 US dollars). At the same time, the life-cycle consumption welfare loss is also less
pronounced at 1.50 % (226 US dollars), similar to the wealth welfare loss at 10.06 % (1493 US dollars).
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The magnitude of welfare losses is again increasing in the level of interest rate risk and remains below
the respective baseline values, with higher retirement welfare gains and relative differences in average
cumulated annuity claims.

For ¢ = 5 and a high RRA, although retirement welfare gains in terms of relative certainty-equivalent
consumption increases are larger compared to the baseline case in table 4.1, the life-cycle welfare losses
are also larger. Our base-case interest rate risk of o, = 1.05 % yields a wealth welfare loss of 100.17 %
(14865 US dollars) and a life-cycle consumption welfare loss of 4.98 % (644 US dollars), which decrease at
lower levels of interest rate risk, despite an elevated consumption welfare gain over retirement of 9.69 %
(3706 US dollars) and relative difference of cumulated annuity claims of 19.11 % (3597 US dollars), which
both slightly increase at lower levels of interest rate risk. In addition to a larger penalty on consumption
variation, these losses reflect the increase in precautionary savings in general and in particular the earlier
and more pronounced gradual annuitization demand in figure OD.2, which reduces consumption before
retirement. As the individual optimally acquires more annuities over the life cycle, it effectively buys
protection against adverse shocks manifesting during retirement, which thus improves welfare with
regards to that period. With v = 5 and a low RRA, we consider a case in which annuity demand is
significantly reduced. The base-case interest rate risk scenario entails a wealth welfare loss of 1.08 %
(160 US dollars) and life-cycle consumption welfare loss of 0.18 % (33 US dollars), associated with a
retirement consumption welfare gain of 1.86 % (562 US dollars) and a significant reduction by 24.56 %
(1127 US dollars) of cumulated annuity claims. Both welfare losses and gains decrease slightly at lower
levels of interest rate risk, at which relative differences in cumulated annuity claims are only minor.
Naturally, considering the much smaller gradual annuity demand in theses cases, welfare losses are well

below the levels of the baseline parameterization.

OE.3 Impact of Actuarial Loadings

Analogous to section OD.3, we investigate the impact of actuarial loadings on the welfare losses incurred
by one-time annuitization and on the relative differences of cumulated annuity claims. To carry out our
analysis, we again modify our baseline interest rate risk scenarios by setting 7 s = (1 + €)m; s for some
actuarial loading ¢ > 0, for which we consider a low (¢ =5 %), medium (¢ = 10 %), and high (¢ = 20 %)
level, as before.

Tables OE.5 and OE.6 report the corresponding indifference wealth levels, certainty-equivalent

consumption streams, and average cumulated annuity claims.
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(=5% (=10% (=20%

Tr Wgo Eggt Wzo [_Jggt WQO Eggt

Tes 20507 15300 20652 14053 20848 11795

Logy, Tm-er 14810 14504 14840 13802 14840 12476
T Ak 5667 706 5812 251 6008 —681
Ava 38.18%  4.84% 39.16% 1.82% 40.48% —5.46%

Tes 16959 13260 16995 12090 17018 9924

o3y, oo 14840 12059 14840 11224 14840 9827
T A 2118 1201 2154 866 2178 97
Ava  1427%  9.96% 1452% 7.72% 14.67%  0.99%

Tes 15501 11657 15507 10521 15497 8456

000 To-er 14840 10553 14840 9617 14840 8063
T Ak 660 1104 667 905 656 393
Ava 445% 10.46% 4.49%  9.41% 4.42%  4.87T%

Table OE.5: Indifference wealth levels Wy at age 20 and average cumulated annuity claims Eggt at age
65 for different levels of short rate volatility o, and actuarial loadings ¢ in market 5. Absolute values
are denominated in US dollars. Relative values are expressed using the gradual values as denominator.

