Online Appendix: “Simulating multiple equilibria in

rational expectations models with occasionally-binding

constraints: An algorithm and a policy application”!

This appendix provides further details of the numerical examples solved the main paper, and
there are some sanity checks, including examples from Guerrieri and Iacoviello (2015). In
addition, we show how our algorithm can be applied to models in which the constraint binds
at steady state, the case of multiple occasionally-binding constraints, and a model with an
upper bound constraint that binds multiple times due to cyclical dynamics. The codes for
the simulations are available at the author’s GitHub page at: github.com/MCHatcher.

1 General framework

We consider models of the form
By vy = Bo By 1 + Bsyxy—1 + Bager + By YVt > 1
Biy = La; 50} Bi + (1 = Liag 50,1) Bi

where l¢,x -,y is an indicator, 27, > z; VI > T, z; € R, zp € R" given, ¢ is a vector of
known shocks with e; = 0,,«x1 Vt > T, and the ‘shadow value’ of the bounded variable is

(1)

Tt
I’it =F Et$t+l + Get + H (2)
Tt—1

where H € R, F'is a 1 x 3n vector with fi;; =0 and G is a 1 x m vector.

The matrices Bj,t are regime dependent. In the reference regime B;, = B;; in the alternative
regime B;, = B;. The indicator variable Liat >} determines which regime is realized at a
given ¢. The assumption that x7, > x; V¢ > T is a terminal condition which states that the

bounded variable, z;;, permanently escapes the bound after a finite number of periods T'.

1.1 Model solutions

Solutions to the problem in (1) are found by trialling sequences for the indicator variable
of the form (1), (with 1, € {0,1} specified for all ¢) and 1, = 1 V¢ > T} this in turn
determines the sequences {Bi ¢, Bay, B3y, Bay, Bs }+>1 which can be used to find a time path
(x4)i>1 using the Algorithm presented in the main text. Only time paths consistent with the
terminal condition and the occasionally-binding constraint are accepted as solutions.

Any solution(s) to problem (1) found using our Algorithm have the form:

thtfl + Ftet + \Ijt for 1 <t< T
T = (3)

Qe+ U forallt > T

!'Michael Hatcher, Department of Economics, University of Southampton, m.c.hatcher@soton.ac.uk.
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where, for t =1, ..., T,
Q= (B1s — Ba/Qy1) ' Bay, Iy = (Bis — BoyQy1) ' Bay

Uy = (B — B2,tQt+1)_1(Bz,t(‘I’t+1 +iq1e441) + Bsy)

\I/T+1 = E, QT+1 = Q, FT—i—l = Opxm and e = 0px1 forall t > 1T.

1.2 Finding the M matrix

To compute the matrix M € R™*7T of impulse responses of the bounded variable to news
shocks at dates ¢t = 1, ..., T (see Holden, 2023), let v, := [v1; O1x(m—1)]" be an n x 1 vector of
known shocks to the bounded variable, where vy, € {0,1} for t =1, ..., T and v, = 0 for all
t > T. Letting z; := x; — T (Assumption 1, main paper), we can solve the following model:

B1#; = Boditq + Bsdy 1 + Byes +vy, VE>1 (6)
whose solution and M matrix are described in Remark 1.
Remark 1 The solution to the perfect foresight model in (6) is given by
B = Qi+ T +0, VE>1 (7)

where ét = §4€t + Ut, f‘ = (EL_ EQQ)_17 \I]t = (El — §2§>_IEQ<\Dt+1 + f‘ét+1) YVt € [1,T],
with Wy = 0,51 for allt > T, Q as in (3), and the corresponding M matriz is

01, . R .
=g = $1,z‘|m,j:1 - fl‘l,z'|ul,j:0 fori,je{l,...T}.
V1,5

2 Solution details: Fisherian example

Recall that for all ¢ > 1 the model consists of a Taylor-type rule with a zero lower bound
and the Fisher equation (see Holden, 2023):

iy = max{0,r + ¢om — Ym_1 + e} (8)

it =r+ Et7Tt+1 (9)

where ¢ — ¢ > 1, ¢ > 0, mg,e; € R, r > 0 is a fixed real interest rate, and e, = 0 for all
t > 1. To simplify presentation, we set ¢ = 2. The results are not specific to this case.

As discussed in the main paper, there are two solutions to the model (8)—(9): one is away
from the bound in all periods, and the other has the constraint binding only in period 1. We
now show that our Algorithm finds the same solutions. Letting z; := [i; m]’, the matrices
in the reference regime and the alternative regime are given by

— 1 =4 - oo = [o—=] = N1 = [r
e T e e T R



O g i e O R N R B
Hence, analogous to (1)—(2), the model for all t > 1 is
By 2y = By By + Bs vy + Bagey + Bsy
Bjy = 1>y B+ (1 — 1{i;>0})éja Vj € [5]
where e, = 0 for all ¢ > 1, and
it =Fl, B, ' +Ge,+H, withF=[0 ¢ 00 0 —],G=[1], H=[r].

