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Proof of Lemma 1

Let vy = . Take any j € L and consider profile (j,v_;). Since t is neither majority-pivotal
nor median pivotal, k(j,v_;) = k(v), and, thus, py(j, v—_¢) = pr(v) for every h € L. Moreover,
k(v) is a majority party in (j,v_,) if and only if it is so in v.

Suppose v; is not strategically sincere for ¢ in v. There exists j € L\ {i} such that
u(p;(v);t) > u(pi(v);t). Take any e € (0,1). From the discussion in the previous paragraph,

we conclude that

U(j,v_s;tle) — Ulvy, v_g; tle) > —[ulp;(v);t) — u(p;(v); )] > 0,

€
n
which implies that v; is not a robust best response to v_;.

Suppose v; is strategically sincere for t in v. Then, for every j € L, u(p;(v);t) >

u(p;(v);t). Thus,

Ulve, vi;tle) = U (g, v;tl€) > —[u(pi(v);t) — ulp;(v);1)] = 0

SN

for every j € L and every € € [0,1). Hence, v; is a robust best response to v_;. [



Proof of Proposition 1

1. Suppose |X,,| > M. Define the voting profile v by the following:

m ift € X,,,

min ( arg max {u(@i; t)

Vs =

(9)

i € argmax{u(s};t)|j € L}}) otherwise.

Since v; = m for every t € X, by, (v) > M. Thus, k(v) = m, and no voter is majority-
or median-pivotal. By construction, v is strategically sincere. Lemma 1 then implies that
veV(T,0,q).

2. Let v € V(T,0,q) and by (v) > M. Since byyy(v) > M, no voter is majority- or
median-pivotal. By Lemma 1, v is strategically sincere. Suppose k(v) < m. Then ty > 7,
which implies Ty (v) € {t1,...,tm-1}, contradicting by (v) > M. Suppose k(v) > m.

Then t)—1 < Yew)’ which implies Ty (v) C {ta, ..., te}, contradicting by (v) > M. Thus,

)
k(v) = m. Since v is strategically sincere, T,,(v) C X,,. Hence, |X,,| > M. |

Proof of Proposition 2

Suppose |X,| < M — 1 and {tp—1,ta, tas1} C X Let v be as defined in (9). Note that,
by definition of X,,,, m € arg max{u(s*;t)|i € L} if and only if t € X,,,. Thus, T,,(v) = X,
implying T,(v) < M — 1. Also, for every ¢ with v, # m, either t <y ort >y, If
t <y ,thent <0, < s for every : > m. Thus, there is no ¢ € L such that ¢ > m and
i € argmax{u(s}';t)|j € L}. Therefore, v, < m. Similarly, if ¢ > 3,,, then v; > m. Then
since y < ty-1 < b1 < Yo S bi(v) < M — 1 and Zf:mH b;(v) < M — 1. This

implies that k(v) = m and no voter is majority- or median-pivotal. Then, by construction,

v is strategically sincere, and, by Lemma 1, v € V(T 6, q). [ |



Proof of Proposition 3

1. Assume |X,,| = M. Define the voting profile v as in (9). By construction, T, (v) = X,,
and T*(v) = T. We just have to show that v € V(7. 6,q). For any t € T'\ X,,, t is neither
majority-pivotal, nor median-pivotal. Thus, by Lemma 1, v; is a robust best response. Take

any t € X,,, and take any € € [0,1]. Since m is the majority party in v,

Uvstle) = (1 — €)u(Op;t) + < Mu(6,,;t) + Z bi(v)u(si™;t)| . (10)

n

Consider voter t’s deviation by voting for some j # m and let v/ = (j,v_4). Since tp;_1 € X,
S bi(v) < M — 1. Since tyg € X, St ma1 0i(v) < M —1. Thus, k(v") = m, implying

pi(v') = pi(v) = s for every i € L. Since m is not a majority party in v’,

UWitle) = = [(M = Du@uit) + 3 bi(wyu(slst) +u(ss )| (11)

n
1€eL\{m}

Subtracting (11) from (10), we obtain

Ulstle) U@t = [ = Dulit) ~ 3 bilo)uls?s1)

Since t € Xon, u(bhn;t) > u(s";t) for every i € L. Also, > iy bi(v) = M — 1. Hence,
U(v;tle) > U(v'; tle). Therefore, v is a robust equilibrium.
2. Assume | X,,| = M —1. Ilf m = 1, then t; € X,,,, implying ty;11 ¢ X,,, a contradiction.

If m = ¢, then t, € X,,, implying ty;_1 ¢ X,,, a contradiction. Thus, 2 < m < ¢ — 1. Let



o ”2—;1 For each i € L\ {m}, let

r, = —
n

{teT\Xm

i = min (arg max {u(é’i; t)

i € argmax{u(s]';t)]j € L}}) } ‘

Note that >, , 7 = 1. Either Y ., risi" > 0y, or Y., risi* < O, If the former is true,
then let ¢* = max{t € T[t < y_}. If the latter is true, then let ¢* = min{t € T|t > ¥,,}.