(=5% (=10% (=20%
Opr 020 éﬁ5 CQO CA’65 OQO CA’65
Tes 15087 36516 15049 36118 14982 35440
Loy, Tro-es 15450 35121 15416 34861 15354 34443
T Aune —363 1395 367 1256 —372 997
A —235% 3.97% ~2.38% 3.60% —242% 2.89%
Tes 15091 35295 15054 34935 14989 34369
omzy Tm-er 15241 33570 15205 33328 15138 33046
T Aune 150 1725 ~151 1607 149 1324
A —0.98% 5.14% —0.99% 4.82% —0.99% 4.01%
Tea 15064 34394 15028 34079 14966 33713
ooy Tm-er 15112 32851 15077 32599 15012 32343
T Aune 48 1544 48 1480 —47 1370
A —0.32% 4.70% —0.32% 4.54% —0.31% 4.24%

Table OE.6: Certainty-equivalent consumption Cao (over the whole life cycle) and Cos (over the
retirement period) for different levels of short rate volatility o, and actuarial loadings ¢ in market B.
Absolute values are denominated in US dollars. Relative values are expressed using the gradual values as
denominator.

Interestingly, while absolute certainty-equivalent consumption levels decrease with increasing actuarial
loadings due to more precautionary savings, the relative welfare losses due to one-time annuitization
are hardly affected compared to table 4.1. As noted previously in the context of figure OD.3, actuarial
loadings do not substantially impact the temporal structure of the gradual demand, which is a key driver
for the welfare loss due to one-time annuitization. Our specification of actuarial loadings approximately
acts as a scaling factor on overall annuity demand under either annuitization strategy, which by itself
decreases precautionary savings. In response to higher actuarial loadings, the individual makes up for
the deteriorated attractiveness of life annuities by increasing liquid precautionary savings, especially

when exposed to higher interest rate risk. We thus observe a slight increase of life-cycle welfare losses
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in our base-case interest rate risk scenario with o, = 1.05%, rising to 40.48 % (6008 US dollars) in
indifference wealth levels and 2.42% (372 US dollars) in certainty-equivalent consumption levels for
¢ =20%. Similar effects are hardly visible for lower interest rate risk scenarios. This is consistent with
our prior observation that annuity demand more distant to retirement appears to be less affected by
actuarial loadings, which is more relevant for higher levels of interest rate risk. In addition, we find a
noticeable decrease in the retirement consumption welfare gain and in the relative change of average
cumulated annuity claims as actuarial loadings increase. For our base-case interest rate risk scenario and
¢ = 20%, the welfare gain now only amounts to 2.89 % (997 US dollars), well below the gain reported in
table 4.1. In that case, average cumulated annuity claims even drop by 5.46 % (681 US dollars) under

one-time annuitization. Analogous effects are witnessed also at lower levels of interest rate risk.

OE.4 Impact of Bequest Motives and Life Insurance

Supplementary to the results in section 4.2, table OE.7 reports the certainty-equivalent consumption

streams for the cases with bequest motives and life insurance.

without life insurance with life insurance

b=32 b= 3125 b=32 b=3125
Or 020 065 ézo 065 020 éﬁs 020 éﬁs
Toa 15011 35997 14401 34297 15023 36084 14769 34378
1.05% T20—64 15370 34795 14688 33657 15398 34824 15177 33002
’ ’ Aabs —358 1202 —287 640 —375 1260 —408 1376
A —233% 3.45% -1.95% 1.90% —2.44% 3.62% —-2.69% 4.17%
Te4 15021 34813 14426 33234 15032 34873 14784 33203
0.53 % T20—64 15170 33126 14545 31829 15186 33200 14943 31521
' 0 Agbs —148 1687 —119 1405 —154 1673 —159 1682
A —098% 5.09% —0.82% 4.41% -1.02% 5.04% -1.06% 5.34%
Toa 14997 33946 14413 32449 15006 33998 14761 32386
0.00% To0—64 15046 32393 14453 30837 15057 32424 14808 30387
' ’ Aibs —49 1553 —40 1612 —50 1574 —48 1999
A —032% 4.79% —-0.28% 5.23% —-0.33% 4.86% —-0.32% 6.58%

Table OE.7: Certainty-equivalent consumption Coo (over the whole life cycle) and Cos (over the
retirement period) for different levels of short rate volatility o, and bequest strengths b, without and
with life insurance in markets B and A’, respectively. Absolute values are denominated in US dollars.
Relative values are expressed using the gradual values as denominator.