Let 1; denote the guess on the indicator. Consider first the solution away from the bound.
This solution corresponds to the guess 1; = 1 for all t > 1, such that B;, = B; Vj € [5] and

Elxt = EgEtl'tJrl + Fg)l'tfl + F4€t + Eg,, Vit 2 1. (11)
The guessed solution z; = [i; )" thus follows the Algorithm with 7= 1 and 1, = 1 Vt:

. leO + Flel + \Ill fort=1

Ty =< — _
! Qi+ fort > 1

(12)

where Ql = ﬁ, \Ijl = \I], Fl = (El _EQQ)_1§4 - [_L _+}/7 and

(@)
€ g,

Q= (B, - B,0) ', — [

withw =1—+1—1.2

The guessed solution is verified provided i} = r+¢m —¢Ymo+er > 0, 1 = r+o¢m—yYm_1 >0
for all £ > 1, which requires 7y > —Z; for e; = 0 (see main text).

Now consider the second solution. We guess that the lower bound constraint binds only in
period 1, such that 1; = 0 and 1; = 1 V¢ > 1; hence B;; = Bj fort =1 and Bj; = Ej for
all t > 1, j € [5]. Note that this guess implies that T =1 and 2, = Qu,_; + ¥ for all ¢ > 1.
Therefore, the guessed solution is

Uy fort=1
Q1+ ¥ fort > 1

where \Ijl = (Bl - Bgﬁ)_l(BQE—F Bg)) = |:0 —5]/
To verify this solution, we require ij = r+ ¢m —¢mp+e; <0 and iy =r+ ¢m —Ym_g >0

for all £ > 1, which again requires my > —~5 for e; = 0. The two solutions are plotted in
Figure 1 in the main paper, along with the corresponding shadow nominal rates ;.

2We can guess that the left column of  is zero (because it—1 does not enter the model), which makes it
straightforward to solve the resulting quadratic equation in €) for the right-hand column. In general, 2, W
can be found using numerical algorithms (e.g. Binder and Pesaran, 1997; Sims, 2002; Cho and Moreno, 2011).
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3 New Keynesian model

3.1 Baseline model

The baseline model has the form:

iy = max{i, i; } (14)

i = piti_1 + (1 = pi) (Oxme + Ony (Ve — Yi-1)) (15)
Yr = By — %(it — Eymiy) + € (16)

™ = BEm + Ky, (17)

where 6, > 1, 5 € (0,1), Oay, 5,0 >0, p; € [0,1), i = f — 1 and all values of e; are known.

Let x; = [z’t i Y Wt}/ and note that e; (scalar) is the vector of known shocks. Then the
reference regime (slack) is described by

By, = ByEyxy 41 + By + Baey + Bs

where
1 -1 0 0 000 O
By = ol 0 1 0 » Ba= 00 1 ot
0 0 —K 1 000 p
0 0 0 0 0 0
Bs=1y 0 ol Ba= 1] B5= o
0 0 0 0 0 0

and the alternative regime (binding) is described by

Bix, = BzEtQJtH + Bsxy—1 + Bae, + Bs

where
1 0 0 0 L
m_ | 0 1 =(l=p)lay —(A=pi)bs| 7 _5 : 5 |0
B, = 1 0 ] 0 , Bi=DB;, foriec{2,3,4}, By = 0
0 O —K 1 0

Given x1; = iy, iy = max{i, i;} can be written in the form x;, = max{z,,z],} by setting
z; =i and x}, = i}, or in vector form as in (2) with F = [0 1 01x30] and G = H = [0].
We set the parameters at the values given in the main text, whenever these parameters were
not being varied as part of the analysis. Our computed perfect foresight paths correspond
to initial conditions zy = [0 00 O],, e; = 0.01, e, = 0 Vt > 2, unless otherwise stated.



3.2 Computing the M matrix

To compute the M matrix of impulse responses of the bounded variable, we solve the model
in (14)—(17) ignoring the bound (i.e. with the max operator removed) and with a ‘news
shock” vy, € {0,1} added, such that: i; = ¢} + vy, The resulting model can be written as:

Elmt = EgEtl'tJrl + F33§'t71 + ét, Yt > 1 (18)

where é, :== Bye; + v, and v, 1= [Uu 0 0 0]/, with vy, = 0 for all ¢ > 7', where 7' is the
horizon at which the M matrix is being computed (it is a 7" x T matrix).

Recall that the 1st column of M lists the impulse response of i, (at dates t = 1,...,T) to the
shock v1; = 1. In general, the jth column of M lists the impulse response of i; (at dates
t=1,...,T) to the shock v; ; = 1; the rows of the matrix are indexed by i =1, ..., T

The impulse responses and the M matrix are obtained as follows:
Tt = ﬁﬂ?t_l + f‘ét + \Ilt, \V/t Z 1 (19)

where f = (Ei_ EQQ)_l, \Ift = (El — EQQ)_1E2(\I/1§+1 + fét+1) Vit c []., T], with \I/t = 0n><1
for all t > T, Q as in (3), and the M matrix is given by

' = Z'i’vLj:l — iilvl,j:(] for Z,j € {1, ceey T}

Given the parameters = 0.99 and x = W@ + o), we assign values to p;, o, 0,

Oy, compute the M matrix and then check if it is a P-matrix using a recursive test due to
Tsatsomeros and Li (2000).3 Plots of the P-matrix regions under interest rate smoothing
and the baseline value ¢ = 1 (now shown in the main paper) are as follows:

p= 0 P = 0.4 p= 0.8

4 4 4

M is a P-matrix: M is a P-matrix: M is a P-matrix:
3 unique solution 3 unigue solution 3t unique solution
[ = E =
£ £ £
2 2r 2r
1 1L 1 " ‘
0 1 2 3 0 1 2 3 0 1 2 3

9& y 9[_\‘ y GA y

Figure 1: Regions in which M is not a P-matrix (black) for 7" = 16 and various p;.

