SUPPLEMENTARY MATERIAL TO THE PAPER,
“Robust Wasserstein Profile Inference And Applications to Machine
Learning”

JOSE BLANCHET, YANG KANG, AND KARTHYEK MURTHY

This supplementary material to the paper “Robust Wasserstein Profile Inference and Appli-
cations to Machine Learning” is organized as follows: Proofs of all the main results in the paper
are furnished in Section A. As some of the main results in our paper utilize strong duality for
problems of moments, a quick introduction to problem of moments along with a well-known
strong duality result that is useful in our context is provided in Section B. A technical result
on exchange of sup and inf in the DRO formulation (8) is presented in Section C. Relevant bib-
liography utilized in this supplementary material is available at the end of this supplementary
material.

APPENDIX A. PROOFS OF MAIN RESULTS

This section, comprising the proofs of the main results, is organized as follows: Subsection A.1
is devoted to derive the results on distributionally robust representations presented in Section
2.4. The proofs of results on coverage properties are presented in Section A.2. Subsection A.3
contains the proofs of stochastic upper and lower bounds (and hence weak limits) presented
in Section 3.3. Subsection A.4 contains the proofs of Theorems 5 and 6 as applications of the
stochastic upper and lower bounds presented in Section 3.3. Some of the useful technical results
that are not central to the argument are presented in Sections B and C.

A.1l. Proofs of the distributionally robust representations in Section 2.4. Here we
provide proofs for results in Sections 2.3, 2.4 that recover various norm regularized regressions
as a special cases of distributionally robust regression (Proposition 2, Theorems 1 and 2).

Proof of Proposition 2. We utilize the duality result in Proposition 1 to prove Proposition
2. For brevity, let X; = (X;,Y;) and 8 = (—f,1). Then the loss function becomes I(X;, Y;; 8) =
(BTX;)?. We first decipher the function ¢ (X;,Y;; 8) defined in Proposition 1:

04(X;,Yi;8) = sup {(BTw)® — 4| X; —al2.}
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2 BLANCHET, KANG, AND MURTHY

To proceed further, we change the variable to A = u — X;, and apply Holder’s inequality to see
that |B7A| < ||B]|p/|All4, where the equality holds for some A € R¥+1 Therefore,

6,(Xi8) = sup { (BTXi+BTA)° —~ A2}
A€Rd+1

= sup {(B7 X +sign (B7 X)) [BTA|)" — v A2}
A€gRd+1

o o N2

= s (3% (571 101, 81,)” 21812
A€Rd+1

On expanding the squares, the above expression simplifies as below:

— — — 2 -2 — — —
6:(Xi8) = (BTX:)"+ sup {= (5= BI;) 1415 +2(57 %l 5], 1, }

ERd+1

_ { BTX) /(=B iy > |8
voo ity < ||,

2
)

(1)

With this expression for ¢~ (X;,Y;; 8), we next investigate the right hand side of the duality rela-
tion in Proposition 1. As ¢ (z,y; 3) = co when v < HBH%, we obtain from the dual formulation
in Proposition 1 that

sup  Ep[I(X,Y;8)] = ;gg {75 + % > oy (X5, Vs 5)}

P:De(P,P,,)<6 pt

n
. v 1 2T v \2
= inf {y0+—=5—> (B Xi)* ;. (2)
v>5|l§{ v - Hﬁll%n; '
Now, see that > I, (87X;)?/n is nothing but the mean square error MSE,(j). Next, as the
right hand side of (2) is a convex function growing to oo (when v — oo or v — [|B]|2 ), its
global minimizer can be characterized uniquely via first order optimality condition. This, in
turn, renders the right hand side of (2) as

sup  Bp (X, Y1 8)] = (VIISEL(B) + ValAl,)
P:D,(P,P,)<6

This completes the proof of Proposition 2. O

Outline of a proof of Theorem 1. The proof of Theorem 1 is essentially the same as the proof
of Proposition 2, except for adjusting for co in the definition of cost function Ny((x,y), (u,v))
when y # v (as in the derivation leading to ¢ (Xj, Y;; §) defined in (11)). First, see that