Note that t* ¢ X,,. Define the voting profile v by the following:

m if t € X,, U{t*},
Vs = (12)

min < arg max {u(@i; t)

i € argmax{u(s}';t)|j € L}}) otherwise.

Note that T,,(v) = X,,U{t*} and so |T,,(v)| = M. By construction, for every t € T\ {t*},
vy is strategically sincere in v. For any t € T\ T,,(v), t is neither majority-pivotal, nor median-
pivotal. So, v; is a robust best response by Lemma 1. For every t € X,,,, the argument in the
proof of the first statement of Proposition 3 holds true. Lastly, consider voter t*’s deviation
by voting for some j # m, and let v' = (j,v_s). Since k(v') = m, p;(v') = pi(v) = s for

every ¢ € L. Let

¢ = min (arg max {u(@i; t*)

i € argmax{u(s]";t")]i € L}})

Note that if j = ¢*, then T;(v') = nr; for every i € L; and that if j # i*, then T;(v') = nr;

for every i € L\ {j,¢*}, Tj(v') = nrj + 1, and T;=(v) = nry — 1. Take any € € [0,1). Then,

J

1
Zriu(s;n;t*) — U t*e) = —[u(s; ") —u(sT;t%)] >0 (13)
il "
since u(si;t*) = max{u(s!;t*)|i € L}. Note that, by construction, either t* < 6,, <

Y oiepn TSy or Yy .o risit < 0, < t*. Then, since f is strictly concave, u(6,,; t*) > Y., riu(s]; t*).

70



Then, from (13), we conclude that w(6,,;t*) > U(v';t*|€). Then, for sufficiently small e,

Uv; t*)e)=U'; " [€) = (1—€)[u(Om; t*)—U (Vs t*|€)]+€ Z bifl—v)u(s?”‘;t*) —UW';t*e)| > 0.

€L

Thus, v is a robust equilibrium of G(T, 6, ¢q,0). |

Proof of Proposition 4

Assume {try—1,tar, tas1} € Xom. Foreach t € T let

a(t) = min (arg max {u(@i; t)|i € argmax {u(s?”“; t)‘j € argmax{u(sy';t)|h € L}}}),

and define voting profile v by the following.

m ift e st
b, = 1, b (14)

a(t) otherwise;
Recall that 6; < t); < 6, and 6,, < tp;. This implies that m < ¢ — 1. For every t >
max{ta, Y}, 0 = a(t) 2 m+1 Im =1 theny =11, so {t1,....ta} C Tn(9).

Otherwise, for every ¢t <y . 0; = a(t) < m—1. Thus, when m = 1, party m is the majority

party, and when m > 1, party m is the median party. Then, for every i € L, p;(0) = s
For every € € [0,1] and every t € T,
€
U(v;tle) = (1 — 0;t) + — b; (0 et 15
(05t]e) = (1 —Jul(Or;t) + E (0)u(s";1) (15)

€L

if m = 1; and

ifm > 1.



The proof will include a series of lemmas. The first lemma shows that, for voters who
vote for the median party or any party to the right of the median in profile v, a deviation

by voting for any party to the left of the median is not profitable.

Lemma 3 Assume m > 1. For every t > Y and every j < m — 1, there exists € > 0 such

that U(0;tle) > U(j,0_y; tle) for every e € [0, €.

Proof: Take any t > y ~and let b = 0,. Note that ~ > m. Take any j < m — 1. First,
suppose ty—1 >y . Then Z:i_ll b;(0) < M — 1, implying k(j,0_;) = m. Then, for every
e €[0,1],

U0 110) = U, 0-gitle) = = [u(sf 1) — (s 1)) a7)

If t > tp41, then h = a(t) € argmax{u(sj*;t)|i € L}. So, u(sy';t) > u(s7t), implying (17)

m m
Sm—1 +Sm

2

is nonnegative. If ¢ € [y ,ty], then h =m. Sincet >y = , u(smit) > u(syt).

Thus, (17) is nonnegative.

Now suppose tp—1 < y . Then, 377 "b;(0) = M — 1. Al implies that, for each

i=2...,0 (= 0)NT # 0. Since ty > 6, it must be that ty; > ‘n=itfn

Since y > ty-1, Yy > M, which implies z,,(¢) > 6,,—1. Then, it must be that

(9m—12+9m’y ), atpr—1) = m — 1, 80 by,—1(0) > 0. This implies

=m

q > 0,_1. Since ty_1 €
that k(j,9_;) = m — 1, and, so, p;(j, 0_;) = s/"~! for every i € L. We consider two cases
separately: m > 2 and m = 2.

First, suppose m > 2. Since t; < 0y, a(ty) = 1. So, by(0) > 0, implying b,,—1(j, 0—+) < M.