3A MATLAB code is available on the webpage: https://www.math.wsu.edu/faculty/tsat/matlab.html.



3.3 Forward guidance

With forward guidance the shadow interest rate is amended to
iy = pit_y + (1= pi) (0xm + Oay (e — ye-1)) + €7 © (20)
where ef¢ < 0 for all t € TF¢ C N, and e/'“ = 0 otherwise.

Hence, letting 4 := piif_, + (1 — p;) (0.7 + Oay(y: — y:—1)) the interest rate rule (20) is

. it —|eFC| ifteTFC
1 = 3~ . (21)
1 otherwise.
We consider forward guidance horizons of the form 77¢ = {2,...,#}, where t' > 2. Hence,

forward guidance occurs for consecutive periods 2, .., ¢ and the length of the forward guidance
‘horizon’ (or spell) is given by ¢ — 1; see also Table 1 in the main text.

Letting z; = [it i Y 7Tt]/ as before and é; = [et ef G]/, the reference regime (slack) is

Ell’t = EQEtxt+1 + §3xt71 + §4ét + §5

where
1 -1 0 0 000 O
= |0 1 —(1=p)a, —(1=p)o:| = (000 0
By = ol 0 1 0 » Ba= 001 ot
0 0 —K 1 000 g
0 0 0 0 00 0
= |10 pp —(1—=pi)fay, O = |0 1| —= |0
Bs=1o 0 ol B+= {1 o] B o
0 0 0 0 00 0
and the alternative regime (binding) is
Biwy, = ByFyiyy + Bswy 1 + Byé; + Bs
where
1 0 0 0 i
> 0 1 —(1 — pi)HAy —(]_ — pz)gﬂ- n . Do 0
B, = 1 0 ] 0 , Bi=B;, foriec{2,3,4}, By = 0
0 O —K 1 0

The M matrix under forward guidance is identical to the model with the baseline interest rate
rule, (15). However, since forward guidance is modelled as negative shocks to the shadow
interest rate, it affects the initial conditions and we record whether a unique solution or
multiple solutions were found in each case. The simulation results in Table 1 of the paper
check a large number of initial conditions (800) by varying the news shocks according to

el = —0.01 —U;, fortec T and U, = draw from uniform distribution on (0,0.01).
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3.4 Price-level targeting rule

With a price-level targeting interest rate rule, the model is amended to

iy = max{i, i, } (22)

iy = pity 1+ (1= pi) (Oppe + Ony (e — y2-1)) (23)
Yt = Eryri1 — %(it — Eymig) + e (24)

7 = BEmi1 + Ky (25)

Dt = Pr—1 + T (26)

where 6, > 0 is the reaction coefficient on the (log) price level.

Let ; = [it Y T pt}, and note that e; (scalar) is the vector of known shocks. Then
the reference regime (slack) is described by

1 -1 0 0 0 000 0 O
0 1 —(1—=p)bay, 0 —(1—p)b, 000 0 O
Bi=|c!' 0 1 0 0 ., By=10 01 o' 0
0 0 —K 1 0 000 B8 0
0 O 0 -1 1 000 0 O
0 0 0 0 0 0 0
0 pi —(L—pi)fa, 0 0O 0 0
B;= 10 0 0 0 0|, Bs=|1|, Bs;= |0
0 0 0 0 0 0 0
0 0 0 01 0 0
and the alternative regime (binding) is described by
1 0 0 0 0 7
R 0 1 —(]_ - pi)QAy 0 —(1 — pz)gp ~ . B 0
Bi=|ct0 1 0 0 , B; =By, forie{2,3,4}, Bs= |0
0 0 —K 1 0 0
0 0 0 -1 1 0

3.4.1 ‘Good’ solutions under price-level targeting

In Figure 2 we plot some unique perfect foresight solutions under price-level targeting and
we see the results are robust to modest or strong smoothing of the shadow rate i;.

3.4.2 ‘Bad’ solutions under price-level targeting

We note in the paper that when multiple solutions exist under a price-level targeting rule (23)
(i.e. for small enough 6,), the ‘bad’ solution is sometimes not so bad in terms of stabilization
of inflation and the output gap. Below we provide some extra examples of ‘bad solutions’.
In Figure 3-5 we plot some ‘good’ and ‘bad’ solutions when the response to the price level
0, is small enough to give multiple solutions. Robustness is also considered, and we see that
the ‘bad’ solution for 6, = 0.2 has inflation and the output gap highly destabilized.
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Figure 2: Unique perfect foresight paths under price-level targeting for p; = 0, 0.4, 0.8 when
e1 =001, =yo=0,0=1, 6, =15 and Ox, = 1.6.
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Figure 4: ‘Bad’ solutions under price-level targeting: p; = 0, various ¢,, and o =1
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Figure 5: ‘Bad’ solutions under price-level targeting for various parameter values

4 Foundations of the Algorithm

By assumption, the model returns permanently to the reference regime after some date 7" > 1
and escapes the bound (see Assumption 2, main text). The system to be solved is

By vy = By Eywy 1 + Bs vy + Bygey + Bsy VE>1

= - (27)
Bir = Lag 5e ) Bi+ (1 = Liag 52,)) Bi i € [5]

where Vt > T, z; = Qu;_q + ¥, B, = B;, e; = 0,41 and x7, > xp, with z7, is defined in
(2). Let 1; denote the guess on the indicator in (27) at date ¢, and note 1; = 1 V¢ > T.

