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APPENDIX: Proofs

In this electronic appendix, the proofs of the numbered equations in the main
text and in the printed appendix are given.

Equation
w; = 1—2P(sign(a;) = sign(d;)) (1)

Proof:

P(sign(a;) = sign(d;)) = P(sign(a;) =1,d; > 0)+ P(sign(a;) = —1,d; <0)
= P(sign(a;) = 1|d; > 0)P(d; > 0)
+ P(sign(a;) = —1|d; < 0)P(d; < 0)

= pos;(1)P(d; > 0) + (1 — pos;(—1))P(d; < 0)
_ S P(d; > 0) + (1 - LY p(g, < 0)

]_—U)j

= 5 P(d; >0)+

l—wj

P(d; <0)

1 — w.
= —2(P(d; > 0) + P(d; < 0))
1 — Wy

5
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Equation

29 (& 7J ) d'Q ~
p(0j|7—327/7j) - e €xXp (_2 ; 2 wnﬁ J-Q(aja d) (2)
Kjy/2mT? KT

Proof:

We first consider BayesD1 - BayesD3. The joint conditional density of the
putative marker effects |a;| and d; given 77 and ~; is

plagl, dil 75, 7) = pllallm? v)p(dsllasl, 75, 75)
9 1 12 1 d. — 1))?2
_ exp (__ (|a]2] )> exp (_( i Nd(|aj2’)) )
2n7? 2\ T 2no(las], 77) 205 (lag|, 75)

for d; € IR and |a;| > 0. Thus, the joint density of a;,d; given 77 and v; is

fre((ajd)?) = plaj dj|7?, ;)
= p(sjllas], dj, 77, v)p(las], d; |75, 7;)
1+sign(a;) 1—sign(a;) 2
= pos;(d;)" = (1 =pos;(d;)) = pllay, dj[ 75, 7).
= g;(aj,d;)p(|a;], d;|77, ;)

2g,(a;,d; 1 [ la;|?
o) (1 (1Y)
27T7'j2 T

1 exp (_(dj - ,Ud(|aj’))2) ,

2 2
2m03(|a), 72) 204(las], 75)

where s; is the sign of a; and

1+sign(aj) 1—sign(a]-)
gi(aj,d;) = pos;(d;)— = (L —pos;(d;)) >
1 — sign(a;)
2

= pos,(d;) sign(a;) +
1 — w;sign(d, 1 — sign(a;
_ wjzlgn( ) sign(a;) + Sngn(CL])
sign(a;) — w;sign(a;)sign(d;) 1 — sign(a,)
+
2 2
1 — w;sign(a;)sign(d,)
5 .

We can write (aj ) = (g;?) (Z;) with 2 x 2 matrix (g;?) The joint density of a;,
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. 2 .
dj given 77 and 7; Is

- 1 k:0\ ' /@,
p(a,d;|77, ;) = Mﬁ; ((O;]) (ci]))
Ok J

2
K/ 2mT? i
1 (& — pa) )P
21D oy T 203(1%, 72)
Kj 27?0[1(’5 ‘77_]) d\lg; D 'g

For BayesD0 we obtain

9.1 1 a2

~ 12 2 j
p(almi, ;) = exp <__ ( 2 2)) :

’ Kiy/2mT2 2 \K;T;

Thus, in any case we have

- 29-(&-,J~) q.2 -
p(O;l7, ) = =L exp (_ 55 | Yny,r2 (G, ).

Equation
sa) = —wp (ol (-2 () ®
E(la;]) = M\/E(a})
B(@) = E(f})=s"—
E(d;) = E(pa(lajl))
E(d3) = E(oi(|la;],77)) + E(pa(lag|)?)
E(a;d;) = —w;E(|a;l|d;])
E(laylldy]) = E@mwwMK(%%%%Q),

where ¢ is the distribution function of the standard normal distribution.
Proof:



We have

E(aj|dj, |a;],77) = E(sign(a;)|a;||d;, |aj], 77)
= |aj|E(sign(a;)|d;, |, 77)
= |a;|(P(a; > 0|d;) — P(a; < 0]d;))
= |a;|(2P(a; > 0]d;) — 1)
= |aj|(2pos;(d;) — 1)

_ ’aj‘ (21 —ijIgH(dj> _ 1)

= —U)j |6Lj |Slg1’l(d3>

Thus,

E(aj|laj|,77) = E(—w;la;|sign(d;)||as], 77)
—wj|a;| E(sign(d;)||as], 77)
—wj|aj|( d»>0||aj| 2 —Pd~<0||aj|,rj2))
= —wjla| (1 —2P(d; <O‘|a3| 7))

