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APPENDIX: Proofs

In this electronic appendix, the proofs of the numbered equations in the main
text and in the printed appendix are given.

Equation
wj = 1− 2P (sign(aj) = sign(dj)) (1)

Proof:

P (sign(aj) = sign(dj)) = P (sign(aj) = 1, dj > 0) + P (sign(aj) = −1, dj < 0)

= P (sign(aj) = 1∣dj > 0)P (dj > 0)

+ P (sign(aj) = −1∣dj < 0)P (dj < 0)

= posj(1)P (dj > 0) + (1− posj(−1))P (dj < 0)

=
1− wj

2
P (dj > 0) + (1− 1 + wj

2
)P (dj < 0)

=
1− wj

2
P (dj > 0) +

1− wj

2
P (dj < 0)

=
1− wj

2
(P (dj > 0) + P (dj < 0))

=
1− wj

2
.
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Equation

p(�̃j∣� 2j , 
j) =
2gj(ãj, d̃j)

�j

√
2�� 2j

exp

(
− ãj

2

2�2j�
2
j

)
 �j ,�

2
j
(ãj, d̃j) (2)

Proof:

We first consider BayesD1 - BayesD3. The joint conditional density of the
putative marker effects ∣aj∣ and dj given � 2j and 
j is

p(∣aj∣, dj∣� 2j , 
j) = p(∣aj∣∣� 2j , 
j)p(dj∣∣aj∣, � 2j , 
j)

=
2√
2�� 2j

exp

(
−1

2

( ∣aj∣2
� 2j

))
1√

2��2
d(∣aj∣, � 2j )

exp

(
−(dj − �d(∣aj∣))2

2�2
d(∣aj∣, � 2j )

)

for dj ∈ IR and ∣aj∣ > 0. Thus, the joint density of aj, dj given �
2
j and 
j is

f�2j ((aj, dj)
T ) = p(aj, dj∣� 2j , 
j)

= p(sj∣∣aj∣, dj , � 2j , 
j)p(∣aj∣, dj∣� 2j , 
j)

= posj(dj)
1+sign(aj)

2 (1− posj(dj))
1−sign(aj)

2 p(∣aj∣, dj∣� 2j , 
j).
= gj(aj, dj)p(∣aj∣, dj∣� 2j , 
j)

=
2gj(aj, dj)√

2�� 2j

exp

(
−1

2

( ∣aj∣2
� 2j

))

⋅ 1√
2��2

d(∣aj∣, � 2j )
exp

(
−(dj − �d(∣aj∣))2

2�2
d(∣aj∣, � 2j )

)
,

where sj is the sign of aj and

gj(aj, dj) = posj(dj)
1+sign(aj)

2 (1− posj(dj))
1−sign(aj)

2

= posj(dj) sign(aj) +
1− sign(aj)

2

=
1− wjsign(dj)

2
sign(aj) +

1− sign(aj)

2

=
sign(aj)− wjsign(aj)sign(dj)

2
+

1− sign(aj)

2

=
1− wjsign(aj)sign(dj)

2
.

We can write
(ãj
d̃j

)
=
(
�j0
0�j

)(
aj
dj

)
with 2× 2 matrix

(
�j0
0�j

)
. The joint density of ãj,
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d̃j given �
2
j and 
j is

p(ãj, d̃j∣� 2j , 
j) =
1

∣det
(
�j0
0�j

)
∣f�

2
j

((
�j0

0�j

)−1(ãj
d̃j

))

=
2gj(ãj, d̃j)

�j

√
2�� 2j

exp

(
− ãj

2

2�2j�
2
j

)

⋅ 1

�j

√
2��2

d(∣
ãj
�j
∣, � 2j )

exp

⎛
⎝−

(
d̃j
�j

− �d(∣ ãj�j
∣))2

2�2
d(∣

ãj
�j
∣, � 2j )

⎞
⎠ .

For BayesD0 we obtain

p(ãj∣� 2j , 
j) =
2 ⋅ 1

2

�j

√
2�� 2j

exp

(
−1

2

(
ã2j

�2j�
2
j

))
.

Thus, in any case we have

p(�̃j∣� 2j , 
j) =
2gj(ãj, d̃j)

�j

√
2�� 2j

exp

(
− ãj

2

2�2j�
2
j

)
 �j ,�

2
j
(ãj, d̃j).