Consider first the periods 1 < ¢t < T. Suppose there exist a set of well-defined matrices
{4, Ty, ¥} such that z; = Qa1 + I'vey + Wy, Shifting this equation forward one period:

.Tt+1 = Qt+1xt + Ft+1€t+1 + \I]t-‘rl) 1 S t S T — 1 (28)
Substituting (28) into (27) and rearranging gives, for all ¢t € {1,...,T — 1},
(Bt — BoyShq1)wy = Bsyxi—1 + Bager + Boy(Viyq + Tiyrei41) + Bsy. (29)

Provided Qp, 'y, U7 well-defined and det[B;; — By $211] # 0, the set {4, 'y, ¥, } is well-
defined for ¢t where these matrices follow the recursive formulas. Therefore, if Qp, I'r, Up
well-defined and det[By; — Bo§41] # 0Vt < T, Q, 'y, Uy are well-defined for t = 1,..., 7"

For t > T, we have by Assumption 2, z; = ﬁl‘i—1 + g where Q = (B, — B2Q)"'B3 and
U = (B; — BoQ) " }(ByV + Bjs). Hence, w41 = Quy + U, Vt > T. Matrices Qp, 'y, Ur are
determined by the first line of (27) and the previous equation at date t = T":

Birvr = Byrxri + Bsrxr—1 + Byrer + Bsr, Trp1 = Qup + ¥

or (BI,T — BQJ"Q).TT = Bg7TZL‘T_1 -+ B4,T€T -+ BgyTﬁ + B57T. Provided det [Bl,T - BQ’TQ] 7é 0,
the matrices Qp, I'r, Ur are given by the expressions in the Algorithm (see main text).



For the time path (z;)/_; to satisfy the constraint 21, = max{z,«},} Vt € {1,...,T}, the
guessed structure (1;)2_, must be verified at all dates. Consider first date t = 1. If 1, = 1,
then z,; = 7, and Typx 5,y = 1 = 1; (see (27)) if and only if 27 ,[1,—1 > ;. On the other
hand, if 1; = 0, then xL; =z, and ﬂ{x;pgl} =0 = 1, if and only if xithtzo <.

Thus, the guess at t = 1 is verified if 1, = 1 and @7 ;[y,—1 > 2; or 1; = 0 and 27 ;|1,—0 < z;.
By analogous arguments, the guessed structure for each subsequent ¢ is verified if and only
if the above condition holds for this particular ¢. Hence, the guessed structure (1;)L; is
verified when the following condition holds for all t € {1,...,7} and j =1, ..., 5:

(*)

Bj. = Ej and x7, > z; for ¢ such that 1; =1
B, = Bj and z7, < x; for t such that 1; = 0.

Note that a guessed structure (1;)7_; is rejected if (*) does not hold for some ¢ € [T].

5 Models with the constraint binding at steady state

In this section we explain how our algorithm applies to models where the constraint binds
at the steady state to which any solutions must converge. An example is the borrowing
constraint model in Guerrieri and Iacoviello (2015, Online Appendix, Section C.1).

Starting from the general model in (1)—(2), Assumptions 1-2 in the main paper must be
adapted for a model that converges to a steady state in which the constraint is binding.

Assumption 1 We assume det[Bl — By — Bg] # 0, such that there exists a unique steady
state T = (By — By — B3) ™' By at the alternative regime. This steady state satisfies Ty = z;.

Assumption 2 For any given initial value, there is a unique stable (~t67:mmal~) solution at
the alternative regime of the form x, = Qu, 1 + ¥, where ¥ = (By — ByQ) " (ByW + Bs) =
(I, — )z, Q = (B; — BoQ)) "' B3 has eigenvalues in the unit circle, and xy — T as t — oo.
Assumption 3 is unchanged relative to the main paper.

We can then restate the Algorithm in the main paper as follows.

1. Pick a T'> 1 and a simulation length T, > T. Guess a sequence (1;)]_; of Os and 1s,
starting with all Os (binding in all periods) as an initial guess. Note: 1, =0 for t > T.

2. Find the structural matrices (or ‘regimes’) implied by the guess:

Bi,t - ﬂth —|— (1 - lt)Bi, Z € [5]

in periods t =1,...,T;.
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3. Compute (z;)7, and the shadow value of the bounded variable (xit)tTil via

Qri 1+ e+, forl1 <t<T /
Ty =< — — , xy,=Flx, 2 x| +Gep + H
! {th_l + v fort > 1T 18 [ bt 1} !

where, for t = 1,...,T and initial matrices Qp; = Q, Upy = \if, I'ri1 = 0hxm,s
Q= (B1s — Ba,Qy1) ' Bay, [y = (Bis — BoyQy1) ' Bay
U, = (Bt — BoyQui1) " (Bot (W1 + Diprii1) + Bsy).

