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B. Additional proofs

Proof of Theorem 1: Suppose that the unique weak solution to (2.1) and (2.2)
for p = oo is given by (X1, BY). Let

1
=t+ —Li (X'
¢t +2p t( )7
E:Qst_lv
Xt:le}’

t
Bt:B%rﬁ/ (X, =1)dBg,
0

where B is a Brownian motion, defined on an extended probability space if
needed, that is independent of B'. The local time process is continuous and
non-decreasing; hence ¢, is strictly increasing and continuous (see |1, Chapter

I1.13]). This implies that T is also strictly increasing and continuous. Then B,

Received 15 August 2019; revision received 7 August 2020.
* Postal address: Department of Systems Engineering and Engineering Management, The Chinese

University of Hong Kong, Hong Kong SAR.
** Postal address: School of Science and Engineering, The Chinese University of Hong Kong

(Shenzhen), China.



2 C. MEIER ET AL.

is a continuous local martingale and
t t
(B); = (BY)r, +/ I(Xs=1)ds =T, +/ I (X, =1)ds.
0 0

It also holds that
T T; T
Tt—/ ds—/ I(X;—o)ds—/ I(X)>1)ds

0 0 0
T 1

= / I(X)>1) (ds + —dL, (X1)>
0 2p
t t

:/ I (X7, >1)der, :/ I(Xs>1)ds,
0 0

where we use that dLlS(X ) only increases for X; = [, and we apply the change-
of-variable formula. Therefore, (B); = t, and by Lévy’s characterization, B is

a standard Brownian motion. Moreover,
X, =X}
t = AT,

T, T T;
:/ p (X3 I (X3 >1) ds—i—/ o (X3)I(X)>1) dB§+;/ drLl (X
0 0 0

T
:/ p(X) I (X3 >1) <ds—|—21delS (X1)>
0
t
+/ o (XE) (X} > 1) dB}S-i-%Lth (x7)
0
t t
:/ pw(X3) I (X4, > 1) dor, + / o (X)T(X,>1) dBw%Lén (x7)
0 0

—/tu(XS)I(XS>l)ds+/ta(X5)I(XS>l)dB5+1Li(X),
0 0 2

_ yl
because Xy = X7,

_ Ao vy
dor, = ds+ 5 dL (X') = ds

as X! is the unique weak solution of the reflecting case, and Lth (X1 = L4(X).
This shows that (X, B) solves (2.1). Furthermore,

t t T
/I(Xs:l)ds:/ I(X%\‘:l)dquS:/ I(X)=1)ds
0 0 ‘ 0

T 1 1
:/O I(X)=1) <ds+2dels (Xl)) = Q—pLi (X,
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where the first term vanishes because for X! it holds that I(X! = I)ds = 0.
The continuity of X follows from the continuity of X' and 7. Hence, (X, B)
also solves (2.2).

The next step is to show the uniqueness in law of the solution X. We reset

the notation and suppose that (X, B) solves (2.1) and (2.2). Define
t
T, :/ I(X,>1)ds
0

for ¢ > 0. Then T} is continuous and strictly increasing almost surely. This
can be shown by contradiction. Assume T} is not strictly increasing; then there

exists a set

I'={weQ: T} =1, for some 0 < t; < ta},

with P(T") > 0 and ¢1, t2 depending on w. Now T}, = T}, implies that the process
stays at the boundary for all s € [t, 2], and so
to
I cC {w:/ dLL (X) =L} (X)— L} (X) > 0 for some 0 < #; <t2};
t1
i.e., the local time increases between t; and t3. On this set, I(Xs > 1) = 0 for

all s € [t1,1t2], and hence
rc {w L Xy, = Xy, + LL (X) = LL (X) > X, for some 0 < #; < tz} ,

as the drift and volatility vanish. This is a contradiction to I(Xs > 1) = 0, and
so, in summary, T} is strictly increasing almost surely. The inverse of T}, given
by

¢ =1inf{s > 0: T, > t},

is therefore also continuous and almost surely finite. As X and ¢ are continuous,
it follows that X is constant on every interval [¢;—, @], and so ¢ is in synchro-
nization with X (see [4, Definition 10.13|, which refers to this as adaptedness
of X to the time change ¢).