¢ (X3, Yis )= sup {(yT2"? =N ((«',¢). (X:,Y)) }-
z’e€R4 y'e€R
As Ny((2',y), (X;,Y;)) = oo when ' #Y;, the supremum in the above expression is effectively
over only (2/,1') such that y =Y;. As a result, we obtain,
¢5(Xi, Yi: ) = sup {(¥; — 872" — yNo((«',Y3), (X, Y2)) }-

/' ER4

— sup {(¥; - A2 — 7’ — X,|12)}.
z'€R4
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Now, following same lines of reasoning as in the proof of Theorem 2 and the derivation leading
to (1), we obtain

7=11813

¢’Y(‘T7y; ﬁ) =

Lo (Yi—B7X;)?  when A > |||,
+o00 otherwise.

The rest of the proof is same as in the proof of Proposition 2.

Proof of Theorem 2. As in the proof of Proposition 2, we apply the duality formulation in
Proposition 1 to write the worst case expected log-exponential loss function as:

A — 1y VAT — Al — X
. Dcs(Egn)gaEp[l(X,Y,ﬁ)} —)1\%%{5)\4—”;51? {log (1+exp( Y;3 x)) Az Xz‘p}}.

For each (Xj,Y;), following Lemma 1 in [5], we obtain

. log (1+exp(-YiATXy)) if [|B]l, <A,
sup {log (1 + exp(—Yif a:)) —Allz — Xi||p} =
x +oo if ||B]], > A

Then we can write the worst case expected loss function as,

A>0

. 10N
inf {5)\ + Z;sgp {log (1+exp(-Yif'2)) — A|jz — Xin}}

: 1o
= )1\%% {5)\ + - Zl (log (1 + eXp(—Yi/gTXi)) 1{)\>||,3||q} + 001{/\§||5||q}) }

= inf {6>\ + % Z log (1 + exp(—YzﬂTXi))}

T pt

1 n
= > log (1+ exp(-Y;87X;)) + 6 18],
=1

which is equivalent to regularized logistic regression in the theorem statement.

For SVM with hinge loss function, let us apply the duality formulation in Proposition 1 to
write the worst case expected Hinge loss function as:

_vaTx) ] = 1y VAT Al — X
P:Dcs(ﬁn)gxgp[@ Y BT X) ]—irzl%{é)\—i—ngsgp{(l YipTz)" = ||z Xsz}}.
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For each i, let us consider the maximization problem and for simplicity we denote A; = x — X

sup { (1= Yi87 (X +A0) " = Alail, }

Auy;

=sup su (o7} 1—}/;TXZ+A1 — M| A;
w swp o (1= Y6 ( ) = Al }

= sup sup {aViBTA; — AlJA], + i (1- ViBTX:) }
0<c; <1 A;

= sup Ssup1qq; Nl = AA L+ (1 -Y; TXZ-}
s sup {a 81, 144, = AlIAl, +ai (1= YiBTX0)

1-WpTx) " if B, <A +oo

+oo if HﬂHq > A

The first equality follows from the observation that z = supy<,<; ; second equality is because
the function is concave in A;, linear in o; as a is in a compact set, we can apply minimax theorem
to switch the order of maxima; third equality is due to applying Holder inequality to the first
term, and since the second term only depends on the norm of A; the equality holds for this
maximization problem. For the outer minimization, it is sufficient to restrict to A > [|3]|,. As
a result, we obtain

. 1o IR
inf {5)\—1—”;(1—3@5TX¢)+} :EZ(l_YiﬁTXZ)JF—'_éHﬁHq’

>
T P

This completes the proof. O
A.2. Proofs of results on coverage properties.