4. If 1y = max{z,,27,} fort = 1,...,T and 1, (= z,) > 7, Vt > T, accept the guess
and store the solution (z;){*,; else reject. Return to Step 1 and repeat for a new guess.

Note that the only change is to Step 4 and the guesses and the terminal matrices in Step 3,
since backward induction now proceeds from the alternative regime not the reference regime.

6 Multiple occasionally-binding constraints

Thus far, we have dealt only with a single occasionally-binding constraint. We now consider
multiple occasionally-binding constraints, starting with the case of two lower bound con-
straints (such that there are four regimes in total) before turning to an arbitrary number of
constraints N, which follows a similar approach to the two-constraint algorithm below.*

With two constraints and hence four regimes, there are four different sets of structural
matrices which correspond to the members of the set

{FT,FS,PZZ,FZ,EE cs=1,...,4}

and the indicators are: T(y: >u o5, >e,) (both constraints slack, state s = 1), Lizr o 03, <a)
(constraint 1 slack, state s = 2), Tipr <4 o3 5e,) (constraint 2 slack, state s = 3) and
Lypr <p 2r <ey (both constraints bind, s = 4). We use the shorthand 1, henceforth.

{1, <z 25 <zp} )

Indicators 1, satisty Zf;l 1.+ = 1 since regimes are mutually exclusive. Regime s = 1 is
the terminal structure, and versions of Assumptions 1 and 2 in the main paper must hold.’

The system to be solved under perfect foresight is now:

Biivy = Byt Bywyp1 + Bsyxy1 + Bagey + Bsy, VE>1

4
. 30
By =Y 1,4B;, Vi€l 50
s=1

4For N constraints, there are 2%V different regimes in total and hence 2V indicator variables.
®Hence, the steady state T at the reference regime is unique and satisfies =; > x; for variables j = 1,2.
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where 1,1 =1Vt > T, xyp € R" given, and e, is a vector of known shocks with e; = 0,41
for all t > T, and the ‘shadow values’ of the bounded variables are given by

Ty
33'1( = F1 Etl't—&-l + Glet + H1 (31)

_ - -
ZL’;’t = F2 Etxt+1 + Gzet + H2 (32)

where z,,2,, Hy, Hy € R, I, I are 1 x 3n vectors, with vector F; having entry j equal to
zero, and G, G5 are 1 X m vectors.

Variables 1 and 2 could be distinct economic variables or they could be used to impose
multiple constraints on the same variable. For example, to put a lower bound z; and an
upper bound T, on variable 1, we set Toy = —T1 and Thy = —I7, (so Fy = —Fy, Gy = =Gy,
Hy = —H;).%5 We now show the algorithm for the case of two constraints.

Given two occasionally-binding constraints, our Algorithm must be amended as follows:

1. Pick a T > 1 and a simulation length T, > T. Guess on the indicators as (1)L, for
s=1,23and 1} =1 -7 | 17 (implied) starting with 1} = 1 for all ¢, 157" = 0 for
all ¢ (constraints slack in all periods) as an initial guess. Note: 1} =1 for all ¢ > T..

2. Find the structural matrices (or ‘regimes’) implied by the guess:

4
By = Z 1;B;, i¢c[5]
s=1

in periods t = 1,..., Tgm.

3. Compute (z;)* and shadow values of the bounded variables (m’it)tTj{”, (:v;t)tT;T via

Qa1+, +V0, for1<¢t<T Ty, =h [ﬁé Ty 27;_1]/ + Gie, + Hy
Ty = {ﬁxt_l + U fort >T ’ vy, =Fy [ac; ) 5’7::—1]/ + Goe; + Ho
where, for t = 1,...,T and initial matrices Q7,1 = Q, Upig = v, I'ri1 = 0nxm,
Q¢ = (B1s — Ba/Qy1) ' Bay, [ = (Biy — B2yQ1) ' Bay
Uy = (Biy — Boyi1)  (Boy (W1 + Tigrersn) + Bsy).

4. 1f w1y = max{zy, 27,}, 2oy = max{zy,x3,} for t = 1,..,T and x1; > z;, 294 > 1y

Vt > T, accept the guess and store the solution (z)/*; else reject guess in Step 1.

Return to Step 1 and repeat for a new guess.

6 . o . = * . = * * * — _ 7
Note that if z; = min{Zy, z7 ;}, then —2; = max{—7;, -7 ;}, so we set x5, = —x7 ; and z, = —71.
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Case of N constraints

The extension to an arbitrary finite number of constraints NV is straightforward. In particular,
the only non-trivial adjustments are as follows:

e There are N < n occasionally-binding constraints and shadow values:”
* * / .
Ty = max{xy;, vi, } Vt, x, =F; [m; Ty x;_l} + Gy +H;,, 1=1,...,N.
N J—
e The time-varying structural matrices are B;; := Z§=1 Jls,th, i € [5], where 1, is an

indicator variable equal to 1 if regime s occurs at date t and zero otherwise.

e Guess on the indicators (13)7, for s = 1,...,2V (with 1} = 1, 17" = 0 for t > T) is
verified if x;; = max{z;, z},} for all i € [N], t < T and z;; >z, for all t > T, i € [N].

Note that we again distinguish between the indicator variable 1, for the event of regime s at
date t and the guesses on the indicator variables, represented by 17, that will be consistent
with the former only when a particular guessed sequence of regimes is verified.