Equation

E(aj) = −wjE

(
∣aj∣

(
1− 2�

( −�d(∣aj∣)
�d(∣aj∣, � 2j )

)))
(3)

E(∣aj∣) = �
√
E(a2j)

E(a2j) = E(� 2j ) = s2
v

v − 2
E(dj) = E(�d(∣aj∣))
E(d2j) = E(�2

d(∣aj∣, � 2j )) + E(�d(∣aj∣)2)
E(ajdj) = −wjE(∣aj∣∣dj∣)

E(∣aj∣∣dj∣) = E

(
∣aj∣�d(∣aj∣)K

(
�d(∣aj∣, � 2j )
�d(∣aj∣)

))
,

where � is the distribution function of the standard normal distribution.
Proof:
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We have

E(aj∣dj, ∣aj∣, � 2j ) = E(sign(aj)∣aj∣∣dj, ∣aj∣, � 2j )
= ∣aj∣E(sign(aj)∣dj, ∣aj∣, � 2j )
= ∣aj∣(P (aj > 0∣dj)− P (aj < 0∣dj))
= ∣aj∣(2P (aj > 0∣dj)− 1)

= ∣aj∣(2posj(dj)− 1)

= ∣aj∣
(
2
1− wjsign(dj)

2
− 1

)

= −wj∣aj∣sign(dj).

Thus,

E(aj∣∣aj∣, � 2j ) = E(−wj∣aj∣sign(dj)∣∣aj∣, � 2j )
= −wj∣aj∣E(sign(dj)∣∣aj∣, � 2j )
= −wj∣aj∣

(
P (dj > 0∣∣aj∣, � 2j )− P (dj < 0∣∣aj∣, � 2j )

)

= −wj∣aj∣
(
1− 2P (dj < 0∣∣aj∣, � 2j )

)

= −wj∣aj∣
(
1− 2F�d(∣aj ∣),�

2
d
(∣aj ∣,�2j )

(0)
)

= −wj∣aj∣
(
1− 2�

(
− �d(∣aj∣)
�d(∣aj∣, � 2j )

))
.

It follows that

E(aj) = −wjE

(
∣aj∣

(
1− 2�

(
− �d(∣aj∣)
�d(∣aj∣, � 2j )

)))
.

Since
∣aj ∣

s
has a folded t-distribution, we have for v > 1 (Psarakis and Panare-

tos, 1990)

E(∣aj∣) = 2s

√
v

�

Γ
(
v+1
2

)

Γ
(
v
2

)
(v − 1)

Let uj∣� 2j , 
j ∼ N (0, � 2j ). We have

E(a2j) = E(E(a2j ∣� 2j , 
j))
= E(E(∣aj∣2∣� 2j , 
j))
= E(E(u2j ∣� 2j , 
j))
= E(Var(uj∣� 2j , 
j)) + E(E(uj∣� 2j , 
j)2)
= E(� 2j ) + E(0),
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and

E(dj) = E(E(dj∣∣aj∣, � 2j , 
j))
= E(�d(∣aj∣)),

Var(dj) = E(Var(dj∣∣aj∣, � 2j , 
j)) + Var(E(dj∣∣aj∣, � 2j , 
j))
= E(�2

d(∣aj∣, � 2j )) + Var(�d(∣aj∣)),

E(d2j) = Var(dj) + E(dj)
2

= E(�2
d(∣aj∣, � 2j )) + Var(�d(∣aj∣)) + E(�d(∣aj∣))2

= E(�2
d(∣aj∣, � 2j )) + E(�d(∣aj∣)2),

Since

E(sign(ajdj)∣∣aj∣, dj) = P (sign(ajdj) = 1∣∣aj∣, dj)− P (sign(ajdj) = −1∣∣aj∣, dj)
= P (sign(aj) = sign(dj)∣∣aj∣, dj)− P (sign(aj) ∕= sign(dj)∣∣aj∣, dj)
= P (sign(aj) = 1∣∣aj∣, dj)

1+sign(dj)

2 P (sign(aj) = −1∣∣aj∣, dj)
1−sign(dj)

2

− P (sign(aj) = 1∣∣aj∣, dj)
1−sign(dj)

2 P (sign(aj) = −1∣∣aj∣, dj)
1+sign(dj)

2

= posj(1)
1+sign(dj)

2 (1− posj(−1))
1−sign(dj)

2 − posj(−1)
1−sign(dj)