Now set X} = X,,. Then X' is a continuous semimartingale (see Corollary
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10.12 and Lemma 10.15 in [4]), and by (2.2),

o o
t:T@:/ I(X8>l)ds:¢t/ I(X,=1)ds
0 0

1 1
=¢— —L' (X)=¢ — —L (X!
th 2,0 o ( ) qbt 2p t ( ) )

SO

1
d)t :t“‘%Li (Xl)a

which shows that ¢ is also strictly increasing. Let Bf = [ I(X; > l)dBs.

Then B} is a continuous local martingale with
b
(B, = / I(Xs>1)ds =T, =t
0

and hence B! is a Brownian motion by Lévy’s criterion. Furthermore, by (2.1)

it follows that
¢t d)t 1
X} :X0+/ (X)) I (X5 > l)ds+/ o (X)I(Xs> Z)dBS+§L;t (X)
0 0
t t
=Xo+/ p (XD 1 (X! >l)d<z>s+/ o (X1 1 (X2 > 1) dB!+ 214 (xY).
0 0
by the change of variables formula, and
dX} = p (X)) I (X} >1)dgy+ 0 (X}) I (X} >1)dB} + %dLi (xh)

1 1
=p(X}) I (X} >1) <dt + %dLi (X1)> +o (X)) (X} >1)dB} + 5dLi (xh)
= (X)) T (X! > 1) dt o (X)) T (X! > 1) B} + JaIk (X7).

Moreover, we have
t t o
/ I(x! :l)ds:/ I(Xy, =1)dTy, :/ I(X,=1)dT, =0.
0 0 0

The last two equations show that (X!, B!) is a unique weak solution to the
system of SDEs (2.1) and (2.2) for p = oo. Since X! is the unique solution to
the reflecting SDE and X; = X,,, = X}t, the law of X is also unique. Theorem
3.1 in [2] states that uniqueness in law for X implies joint uniqueness in law for

(X, B). 0
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We will restate some results from [8] and [9] without proof but with adjust-

ments to incorporate the sticky boundary behavior at the left boundary.

Lemma 1. For any f,g:S, — R with g(zp+1) = 0, we have

Y 9@ eV f(x) ==Y f(2)dTaVig(z) —g (o) f(x0).  (B.D)

z€S, z€eS,

Under Assumption 2, it can be seen that

o o
Ox' Oyl b

sup (t,z,y)| < oo (B.2)

z,y€(l,r)

for ¢,57 = 0,1, 2 still holds, because of results from Sturm-Liouville theory and
the proof of |8, Lemma 2|. The use of (B.2) is to prove claims of the form
lg(z)| < Ch for B = 0,1,2 such that the constant C' > 0 is independent of x

and n. The application of this result will not be mentioned explicitly below.

Corollary 1. Under Assumption 2, for n sufficiently large, there exist constants

C1,Co > 0, independent of n and x € S,,y € S°, such that

ns

C1 <sp(x)<Cy C1<my(y) <Cq C1<M,(xg) <Cs.

Lemma 2. Under Assumptions 2 and 3, there exists a constant C > 0, inde-
pendent of k and n, such that for h, € (0,0), where ¢ is small enough, the
following holds:

A< COk2. (B.3)

Proof. Let the matrix M,, again be a diagonal matrix with entries M, ; ; =
M, (x;) fori = 0,...,n. Calculation of M,,G,, and the choice of M, (z) as stated

in Section 3.3 implies that

p —p (1) 0% @y + 0 (1)
M, = M, ,
5+:L'05 (930) 2571'151‘1 (:Cl)
p(z)d~z+ o (v) —p(xT)6Tat + o2 (x) n
M, (z) = M,
20T xéx () 20—ztoxt (=%)
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for x = x1,...,xn_1. Hence M,,G,, is symmetric, and therefore M}/ QGnM; 1/2

is also symmetric. Furthermore, it can be seen that I\\/JI}/ 2GnM; 1/2 is similar to
Gy, and so both matrices have the same eigenvalues. The min-max principle

derived in [9, Section 3| shows that

n — MG My (f,=Guf),
k= min max = min max ———

U, feUx fo Up feUx (f,f)n ’ (B4)

where U denotes a k-dimensional subspace of functions defined on S,, with

boundary condition f(z,+1) = 0.