7 Example 1": Asset pricing model
The model in Guerrieri and lacoviello (2015, Section 2.4) has the form

¢ = B(1 = p)Eiqii1 + pgi—1 — ory +
7y = max{r, pq; } (33)
Ut = PyulU—1 T €4

where 3,p € (0,1), ¢ >0, r <0, p, € (0,1) and all values of e;, e;11, ... are known.

Let x; = [rt Qs ut]/, such that the bounded variable is ordered first, and note that e,
(scalar) is the vector of known shocks. Then the reference regime (slack) is described by

Ell‘t = EQEtxt+1 + §3ZL}71 + §4€t + §5

where

[t - 0] Jo o o] oo o] _ Jo] o

Blz g 1 —1 s B2: 0 ,6(1—p) 0 s Bgz 0 1% 0 s B4: 0 > B5: 0
0 0 1 0 0 0 0 0 pu 1 0

and the alternative regime (binding) is described by

let = B2Et$t+1 + B3$t—1 + B4€t + 35

"Note that the assumption N < n is not restrictive because if, in the original model, one wanted to
constrain, say, all n,,;4 variables from below and also constrain n" of them from above, then one may define
new variables Ty, 11, s Tngypig+nu and let n = ngypig +n* such that z; has n elements as required.
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where
3 1 0 0 o -
Bi=|c 1 —-1|, B;,=5B; fOIi€{2,374}7 Bs =
00 1
Given x1, = 7, the equation r, = max{r, ¢¢;} can be written in the form x,, = max{z,, 27}

by setting z; = r and 7, = ¢q;; note that the latter equation can be written in vector form

asin (2) with F=[0 ¢ 0 0 0 0 0 0 0] and G=H = [0].

O O3

7.1 Computing the M matrix

To compute the M matrix of impulse responses of the bounded variable, we solve the model
in (33) ignoring the bound (i.e. with the max operator removed) and with a ‘news shock’
vy € {0,1} added, such that 7 = ¢g; + v.;. The resulting model can be written as:

Ell't = EQEt.TH_l + §3It_1 + ét, Vi Z 1 (34)

where &, := Bye; + v, and vy = [’Ur’t 0 O],, with v,;, = 0 for all ¢ > T', where T is the
horizon at which the M matrix is being computed.

The 1st column of M lists the impulse response of the policy rate r; (at dates t = 1,...,T)
to the shock v,; = 1. In general, the jth column of M lists the impulse response of r; (at
dates t = 1,...,T) to the shock v, ; = 1; the rows of the matrix are indexed by i =1, ..., T.

The impulse responses and the M matrix are obtained as follows:
Tt = ﬁxt_l + f‘ét + \Ijt, Vit Z 1 (35)

where f = (El_ §2§>_1, \I/t = (El — §2§>_1§2(\I’t+1 + fét+1) Vit € [1, T], with \I/t = 0n><1
for all ¢ > T, 2 as in (3), and the M matrix is given by

0xy, o
Mi]’ = 3 Li _ ri‘vm:l — T’i|vnj:0 for 1,] € {1, ,T}
UT?j

For the parameters § = 0.99, 0 =5, ¢ = 0.2, p = p, = 0.5, we found that M + M’ is positive
definite, which implies that M is a P-matrix (see e.g. Holden, 2023, Appendix: Lemma 1).

7.2 Policy function and perfect foresight paths

To compute the policy function, we set, x; 1 = [O Qi1 ut,l}, = O3x1, specify values for the
news shocks (e1)s>1, and find a perfect foresight solution for linearly-spaced e; € [—0.2,0.2]
while holding the other initial conditions fixed. The policy function is computed at 60
different points. Some perfect foresight paths are plotted in Figure 6, where we allow for
non-zero future shocks and compare to zero future shocks as in Guerrieri and lacoviello
(2015). The policy function plotted in Figure 7 matches the one that is shown in Guerrieri
and lacoviello (2015, Figure 1) for the case of zero future news shocks.
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Figure 6: Perfect foresight solutions for different news shocks: e; = —0.1, gg = up = 0. In

the baseline case, all future (anticipated) shocks are set at 0. In the positive (negative) news

case the news shocks are ¢, = 0.02 (e; = —0.02) for t = 1, ...,4 and zero otherwise.
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Figure 7: Policy functions for various e; when ¢;,_; = u;—1; = 0 and no future news shocks

8 Example 2': RBC model and investment constraint

We also consider a Real Business Cycle model with a lower bound on investment, as in
Guerrieri and lacoviello (2015, Section 4). This model requires us to log-linearize a non-
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. . . - .
linear model and to choose an appropriate shadow value 27, in x1, = max{z,, 2] ,}.

l1—0o
A social planner chooses allocations { Ky, C; }£°, to maximize utility Uy = Ep Y - <Cf _1> ,

l1—0

subject to the following constraints:

Ct + -[t == Atha_l (36)
Kt = (1 - 6)Kt—l + It (37)
I, > ¢plss (38)

where o, Igs > 0, o, ¢ € (0,1), Isg is the steady-state level of investment, and productivity
is Ay = AY_jexp(e), where p € (0,1) and ¢ is a shock whose value is known at all dates.