2 (1− posj(1))
1+sign(dj)

2

=

{
posj(1)− (1− posj(1)) = 2

1−wj

2
− 1 = −wj if dj > 0

(1− posj(−1))− posj(−1) = 1− 2
1+wj

2
= −wj if dj < 0

= −wj

we have

E(ajdj) = E(sign(ajdj)∣aj∣∣dj∣)
= E(E(sign(ajdj)∣aj∣∣dj∣∣∣aj∣, dj))
= E(∣aj∣∣dj∣E(sign(ajdj)∣∣aj∣, dj))
= −wjE(∣aj∣∣dj∣)

Since dj∣∣aj∣, � 2j has a normal distribution, ∣dj∣∣∣aj∣, � 2j has a folded normal distri-
bution and we have

E(∣dj∣∣∣aj∣, � 2j ) =

√
2�2

d(∣aj∣, � 2j )
�

exp

(
− �d(∣aj∣)2
2�2

d(∣aj∣, � 2j )

)
+ �d(∣aj∣)

[
1− 2�

(
− �d(∣aj∣)
�d(∣aj∣, � 2j )

)]

= �d(∣aj∣)K
(
�d(∣aj∣, � 2j )
�d(∣aj∣)

)
.
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Thus,

E(∣aj∣∣dj∣∣� 2j ) = E(E(∣aj∣∣dj∣∣∣aj∣, � 2j )∣� 2j )
= E(∣aj∣E(∣dj∣∣∣aj∣, � 2j )∣� 2j )
= E

(
∣aj∣�d(∣aj∣)K

(
�d(∣aj∣, � 2j )
�d(∣aj∣)

)
∣� 2j
)
.

It follows that

E(∣aj∣∣dj∣) = E(E(∣aj∣∣dj∣∣� 2j ))
= E

(
E

(
∣aj∣�d(∣aj∣)K

(
�d(∣aj∣, � 2j )
�d(∣aj∣)

)
∣� 2j
))

= E

(
∣aj∣�d(∣aj∣)K

(
�d(∣aj∣, � 2j )
�d(∣aj∣)

))
.

Equation

For BayesD3 we have

E(dj) = sE (∣t∣�Δ(∣t∣)) ,

E(d2j) = s2
�2
Δv

v − 2
+ s2E

(
t2�Δ(∣t∣)2

)
,

E(∣aj∣∣dj∣) = s2E

(
t2�Δ(∣t∣)K

(
�Δ

�Δ(∣t∣)

))
,

where t ∼ tv has a t-distribution with v degrees of freedom.
Proof:

Since ∣t∣ and ∣aj ∣

s
are identically distributed, we have

E(dj) = E(∣aj∣�Δ

(
∣aj ∣

s

)
)

= sE (∣t∣�Δ(∣t∣)) ,
E(d2j) = E(a2j�

2
Δ) + E((∣aj∣�Δ

(
∣aj ∣

s

)
)2)

= s2
�2
Δv

v − 2
+ s2E

(
t2�Δ(∣t∣)2

)
,

E(∣aj∣∣dj∣) = E

(
∣aj∣∣aj∣�Δ

(
∣aj ∣

s

)
K

(
∣aj∣�Δ

∣aj∣�Δ

(
∣aj ∣

s

)
))

= s2E

(
t2�Δ(∣t∣)K

(
�Δ

�Δ(∣t∣)

))
,

Equation

6



Cov(g(xℎ), g(xi)) (4)

=
M∑

j=1

xℎjxij

(
Var(ãj) + (4− xℎj − xij)Cov(ãj, d̃j) + (2− xij)(2− xℎj)Var(d̃j)

)

Proof:

Take xi ∈ {0, 1, 2}M to be the genotype vector of individual i = 1, ..., n. That
is, xij is the number of 1-alleles at marker j in individual i. We have ZAij = xij
and ZDij = xij(2− xij). The linear regression model assumes that the genotypic
value of genotype xi is

gGV (xi) =
M∑

j=1

ZAij ãj + ZDij d̃j =
M∑

j=1

xij

(
ãj + (2− xij)d̃j

)
.

It follows that the covariance between the genotypic values of xℎ and xi is

Cov(g(xℎ), g(xi)) = Cov(gGV (xℎ), gGV (xi))

=
M∑

j=1

M∑

k=1

Cov
(
xℎj

(
ãj + (2− xℎj)d̃j

)
, xik

(
ãk + (2− xik)d̃k

))
.