Proof of Proposition 6. Let P be a probability measure from the set,
{P: D.(P,P,) <6, Ep[Dgl(X,Y;p.)] =0},
which is non-empty, because § > R, (5«). Then,

inf sup Ep[l(X,Y;5)] > inf E; [I(X,Y:;8)] =E; [I[(X,Y;84)].
BERI P D (P,P,)<5 I ) BeRrd IP’[( )] ]p[( )]

Moreover, since D, (+) is symmetric in its arguments, we have DC(I@’, P,) < 4. As a result,

Ep, [(X,Y;8,)] —inf sup Ep[I(X,Y;8) < sup  Ep[l(X,Y;8.)] — Ep [[(X, Y5 5:)].
B Peus(P,) P:D..(P,P)<§
(3)

On the other hand,

inf sup  Ep[I(X,Y;8)] —Ep, [(X,Y;8,)] < sup  Ep[l(X,Y;5,)] —Ep, [[(X,Y;5)],
B Peus(P,) P:D.(P,,,P) <6

which can be bounded from above to result in the desired bound, C;d + C’Q(n)lp:2\/5, by

substituting the regularized regression estimators derived in Theorem 1 (when p = 2) and

Theorem 2 (when p = 1). Likewise, repeating the proofs of Theorems 1 and 2 for the case

where the baseline distribution is set to be P (instead of ), we obtain for any 3 € R? that

sup  Ep [I(X,Y;8)] — Ep [[(X, Y 8)] = 68|,
P:D,(B,P)<6
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for the logistic regression example in Theorem 2; and

sup g [l(X, Y3 8)] — Ep [U(X, Y5 8)) = 2v5]|Bllpy /B (v — B7X)?] + 3152

P:D.(P,P)<6
smﬁmm¢sw Ep [(Y — BTX)?] + 6181,
PeUs(Pn)
= 23|81\ /e, [(Y — B7X)2] + 3562,
for the linear regression example in Theorem 1. This verifies the upper bound for (3). O

Proof of Theorem 4. Since § = n~P/2p for some 1 > 1, we have from the definition of 7, that,
lim P(R,(f:) > 8) = lim P(n”?R,(B.) > ) < a,

as n — 00. Then it follows from Proposition 6 that,

Ep, [I(X.Y:6.)] - inf sup Ep[I(X,Y;5)]

BERL P ¢ 145 (P,,) = Cmn*pﬂ T C2(n)\/ﬁ1{p=2}”ip/47
ceUs(Pn

with probability greater than or equal to 1 — «, as n — oo. Moreover, due to Chebyshev’s
inequality, we obtain,

Ep, [[(X,Y; 8:)] — Ep, [[(X,Y; Bu)]] < \/VarIP* (X, Y; 5*)]7

an

and subsequently, Co(n)/(2]|B:]lp) < VEp. [I(X,Y;8:)] + (a™'n"Varp, [I[(X,Y; 8)]) /4, with
probability exceeding 1—a. Since Ep, [[(X,Y; 8.)] = infg Ep, [[(X, Y; B)], the desired convergence
in the statement of Theorem 4 follows from triangle inequality and an application of union bound
to the above two inequalities. O

A.3. Proofs of asymptotic stochastic upper and lower bounds of RWP function in
Section 3.3. We first use Proposition 3 to derive a dual formulation for n?/2R,,(6,) which will
be the starting point of our analysis. Due to Assumption A2), E[h(W,6,)] = 0. Combining this
observation with the positive definiteness in Assumption A4), we have that 0 lies in the interior
of convex hull of {h(u,0,) : w € R™} by using a supporting hyperplane argument as in the proof
of [1, Proposition 8]. Then, due to Proposition 3,

1 n
R, (0,) = su —— sup {\Th w, 0y) — |lu—W;||2 Y 5.
(0+) Aeﬂg{ n;uen@%{ (u, 0x) — || lq}}

In order to simplify the notation, throughout the rest of the proof we will write h (WW;) instead
of h (W;,0,) and Dh (W;) for Dy,h (W;,0.).