For b = 32, relative consumption welfare declines over the whole life cycle are again similar to those
in table 4.1, while consumption welfare gains over retirement are somewhat reduced in the presence of
interest rate risk. With the baseline interest rate risk case of o, = 1.05%, the relative consumption
welfare loss is 2.33 % (358 US dollars) in the case without life insurance and 2.44 % (375 US dollars)
in the case with life insurance. For the bequest strength b = 3125 without life insurance, consumption
welfare losses over the life cycle decrease slightly, along with welfare gains over retirement. In the base
case with o, = 1.05 %, the consumption welfare loss now is 1.95 % (287 US dollars). At the larger bequest
strength of b = 3125, consumption welfare losses over the life cycle and welfare gains over retirement
increase slightly. In the base case with o, = 1.05 %, the welfare loss now amounts to 2.69 % (408 US
dollars). As in the base case in table 4.1, life-cycle consumption welfare losses are increasing in the level

of interest rate risk.
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OE.5 Impact of Longer-Term Bonds

Supplementary to the results in section 4.3, table OE.8 reports the certainty-equivalent consumption

streams when longer-term bonds are available.

10y bond 30y bond long bond
Or CA’QO 065 CQO CA’GS CA120 CA165

Tos 15402 35459 15654 36516 15715 36864

Loso, To-es 15547 34285 15666 34111 15721 34606

O Aune —145 1175 ~11 2405 6 2258
Ava  —0.94%  3.43% ~0.07%  7.05% ~0.04%  6.53%

Tes 15213 35356 15255 35410 15258 35416

os3o, To-or 15200 33419 15299 33092 15300 33039

T Aune —77 1937 45 2318 —42 2377
Ava  —051%  5.80% —0.29%  7.00% —027%  7.20%

Tes 15103 31615 15103 31610 15103 31943

o0 To-er 15151 33149 15151 33149 15151 33147
T Aune 48 —1534 _48 —1539 48 —1204
Ava  —0.32% —4.63% 0.32% —4.64% ~0.32% —3.63%

Table OE.8: Certainty-equivalent consumption Cao (over the whole life cycle) and Cos (over the
retirement period) for different levels of short rate volatility o, and different longer-term bonds in market
APB. Absolute values are denominated in US dollars. Relative values are expressed using the gradual
values as denominator.

As for the wealth welfare loss, the consumption welfare loss over the whole life cycle drops substantially
when a long bond is available in the presence of interest rate risk. In the base case with o, = 1.05 %,
the consumption welfare loss is now only 0.04 % (6 US dollars). The drop in the welfare loss is less
pronounced when considering shorter (and more realistic) maturities of the bond. On average, the noted
substitution of annuity demand for longer-term bond demand is accompanied by a significant reallocation
of consumption over the life cycle. In fact, the welfare gain over the retirement period increases to
6.53% (2258 US dollars) in our baseline interest rate risk case with o, = 1.05% and a long bond.
Similar magnitudes are also observed for a 30-year bond and for lower interest rate risk. Hence, when a
longer-term bond is available, the restriction to one-time annuitization leads to an even more pronounced
reallocation of consumption from the working life to the retirement period compared to the base-case
results reported in table 4.1, together with a stronger relative increase in average cumulated annuity
claims. When aggregated over the whole life cycle with our base-case CRRA parameterization, the larger
consumption over the retirement period is able to almost compensate for the lower consumption during

the working life.
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