Since the effects of different markers are assumed to be independent, it follows
that

Cov(g(xℎ), g(xi))

=
M∑

j=1

Cov
(
xℎj

(
ãj + (2− xℎj)d̃j

)
, xij

(
ãj + (2− xij)d̃j

))

=
M∑

j=1

xℎjxijCov
(
ãj + (2− xℎj)d̃j, ãj + (2− xij)d̃j

)

=
M∑

j=1

xℎjxij

(
Var(ãj) + (4− xℎj − xij)Cov(ãj, d̃j) + (2− xij)(2− xℎj)Var(d̃j)

)
.

Equation

VAM = ME(�2j)
(
ℎ∘E(a

2
j)− 2E(∣aj∣∣dj∣)
̃M + 
ME(d

2
j)
)

(5)

VDM = ME(�2j)ℎ
2
∘E(d

2
j)

ℐM = ME(�j) ℎ∘E(dj)

Proof:
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The a priori expected additive variance VAM captured by markers can be split
up into different components. We have VAM = V a

AM + V ad
AM + V d

AM where

V a
AM = E

(
∑

j∈ℳ

ℎj ã
2
j

)

= Mℎ∘E(�
2
j)E(a

2
j)

V ad
AM = E

(
2
∑

j∈ℳ

ℎj(qj − pj)ãj d̃j

)

= −2
∑

j∈ℳ

ℎj(qj − pj)E(�
2
j)wjE(∣aj∣∣dj∣)

= −2E(�2j)E(∣aj∣∣dj∣)M
̃M

V d
AM = E

(
∑

j∈ℳ

ℎj(qj − pj)
2d̃2j

)

= M
ME(�
2
j)E(d

2
j).

Moreover,

VDM = E

(
∑

j∈ℳ

ℎ2j d̃
2
j

)
=Mℎ2∘E(�

2
j)E(d

2
j),

ℐM = E

(
∑

j∈ℳ

ℎj d̃j

)
=Mℎ∘E(�j)E(dj).

Equation

s2 =
VA

Mℎ∘E(�2j)

v − 2

v
(6)

Proof:

VA = VAM =Mℎ∘E(�
2
j)E(a

2
j) + 0 + 0

Equation

�∣�̃, u, �2, 
, � 2, y ∼ N
(
�̂, �2(XTX)−1

)
(7)

Proof:
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If the posterior is considered as a function of �, then it follows with y′ =
y − Zu− ZAã− ZDd̃ that

p(�∣�̃, u, �2, 
, � 2, y)

∝ p(�̃, �, u, �2, 
, � 2∣y)
∝ p(y∣�̃, �)

∝ exp

(
−(y′ −X�)T (y′ −X�)

2�2

)

= exp

(
−y

′Ty′ − 2�TXTy′ + �TXTX�

2�2

)

= exp

(
−y

′Ty′ − 2�T (XTX)�̂ + �TXTX�

2�2

)

∝ exp

(
− �̂

TXTX�̂ − 2�T (XTX)�̂ + �TXTX�

2�2

)

= exp

(
−(� − �̂)TXTX(� − �̂)

2�2

)
.

Thus,

�∣�̃, u, �2, 
, � 2, y ∼ N
(
�̂, �2(XTX)−1

)
,

where

�̂ = (XTX)−1XT (y − Zu− ZAΓa− ZDΓd).

Equation

u∣�̃, �, �2, 
, � 2, y ∼ Np(u, �
2(ZTZ + �2Σ−1)−1) (8)

Proof:

Since

p(u) ∝ exp

(
−u

TΣ−1u

2

)
,
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we have

p(u∣�̃, �, �2, 
, � 2, y) ∝ p(�̃, �, u, �2, 
, � 2∣y)
∝ p(y∣�̃, �)p(u)

∝ exp

(
−(ỹ − Zu)T (ỹ − Zu)

2�2

)
exp

(
−u

TΣ−1u

2

)

∝ exp

(
−u

TZTZu− 2uTZT ỹ + uT�2Σ−1u

2�2

)

= exp

(
−u

T (ZTZ + �2Σ−1)u− 2uTZT ỹ

2�2

)

= exp

(
−u

T (ZTZ + �2Σ−1)u− 2uT (ZTZ + �2Σ−1)u

2�2

)

∝ exp

(
−(u− u)T (ZTZ + �2Σ−1)(u− u)

2�2

)
,

where

ỹ = y −X� − ZAã− ZDd̃.