Equations (36)—(38) are, respectively, the resource constraint, the capital accumulation equa-
tion, and a constraint that prevents investment from falling below a fraction ¢ of its steady-
state value Igs. The necessary conditions for a solution to the planner problem are (36)—(38)
plus the consumption Euler equation and the complementary slackness condition:

Cr7 = A = BE(C A (@A K 4+ 1—6) — (1= 8) A1) (39)
Mi(Ly — ¢lss) =0 (40)
where \; > 0 is the Lagrange multiplier on the investment constraint.

The investment constraint is slack when \; = 0 and binding when A\, > 0. If A\; > 0, then
I, = ¢lgs to ensure that the complementary slackness condition (40) holds. If Ay = 0, then
either I; = ¢lgs or I, > ¢lss (but not I, < ¢lgs, since this would violate condition (38)).
The two regimes are as follows. Under the reference regime (slack):

It - Kt - (1 - 5)Kt—17 Kt = Atht_l + (1 - 5)Kt—1 - Ct
C; 7 = BE(C A (A K +1—-10)), AM=0
and under the alternative regime (binding):
Iy =¢lss, Ki=L+1—-0)Ki, Co=AK" +(1-06K,_1— K,

Cr% — N = BE(CLA (i K+ 1= 6) — (1= 8) A1)

To put this non-linear model in the form of (1), we log-linearize the equations under both
regimes around the steady state at which the investment constraint is slack.® To ease the
process, we define the new variables Y; := A, K%, and R, := aA, K" +1— 4. The two
regimes can then be written in terms of deviations from steady state as follows:

b =0k — (1= 0)0 Yhiey, k= (1 —0)k1 + (Yss/Kss)t — (Css/Kss)é

1/(1-a)
) and ASS =1.

SThe steady state is ISS = 5Kss, CSS = AssKgS — Iss, KSS = (%
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¢t = Bty — (1/0)Efeyr, M =0, gr=a;+ a];‘t—l
Ty = O‘Rgsl‘ (YSS/KSS) ay — 04(1 - a)REé (YSS/KSS) ];’t—b ar = pai—1 + €

under the reference regime, and
w=¢—1, k=1-0)k_1+0, Csst,="VYssi+(1—06Ksski-1— Kssh

Csh = —0¢ + 0Eérp1 — B + (1= 0)(CFg/Rss) Eeder1, G = o + oy
ie = aRgh (Yos/Kss) ar — o(1 — a)Rgh (Yss/Kss) ki1, = pas_1 +

under the alternative regime.

We let z; = {it ke ¢ N G 7y dt}/ and e; 1= [Et], where ‘hats’ are log deviations from
steady-state, i.e. 2 := In(Z,/Zss) ~ (Zy — Zss)/Zss. Note that x;,; = 7. The constraint
(38) is iy > ¢ — 1 in deviations and we put this in the form z;, = max{z,,z],} by setting
z, =¢—1land 2z}, = 6 Y, — (1 —6)6 k1 — M. In the reference regime (slack), A, = 0, so
Ty, = 5k, —(1—0)6 Yk, and max{z,,z},} = 2}, if 5 ky—(1=8)0 k1 (= 4y) > ¢p—1. In
the alternative regime (binding), A, > 0, so 2%, = 6 'k, — (1= 6)6 kg — N = (¢—1) =\ <
¢ — 1, so max{z,z},} =z, = ¢ — 1 as required.’”

The shadow value z7}, = 6 Y, — (1 —6)0 1 k,_y — )\, can be written as in (2) by setting
F=1[0 610 =1 01 —(1=6)67" 04x5] and G = H = [0]. The matrices B;, B;,
J € [5], under the two regimes have the form:

-1

1 =0 0 O 0 0 0 00000 0 0
C Y:
0 1 £ 0 -0 0 00000 O O
B 0 0 1 0 0 0 0 B 00100 —o %0
B,=10 0 0 1 0 0 0 , Bo=10 0000 0 0f,
0 0 o0 1 0 -1 00000 0 0
0o 0 0 0 0 1 —3s 00000 0 0
ssiiss
0 0 0 0 0 0 1 00000 0 0]
0 —(1—-6)0* 0 0 0 0 0] 0] 07
0 (1-6) 00000 0 0
0 0 00000 0 0
By = |0 0 00000|, By=10], Bs= |0
0 o) 00000 0 0
a(l—a)Y,
0 — %= 00000 0 0
0 0 0000 pl 1] 0]

9Note that if the computed value of ); is negative under the alternative regime, then we must reject the
guess that the constraint binds in this period. In this case, 27 ;, > zy (2] 4|1,=0 = 11—\t = (¢—1) =\t > 1),
so max{zy, 2]} =27, > ¢ — 1, and the guess 1; = 0 will be rejected as required.
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10 0 0 0 0 0 000 0 0 0 0]
—5 1 1 0 0 0 0 000 0 0 0 0
0 Z= 1 0 =<2 0 0 000 0 0 0 0
~ SS SS - o
Bi=|0 0 o Cl% 0 0 0 , By=10 0 0 0% o 1 g,
0o 0 0 0 1 0 -1 000 0 0 0 0
0 0 0 0 0 1 —gil 000 0 0 0 0
0 0 0 0 0 0 1] 000 0 0 0 0
[0 0 000 0 0] (6 — 1]
0 (1-=46) 00000 0
0 = 00000 0
B; = |0 0 0000 O|, Bb=By, Bs=1| 0
0 a 0000 O 0
0~ 0 0 0 0 0 0
0 0 0000 p L 0