Then, for every € € [0, 1],
1
UG -citle) = (DBl 0) + e~ = e~ (18)
i€l

Suppose ¢ > Oy, i, z,,(¢) = 26, — ¢. Then, A(j,0-y) = [20,1 — ¢,q]. Since z,,(q) €
(Or1,0m), for every i > m, s = s""'. For every i < m — 1, s = 20,, — q > s~ '. Since

t >ty > 20, — q, u(20,, — q;t) > u(s"';t) for every i < m — 1. Also, since t > 0,,,

6



8?_1 <20, —q, and s € [0,,, g, it must be the case that u(s)""';t) > u(sT‘l; t). Then,
1 m—1

Utstle) = UG, 0-iitle) = — <Z bi(0)[u(20m — g;t) — u(s7 5 8)] + [u(sy ™5 t) — ()™ t)])
i=1

> 0

for every e € [0,1]. Suppose g € (0,,_1,0,,). Then, for every i > m, s ! = ¢, and, for every

i <m—1, s =gq. Thus, for every e € [0, 1],

U(d;tle) = U(J, 04 tle) = l(i:@-(f))[it(q;t)—U(Sl-”_l;lt)] (19)

Since s < q < t, u(q;t) > u(s]"*;t) for every i < m — 1 (including 7). Since t > 6,, and
S € [Om,y 20, — q], u(s?;t) > u(g;t) for every i > m. Thus, (19) is positive.

Now suppose m = 2. Then, b;(0) = M — 1 and j = 1. Thus, party 1 is the majority
party in (j,0_¢). Let C(t) = 237, , bi(0)u(s!;t) — w(by;t) and let

T on

G(t) = % <Z bi(D)u(si";t) — Z bi (4, 0y )u sy t)) -

(S €L

Then, for every e € [0, 1],
U(65t]6) — UG, b-45t]6) = (1 - )C() + eG(t). (20)

Note that t > 0,,, si" € [z,,(¢),Tm(q)], and 6, < z,,(¢). This implies that u(s*;t) > u(0;;1)

(2

for every i € L. Hence, C(t) > 0. If G(t) > 0, then (20) is positive for every e € [0,1]. If
G(t) < 0, then let € = % Then, for every e € [0,¢€], U(0;tle) > U(j, 0—¢; t|e), which

completes the proof of the lemma. |



We are ready to prove the first statement of the proposition. Suppose 341 € X,,,. Since
Om <ty <tyi1 <7, ta € X Then, it must be the case that ¢),_; < Y, implying m >
1. Note that [y .ty] NT = {tar}. Since ty € Xy, 0, = m € argmax{u(si";tar)|i € L}.
Also, by construction, 0; = a(t) € arg max{u(si";t)|i € L} for every t € T\ {tp}. Thus, 0
is strategically sincere, i.e., T*(0) = T.

I now will show that o € V(T,0,q). Since tyry1 € Xpn, Uy, = a(tayg1) = m. This
implies that Zf:m 41 0i(0) < M — 1. Then, for every ¢t < tp;_;, voter t is neither majority-
pivotal nor median-pivotal. Thus, by Lemma 1, 0, is a robust best response to v_; for every
t < tpy_q1. Take any t > tp;, and consider voter t’s deviation by voting for any j # o,. If
J > tur, the deviation would not change the median party, i.e., k(j,9_;) = m. Then, for every
i € L, pi(j,0-4) = s = pi(v). Since v; € argmax{u(si™;t)|i € L}, U(0;tle) > U(j, 0_y; tle)
for every e € [0,1]. Suppose j < m — 1. By Lemma 3, there exists € > 0 such that
U(v;tle) > U(j, 0_y;tle) for every € € [0,€]. Thus, v € V(T,6,q), which completes the proof
of the first statement in Proposition 4.

To prove the second statement, assume ty;11 ¢ X,,,. Let

B(t) = min (argmax {u(@i;t) i € argmax {u(s?’;t)‘j € arg max{u(s)"";t)|h € L}}})

Define voting profile v by

m+1 ittt ety ¥, 1l
B = Fat: Y (21)
p(t)  otherwise.

I will prove that either © or ¥ is a robust voting equilibrium of G(7, 0, ¢,0). Define voting
profiles v and ¢’ by the following.

Uy = (22)

Uy otherwise;



and

m if t = tM,
0, = (23)

U; otherwise.
That is, ¢’ is the voting profile in which the median voter unilaterally deviates from © by
voting for m + 1, and ¢’ is the voting profile in which the median voter unilaterally deviates
from @ by voting for m. For each t € T and each € € [0,1], let A(t|e) = U(d;t|e) — U(0'; t]e)
and A(tle) = U(w;tle) — U(¥; t]e).
Note that, for every ¢t <y . a(t) < m. Also, since tary1 > ¥y, for every t > tary1,

a(t) > m+ 1. Thus,

D bi(6) =M and Y b(d') =M - 1. (24)
=1 =1
smtlpsmtd

Om +9m+1 <
2

Since ty 1 < s, B(t) < mforevery t <ty Clearly, for every t > 7,,.,

B(t) > m+ 1. Hence,

ibi(ﬁ) =M -1 and Zm:bi(f/) = M. (25)

An implication of (24) and (25) is that k(0) = k(?') = m and k(v") = k(9) = m + 1. Thus,

for every i € L, pi(0) = pi(?') = s and p;(0') = p;(0) = s"*!. I now present a series of

)

lemmas.
Lemma 4 For each given € € [0,1], A(tle) is decreasing in t and A(t|e) is increasing in t.