Thus,

u∣�̃, �, �2, 
, � 2, y ∼ Np(u, �
2(ZTZ + �2Σ−1)−1).
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Equation

p(ãj∣ã−j, d̃, �, 
, �
2, y) ∝ f(ãj)gj(ãj, d̃j) (ãj) (9)

Proof:

If the posterior is considered as a function of ãj, then it follows

p(ãj∣ã−j, d̃, �, u, �
2, 
, � 2, y)

∝ p(ã, d̃, �, u, �2, 
, � 2∣y)
∝ p(y∣�̃, �)p(�̃j∣� 2j , 
j)

∝ p(y∣�̃, �)gj(ãj, d̃j) (ãj) exp
(
− ã2j

2�2j�
2
j

)

∝ exp

(
−1

2

(
(y′ − ãjZA(j))

T (y′ − ãjZA(j))

�2
+

ã2j

�2j�
2
j

))
gj(ãj, d̃j) (ãj)

∝ exp

⎛
⎝−

ã2jZA
T
(j)ZA(j) − 2ãjy

′TZA(j) + ã2j
�2

�2
j�

2
j

2�2

⎞
⎠ gj(ãj, d̃j) (ãj)

= exp

⎛
⎝−

ã2j(ZA
T
(j)ZA(j) +

�2

�2
j�

2
j

)− 2ãjy
′TZA(j)

2�2

⎞
⎠ gj(ãj, d̃j) (ãj)

∝ f(ãj)gj(ãj, d̃j) (ãj).

Equation

p(d̃j∣ã, d̃−j, �, 
, �
2, y) ∝ f̃(d̃j)gj(ãj, d̃j) (10)

Proof:
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If the posterior is considered as a function of d̃j, then it follows

p(d̃j∣ã, d̃−j , �, u, �
2, 
, � 2, y)

∝ p(ã, d̃, �, u, �2, 
, � 2∣y)
∝ p(y∣�̃, �)p(ãj, d̃j∣� 2j , 
j)

∝ exp

(
−(y′ − ZD(j)d̃j)

T (y′ − ZD(j)d̃j)

2�2

)
gj(ãj, d̃j) �j ,�

2
j
(ãj, d̃j)

∝ exp

(
−(y′ − ZD(j)d̃j)

T (y′ − ZD(j)d̃j)

2�2

)
gj(ãj, d̃j) exp

⎛
⎜⎝−

(
d̃j
�j

− �d

)2

2�2
d

⎞
⎟⎠

∝ exp

⎛
⎜⎝−

d̃2jZD
T
(j)ZD(j) − 2d̃jy

′TZD(j) +
�2

�2
d

(
d̃j
�j

− �d

)2

2�2

⎞
⎟⎠ gj(ãj, d̃j)

∝ exp

⎛
⎝−

d̃2jZD
T
(j)ZD(j) − 2d̃jy

′TZD(j) + d̃2j
�2

�2
d
�2
j

− 2d̃j
�2�d

�j�
2
d

2�2

⎞
⎠ gj(ãj, d̃j)

= exp

⎛
⎝−

d̃2j(ZD
T
(j)ZD(j) +

�2

�2
d
�2
j

)− 2d̃j(y
′TZD(j) +

�2�d

�j�
2
d

)

2�2

⎞
⎠ gj(ãj, d̃j)

∝ f̃(d̃j)gj(ãj, d̃j).

Equation


j∣�̃, �, 
−j , �
2, y ∼ ℬ

(
1,

!1pLD

!1pLD + !0(1− pLD)

)
, (11)

where

!0 =
1

�
exp

(
− ãj

2

2�2� 2j

)
 �,�2j

(ãj, d̃j),

!1 = exp

(
− ãj

2

2� 2j

)
 1,�2j

(ãj, d̃j).

Proof:

All markers have equal prior probability for having a non-negligible effect, so

1, ..., 
M ∼ ℬ(1, pLD) are Bernoulli distributed. Thus,

p(
j) = p

j
LD(1− pLD)

(1−
j).