We set § = 0.96, 6 = 0.10, p = 0.90, ¢ = 0.975, 0 = 2, a = 0.33, as in Guerrieri and
Tacoviello (2015). The policy functions and paths below match Figs. 2-3 in their paper.
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Figure 8: Policy functions for various shocks sizes e; when ;1 =7

0 Investment 0 Capital 0 Consumption
0005 -0.01
-1
0.02
-0.01
0.03
-2
-0.015 0.04
3 0.02 0.05
10 20 30 40 50 10 20 30 40 50 10 20 30 40 50
Time Time Time
Figure 9: Perfect foresight solution for ey = —0.04, 2y =7
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9 Example 3: Endogenous business cycles

As a final numerical example, we consider an ‘endogenous business cycle’ model with boom-
bust dynamics of output that can lead to multiple spells at the lower bound. To solve for
a perfect foresight solution in this case, we ensure the use of guesses that involve ‘multiple
spells” at the bound in our Algorithm by ‘commenting in’ the relevant line of code.

We consider a variant of the multiplier-accelerator model of Samuelson (1939) augmented
with rational expectations, a countercyclical feedback rule for government expenditure, and

an upper bound G4, on such expenditure (motivated by austerity policies):'°

Cir=a+bEY 1+ (1-5)Y,1—T) (41)

I, =1+4d(Cy — BECry — (1 — 8)Ci1) + ery (42)

}/t = Ct -+ It -+ Gt, Gt = min{Gmax,é — 9(}/;/,1 — ?)} (43)

where b € (0,1), a,d,0, T > 0, the intercepts I,G and Y = % (all > 0) are steady-

state values, and G,,.e > G. Note that T has the interpretation of net taxes.

We set parameters so that steady state output Y equals 1 and the model has ‘business cycles’
(damped oscillations) when started away from steady-state. The intercepts a and I are set
at 0.025 and 0.20, respectively, and taxes at 7 = 0.01. The marginal propensity to consume
is set at b = 0.70 and the investment function slope at d = 1.3 The fraction of rational
expectations is set at 5 = 0.05, such that 95% of agents have backward-looking expectations
based on the past value (one lag). Steady-state government expenditure is set at G' = 0.082,
the response coefficient at § = 0.055, and the upper bound at G,,.. = 1.035 x G.

To find a perfect foresight solution, we first write the upper bound constraint in the form
x1, = max{zy, z},}, where z1; == =Gy, £, = —Ghax, 7}, = 0(Y;-1 = Y) — G.'' We then
define the vector of variables as x; = [z1; C; I; Y;]' and the vector of shocks as e, = [er,]
(see (41)—(43)), such that the matrices in each regime are

1 0 0 0 0 0 0 0 0 0 0 6
— o1 0 0o 5 |0 0 0B - |0 0 0 (1—p)b
Bi=1o _a 1 o] P27 |o —Bd 0 0 By =1 —(1—=p)d 0 0 ’
1 -1 -1 1 0 0 0 0 0 0 0 0 |
0 ~G -0y 0 0 0 0 —Gmaz |
— 0| 5 | a—bT = 10 0 0 (1-pb| 5 |a—bT
Ba= 141+ Bs T Bi= 1y —(1—=p)d 0 0 Bi=1 7
0 0 0 0 0 0 0 |

and B; = B, for = 1,2, 4, and the shadow variable is given by

0The original model (which is purely backward-looking) arises as the special case  =a=1=T =0 = 0.
"Here, we use the fact that if Gy = min{Gnaz, Zi}, then —Gy = max{—Gmnax, —Z} .
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Tt
CCit =F Etxtﬂ + Get + H
Tt—1

where

F: [lell 9], G: [O], H - [—(@4—9?)] .

Figure 10 shows the perfect foresight solution for e;; = —0.125 and ey, = 0 for all ¢ > 1.
Our algorithm finds one solution subject to the upper bound (solid black lines) and reports
that M is a P-matrix. We also plot for comparison the solution for Gy, — 00 (no upper
bound, dashed lines). All variables are given initial values equal to steady-state values.

Investment falls by more than half in period 1 relative to its initial value (top, middle),
which pushes output somewhat below its steady-state value (lower panel). Due to forward-
looking expectations (perfect foresight), consumption also falls marginally on impact (see
top left). Government expenditure is unchanged in period 1, but it rises in period 2 because
past output was below the steady-state value, such that the ‘fiscal rule’ provides stimulus —
albeit that this stimulus is truncated because the upper bound on expenditure binds (top
right). The underlying dynamics are cyclical; as a result, the upper bound on government
expenditure binds a second time (after period 10) when output is again in a trough.

Consumption Investment Govt. expenditure
1.2 15 1.15
Upper bound on G, I,'\
— = = Mo constraint 1.1 I I'|
! |
1 1.05 1 Iy,
o G
max
1
0.95
0.5
0.9
10 20 30 40 10 20 30 40 10 20 30 40
Time Time Time

Qutput
1

—— Upper bound on G,

— — — No constraint

0.8 | | | 1 ] I I 1
5 10 15 20 25 30 35 40
Time

Figure 10: Perfect foresight paths for G = 1.035 x G and G,,ee — 00 When erq = —0.125,
xo = T (steady state). Variables in the top panel are divided by their steady-state values.
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