Proof: For each t € T, let

Dty = — | S b(@)ulsl's 1) — bl ) (26)

1€L i€l



and

D(t) = % [Z bi(D)u(s 1) — Z bi(@/)u(slm;t)] (27)

i€l i€l
[ first claim D is decreasing and D is increasing in ¢. Since & and ¢’ differ only in that

L o .
Uy, =m and 0y = m+ 1, we write

D) =

S|

(Z bi(0)[u(sy"s 1) — (s )] + [u(spy ™5 t) — ulsyiy; t)])

D b7 =) = FUUs7 = D]+ [ (st = t) = f(lsmii — tl)])(%)

I
S|
VR
s
h

Note that, for each i € L, s/ < s/*! and sm*! < s7*1. Then, since f is decreasing and

concave, for each i € L, f(|si —t]) — f(|s/""! —#|) is decreasing in ¢ and f(|s71 —¢]) —

f(|sitl —¢]) is decreasing in t. Hence D is decreasing in ¢. A symmetric argument proves
that D is increasing in t.

Let € € [0,1]. First, suppose that b, () < M and by,4q1(9') < M. Then, A(tle) = D(t),
implying A(t|e) is decreasing in t. Second, suppose by, (0) = M. Since t; < 6y, &y, = 1. This,
together with (24), implies that m = 1. Since t,, > 6,, 0;, = ¢, implying b,,+1(0") < M.
Then,

A(tle) = (1 —e) [u(@l; t) — %Z bi (0 )u(sm L t) | + eD(1).

1€l

But since 6, < s/ for every i € L, the expression in the square bracket is decreasing in .
Thus, A(te) is decreasing in ¢. Lastly, suppose by41(0') = M. Again since @, = v, =/, it
must be the case that m + 1 = £. Then since 0y, = 1, b,,(0) < M — 1. Then,

+ eD(1).

Adt]e) = (1— ) % S bu(@)ulsTs 1) — (0o 1)

But since s]* < 6, for every ¢ € L, the expression in the square bracket is decreasing in ¢.

Thus, A(t|e) is decreasing in t. A symmetric argument proves A(t|e) is increasing in t. 1

10



Lemma 5 The following is true.
1. If A(tM]O) > 0, then 0 is a robust equilibrium of G(T,6,q,0).
2. If A(tp]0) > 0, then ¥ is a robust equilibrium of G(T, 6, q,0).

3. If A(ty|0) = A(tar]0) = 0, then either © or © is a robust equilibrium of G(T,0,¢,0).

~

Proof: 1. Suppose A(ty) > 0. Take any t € T, and let h = ;. Assume t > 341 and
notice that v, > m + 1. Consider voter t’s deviation by voting for j. Suppose j > m.
Then the deviation does not change the majority or the median status of party m. Since
h € arg max{u(s[";t)|i € L}, U(0;tle) > U(j, 0_¢; t|e) for every e € [0, 1]. Suppose j < m—1.
Then, by Lemma 3, U(v;t|e) > U(j, 0_y; t|e) for sufficiently small e. Thus, 0; is a robust best
response to U_y.

Assume t < t,;. Again, consider voter t’s deviation from v by voting for any j # h, i.e.,
we consider the profile (7,0_;). If j < m, then the deviation would not change the identity
of the median or majority party. So, k(j,0_;) = k(0) = m, and, for every ¢ € L, p;(7,0_;) =
pi(0) = s And since, by construction, h € arg max{u(s*;t)|i < m}, U(j, 0_¢; tle) < U(v;t|e)
for every € € [0, 1].

Now suppose j > m + 1. Then k(j,0_;) = m + 1 and p;(j,0_;) = s/"** for every i € L.
Note that the only possible difference between v' and (j,7_¢) is that, in (j,0_;), one vote
for h in ¢ is transferred to j, and, in ¢’, one vote for m is transferred to m + 1. I claim
U(t';tle) > U(j,0_¢; tle) for every e € [0,1]. To see this, first, suppose m < ¢ — 1. Then,

there is no majority party in ¢’ or (j,0_;). So, for every € € [0, 1],

U(0'; t]e) — U(j, 0—g; t]e) = %(Mszii; £) = u(s7 ]+ [u(sy ™5 6) — ulsp ™ t)])-

Since ¢ <ty and m +1 < j, we have t < Oy = spii] < s, implying u(s)if);t) >

u(s;’”l;t). If h = m, then clearly u(s)""*;t) = u(s™*%;¢). Suppose h < m. Then, since

11



m+677L : m+67rL
h = aft), t < 227" But since s’ < sp'*' < s and 6, < spt, BT < = ,

1 1
SZH— +s%+

implying u(s)"t:t) > u(sm™*;t). Therefore, U(9';tle) > U(j,0_s;tle). Second, suppose

m

m = { — 1. Then, m + 1 is the majority party in ¢’ and (j,0_;), and j = m + 1 = £. Then,
U@ tle) — UG, s tle) = <[u(s™ L t) — u(s™ 1)) > 0.
n