= —wylasl (1= 2F a2, 72>(0)>

pa(la
= ol (1-26 (- nga‘ﬁD)))-
J
It follows that

E(a;) = —w;E (|aj| (1 —2¢ (_%))) '

Since 7' has a folded ¢-distribution, we have for v > 1 (Psarakis and Panare-
tos, 1990)

oo
E(la;|) = 2s AT (-1

Let u;|77,v; ~ N(0,77). We have

E(a;) = E(E(df|r,7;))
E(E(|a |75, 7))
E(E(uj]7},7;)
= E(Var(y;|7}, 7)) + E(E(u|7},7;)*)
= E(7})+ E(0),



and

E(d)) = E(E(dlla;],77,7;))
= E(pa(layl)),

Var(d;) = E(Var(d;|la;],77,7;)) + Var(E(d;||a;],77,7;))
= E(oj(|as],77)) + Var(uq(la;l)),

E(dj) = Var(d)) + E(d;)*

E(o3(lasl,77)) + Var(ua(|a;])) + E(pa(la;)))?
= E(03(lal, 7)) + E(pa(lag))?),
Since
E(sign(a;d;)||aj].d;) = Plsign(a;d;) = 1]]ay]. d;) — P(sign(azdy) = ~1][a;]. d;)
= P(sign(ay) = sign(d;)|la;, d;) — P(sig ( ;) # sign(d Hag d;)
. 1+sign(dj) . 1— slgn(d )
= P(sign(a;) = 1]|a;|,d;) "= P(sign(a;) = —1a;|, d;)
. 1—sign(dj) . 1+slgn(d )
— P(sign(a;) = 1l]a;l,d;) =2 P(sign(a;) = —1a;|, d;)
1+sign(dj) 1—sign(dj) 1— qlgn(d ) 1+sign((ij
= pos;(1 2 (1 —pos;(—=1)) 2 — pos;(—1 (1 —pos;(1))" 2
B pos; (1) — (1 — pos;(1)) = 21_2“” —1=—-w; ifd;>0
(1 —pos;(—1)) —pos;(—1) =1 —225% = —w; ifd; <0
we have

E(a;d;) = E(sign(a;d;)|a;||d;])

= E(E(sign(a;d;)|a;l|d,]||as], ;)
E(|aj||d;| E(sign(a;d;)] ], ;)

= —w;E(|as]|d;])

Since dj||a;|, 72 has a normal distribution, |d;|||a;|, 77 has a folded normal distri-
bution and we have

Bl ) = (kT o (-%) o) 120 (‘%)1
— DK (%)

5




Thus,

E(lajl|d;||7) = E(E(lajl|d;|||a;], 77)|73)

J

2
= E(laj|E(|d;]||aj|, 7)|73)

— E (!aj\ud(!aﬂ)K (%m) |sz) '

E(la;lld;) = E(E(laglld;]|77))

- E (E (!aj|ﬂd(|aj|)K (%!L;IT)]?)) |Tj2)>

= & (lulualosic ()

It follows that

Equation
For BayesD3 we have

E(dj) = sE([tlpallt]),

O'2U
2 I5 2B (Ppall)?)

E(d) = s

Bllallah — <8 (Easti) 5 (-75)).

pal[t])

where t ~ t, has a t-distribution with v degrees of freedom.
Proof:

Since |¢| and % are identically distributed, we have

E(dj) = E(lajlua(*))
sE ([tlnallt]))
E(dj) = E(ajo3) + E((la;|ua(*))?)

s

0'2 v
= 32ﬁ +5°E (Cua(]t])?)

E(lajlld;]) = E<|aj||@j|MA(a§')K<%>>

_ B (mthff (#Z@))) |

Equation



Cov(g(zn), g9(x:)) (4)

Z ThjTij (Var(dj) + (4 — zp; — 5)Cov(ay, J]) +(2—z)(2 - xh])Var(cz ))

j=1
Proof:

Take z; € {0,1,2}" to be the genotype vector of individual 4 = 1,...,n. That
is, x;; is the number of 1-alleles at marker j in individual i. We have Z4;; = x;;

and Zp;; = (2 — ;). The linear regression model assumes that the genotypic
value of genotype x; is

gGV(xz Z ZAZ]CL] + ZDU Z L5 (CL] xzy)dv )

