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We examine a unilateral cross-shareholding case where only firm 1 holds k ( 0 0.5k  ) 

shares of firm 2, while the reverse is not true. The objective functions of owners are given by: 

0 0 = , 1 1 2k  = +  and 2 2(1 )k  = − . Other assumptions are the same as the basic model.  

From the first-order conditions of stage 1, we obtain the following firm reaction functions:  
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where 4 3 2 2 2 4 3 2 2 5 4 3 2

0 (1 )[ (2 1)(9 12 6) 2 (3 2)(35 20 47 48 12) (3 2) 2 74 42 94 96 2( )4 ]uA k r r r r r k r r r r r r k r r r r r r= − − + + − − + + + − − − − + + + − − −  

and 4 2 2 3 2 5 4 3 2

1 (2 1)(1 ) 2 11 13 5 2 74 4( 2 94 6) 9 24uA r r r k r r r r k r r r r r= + − + − − − − − − + + + . 

In the comparative analysis, we find the following Lemma. 

Lemma 1ʹ. (i) 0h  increases with 1h  and 2h ; (ii) 1h  increases with 0h , and 1h  increases 

(decreases) with 2h  if k is small (large); (iii) 2h  increases with 0h  and 1h .  

Proof. We set 2 3 2 2 3 2 2 3( 1) [(3 2 ) 7 6 20 8 4 6( ) ]uM r r r r k r r r k r r= + + + − − − + +   and can prove ( )0uM     if 
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addition, 0 0uA    and 1 0uA   . Thus, we have: (i) 
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and 
3 2
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1 1 1
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h R h h r r k k
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  + − +
= = 

 
. 

    Lemma 1ʹ represents that the choices of ECSR under unilateral cross-ownership are 

strategic complements in most cases. However, if k  is sufficiently large, 1h  decreases with 

2h  (i.e., their relationship is as strategic substitutes). 

Similar to the basic model, we obtain the following optimal ECSR levels: 
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Note that u  , u  , u   and u   are given in appendix C. Using (A4)~(A6), we obtain 

equilibrium prices, abatement levels and outputs: 0 1 2( , , )U U U U

i ip p h h h=  , ( )U U

i i iy y h=   and 

0 1 2( , , )U U U U

i iq q h h h=  ( 0, 1, 2i = ). Then, we can obtain the environmental damage and social welfare 

in equilibrium: 0 1 2( , , )U U U UD h h hD =  and 0 1 2( , , )U U U USW SW h h h= .1 Using (A4)~(A6), we can prove 

Propositions 1ʹ and 2ʹ. 

Proposition 1ʹ. (i) 0i

Uh   ( 0, 1, 2i = ); (ii) 2 0 1

U U Uh h h  ; (iii) 1 0 0 2

U U U Uh h h h−  − . 

Proof: (i) Because 0u   , 2 2(1 )( 4 6 ) 0ur r kr r− + +    , 2 2(1 ) 0ur r −    and 2 2( 2)(1 )(1 ) 0ur k k r + − −   

for 0 0.5k    and 0 1r   , 0 0Uh   , 1 0Uh    and 2 0Uh   ; (ii) Because 

 

1 Note that to ensure 0uSW  , d  cannot be too high and satisfies 
2

0 u

u

G
d

Z
   ( uG   and uZ   are given in 

appendix C). 
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Proposition 2ʹ. (i) 0 0
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
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. 

   Using the equilibrium prices, outputs, abatement levels, environmental damage and social 

welfare, we can prove Lemma 2ʹ and Proposition 3ʹ. 

Lemma 2ʹ. (i) 0
U
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+
, where 

iu  , iu  , u   and u   ( 0, 1, 2=i  ) are given in appendix C. Then, we can prove: (i) 
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Proposition 3ʹ. (i) 0
UD

k





 ; (ii) There exists ˆ( , )d r k   ( ˆ( , ) 0d r k   ) maiing ( )0

USW

k


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
  if 

ˆ( ) ( , )d d r k  . 

Proof: (i) We can obtain 
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2 ' ' 0u u u u uZ Z Z −    and 2 ' ' 0u u u uG G −   . We set 
2

2 ' '

2( ' '
ˆ( , )

)

u u u u

u u u u u

G G

Z Z
d r k

Z

 

 

−

−
=   and thus obtain 

( )0
BSW

k


 


 if ˆ( ) ( , )d d r k  . 

Proposition 3ʹ (i) implies that cross ownership can decrease environmental damage and 

improve environmental quality, similar to Proposition 3(i) under bilateral cross-shareholding. 