12



If the posterior is considered as a function of 
j, then it follows

p(
j∣�̃, �, 
−j , �
2, y)

∝ p(�̃, �, 
, � 2∣y)
∝ p(�̃j∣� 2j , 
j)p(
j)

=
2gj(ãj, d̃j)

�j

√
2�� 2j

exp

(
− ãj

2

2�2j�
2
j

)
 �j ,�

2
j
(ãj, d̃j)p


j
LD(1− pLD)

(1−
j)

∝ 1

�j
exp

(
− ãj

2

2�2j�
2
j

)
 �j ,�

2
j
(ãj, d̃j)p


j
LD(1− pLD)

(1−
j)

=

{
!0(1− pLD) if 
j = 0
!1pLD if 
j = 1

,

where

!0 =
1

�
exp

(
− ãj

2

2�2� 2j

)
 �,�2j

(ãj, d̃j),

!1 = exp

(
− ãj

2

2� 2j

)
 1,�2j

(ãj, d̃j).

Thus,

P (
j = 1∣�̃, �, 
−j , �
2, y) =

!1pLD

!1pLD + !0(1− pLD)
.

Equation

� 2j ∣�̃, �, 
, � 2−j , y ∼ Inv−�2

⎛
⎜⎜⎜⎜⎜⎝
v + 2,

ã2j
�2
j

+

(
d̃j
�j

−�D

sD

)2

+ vs2

v + 2

⎞
⎟⎟⎟⎟⎟⎠

(12)

Proof:

The prior density of � 2j is

p(� 2j ) ∝ (� 2j )
− v

2
−1 exp

(
−vs

2

2� 2j

)
.

13



For BayesD1 we have

p(� 2j ∣�̃, �, 
, � 2−j , y)

∝ p(�̃, �, 
, � 2∣y)
∝ p(ãj, d̃j∣� 2j , 
j)p(� 2j )

∝ 1

� 2j
exp

⎛
⎝−1

2

⎛
⎝ ã2j

�2j�
2
j

+
(
d̃j
�j

− �D)
2

s2D�
2
j

⎞
⎠
⎞
⎠ (� 2j )

− v
2
−1 exp

(
−vs

2

2� 2j

)

= (� 2j )
− v

2
−1−1 exp

⎛
⎝−1

2

⎛
⎝ ã2j

�2j�
2
j

+
(
d̃j
�j

− �D)
2

s2D�
2
j

+
vs2

� 2j

⎞
⎠
⎞
⎠

= (� 2j )
− v+2

2
−1 exp

⎛
⎜⎜⎝−

ã2j
�2
j

+
(
d̃j
�j

−�D)2

s2
D

+ vs2

2� 2j

⎞
⎟⎟⎠ .

Thus,

� 2j ∣�̃, �, 
, � 2−j , y ∼ Inv−�2

⎛
⎜⎜⎝v + 2,

ã2j
�2
j

+
(
d̃j
�j

−�D)2

s2
D

+ vs2

v + 2

⎞
⎟⎟⎠ .

Equation

� 2j ∣�̃, �, 
, � 2−j , y ∼ Inv−�2

⎛
⎜⎝v + 1,

ã2j
�2
j

+ vs2

v + 1

⎞
⎟⎠ (13)

Proof:

We have

p(� 2j ∣�̃, �, 
, � 2−j , y)

∝ p(�̃, �, 
, � 2∣y)
∝ p(�̃j∣� 2j , 
j)p(� 2j )

∝ 1

�j
exp

(
− ã2j

2�2j�
2
j

)
(� 2j )

− v
2
−1 exp

(
−vs

2

2� 2j

)

= (� 2j )
− v+1

2
−1 exp

⎛
⎜⎝−

ã2j
�2
j

+ vs2

2� 2j

⎞
⎟⎠ .

Thus,

14



� 2j ∣�̃, �, 
, � 2−j , y ∼ Inv−�2

⎛
⎜⎝v + 1,

ã2j
�2
j

+ vs2

v + 1

⎞
⎟⎠ .

Equation

�2∣�̃, �, u, 
, � 2, y ∼ Inv−�2
(
n+ v∗, s′2

)
, (14)

where

s′2 =
(y −X� − Zu− ZAã− ZDd̃)

T (y −X� − Zu− ZAã− ZDd̃) + v∗s∗2

n+ v∗

Proof:

Regardless of the choice of v∗ and s∗2 the prior density is

p(�2) ∝ (�2)−
v∗

2
−1 exp

(
−v

∗s∗2

2�2

)
.