The upper boundary for A} can be derived in the following way. First,

(f,=Gnf)p ==Y f(2)(Gnf (z)) M, ()

TES,
== x L 0oy ! Tf(z) ) my, (z)dz
- %Zszf( )o@ 52 Y <Sn($)v £ )) o ()6

+ Y k(@) f (2)° Mo (x) = pBS (20) Y (0) M (0)

TES,

— = X @5 (V@) X k) @ )

€S, 5n () z€S;y

— pBf (x0) VT [ (x0) My, (20)

tx _
=Y P Gt @)+ Y k@) (@) My ) +
sesy " (z) reSe sn (o)

using Lemma 1 and 1/s,(xg) = pMy,(xo). Furthermore, by noting that for
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Scheme 1, 1 — 8 =0, and for Scheme 2, 1 — 5 = O(hy,), we derive

S @) 2 ) T £ (a0)

25w e
<0 () -r@) 2L B o)l If (1) —  (a0)
<4 Sn (f () = £ @)* + G | (@)l I (21) = £ (a0
<SS ()~ £ @)+ <f (w0)? o + LT (“))2>

TES,
<223 ()~ £ @)+ Cuf (a0)* b,
€S,

where the constants C1,...,C5 > 0 are independent of n and f. Note that with
f(xpy1) = 0, the following holds:

ST -F@) =3 @) =23 FaN) f@)+ Y fla)?

TES, T€S,;, TES;, TES,
=2) f@?=) f@f@)-) f@)f()
z€S?, TES?, z€eSy,

+ f (20)* = £ (w0) f (z1)
=Y f@) (~f (=) +2f (@) - f ("))

TESS,

+ f (20)? = f (o) f (z1).

S S w) et CONASIES

<N @) (f () 2 (@) — £ (@) + 2 f (a0) (f (20) — £ (21))

h
z€eS? n

n

+ Cuf (20)* hn,
1
= C'shfngfn + Cuf (20)* hn,

where f, = (f(zo), f(x1),..., f(zx))T € R™! and Aisan (n+1) x (n + 1)

tridiagonal matrix with diagonal elements 2 (the first diagonal entry is equal to
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1) and off-diagonal elements -1. It can easily be seen that

ergg k(x) f ($)2 M, (z) erS; f (@2 M, ()
0= 7D SO e T @ M ()

for some constant Cg > 0 independent of n and f, as all terms are positive and

k(z) is bounded. Lastly,

(f P =D f2)" My (2)

TES,

> 3 @)y () 82+ f (20) My (20)

TESS,

for a constant C7 > 0 independent of n and f, as h, € (0,d) with § small

enough. Hence,

(F,=Gnu  ConpfnAfn | Citnf (x0)* |
(F D = Cthaflfa " CihafTfa — "
Putting these results into (B.4), one obtains

. fu Afn
min max

P +Cs.
k= C7h721 Ur feUx fgfn ®

min max ngfn
Ue feUy fv?fn

is the kth eigenvalue of the matrix A, one can use the results of |6, Table 2| or

alternatively [7, Theorem 2| to obtain that

2k — 1 4272
)\k(A):4sin2( )™ T k=12...n+1

This now shows that

n Cs  4k*r? < A2 Cs

T k? + Cs < Cyok?
k_C7h%(n+1)2+ 8_0703 + Cg < C1ok7,

as by Assumption 3, we have Cy < h,(n + 1). O



Markov chain approzimation of 1D sticky diffusions: supplementary material 9

Lemma 3. Consider a grid such that h, € (0,0) with 0 small enough; then

there exists a constant C' > 0 such that for any 1 < k < h;1/4,

A — N\, > —ChY/4,
where C' is independent of k and n.

Proof. It should first be noted that as G is a self-adjoint operator, the min-

max principle holds (see |3, Theorem 2.1]). In particular,

)\k _ min max (1/)7 _gw)
LCD,dim L=k peLp£0  (, 1))

where L is a linear subspace of the domain of G.
Fori=1,...,k define ¢; : S — R as a linear interpolation of the approximate

eigenfunction ¢} over the interval S, which is given by
bi(x) =9 (y7) + Vo7 (y) (z—y7)

for z € [y~,y] and y € S;!. Then {¢1,...,¢;} form a k-dimensional linear
space. Furthermore, set ¥,(x) = Zle a;1i(z) where the a; are normalized,
ie. Zle a? = 1. Using the min-max principle and integration by parts, we
obtain
)\k S max (@ZJCH _gwa)
al,...,akzz,’le a?=1 (¢aa¢a)
r g (x)? r 2
. J; S(;E) dz + [k (x)vq (2)” M (dx)

B.5
ko a?=1 [ %a (z)* M (dz) (B:5)

We will now estimate the different terms appearing in this equation. First,
note that as 1 — 8 = 0 for Scheme 1 and |1 — 3] < C§txg for Scheme 2, it holds
that