As a result, Proposition 3ʹ (ii) implies that cross ownership decreases social welfare when 

environmental damage is minimal; however, it increases social welfare when environmental 

damage is severe, similar to the bilateral cross-shareholding case.  

  

Figure A1. The sign of 
USW

k




 under unilateral cross ownership. 

Appendix C

2 4 3 2 2 3 4 3 2[ ( 1) 2 3 2 1 35 20 47 48 12][ 6 7 3 35 20 47 48 12]( )( ) ( )u r r r r k r r r r r r r k r r r r = − + + − − + + + − − − − + + + ,  

2 3 2 4 3 2 4 3 2

2 5 4 3 2 4 3 2

[ (2 1)(9 12 6) 2 3 35 20 47 48 12 (10 4 15

9 2) 12 61 42 59 56 12 70 40 94 96 2
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( ) ]4
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r r r r r k r r r r r r r r r

r k r r r r r k r r r r

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− − + − − +

 
  + + − + + − +

, 

2 4 3 2 2 3 2 4 3 2[ ( 1)(2 3 )(2 1) 12 35 20 47 48 ][ (2 1)(9 12 6) (2 3 )(35 20 47 48 12)]u r r r r k r r r r r r r r r k r r r r r = − + + + − − + + + + − − − + + − − −  , 
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
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 
 
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
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
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=   − + + + − − − − + + + 
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
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 
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
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3 2 2 3 3 11 10 9 8

7 6 5 4 3 2

( 6 12 9 )( 1) (2 1) 162 582 903 1970 902 2548

381 1098 630 102 (2 1) (2 1)(5886 12737 18838 57181

5126 78079 60306 15375 42140 2 8 5

(
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31 8u

r r r r r r k r r r r r r r

r r r r k r r r r r r

r r r r r r

− − − + + − + + + − − + +

+ − − − + − + + − −

= − + + − − − − 2 9

8 7 6 5 4 3 2 4 3

2 3 4 3 2 2

640 528) (2034

3960 3191 12032 6058 6434 9019 4310 924 72)(35 20

47 48 12) (9 6)( 1)(13 15 6)(35 20 47 48 12)

r k r r

r r r r r r r r r r

r r k r r r r r r r r

− +

− − − + + + + + +

 
 
 
 

+ 
 
 
 
 

−
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7 2 3 2 4 4 5 9 8 7 6 5 4

3 2 2 3 3 12 11 10 9 8

7 6 5 4 3

( 6 12 9 )( 1) (2 1) (324 565 1473 2134 1556 2985

225 1342 720 114)(2 1) (2 1)(648 9234 18715 29376 77615

506 103597 72428 22121 51020u

r r r r r r k r r r r r r r

r r r r k r r r r r r r

r r r r r
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= + − − + + + 2 2 4 3

2 10 9 8 7 6 5 4 3 2

2 2 4 3 2 2

26808 6312 576) (35 20

47 48 12)(432 2160 5731 2803 14446 7676 7121 10075 4698

972 72) (9 6)( 1)( 3 2)(4 3 3)(35 20 47 48 12)

r r k r r r

r r r r r r r r r r r

r k r r r r r r r r r r

 
 
 
 
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 
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7 3 2 2 4 4 5 2 9 8 7 6 5 4 3 2

3 3 12 11 10 9 8 7 6 5 4

3

9 12 6 (1 ) (2 1) (2 1) (324 565 1473 2134 1556 2985 225 1342

720 114) (2 1)(648 9234 18715 29376 77615 506 103597 72428 22121
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2
u

r r r r r r k r r r r r r r r r r

r k r r r r r r r r r r r
Z

r

− + − − − + + + + − − + + + −

− − + + − − + + + − − + +
=

+ 2 2 4 3 2 10 9 8 7 6

5 4 3 2 2 2 4 3 2 2

6808 6312 576) 35 20 47 48 12 (432 2160 5731 2803 14446

7676 7121 10075 4698 972 72) 3( 2)( 1)(4 3 3)( 3 2)(35 20 47 4
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8 12)3

r r k r r r r r r r r r r

r r r r r k r r r r r r r r r r

 
 
 
 

+ + − + − − − − − + + + 
 − − − − − + + + − − − − + − − − 

 and  
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( )

( )
214 4 7 3 2 2 8 12 5 3 2 10 9 8

3

7 6

5 4 3 2 7 10 19 18 17 1

2 1 ( 1) (2 1) 9 12 6 2 1 (2 1) (9 12 6)(54 1320 1504 3773 2471

4698 820 2577 447 3
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r r r r r k r r r r r r
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+ − − − + + − + + − − +
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6 15

14 13 12 11 10 9 8 7 6

5 4 3 2 6 8 22 1
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+ − + + − − + +
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