If the posterior is considered as a function of �2, then

p(�2∣�̃, �, u, 
, � 2, y)
∝ p(�̃, �, u, �2, 
, � 2∣y)
∝ p(y∣�̃, �)p(�2)

∝ (�2)−
n+v∗

2
−1

⋅ exp

(
−(y −X� − Zu− ZAã− ZDd̃)

T (y −X� − Zu− ZAã− ZDd̃) + v∗s∗2

2�2
.

)

Equation

�D =
ℐ

Mℎ∘E(�j)
(15)

s2 =
VA − 
M

ℎ2
∘

VD

Mℎ∘E(�2j)

v − 2

v

s2D =

VD

Mℎ2
∘E(�2

j )
− �2

D

s2
v − 2

v

Proof:

Since
ℐ = ℐM =Mℎ∘E(�j)�D

15



we have

�D =
ℐ

Mℎ∘E(�j)
.

Since VD = VDM =Mℎ2∘E(�
2
j)E(d

2
j) we have

VA = VAM = Mℎ∘E(�
2
j)E(a

2
j) + 0 +M
ME(�

2
j)E(d

2
j)

= Mℎ∘E(�
2
j)E(a

2
j) +M
M

VD

Mℎ2∘
.

Thus,

s2
v

v − 2
= E(a2j) =

VA − VD

M

ℎ2
∘

Mℎ∘E(�2j)
.

It follows that

VD

Mℎ2∘
= E(�2j)E(d

2
j) = E(�2j)(s

2
DE(a

2
j) + �2

D).

Thus,

s2D =

VD

Mℎ2
∘E(�2

j )
− �2

D

s2
v − 2

v
.

Equation

�2
Δ

�2
Δ

=
VD

ℐ2

Mℎ∘
2
E(�j)

2�2

ℎ2∘E(�
2
j)

− 1, (16)

and

�Δ =
−b±

√
b2 − 4ac

2a
, (17)

where

a = VA − 
MVD

ℎ2∘
,

b =
2E(�2j)ℐ2K

(
�Δ

�Δ

)

̃M

�2Mℎ∘
2
E(�j)2

,

c =
−ℐ2E(�2j)

�2Mℎ∘E(�j)2
.

Proof:
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Since

ℐ = ℐM

= Mℎ∘E(�j)E(dj)

= Mℎ∘E(�j)�ΔE(∣aj∣)
= Mℎ∘E(�j)�Δ�

√
E(a2j)

= Mℎ∘E(�j)�Δ�s

√
v

v − 2
,

and

VD = VDM

= Mℎ2∘E(�
2
j)E(d

2
j)

= Mℎ2∘E(�
2
j)E(a

2
j)(�

2
Δ + �2

Δ)

= Mℎ2∘E(�
2
j)s

2 v

v − 2
(�2

Δ + �2
Δ),

we have

VD

ℐ2
=

Mℎ2∘E(�
2
j)s

2 v
v−2

(�2
Δ + �2

Δ)

M2ℎ∘
2
E(�j)2�2

Δ�
2s2 v

v−2

=
ℎ2∘E(�

2
j)

Mℎ∘
2
E(�j)2�2

(
�2
Δ

�2
Δ

+ 1

)
.

Thus,

�2
Δ

�2
Δ

=
VD

ℐ2

Mℎ∘
2
E(�j)

2�2

ℎ2∘E(�
2
j)

− 1.

Since

Mℎ∘E(a
2
j) =

Mℎ∘E(∣aj∣)2
�2

=
Mℎ∘

�2
ℐ2

M2ℎ∘
2
E(�j)2�2

Δ

=
ℐ2

�2Mℎ∘E(�j)2�2
Δ

17



we have

VA = VAM

= Mℎ∘E(a
2
j)E(�

2
j)− 2ME(�2j)E(∣aj∣∣dj∣)
̃M +ME(�2j)
ME(d

2
j)

= Mℎ∘E(a
2
j)E(�

2
j)− 2ME(�2j)E(a

2
j)�ΔK

(
�Δ

�Δ

)

̃M +ME(�2j)
ME(a

2
j)(�

2
Δ + �2

Δ)

=
ℐ2E(�2j)

�2Mℎ∘E(�j)2�2
Δ

−
2ME(�2j)ℐ2�ΔK

(
�Δ

�Δ

)

̃M

�2M2ℎ∘
2
E(�j)2�2

Δ

+

MVD

ℎ2∘

=
ℐ2E(�2j)

�2Mℎ∘E(�j)2�2
Δ

−
2E(�2j)ℐ2K

(
�Δ

�Δ

)

̃M

�2Mℎ∘
2
E(�j)2�Δ

+

MVD

ℎ2∘
.