Hence, the claim is true. This implies that, if U(v;t|e) > U(0';t|e) for sufficiently small
€, then 0, is a robust best response to o_;. Thus, it suffices to show that A(tle) > 0 for
sufficiently small e. But since ¢t < ¢, and A(t|e) is decreasing in ¢ by Lemma 4, it suffices to
show A(ty]€) > 0 for sufficiently small e. Suppose 1 < m < £ — 1. Then, for every € € [0, 1],

A(tyle) = A(tn]0) > 0. Suppose m =1 or m = £ — 1. Then,
A(tyle) = (1 — €)A(tpr]0) + eD(tnr). (29)

If D(ty;) is nonnegative, then A(ty|e) > 0 for every e € [0, 1]. If D(ty) < 0, then A(ty|e) >
0 for every € € [0, %] Therefore, v € V(T,0,q).

2. A symmetric argument proves the second statement.

3. Suppose A(ty]0) = A(ty|0) = 0. Again, note that, if A(ty]e) > 0 for sufficiently
small €, then v is a robust equilibrium, and that, if A(t wm|€) > 0 for sufficiently small €, then
7 is a robust equilibrium. If 1 < m < £ —1, then A(ty]e) = A(tp|0) = 0 for every € € [0, 1].
Thus, 9 is a robust equilibrium. Suppose m = 1. Since A(ty]0) = 0, we obtain from (29)
that A(ty|e) = eD(ty). Similarly, because A(ty]|0) = 0, A(tar]e) = eD(ty). So, it suffices
to prove that either D(ty;) > 0 or D(ty) > 0.

Note that

Aftal0) = wlbrstar) — - S bii)u(s% 1) (30)

€L

12



and

A(ty)0) = Zb u(s2:tyr) — u(fy;ty). (31)

ZGL

Since A(ty]0) = A(£y|0) = 0, we have

—Zb Sz,tM Zb Sz,t]\/[ —u(91,tM).

1€l zeL

Then, from (26) and (27), we obtain that

Zb u(st;tar) — w(fr;tar) (32)

zeL

and

D(ty) = u(bh;ty) — — Z by (0 )u(sk; tar). (33)

"ier

Since ty < BE2 w(@i5ta) > u(s3itar) and, for every i > 3, u(fr;tar) > u(s?itar).
Then since A(ty|0) = 0, (30) implies w(6y;ty) < u(s?;ty). Then, it must be that s? =
Z5(q) € (01,05). Suppose z,(q) = q. Then, for every i > 2, s} = ¢q. And since u(q;ty) >
w(fy;tar), we conclude D(ty) > 0 from (32). This implies A(ty]e) > 0 for every e € [0, 1].
Hence, 0 € V(T,6,q). Now suppose x,(q) = 205 — q. This implies ¢ > #5. Comparing the
definitions of © and ?', we first conclude that 77(0) = T1(¢') = {t1,...,tm}. Note that,
since ¢ > 60, T1(q) = T2(q) = ¢, which implied that, for every i > 2, s! = s?. Consider
a voter t € [tpy41,7y]. By the definition of ¢/, 0 = 2. Since t > ty1 > 7y = @,
u(sl;t) = u(by;t) < u(fy;t) = u(si;t). Since t < Yy, u(sh;t) = u(ss;t) > u(ss;t) = u(si;t).

Thus, 9y = a(t) = 2 as well. Since s}

= s? for every i > 3, a(t) = B(t) for every t > 7,.
Thus, we conclude that v, = 0; for every ¢t € T, which implies b;(0) = b;(¢') for every i € L.
Then, from (32) and (33), we conclude that either D(ty) > 0 or D(ty;) > 0. Thus, either ©

or v is a robust equilibrium. A symmetric argument proves the statement for the case that

m=~/0—1. |

13



Lemma 6 A(ty]0) + A(tp]0) > 0

Proof: We consider three mutually exclusive and jointly exhaustive cases.

CASE 1: Assume m = 1.

Note that party 1 is the majority party in © and ¢/, and party 2 is the median party in

¢" and ©. Then, by definition,

(tM|O) —u(Ql,tM — —Zb A/ Sz,tM)

i€l

and

tM|O Zb Szth —U,(eht]\/[)

zEL

By adding (34) and (35), we write

Aftar]0) + B(1ael0) = = STI0(5) — bl (s tar).

€L

From (21), we write

2 lfte[tMay2]7

B(t) otherwise.

Also, from (14) and (22), we write

1 ift <ty
~1

U = 2 ift:tM

a(t) otherwise.

Since ty_1 < 01;“92

and 0, < s? < s3 = 0y, for every t < tprq, argmax{u(s?;

(34)

(35)

(36)

(37)

(38)

t)i €

L} = {1}. Thus, for every t < tp_1, 0 = B(t) = 1. For any t > 7,, clearly 5(t) # 1.