Letting H,, = n~1/2 > h(W;) and changing variables to A = u — W;, we obtain

Rn(e*) = Sup {_)\T

=1

n

Due to the fundamental theorem of calculus (using Assumption A3)), we have that

B (Wi + A) — h (W) = /1Dh (W, + ud) Adu.
0
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Now, redefining ¢ = An(P=1/2 and A = A / n'/2 we arrive at following representation

n”/’R,(0,) = sgp {—¢"H, — M, ({)}, (4)
where .
1y Y _
Mo () = ;szp {gT/O Dh (Wi +n~"2Au) Adu HA\Z}. (5)

The reformulation in (4) is our starting point of the analysis.

To proceed further, we first state a result which will allow us to apply a localization argument
in the representation of n”/?R,, (6,) in (4). Recall the definition of M,, above in (5) and that
H, =n"1230  h(W)).

Lemma 1. Suppose that the Assumptions A2) to A4) are in force. Then, for everye > 0, there
exists ng > 0 and b € (0,00) such that

P( sup {—C"H, — M, (¢)} > 0> <e,

<l =

for alln > ng.

Proof of Lemma 1. Recall that ¢ > 1 and p = q/(¢ — 1). For ¢ # 0, we write { = ¢/ [¢]],- Let
us define the vector V; (C_) = Dh (WZ)T ¢, and put

Aj = AL(0) = [V (O sgn (Vi (0)) - (6)
Define the set Cp = {w € R™ : |lw||,, < co}, where ¢y will be chosen large enough momentarily.
Then, for any ¢ > 0, plugging in A = cAl, we have (T Dh(W;)A = ¢||¢T Dh(W;)|,||AL|4, and
therefore,

1
A 0
1
~ sup {CTDh(Wi)A ~ 1Al + <" [ [Dhw: + 071280 - Da(W)| Ad“}
A 0
> max { |70, |, 185, - e 1
1
+e” [ [DhWi+ e 200) — DR OW)| Mldwo}r oW e ).
0

Due to Holder’s inequality,

1
I(W; € Cy) [T / [Dh(WZ- +en V2Al) — Dh(Wi)} Aldu
0

du.

q

1
< I (W; € Cp) \C\Ip/o H [DA(W; + en™ Y2 Alu) — Dh(W;)] A

Because of continuity Dh (-) and the fact that W; € Cy (so the integrand is bounded), we have
that the previous expression converges to zero as n — oo. Therefore, for given positive constants
¢’, ¢ (note than convergence is uniform on W; € Cj), there exists ng such that for all n > ng

cl (Wz S C())

1
T / [DR(W; + en™ /2 Afu) — D(W)| Ajdu < e[l (8)
0
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Next, as [|C7 DR(W;)|[/¢ = | A]ly and 1+ p/q = p,

— _ P
c[cTDR W, [|AL, - & [ AH1° = el ICT DRI — 1T Dh(Wi) [
Consequently, it follows from (7) and (8) that

n

1 - _ P
M) 2 & 3 {elcl I DA(TRIZ - IS DRI — eIl {1 Wi € Co). (9
i=1

Now, since the map ¢ — HQTTDh(Wi)Hi is Lipschitz continuous on Hpr = 1, we conclude that,
R ~
= >[I DR} 1 (Wi € Co) SE (|| DR (W) [} 1 (W € Co)] (10)
i=1

with probability one as n — oo. Moreover, due to Fatou’s lemma we have that the map
C—P (HETDh (W)Hp > O) is lower semi-continuous. Therefore, by A4), we have that there

exists > 0 such that B
inf E [|¢"Dh (W)][) > 6. (11)
¢

Consecutively, by selecting ¢y > 0 large enough, we conclude from (10) that for n > N’ (),
LS e D) P 1 (Wi e oy > 0. (12
n p 2
Further, if we let c1 := sup,,¢¢, HETDh(w)Hg/q < 00, then
1o = P
- I DrW)||Pe 1 (Wi € Co) < &,
i=1
for all n > N'(4). As a consequence, if n > N’ (4), it follows from (9) and (12) that

sup (¢, =0, (©)} < sup {7, — (e ey - i, )}

<l >0 l<ll,>b

) , (ccl)p}}
u —¢TH, - cl5;— - :
Snifib{ ¢ ||c||,,{ <2 ) :