7j=1

It follows that the covariance between the genotypic values of z;, and x; is

Cov(g(zn), g(x;)) = Cov(gav(zn), gav(x:))

- i i Cov <xhﬂ‘ (aj +(2- xhj)‘ij) ) Tig, (ék + (2 - xzk)jk>) -

=1 k=1

Since the effects of different markers are assumed to be independent, it follows
that

Cov( (zn), 9(;))
~ 3o o o+ =) o (2=

= thjl‘ijCOV (dj + (2 — Ihj>6zj, glj + (2 — J]z])d]>
7=1

= > wngwy (Var(@y) + (4 = an - 235)Cov(@s, dy) + (2 = 23y)(2 — wiy)Var(dy) )

j=1

Equation
Vanr = ME(x) (hoB(a3) — 2E(|ayl|d;j)nr + v E(d3)) (5)
Vou = ME(K’?)h_gE(d?)
Inu = ME(k;) hoE(d;)

Proof:



The a priori expected additive variance V4, captured by markers can be split
up into different components. We have Vayr = V&, + V§d, + Vi, where

Vi, = E(Z hﬂ?)

JEM
= MhoE(k})E(a3)

J

Vi, = <2Zh p)

JEM

23 byl — p) B2y Bl iy )
JjEM
= —2B()E(|ayl|d;) M5

Vi = E <Z hi (g —pj)%z?)

jEM
= MVME(K?)E(CZ?)
Moreover,
Vou = E (Z h§d§> = MR2E(k3)E(d?),
jeM
Iy = E (Z h]d]) = MhoE(k;)E(d;)
jeM
Equation
—2
2 _ _VA v (6)
MhoE(k3) v
Proof:
Vi = Vau = MhoE(r3)E(a) +0+0
Equation
Blf,u, 0% 77y~ N (B (XTX)) (7)
Proof:



If the posterior is considered as a function of 3, then it follows with 3 =
Yy — 4u — Zya — Zd that

p(B10,u, 02,7, 7%, y)
o< p(0,B8,u,0%,7y)

x p(ylf,¢)
/ T(,/
o (- =X = X5)
202
( y/Ty/ _ QﬁTXTy/ —I—ﬁTXTXﬂ)
= exp|—
202
YTy — 28T (XTX)B + ATXTX} )
= exp| —
202

X exp

BTXTXB - 2BT(XTX)B + BTXTXB>

202

202

e [P DTXTX (B B)) |

Thus,
BlO,u, 0% v, 7%y ~ N (5, 02(XTX)_1> :

where

B=X"X)"X"(y — Zu— ZTa— ZId).
Equation

ul, 8,07, 7%y ~ Ny, o*(Z"Z+ 0L (8)
Proof:
Since
( uTZ_lu)
p(u) o exp|— 5 ,
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we have

p(ulf, 8,0, v, 7% y) o p(é,ﬁ,u,az,%72ly)
o p(yld,&)p(u)

X exp (_ (5 — Zu)"(j — Zu)) . (_UT21U>

202 5
UTZTZU — ZUTZT:& + UTO'2E_1u
X exp| —
202
u'(ZT 7 + o?S Y — 20T 2Ty
= exp|—
202
’LLT(ZTZ + UQZ—I)U _ QUT(ZTZ 4 022_1)ﬂ
= exp|—
202
—w)T(zT 2v—1 o
X exp (_(u ) (27 Z 4057 (u u)>7
202
where
j = y—XB—Za—%d
Thus,

U/|é7/870'2,’y,7'2’y ~ -/\/;)(E, 0-2<ZTZ+0'22_1)_1)'
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Equation

p(ajla—j,d, &, 7% y) o f(a;)g;(a;. d;)b(a,) 9)

Proof:

If the posterior is considered as a function of a;, then it follows

p(djld—j7 d? /87 u, 0-27 7, 7—27 y)
X p(dafia 67 U,NO'Q,’)/,TQH/)
o< p(yld, )p(;77,7;)

1 (W —a;Zy)' (v —a;Z;) a3 .

x exp (_5 ( G4 (5) . G4A(5) + 212 gj(a],d])@b(aj)
~9 5 T 9 g2
@52y %) = 209" Zg) + @5 —

x exp | — g;(aj, d;)y(a;)

Equation

p(dila,d_;,&,v,7%y) o f(d;)g;(ay,d;) (10)

Proof:

11



If the posterior is considered as a function of ch, then it follows

p(czj|€”7 d;ju 67 u, 0-27 e T27 y)
o pla,d, B,u,0%~,7°y)
X p(y|07 é)p(d]’ dj|7-j2a ’YJ)

o CZ T(n) _ .
X exp (_(?/ % (j) J;Ugy Zp(j) J)) g;(d;,d )%; - 2(a;,d;)

z 2
- - d;
<y/ . %(-)d')T(y’ . ZJ(')d') - <H—j - ,ud>
X exp (— J J202 ) gj(a;,d;)exp _T
2T T i 2
&3 % () 2oy = 243y By + 22 (— - Md) .
< exp | — 552 9;(a;, d;)
B2y 2o — 20y oy + & — 20,00\
x exp | — 552 9;(a;, d;)
- .2 -
BBl i) + ) — 2 % + T4\
= exp | — 572 g;(a;, d;)
o f(d;)g;(a;,d;).
Equation
5 wWiPLp
'97 ) 7'77_27 ~ B(L )7 11
510,875 Y wipLp + wo(l — prp) (1)
where
1 ~ 2
Wy = EeXp< 267’ )¢e7’ (CL], )
a’ -
wp = €exp <_E> @Z’lr (aj,d;).
Proof:

All markers have equal prior probability for having a non-negligible effect, so
Y1y ooy Ym ~ B(1, prp) are Bernoulli distributed. Thus,

p(v;) = prp(1—prp)t—9).
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If the posterior is considered as a function of 7;, then it follows

p<7j|é7 57 77]3 T27 y)
o< p(0,6,7.7°ly)
o< p(0;]77,79;)p(v5)

2g:(a;,d; a? o .
= 20D e (=) bl (1~ 1)
Kjy/2mT? RiT5
ks G b 2(@;,d)pls(1 — prp)d—)
x /{j exp 2/{?7_]'2 l‘ij,7'j2 aj) 7 Prp PLp
_ (.4}()(1 _pLD> lf ’)/j :O
w1ipLp if =1
where
1 a;’ . s
Wy = Z €xXp <_2€27—]‘2) ¢e,7'j2 (CL]‘, dj)7
a;’ . s
wp = exp (—2—7_]2) ¢1,Tj2(aj7d')-
Thus,
5 W1PLD
P ':19767 7‘77—27y = .
(s 6,€,7-5 ) wipLp +wo(l — pLp)
Equation
a2 %_ND ?
<+ | - + vs?
~ Kj SD
T]‘2|9?£>’777—3jay NIHV—X2 U+27 v+ 2
Proof:
The prior density of sz is
2 2 1 vs?
p() o (m) 7 exp {5



For BayesD1 we have

p(r210. €, 7,725, y)
< p(0.&7,7y)
o< p(az, d;|72,;)p(77)
- 2
1 1 a2 (3 —po) o\ 91 vs?
0.8 —eXp —_—= + J (7’) 2 exp -
? KIT? spT} J 277
. d 2
v a’ (H_J - MD) V82
— (TJQ) s lexp (— m2j—2+ ]32 = -
' D'y J
a2 (Z—-up)? 9
2 v+2 1 :"C_% + SQD + vs
N J
= ) e | - 272
Thus,
&—z + (#_QMD)Q + vs?
217 2 2 R 5D
Tj|9a€>777—jayNInv_X U+27 . U+2
Equation
62
215 2 2 2 + vs”
710,87, 725,y ~ Inv—x" | v+ 1, T (13)
Proof:
We have
p(r310,€,7, 7%, y)
x p(0,£,7,7|y)
o p(0;|77,7;)p(7?)
1 a o1 vs?
x —e — “)T27 e e
Tj P ( 2/@?7}2) (77) P 2772
a2
= 4+ vs?
= (17 T lexp | -2
J 27’].2
Thus,
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219 2
710,€,7, 725,y ~ Inv—x

Equation
0-2|9~7ﬁ7u7777—27y ~ IHV—X2 (n+v*7sl2> ) (14)

where

o W=XB—Zu—Za—25d)"(y - X~ Zu— 2~ Zd) +v's™
n 4+ v*

Proof:

Regardless of the choice of v* and s*? the prior density is

* k2
2 2\ -2 1 _US
po?) x (0?) exp( 202).