Thus, T1(9) = {t1,...,tp—1}. Also, since ty1 > 7y, for any t > ty41, aft

14
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T1(0") ={t1,...,tpm-1}. Therefore, by(0) = by(v'). Then, (36) is reduced to

¢
Aftarl0) + A(earl0) = = SIbu(0) — b (5% tar). (39)
=2

First, suppose ¢ < 6#;. Let L~ = {i € L|#; < 20, — q}. Suppose L~ = L. Then,
st = s? = 0, for every i € L. Then, a(t) = 2 if and only if ¢ € (43% 248] = (5, 7).
Since tyr11 > Yy, To(0) = To(?'). Also, since s; = s? = 0; for every i € L, a(t) = B(t) for
every t € L. Hence, b;(0) = b;(0') for every i = 2, ..., ¢. Therefore, A(ty|0) + A(ta]0) = 0.

Suppose L~ # L. Let j = max L~.

0;+2601—q
2 )

Suppose J =2 For every t <

a(t) = B(t) = min (argmax{u(&i;tﬂi —1,... ,1}).

J+5
For every ¢t > ,

a(t) = [(t) = min (argmax {u(@i;tﬂz’ € arg max{u(s?;t)\j =j+1,... 75}}).

0; +291 —q 0j+s2 4
<t< =5

Let T = {t € T|~ }. Forevery t € T, 0, = j + 1 and ¢, = j. Hence,

T

A(tar]0) + Altarl0) = = [u(B; tar) — u(s]5tar)] > 0

2
because ty < 0; < sj,;.

Suppose j = 1. Then, for every ¢ > ty,

a(t) = B(t) = min (arg max {u(&i; t)|i € argmax{u(ss;t)|j = €}}> (40)

This implies that T5(0") = {t € T|t € [tu,Us)}, and so by(0) = by(0'). Also, for every

15



i=3,...,0, bj(t') = b;(D). Thus, A(ty]|0) + A(tr]0) = 0.

Suppose 0; < ¢ < 0. Then, for every i = 2,...,{, s} = ¢, which implies that, for every
t > tyr, (40) is true. Then, by(0) = by(0) + 1, and, for every ¢ = 3, ..., ¢, b;(0) = b;(0). Thus,
A(tar]0) + A(tp]0) = 0.

Lastly, suppose ¢ > 05. Then, for every i = 2,..., ¢, s} = s?. Then, again, for every

t > tar, (40) is true, implying A(tr]0) + A(tx]0) = 0.
CASE 2: Assume m = ¢ — 1. A symmetric argument can prove the statement for this case.

CASE 3: Assume 1 <m < ¢ — 1.
Party m is the median party in © and ¢, and party m + 1 is the median party in v’ and

v. Then,
A(tu]0) = (Zb (0)[u(s]; tar) — u(s7 Y tar)] + ulsy s tar) — uls ﬁﬁﬂfM)) (41)
€L
and

A(ty]0) = (Zb u(s s tar) — u(sys tar)] + u(si s tar) — u(snmqb;tM)). (42)

€L

By adding (41) and (42), we obtain

A(ta]0) + A(tu|0) = % (Z[bz’(@) = bi(@)][u(s"; tar) — u(sy s tar)] (43)

€L

(s ) — (T ) (s ) — <sm;tM>>.

First, assume ¢ < 6,,. Let L= = {i € L|6; < 20,, — q}. Note that, for every i € L™,

s = s In particular, m € L™. Also, if i ¢ L™, then s™ = 26,, —q. Then, (43) is reduced

()
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to

Atal0) + B00) = 2 (X 1000) = a2 — i) — e ta)] - (40)

i€L\L~

(S s tag) — (B tM>.)

Suppose L~ = L. Then, s, | = Op41, SO A(ta]0) + A(ty|0) = 0. Suppose L~ # L. Let

m+1
9J+ j+1

0, om . .
it qthenthL*andvtEL Ift> ,

J=maxL". Suppose j >m+ 1. If t <

then

a(t) = 5(t) = min (arg max {u(@i; t)]i € arg max{u(s?”“;tﬂj =J+1,... ,K}}),

0; +29m —q 0,+s }Tll

so 0y = ¥y Let T = {t € T|- <t<

}. For every t € T, Oy =j+1and 0y = j.
This implies that for every i > j + 1, b;(0) = b;(9), and bj1(9) — bj41(7) = IT|. Then, from
(44), we have

A A T
Altar]0) + A(ta]0) = % {“(29’” — g tar) — u(sTY tM)} >0,
sm+1
because tyr < 20, —q < s]”j:il, Now suppose j = m. For every ¢ < ‘W%7 alt) <m+1
S'm+1
and B(t) < m + 1. For every ¢ > ‘mtitomiz

2

a(t) = B(t) = min (argmax {u(@i;tﬂi € argmax{u(s}”“; Hj=m+2,... ,5}}),

so Uy = ¥;. This implies that for every ¢t > m + 1, T;(0) = T;(9), so b;(0) = b;(0). Also,
from the strategies, T),41(0) = {t € Tla(t) = m+ 1} = {t € Tltys1 <t < Y, }, and
Tns1(0) ={t € Tty <t <Yy}, implying by,g1(0) — by (0) = —1. Then, from (44), we
conclude that A(t]0) + A(t]0) = 0.