Consequently, on the set || H,|| S b, we obtain

sup {~¢"H, ~ M, () < s [l | - {e(5-<) - Y]

<l >0 1<l >0

Now, if we take ¢ > 4(b' + 1)/, & = 6/4 and b to be large enough such that b > (cc;)” then

v fe(Bd) e

Therefore, if n > ng (see (8)), then

P <||?ﬁf§b{_CTH" — M, ()} > o) <P (HHan > b’) +P(N'(5) >n).

The result now follows immediately from the previous inequality by choosing b’ large enough
so that P(|[Hyllq > V') < /2 and later ng so that P(N'(6) > ng) < /2. The selection of b’ is
feasible due to A2). This proves the statement of Lemma 1. O
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Lemma 2. For any b > 0 and ¢y € (0,00),
1) ~1
fz [¢TDr W) [ 1(IWill, < e0) = E [[|<"DR W) [T 11, < e0)]
umformly over HCHP < b in probability as n — oo.

Proof of Lemma 2. We first argue a suitable Lipschitz property for the map { < H(TDh (W5) Hg/(pfl).

It is elementary that for any 0 < agp < a; and v > 1

a1
al —a} = y/ 7Yt < ~va]l ™! (a1 — ag).

ag

Applying this observation with
= max (T DR, IcT DR (W], ).
ag = mln(HClTDh ), 16 D W)Hp>’

7= p/lp=1),
and using that HCTDh (Wl)Hp < b|[Dh (W;)||, for [[C][, < b, we obtain

(66 on w770 i D w0 < Ve DR w7 o - Gl

Consequently, we have that

1 — v
DN ERIUATARES ol SatEl
=1

Since Dh(-) is continuous, E {HDh (W)||Z/ =) Iqwi, < co)} < 00, thus yielding the tightness
of

<p7HCo—<1H iZHDh T

ZHCTDh Wil VL (1Will, < o),

under the uniform topology on compact sets. The Strong Law of Large Numbers guarantees
that finite dimensional distributions converge (for any choice of (1,...,(x, kK > 1), and, since
the limit is deterministic, we obtain the desired convergence in probability. O

Proof of Theorem 3. Let us first observe that R, (6.) > 0 (choosing ( = 0). Then, as a
consequence of Lemma 1, there exists b > 0 such that the event

€l <b

A, = {np/QRn(G ) = max {—¢"H, - M, (g)}}, (13)

where the outer supremum is attained at some ||(||, < b, occurs with probability at least 1 —¢,
as long as n > ng. In other words, P(A,) > 1 — & when n > ny.

We first consider the case p > 1. For ¢ # 0, write ( = (/ [[¢]l, - Next, define the vector
Vi(¢) via V; ({) = Dh (W' ¢ (that is, the j-th entry of V; (¢) is the j-th entry of the vector
Dh(W;)* ¢), and put

AL = AL () = |Vi () sgn (Vi (0)) - (14)
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Next, let A; = ¢; A} with ¢; chosen so that

~ 1 p 1/(p—1)
I8, = (G lIcronaml,)
In such case we have that

T . _ Pl _ T 4 _ o
max { " DR (W) A~ 417} = max {[Ic"DR (W], 1A, ~ 1Al7)

= ("Dh(W;) A; — H&HZ
B 1\ /(=1 1
= ||<"Dh (Wi)Hg/(p Y (p) <1 - p) : (15)

Pick ¢g € (0,00) and define Cy = {[|[W;|, < co}. Note that

M, (¢) = M;, (¢, o),

where
1 1 N <ol
M] (¢, co) = - ZI(Wl € Cy) {CT/ Dh (Wl + ni—1/2A¢u> Ajdu — HAZHS} .
i=1 0

