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We examine a unilateral cross-shareholding case where only firm 1 holds k ( 0 0.5k  ) 

shares of firm 2, while the reverse is not true. The objective functions of owners are given by: 

0 0 = , 1 1 2k  = +  and 2 2(1 )k  = − . Other assumptions are the same as the basic model.  

From the first-order conditions of stage 1, we obtain the following firm reaction functions:  
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In the comparative analysis, we find the following Lemma. 

Lemma 1ʹ. (i) 0h  increases with 1h  and 2h ; (ii) 1h  increases with 0h , and 1h  increases 

(decreases) with 2h  if k is small (large); (iii) 2h  increases with 0h  and 1h .  
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and 
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    Lemma 1ʹ represents that the choices of ECSR under unilateral cross-ownership are 

strategic complements in most cases. However, if k  is sufficiently large, 1h  decreases with 

2h  (i.e., their relationship is as strategic substitutes). 

Similar to the basic model, we obtain the following optimal ECSR levels: 
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Note that u  , u  , u   and u   are given in appendix C. Using (A4)~(A6), we obtain 

equilibrium prices, abatement levels and outputs: 0 1 2( , , )U U U U

i ip p h h h=  , ( )U U

i i iy y h=   and 

0 1 2( , , )U U U U

i iq q h h h=  ( 0, 1, 2i = ). Then, we can obtain the environmental damage and social welfare 

in equilibrium: 0 1 2( , , )U U U UD h h hD =  and 0 1 2( , , )U U U USW SW h h h= .1 Using (A4)~(A6), we can prove 

Propositions 1ʹ and 2ʹ. 
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   Using the equilibrium prices, outputs, abatement levels, environmental damage and social 

welfare, we can prove Lemma 2ʹ and Proposition 3ʹ. 

Lemma 2ʹ. (i) 0
U

ip

k





 ( 0, 1, 2=i ); (ii) 0

UQ

k





 where 

2

0

U

i

i

U qQ
=

= ; (iii) 0
U

iy

k





 ( 0, 1, 2=i ); (iv) 

( )
0

UE

k





 where 

2

0

U U

i

i

E e
=

= . 

Proof: We can obtain 
(1 )U

i
iu

u

r w
p





−
= , 

(2 1)

u

u

U w
Q

r




=

+
, 

2 2(1 )

u

U

i
iur r w

y




−
=  and 

(2 1)

u

u

U w
E

r




=

+
, where 

iu  , iu  , u   and u   ( 0, 1, 2=i  ) are given in appendix C. Then, we can prove: (i) 
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2 ' ' 0u u u u uZ Z Z −    and 2 ' ' 0u u u uG G −   . We set 
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Proposition 3ʹ (i) implies that cross ownership can decrease environmental damage and 

improve environmental quality, similar to Proposition 3(i) under bilateral cross-shareholding. 

As a result, Proposition 3ʹ (ii) implies that cross ownership decreases social welfare when 

environmental damage is minimal; however, it increases social welfare when environmental 

damage is severe, similar to the bilateral cross-shareholding case.  

  

Figure A1. The sign of 
USW

k




 under unilateral cross ownership. 
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