’1 - ﬁ’ ‘wa (1’0) VJF% ($0)| < Clwa (330)2 V 5+$0 + Cl (Vera (LL’()))2 (5+$0)3/2
< Oovhn +CoV8 S (Vb ()62, (B.6)

TES,
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with constants C7,Cy > 0 independent of a and n, because

M ()
Z wa o Mn a: < 03 Z Z @iy Qi Z (‘011 S012 M” (x) - 03’
z€S, " i1=1ir=1 x€S;,
as
> o (@)@ (@) Ma(x) = (7, 01 )n = Biy i
TES,

and C3 > 0 is independent of @ and n. Using this result and the fact that v, is

a piecewise linear function, we obtain

/lr S (1$) 77[}(,1 (:E)2 dr — Z 1 (V+¢a (l’))2 5tr — ﬂqﬁa (z0) Ve, (z0)

S osn(@) sn (o)
< Cahn Y (Ve (@)° 62+ Cs | Vi + V8 Y (Vi (2)) 6t
< Cshn ; (Vo (2))* 6% + Cs\/ha, o (B.7)
TES,

where Cy, C5,Cg > 0 are independent of a and n. The term appearing in (B.7)
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can be handled as follows:

ST (Ve (2))° 6%

TES,
—Or— i (w0) Ve (20) + Cr—D—pa (0) Ve (o)
Sn(fﬂ) n(Io)
00 Y s (V50 @) 670 + O Y k(@) My (2) v (@)
TES, TEeS,,
= CuBpM, (20) Y (20) V4l (20) + Cgfo)w (20) V't (0)
— x ! Tohg () ) — _Gr x0) VT, (x
&%wa )6~V (Sn(m)v Pa ( )) st (1) V0 ()
+C7 Y k() My () o ()
eSS,
——Cr 3 () My () Gt () + 2= 00) T4 ()
TES,
< 07 Z Z Qs ah)‘m Z 901,1 9012 Mn (I)
11=114,=1 zeSy
Cs (WT +V6 3 (Ve (2)° (m«)
€S,
< CAL+ OV S (Vg (2))? 07, (B.8)

z€S,
where the last inequality follows from the fact that 0 < A7 < Ay < --- < AL

The constants C7, Cg, Cy > 0 are independent of a and n. We can now choose

0 small enough so that 1 — C7\/3 > 0; then

Co
Y (Vi) 6ta < - 07\[% < CioAg-

TES,

Combining (B.7) and the previous results yields

/lr . (136) ' (z)dx < L _xf Vo (20) VTbg (10) + Z ! (V+¢a (x))2 otx

+ C11 AP hy, + Cshl/2.
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The second term in (B.5) can be handled as follows:

[(Wﬂ = k(@) o (2)? My ()

TES,
s%mwmmekmm%mﬁmmﬂ
+Z  (2) o (2) Migk i (2) 82
< Cr2hnq (xO)Q + % Z /x ‘k (y) Ya (9)2 m (y) -k (x) Ya ($)2 mn (x)‘ dy
TES, z
+ - Z / 2m(y)—kz(:v+) Ya (az+)2mn (x+)‘dy

2 =
< (i3 (N/Xihn'+’Azhi),

where the last inequality follows in the same way as in the proof of [9, Lemma

4]. Using this result to bound the numerator, one obtains

I

v ( da:+/k ) o ()2 M (dz)

x)

E: Y (2) My, n¢a()‘*CH4<( AZ%‘AZ)hn%—AZhi{_hy2>
z€Sy

< AP+ Oy ((ﬁJr Ag) B + AZH2 + h,ﬁ/Q)

for some constant C14 > 0 independent of a, k, and n. The denominator can

be estimated similarly as before by setting k(x) = 1:

/wa dx)—1‘<015(\fh +ApR2),

where C15 > 0 is a constant independent of a, k£ and n. As all of the constants

are independent of a, it follows that

Np o Cua (VAT +X0) b+ 12+ l?)
A <
L= Cus (/Niha + Aph7)

Using Lemma 2, i.e., A} < Cik? < Cl6h;1/2 for some Cig > 0 independent of
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k and n, we have

Cua (VT +N) o+ N2 + 1) + Cos (y/Nho + NEB2)

A — AP <
Bk 1= C5 (\/AThn + ALh2)
Cur (B bl 4+ 13 !+ 3l
< < C h1/4
= 1— Cy5 (63/1 4 63/2) = i8N
for constants C7, C1g > 0 independent of k£ and n, as long as § is small enough
so that 1 — Cy5(63/% + 63/2) > 0. O

Lemma 4. If h,, € (0,0) for § small enough, there exists a constant C' > 0

such that for any 1 < k <n,
where C' is independent of k and n.