If the posterior is considered as a function of o2, then

(@0, 8, u. .7, y)
OC p<07/67u70-27777—2|y)
< p(yld,&)p(o?)
. (0_2) n+v 1
(y— XB — Zu— Zia— Zd) " (y — X8 — Zu — Za — Zyd) + v*s™
exp | —
p 202
Equation
7
= _ 15
M0 MhaE(ry) (15)
2 Va— %VD v—2
MhoE(r2) v
% 9
) Mh?%;@) HD 4y 9
S g
b 52 v
Proof:
Since



we have

B T
M M E(sy)
Since Vp = Vpy = MR2E(k?)E(d?) we have
Va=Vau = MhoE(5})E(a}) + 0+ My E(x3)E(d})
— Vp
_ 2 2
= MhoE(r;)E(a;) + M’yMMh_g.
Thus,
Vy— VpL
82 Y = E(az) = _—h%
v—2 / MhOE(/ﬁ)

It follows that

= E(x;)(spE(a}) + pp)-
Thus,

JD — Iu2
MhZE(x?) Dy—2

Equation

and

(16)

—b+Vb? — 4dac
HA = 3

2a
where

(17)

2B(-)TK (22) Fu
b = —
N2 M, B (k)2
—I°E(x3)
N MhoE(k;)?

Proof:
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Since

and

we have

Thus,

Since

VD:

I2

:IM

MhoE(r;)E(d;)
MhoE(k;j)uaE(|aj|)

MhoE(k;) piary/ E(a2)

J

VD Mh_OQE(K/j)Q)\Q

v © — 1.
72 th(H?)

MhoE(|ay])?
oA
Mh, 7°
—2
N MR, B (k)21
1'2
N MhoE(k;)*u3
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we have

Va = Vau
MhoE(a3)E(r3) — 2M E(52)E(|a;||d;|) 30 + M E(53) vy E(d3)

_ g -
= MILE(@)E(R) - 2ME(s2)E(a})ja K (/Ti) St + ME(2) v E(@2) (0% + 43)

I2E(“Jz) QME(H?)IZ’MAK (Z_i) Tt + YmVp
N MhoE (k)2 % )\QMQh_oQE(Hj)QMQA h2
. TPE(sY) 2E(r7) T K (;—g) Y L 2V
NMhoE(rj)%p  N2Mhy E(k;)?ua nZ
Thus,
2\ 72 ag ~
(VA ) vaD> , | BUTE (33) o PER)
h2 N2 My, B (k)2 N2 MhoE(kj)2
It follows that
—b +Vb? — dac
na = )
2a
where
a = VA— P}/AQ/D,
h3
. _ 2EEPK (22) 3
XM, B (k)2
B —I°E(k3)
N MhoE(k;)?
Equation
— —2
— v Vah? — Vpyu E(k;)? he 9
he = - — ME(|t t 18
— T MEualli) (13)
- oA
v 2t (Pl & (225,
pa(lt])
where
—2
Vp E(k4)? ho o\ U —2
o3 ——L = ME(t|ua(|t])?* — E (£ ua(t :
; (12 i ME s = B (sl
Proof:
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For brevity we write ua = pa(|t]). From conditions Vp = Vpy and Z = Iy,
we obtain

IQ ) VD
—>5 =S5 = — .
M2E ()2 b B([tlua ) ME()RE (25 + B (#4))

Thus,
— v — —2
IWE(@)h@ma’g + I’ME(53)R2E (*pa) = M?E(k;)* ho E(|t|pa)*Vp
It follows that

ME(r;)? o E(|tlua)?V — T2E(k2)I2E (t243) v — 2
I2E(k2)h2 v
v —2

=
@E(/‘fj)zh_f
I E(k2)h2

ME(|tpa)® — B (t%i))

From conditions V4 = V4 and Vp = Vpys we obtain

Va
Rty = 2B (Puak (22)) A +70(B5 + B (#43))
= SME(K)
Vo

h2(235 + E (t213))
Thus,

2

(%
A% B ()

g

Vah2(
2

= Vol VB (uak [ Z2)) s+ Vorar(Z2Y
v—2 LA v —2

+E(3R)).

It follows that

— v — odv o R
Voha = (VahZ = Vo) (=25 + E (P43)) + 2V E ( uak (== ) ) 4w
v—2 v—2 JIN
—2
- VD E(K/)z h/o O'A -
= (V4h2 =V, — 2 ME(|t|pa)? +2VpE | PusaK | — .
( A DVM) _’Z:Z E(K/‘?)hg (| ‘ILLA) D IU/A /,LA ’VM
Thus,
— —2
— W Vah? — Vpyau E(k4)? he ) ) oa )\ -
he = ° — ME(|t 2F [ t°ua K | — )
v—2 72 E(H?)hg <| |/~LA) + ma lin YMm
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