Therefore

max {—CTH, — M, (¢)} < max {—¢TH, — M/ (¢, co)}. 16

IICII,,Sb{ (©} ||<||pgb{ (¢ o)} (16)
Define

Mo (Geo) = =S 1(W; € o) {¢" DR (W) Audu— A7}
=1
n 1/(p=1)
- A e oo (1) (1),
=1

where the equality follows from (15). We then claim that

sup [ M, (C,e0) = M, (G, co)| = 0. (a7
€1l <o

In order to verify (17), note, using the continuity of Dh (), that for any ¢’ > 0 there exists ng
such that if n > ng then (uniformly over |||, < b),

1
/ 1(W; € Cy) |[¢" [Dh(W; + 02 A) = DRW) || [|Ail], du| <"
0 P
Therefore, if n > ny,
n 1
%ZI (VVz S Co) CT/ [Dh(Wl + ’I’L_I/QAZ‘U) — Dh(WZ)] Aldu S 6/.
i=1 0

Since ¢’ > 0 is arbitrary, (17) stands verified. Then, applying Lemma 2 we obtain

M, (C. o) — E (DR (W) Adu — | &4])2) " 1 (Wi € Co).
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uniformly over ||C|| » < b as n — 00, in probability. Therefore, applying the continuous mapping
principle, we have that

e, ¢ Hn = My (G o)}

= max {—(TH Kk (p)E [HgTDh w7V 1 (kup < co)} } , (18)

Il <b
1/(p—1)
5 (p) = (1) (1— 1),
p p

and H ~ N (0,Cov[h (W,6,)]). From (16) and the construction of (13), we can easily obtain
that n?/2R,, (0,) is stochastically bounded (asymptotically) by

mgx {*CTH —r(p)E [HCTDh (W)HZ/(p_l)} } ’

as n — 0o, where

which verifies the first part of the theorem when p > 1.

Now, for p = 1, we will follow very similar steps. Again, due to Lemma 1 we concentrate
on the region |||, < b for some b > 0. For the upper bound, define A; as in (14). Using a
localization technique similar to that described in the proof of Lemma 1 in which the set Cy
as introduced we might assume that |[W;[|, < co for some ¢g > 0. Then, for a given constant
¢ > 0, setting A; = c¢Al, we obtain that

1 1
m TH T : A 1/2\ A '
ax § — n— = E sup { / Dh(W; + Aju/n™ =) Asdu — || A }
IIC,,Sb{ ¢ n ¢ 0 ( / ) | Hq

< max { —TH, — fz (ch/ Dh(W; + eAlu/n'/?)Aldu — ¢ | Al > (Wi € Co)}
As in the case p > 1 we have that
:LG: I(W; € Cy) /01 T [Dh(WZ- +eAlu/nt/?) - Dh(Wi)] Aldu — 0
i=1
in probability uniformly on (-compact sets. Similarly, in addition, for any ¢ > 0 and any b > 0

max {— ——Z(CCTDh A’du—cHA'H ) (W; ECO)}

<l <o

+ /
:%ﬁf‘;i{ —*Z (")), 1) ||Ai|rqf<uwi\ps%>}

= s {0 [<”<TDh vl - 1) " i oA < o]

because ||A'||& = ||¢T Dh(W;)||5. Next, as the constant ¢ can be arbitrarily large, we obtain a
stochastic upper bound of the form

max —(THY < max —(THY.
||<HSb:P(HcTDh(W)||p§1)=1{ ) c:P(ncTDh(W)ll,,gl):l{ J

This completes the proof of Theorem 3. U
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Proof of Proposition 4. We follow the notation introduced in the proof of Theorem 3. Recall
from (4) and (5) that

n 1
n*?R, (6,) = sup{ ¢"H,, — ! Zsup {/ ¢I'Dh (VV, + Au/n1/2> Adu — HAHq} .
¢ Mo A o

Let A := {(C: esssup HCTDh (w)Hp < 1}, where the essential supremum is taken with respect
to the Lebesgue measure. Then, due to Holder’s inequality, if ( € A,

1
sup {/ T Dh (Wi + Au/nl/Q) Adu — ||AHq}
A 0

1
<sup {/0 [ D (Wi + aupn )| ), du - HAHq}

< szp [PAN[ {/01 <HCTDh (WZ + Au/nlﬂ) Hp — 1) du} <0.

n'?R, (6,) > sup (T H,,.
CeA

Consequently,

Letting n — oo we conclude that

sup (T H, = sup¢TH.
CeA CeA

Because W; is assumed to have a density with respect to the Lebesgue measure it follows that
P ([|¢" DA (Wi)||, < 1) =1 if and only if ¢ € A and the result follows. O

Finally, we provide the proof of Proposition 5.