Second, assume 6, < ¢ < 0,,41. Then, for every ¢+ = 1,...,m, 37’*1 = ¢, and, for every
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i=m+1,...,¢, s" =q. Then from (43) we have

A(ta]0) + Ata|0) = %(Z[bz(@) — 0 (0)][us (57" tar) — wilq; tar)]
¢
+ Y (i) = bi(®)][wig tar) — wi(sy s tar)] (45)
=m-+1

+2u(q; tar) — w(lm; tar) — w(Omen; tM)>.

For every t < Y

a(t) = B(t) = min <argmax {u(@i;tﬂz‘ € argmax{u(s';t)]j =1,...,m — 1}})

For every t > v, 1,

a(t) = B(t) = min (argmax {u(@i;t)]i € argmax{u(s?”“; j=m+2,... ,f}}).

Also, for every t € [y ¥, 11], {0, 0} = {m, m+1}. Therefore, for every i € L\ {m,m+1},
T;(v) = T;(v), implying b;(0) = b;(0). Note that tpry1 > ¥,,,. So, T,,(0) = {t € T|t €
ly tul} and T,(0) = {t € T|t € [y ,ty-1]}. This implies b, (0) — bm(0) = 1. Also,
Toir(0) = {t € Tl € [tmnsTga]} a0d Toa(8) = {¢ € Tt € [tar,Toua]}, implying
b1 () = byy1(0) = —1. Then, from (45), we conclude that A(ty|0) + A(tx]0) = 0.
Lastly, assume ¢ > 6,,41. Let LT = {i € L|#; > 20,,.1 — q}. Then, for every i € LT,

s = s™ and in particular m + 1 € L*. For every i ¢ L*, s"™ = 20,,,1 — ¢. Then, we

have

Afeulo) + Aaul0) = (35 1) ~ Ol tr) — u(@Bes — )] (10

iEL\L+

+u(sm+1;tM) — u(Opm; tM)>.

18



First, if LT = L, then clearly A(ty|0) + A(ta]0) = 0. Suppose Lt # L. Let j = min L*.

Ol-i-s;n_l
2

91—&-8;-”
2

Suppose j < m. Then, if t < , then a(t) = B(t) < j—1. Let T={teT| = <t<

91+29m+1*q

2t AY. Ift €T, then ©, = aft) = j and 9, = B(t) = j — 1. Then, for every i < j — 1,

bi(0) — bi(0) = 0, and b;_1() — b;_1 (V) = —|T|. Then, from (46), we have

) - T

Atal0) + B(tal0) =~ s ssta0) —u(@s g ta0)| 2 0
because s7' > 20,41 — ¢ > 0, >ty Suppose j =m+ 1. If ¢t <y . then a(t) = B(t).
Thus, for every i < m, b;j(0) — b;(0) = 0. From the strategies, T,,,(0) = {t € T|t € [y_,tm]}
and T,,,(0) = {t € T|t € [y _,ta1]}. S0, by(0) — bn(9) = 1. Then, clearly from (46)
A(tar]0) + A(ta]0) = 0. |

Lemma 6 implies that either A(ty;]0) > 0, or A(ty|0) > 0, or A(£p]0) = A(tp]0) = 0.
Then, by Lemma 5, either v or ¥ is a robust equilibrium of G(T',6, q,0).

Suppose © € V(T,0,q). By construction, for every t ¢ [y .tu], 0 = «a(t), so ¥ is
strategically sincere in 0. For any ¢ € [y ,ty], 0 = m, and m ¢ argmax{u(s";t)|i € L}
if and only if ¢t > 7,,. Therefore, T\ T*(0) = {t € T|y,, < t < tp}. Suppose ¥ is a robust
equilibrium. By construction, for every t ¢ [tar, U,,i1), 0t = B(t), so ¥y is strategically sincere
in 0. For any ¢t € [tar,Ypi), O = m+ 1, and m+ 1 ¢ arg max{u(s]"™;¢)|i € L} if and only

ift <y . Therefore, T \T*(0)={teT|ty <t< gmﬂ}. [

Proof of Proposition 5

Assume that v and v’ are strategically sincere robust equilibria of G(T', 6, ¢). By Proposition
6, k(v) = k(v') = m. Then, since v and v’ are strategically sincere and A2 holds, b,,(v) =

b (V') = | Xp|. If | X,n| > M, then XY = AV as both of them are the degenerate lottery on
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Opm. Suppose |X,,| < M. Then, for each z € R,

X’(x):% S biv) and M(@:% S h).