Thus,

(
VA − 
MVD

ℎ2∘

)
�2
Δ +

2E(�2j)ℐ2K
(

�Δ

�Δ

)

̃M

�2Mℎ∘
2
E(�j)2

�Δ =
ℐ2E(�2j)

�2Mℎ∘E(�j)2
.

It follows that

�Δ =
−b±

√
b2 − 4ac

2a
,

where

a = VA − 
MVD

ℎ2∘
,

b =
2E(�2j)ℐ2K

(
�Δ

�Δ

)

̃M

�2Mℎ∘
2
E(�j)2

,

c =
−ℐ2E(�2j)

�2Mℎ∘E(�j)2
.

Equation

ℎ∘
v

v − 2
=

VAℎ2∘ − VD
M

ℐ2

E(�j)
2 ℎ∘

2

E(�2j)ℎ
2
∘

ME(∣t∣�Δ(∣t∣))2 (18)

+ 2
̃ME

(
t2�Δ(∣t∣)K

(
�Δ

�Δ(∣t∣)

))
,

where

�2
Δ =

(
VD

ℐ2

E(�j)
2 ℎ∘

2

E(�2j)ℎ
2
∘

ME(∣t∣�Δ(∣t∣))2 − E
(
t2�Δ(∣t∣)2

)
)
v − 2

v
.

Proof:
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For brevity we write �Δ = �Δ(∣t∣). From conditions VD = VDM and ℐ = ℐM

we obtain

ℐ2

M2E(�j)2 ℎ∘
2
E(∣t∣�Δ)2

= s2 =
VD

ME(�2j)ℎ
2
∘

(
�2
Δv

v−2
+ E (t2�2

Δ)
) .

Thus,

ℐ2ME(�2j)ℎ
2
∘

v

v − 2
�2
Δ + ℐ2ME(�2j)ℎ

2
∘E
(
t2�2

Δ

)
=M2E(�j)

2 ℎ∘
2
E(∣t∣�Δ)

2VD

It follows that

�2
Δ =

ME(�j)
2 ℎ∘

2
E(∣t∣�Δ)

2VD − ℐ2E(�2j)ℎ
2
∘E (t2�2

Δ)

ℐ2E(�2j)ℎ
2
∘

v − 2

v

=

(
VD

ℐ2

E(�j)
2 ℎ∘

2

E(�2j)ℎ
2
∘

ME(∣t∣�Δ)
2 − E

(
t2�2

Δ

)
)
v − 2

v

From conditions VA = VAM and VD = VDM we obtain

VA

ℎ∘
v

v−2
− 2E

(
t2�ΔK

(
�Δ

�Δ

))

̃M + 
M(

�2
Δv

v−2
+ E (t2�2

Δ))

= s2ME(�2j)

=
VD

ℎ2∘(
�2
Δv

v−2
+ E (t2�2

Δ))
.

Thus,

VAℎ2∘(
�2
Δv

v − 2
+ E

(
t2�2

Δ

)
)

= VDℎ∘
v

v − 2
− 2VDE

(
t2�ΔK

(
�Δ

�Δ

))

̃M + VD
M(

�2
Δv

v − 2
+ E

(
t2�2

Δ

)
).

It follows that

VDℎ∘
v

v − 2
= (VAℎ2∘ − VD
M)(

�2
Δv

v − 2
+ E

(
t2�2

Δ

)
) + 2VDE

(
t2�ΔK

(
�Δ

�Δ

))

̃M

= (VAℎ2∘ − VD
M)
VD

ℐ2

E(�j)
2 ℎ∘

2

E(�2j)ℎ
2
∘

ME(∣t∣�Δ)
2 + 2VDE

(
t2�ΔK

(
�Δ

�Δ

))

̃M .

Thus,

ℎ∘
v

v − 2
=

VAℎ2∘ − VD
M

ℐ2

E(�j)
2 ℎ∘

2

E(�2j)ℎ
2
∘

ME(∣t∣�Δ)
2 + 2E

(
t2�ΔK

(
�Δ

�Δ

))

̃M .
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