Proof of Proposition 5. Recall from (4) and (5) that

1 & 1
n*?R, (6,) = sup {CTHn - > sup {/ ¢TDh <WZ- + Au/n1/2> Adu — \|A||g}} . (19
¢ =1 & /0
As in the proof of Theorem 3, due to Lemma 1, we might assume that [|C[|, < b for some b > 0.

The strategy will be to split the inner supremum in values of [[Af|, < on'/? and values

|Afl, > onl/? for a suitably small positive constant §. In Step 1, we shall show that the
supremum is achieved with high probability in the former region. Then, in Step 2, we analyze
the region in which [|A[[, < on'/? and argue that the integrals inside the summation in (19)
can be replaced by ¢(?'Dh (W;) A. Once this substitution is performed we can solve the inner
maximization problem explicitly in Step 3 and, finally, we will apply a weak convergence result
on (-compact sets to conclude the result. We now proceed to execute this strategy.

Ezxecution of Step 1: Pick § > 0 small, to be chosen in the sequel, then note that A5) implies
(by redefining « if needed, due to the continuity of Dh (-)) that

|DA ()], <k (14 wlly ™).



12 BLANCHET, KANG, AND MURTHY

Therefore, for ¢ such that |||, < b,

1
sup {/ ’CTDh (T/VZ + Au/n1/2> A‘ du — \AHZ}
[A]lg=dnt/2 LJ0

! 12|t o
< sup br [ 1+ ; “Wi+Au/n Hq du | [|All, = [[AllG ¢

RN
Note that if p € (1,2), then 0 < p—1 < 1, and therefore by the triangle inequality and concavity
1/2]]P~1 el ) ~1 1/2|P7!
Wi+ A" < (1wl + [amt?| ) < walg a2
q q q

On the other hand, if p > 2, then p —1 > 1 and the triangle inequality combined with Jensen’s
inequality applied as follows:

1 1
—1 — —1 —1 — —1 —1
o el <2070 (G lall= 5l ) = 2072 (a4 el )

yields
—1 -1
[+ v < 2 (it a2
q q

So, in both cases we can write

1
sup {/0 ‘CTDh(Wi + Au/n1/2)A‘ du — mng}

[Allg=dnt/2
— - p—1
< sup {lm <1 + 2071 <”WzHZ Ty HA/nl/QH )) A, — ||AHZ}
[A[l,>dnt/2 a
< swp {on (Al + 27 Wil AN, + 27 ANl ) — ae)
1A]lg=dn1/2

Next, as E||W,,||” < co, we have that for any ¢’ > 0,
P (HWnHZ >e'n i.o.) =0,

therefore we might assume that there exists ng such that for all ¢ < n and n > ny, HWng_l <

(e'n)*~V/? Therefore, if (¢/)~1/P < -1/ (br2°), we conclude that if 1A, > on'/? and
n > ng,

br27H Wil A,

IN

bKQP—l (5/n) (p—1)/p ”AHq

L op—1,,(0-1) LoAge
< ol A, < Al
Similarly, choosing n sufficiently large we can guarantee that

- _ 1
b (1Al + 277 Al /@00 ) < = Jallp.

