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In the absence of ordering, let the inventory dynamics be described Feller’s branching
diffusion given by the following stochastic differential equation

dXo(t) = =2 Xo(t) dt + /Xo(t) AW (t), Xo(0) =z € Z := (0,00). (1)
Suppose without loss of generality that o = 1 in this note. The scale and speed densities
of (1) are given by s(z) = e ! and m(z) = z7'e ™! respectively. Consequently it is

straightforward to verify that 0 is an attracting point and oo is a non-attracting point. In
fact, one can show that 0 is an absorbing point, see, for instance, Theorem 13.1 of Klebaner
(2005); and oo is a natural point. Moreover, for any y € Z, we have My, c0) = fyoo %el_zdz <
§fy°° e *dz < 00.This verifies Condition 2.1 of Helmes et al. (2018).

Suppose the holding and ordering costs functions are given by

co(x) =a" 427, el a(y,z) =k +cly,2), (y,2) € R, (2)

in which 7 > 0, 75 < 0, k; > 0, and ¢ : R — R, is a nonnegative and continuous function.
It is immediate to show that for any y € Z, fyoo co(v) dM (v) < oo; establishing Condition 2.2
of Helmes et al. (2018). Moreover, Condition 2.3 of Helmes et al. (2018) is trivially satisfied.
Therefore, by Theorem 2.1 of Helmes et al. (2018), there exists a pair (yg, 25) € R such that
Fo(ys, 25) = Fo = inf{Fo(y, 2) : (y,2) € R}.

Theorem 1. [f v, < —2, then there exists an optimal (yg, z5) ordering policy in the class A
for the Branching diffusion model (1) having nonlinear cost structure given by (2).
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Proof. The assertion follows from Theorem 5.1 directly if we can verify Condition 5.1 of
Helmes et al. (2018) holds. Using the definitions of (, gy and Gy in Helmes et al. (2018), we
have

T) = 2/ / (vt 02— Fyum e Ye" du du, rel.

co(x) (o(2)Gp(2))?
(1+|Go ()| (I+|Go(z)]) (1+co(2))

T — 00. Since lim,_, fx (vt vt — Fro~le " dv = 0, we can use L’Hospital’s Rule
to compute
f:o(iﬂlfl 4+ pr2—l Fékvfl)e*v dv ) _(x'Ylfl 4ol Fgl‘fl)efz

lim = lim =1.
T—00 rV—le—= T—>00 (’71 — 1)1‘71_26_95 —gn—le—z

when

Let us first study the asymptotic behaviors of E and

Hence there exists some 0 > 1 such that

e le™ < / (Wt o = Fio e M do < 32 le™®, for all o > 4.
On the other hand, the integral 2fl6fuoo (vt 4 027 — Fyu™t)eYe" dvdu is uniformly
bounded by a constant K = K(J,71, 72, F). In the rest of the proof, we shall denote by

K a generic positive constant whose exact value may be different from line to line. Thus it
follows that for x > 9, we have

|Go(x |>2/ / v T = FpoT e et dvdu — K

Fa—
22/ T le erdu—K=""""
5 gt

Likewise, for all > §, we have
o
Gy(z) = 2/ (v T = FyuT e et du < 2 3 e e = 3p7

Hence it follows that

Co(ZL') "+ 2
(1+Go(x)[)? ~ (1 + |amw—1m1 — Kl)z — 0, as x — 00, (3)
¢ 2 % y1—1)2
(o(2)Gy(x)) < (x23z7m71) o0 a7 00 (4)

(14 |Go(x)|)(1 4+ co(x)) — (1 + |“mw% — K|>(1 + 27 4 272)

Next we consider the asymptotic behaviors of % and % when z | 0.
When 0 < x < 1, we can write

r) =— 2/ / (vt 02— FyoT e e dvdu

—2/ / (vt 0 = FyoT e e du du

1 ()
—2/ / (vt 02— Fyu e e dudu
+2/ / (vt 02— FyoTt)e e dv du,



where k = K(F§,72) € (0,1) is chosen so that Fjj < 1v™ (and hence v~ + vt — Fyo~t >
207271 > 0) for all v € (0, ). It is easy to see that the second, third, and fourth integrals of
(5) are uniformly bounded. Thus we have

|Go(z)] > 2/ / L e Vet dvdu — K > e‘”em/ %(Fﬂ2 —u?)du— K
g2t et e Fretl
Yo+ 1 )_ ~ (e +1)

Then it follows that lim, o Go(z) = —oo and for all 0 < x < 1,

K (6)

=e e’ o </ﬂ2(/<; —x) —

2 = e—rg2t] 2 = 2212 =
A+ 1Go(@))* ™ (14|22 - K|)° — Ko™z

Next using the « € (0,1) chosen before, we write
o(x)Gy(z) = Qxée””/ (VT = FyoT eV do
+ 2:c§ex/ (vt o = Fyu eV do.

Observe that the second term above is uniformly bounded for all z € (0, 1). Since vy, < —2,
v > 0 and Fjj > 0, we have
1 K 1 K‘/’YQ _ x’yQ
o(2)Gh(z)| < 2¢'z2 / 20 dv + K = dex?
T V2

This, together with (6), implies that for 0 < xz < 1,

+K < gt L K

(o@)Gyw)? _ (Ege™e 4 K)” e

=7 <K = Kz ? < K. (8)
3 e—rgr2tl 3 = 3v2+3 —
(1 * ’GO(‘/I;)D (72(’724'1) a K) .
Equations (3), (4), (7), and (8) establish Condition 5.1 of Helmes et al. (2018). The proof is
therefore complete. O

Remark 2. For 7, € (—2,0), similar computations show that lim,_, % = 00. Thus
Condition Condition 5.1 (a) of Helmes et al. (2018) fails. Observe that the speed measure
is very large in any neighborhood of 0 indicating that the inventory moves slowly while
~v9 determines the penalty rate that the holding cost imposes near 0. It is therefore the
delicate interplay between the dynamics of the model and the cost structure which determines

whether or not Condition 5.1 holds.
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