{i€L|s*=x} {i€L|s*=x}

Since A2 holds, and v and v’ are strategically sincere, for every x with {i € L|s!" =z} # (),

)

% R CEEEDS bi(v’):HtET

n
{ieL|s]"=x} {ieL|s]"=xz}

u(w;t) = max{u(sy';t)|j € L}}

which completes the proof. [ |

Proof of Lemma 2

Letv € V(T,0,q) and let t € T\T*(v). Let k = k(v) and i = v;. Then, i ¢ arg max{u(sf;t)|h €
L}. Suppose i # k. Since L is finite, arg max{u(sf;t)|h € L} # 0. Let j € arg max{u(sy;t)|h €
L} and let v' = (j,v_4). First, suppose k(v') = k. Then, p,(v') = s¥ for every h € L. If k is

not the majority party in both v and v’, then, for every e € [0, 1]
! 1 k k
U(vitle) = U(v'stle) = —[u(si;t) — usj; )] <0,
n

contradicting that v is a robust equilibrium. If & is the majority party in both v and v/,

then, for every e € (0, 1],
Uvitle) = U tle) = = [u(sh:1) = u(shi )] < 0,
n

a contradiction. If k is not the majority party in v, but it is in ¢/, then it must be the case
that by(v) = M — 1 and j = k. Then, for every € € [0, 1],

Ulv;tle) = U(W';tle) = (1 —¢) Z bn(v)

helL

ulshit) = u(sst) | + ~fu(sfit) —u(shi 0] <0,
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a contradiction.

Secondly, suppose k(v') # k. Suppose ¢ < k. Then, it must be the case that 22:1 bp(v) =
M and j > k. Since j >k, t > 7. Then, since s¥ < s¥ = 0, < t, we have u(sf;t) < u(sf;t).
I also claim that by (v) < M —1. To see this, suppose by(v) = M —1. Note that b;(v)+bg(v) =
M and t # t;. This implies v;, > k > 1. But since t; < 0y, u(s¥;t;) > u(svt1 ;t1). Also, party
k would remain as the median party even after voter t;’s deviation by voting for party 1.
Then, for every € € [0,1), U(v;ti|e) < U(1,v_y,;t1]€), a contradiction that implies that the

claim is true. Then, for every € € [0, 1),
1 k k
U(vitle) = Uk, v tle) = —[u(si; t) — ulsg: )] <0,
n
a contradiction. A symmetric argument will lead to a contradiction when ¢ > k. [ |

Proof of Proposition 6

Let v be a strategically sincere robust equilibrium. Let k& = k(v). Since v is strategically

sincere, for every ¢ <y, , vy < k; and for every ¢ > ¥, v; > k. Then, for k to be decisive,

it must be that t); € Xj. Since ty € [0, %], either Kk = m or Kk = m + 1. Suppose

k =m+ 1. Then, ty = 2 and z,.1(q) = O, Since s = 6, and s7H = 41,
m+1,

we have max{u(s]""\;ty)|i € L} = u(s™tty) = u(slil;t), contradicting A2. Thus,

k(v) =m. |

Proof of Proposition 7

Let v € V(T,0,q). Suppose v is strategically sincere and satisfies C1. Suppose v; is strategic.

Let j = v, and k = k(v). Suppose t € (y,,7;), then j = k since v is strategically sincere.

Or—1+0k

By definition, ==~ < y,and g, < %. Then, argmax{u(fy;t)|h € L} = {k},

contradicting that v, is strategic. Thus, either ¢ < Yy, ort >
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Suppose ¢ < y,. Since v is strategically sincere, j < k — 1. I claim that p;(v) = z,(q).
Suppose not. Then p;(v) = 60; > z,(q). Suppose t > 6;. Since j < k, pj+1(v) = 6;41. Since v
is strategically sincere, t € [0;, %]7 implying v, is sincere, a contradiction. suppose t < 6;.
If j =1, clearly arg max{u(6p;t)|h € L} = {1}. So, v; is sincere, a contradiction. So, j > 1.
Since v is strategically sincere, t € [%,Gj). But p;_1(v) = max{6;_1,z,(¢)} > 0;_1,
which implies ¢ € [%, 6,). Thus, v, is sincere, a contradiction.

Thus, the claim is true, p;j(v) = z,(q), which implies §; < z,(g). I now claim that
6,41 > z,(q). Suppose not. Then, p;(v) = pj11(v) = 2,(¢). By C1, t < %. Ifj =1,
then v, is sincere, a contradiction. If j > 2, then p,;_4(v) = z,(¢). Then, C1 implies that
t> w. Thus, v, is sincere, a contradiction. Hence, the claim is true.

Since v is strategically sincere, t < %L;ej“. Ife < %, then v; is sincere. Thus,
% <t< Q’“L;e”l < @;41. Then, argmax{u(6y;t)|h € L} = {j+1}. Thus, i(t) = j+1,
and we have 0; <t < 0;4) < 0y.

I now prove that & > m. Suppose k < m—1. Since v is strategically sincere, UZ:1 Th(v) C
[t1,7,]. But since 6, <ty and k < m — 1, tp; > 7,. Then SF_ by(v) < M, contradicting
k = k(v). Thus, k > m. Therefore, §; <t < ;) < 0,,. A symmetric argument will prove

that when t > 7, then 6,, <#6,(t) <t <#,. [
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