Proof. Note that for every y € S,
Cr) = D, @ —¢f(t) == Y V'ei(x)sta,
Y<T<Tp41 Y<T<Tp41

as @} (xn41) = 0. Then

)l =[— > Viep() itz <> Vi (a)]dta

Y<x<Tpni1 TES,

Z (Vter (m))25+az Z otx < Clﬁ

TES, TES,

IA

for a constant C7 > 0 independent of &k, n, and y, because of the same steps
as shown in (B.8) with 1, replaced by ¢j. Furthermore, by Lemma 2, i.e.,
Ap < Csk?, it follows that

107 .00 < Cr4/ A < Csk
for constants Cy, C3 > 0 independent of k and n. ]

Lemma 5. It holds that

S @) Mo () / " F @) M (dn)| < Cmax{| L |17 302

TES,
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for some constant C > 0 independent of n and f.

Proof. We can prove the following by using Proposition 2 and the trapezoidal

rule:
S S @M@~ [ @) ()
TES, o
= [ (z0) My (z0) — f (z0) M (z0) + Z f(z)m
TES?
- [T @ m@
5+$0 2
f(xo)O_Z(x)(M(xo)a—l )+O0(R2)+ > f(x)
0 TESS
- /Jjn+1 f(x)ym(x)dx
< Cy M (x0) & = 1 | fllog o + Co || £7]| . P
Cs || flloo o for v = p (o),
|Gl fora=p (asM(zo)a=1xp=1)
< Cymax{|| flloo || F"]| s} om
where C1,...,Cy4 > 0 are independent of n and f. a

Corollary 2. For hy, € (0,0), the following lower bound holds for every 1 <
k< byt
Ay > CR?,

if 0 is sufficiently small and C' > 0 is a constant independent of k and n.

Proof. The proof is the same as the proof of |5, Corollary 3.7|, using Propo-

sition 3 and Lemma 2. O

C. Pseudocode

We provide pseudocode for our CTMC approximation algorithm for pricing

of some payoff f under a diffusion model with sticky lower boundary. Symbols
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in bold are vectors or matrices. Round brackets show the index or range of

indices (indices start at 0), and square brackets create a vector.
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Algorithm 1: Pricing of some payoff f under a diffusion model with sticky

lower boundary

1 def CTMCPricing(l,r, u, o, p, k,z, f,T,n,scheme):

10

11

12

13

14

15

16

17

18

19

20

Data: Parameters of underlying diffusion and product to be priced;
scheme indicates the scheme to be used.

Result: Price of the product with payoff f.

if r == oo:
r4—1r <00
x = (z9,...,Tp+1) = Linspace(l,r,n+2)
0T+ zx2z2:n)—x(1:n—-1),6 «<z(1:n—1)—=x(0:n—2), § +
(6T +67)
N

vg 4+ [0,—v; —vy — k(x(1:n—1)),0], vy < [0,v,(0:
n — 2),0], V] [’01,0]
if scheme == 1:
0u(0) + p/ (2(1) = 2(0)) , va(0) & —v,(0) — k (x(0))

else:

v,(0) 70 0a(0) = —vu(0) = k (2(0))

p
(1)~ (0)+ 250 (2(1) —2(0)

o2(x(0))

G+ v Vg Uy

f e 1)
P = MatrixExponential(T'G)f
if v € x:
i = FindIndex(z, )
return P(7)
else:
P(-) = CubicSplineInterpolation(z, P)

return P(x)
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In line 4, a uniform grid is generated by the function Linspace, but this can
be replaced by a non-uniform grid. The operations in line 6 are understood
to be componentwise. Line 12 generates the tridiagonal matrix based on the
transition rates in v;, vy, and v,, and f is the vector of payoffs at each grid
point. In line 14 the matrix exponential is calculated for TG and multiplied by
the vector f. This is a matrix—vector multiplication, and the result is again an
(n+1)-dimensional vector P. The calculation of the matrix exponential can be
done using any one of the algorithms described in Section 3.2. The final step is
to return the price corresponding to the starting point x. If the starting point
is in the grid «, then line 16 returns the index in the vector corresponding to
x. In case x is not on the grid, we apply cubic spline interpolation to the price

vector and obtain the price at x from the cubic spline function.
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