Therefore, we conclude that for any fixed § > 0,

1
sup {/ ‘gTDh(Wi + Au/nl/z)A‘ du — ||A|yg} <0 (20)
1al,zsvm Lo

provided n is large enough, thus achieving the desired result over the region ||Af; > dy/n.
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Execution of Step 2: Next, we let ¢’ > 0, and note that

1
sup {/ CTDR(W; + Au/n'?) Adu — HA\g} (21)
Iall,<svn Lo

1
< sup { / T [Dh(Wi + Au/nl/?) — Dh(Wi)] Adu — &" \|A||g}
1al,<sva Lo

+ s {TDR(WyA-(1-") A}
INB2NG

We now argue locally, using A6), a bound for the first term in the right hand side of (21):

1
sup {/ ¢t [Dh(W,» + Au/n'/?) — Dh(Wi)} Adu —¢" HAHg} (22)
Al <6v/n LJO
< swp {lcln (W) AL nt — & Al
All,<6v/n
< sup for (W) A 6%t/ — " [|A]]L (9n2) "}
&=

As SUp,eio1] {anz? — bya?} < (p— 2)* (ap /b2)/(P=2) /p when b, > a,, we have, for all n suffi-
ciently large, that

1 = /(p—2)
(p—2)" (bR(W;)\”
sup T |Dh(W; + Au/n'?) — DR(W;)| Adu — " | A f’} < .
||A|q<5ﬁ{/o [ ( /) (W) 1213 p e’\/n

Since E[(W)?] < oo (from Assumption A6)), we have that P(&(W;) > £”V/i i.0.) = 0 for any
e > 0. Consecutively, &(W;) < &”’+/i for all i large enough, and therefore,

- 1 <& 1
limy, oo — sup {/ ¢T | Dh (Wi + Au/n'/?) — Dh(W;) Adu—a”HAH”}
- ";mq«w 0 [ < ) } !

cp=2) BN 1 IS (R(WY) p/(p_2)<ﬂ & p/(p=2)
= p n—0o0 6// n \/ﬁ p ,

5//

=1

which can be made arbitrarily small by choosing ¢ arbitrarily small. Therefore, for any fixed
e 6> 0,

- 1 & 1
iy~ Y sup {/ T [Dh (Wi + Au/n1/2> — Dh (Wi)} Adu — &" |yA||g} —0. (23)
i al<svn Lo



14 BLANCHET, KANG, AND MURTHY

Ezecution of Step 3: Next, it follows from (20), (21) and (23) that for any fixed £”,6 > 0, there
exists Ny such that if n > Ny,

n 1
! > sup {/ ¢"'Dh (m - Au/nlﬂ) Adu — ||A|yg}
i A Wo

1 n
=3 sup {CTDh (Wy) Adu — (1 — &") HAHS} +6
Vo1 A<y

<

I T p/(p—1)
< n;mm{ﬁ(,},y) [T DR w7 e} +6,

o () (-2),

and ¢, — oo as n — oo (the exact value of ¢, is not important).
Next, note that A5) implies that
1DR (W) |5~V T ((Will > 1) < &I (IWill > 1) [Will5 < Wil

and, therefore, since Dh (-) is continuous (therefore locally bounded) and E ||[W;|; < oo also by
Ab5), we have that

where

E||Dh W)/~ < .

Then, an argument similar to Lemma 2 shows that

1 -
sup {CTHn— 52{“(“5”) I¢T DR (W) |2 1),cn}}

<l <b

i=1

~1
= sup {CTH -k (p,e")E HCTDh (Wi)H'Z/(p )} ,
<l <b
as n — oo (where = denotes weak convergence). Finally, we can send £”,§ — 0 and b — oo to
obtain the desired asymptotic stochastic lower bound. O

A.4. Proofs of RWP function limit theorems for linear and logistic regression ex-
amples. We first obtain the dual formulation of the respective RWP functions for linear and
logistic regressions using Proposition 3. Let E[h(z,y; 8)] = 0 be the estimating equation under
consideration (h(z,y;8) = (y — BT x)x for linear regression and h(x,y; 3) as in (27) for logistic
regression). Recall that the cost function is ¢(-) = Ny(-). Due to the duality result in Proposition
3, we obtain

Ry (B.) = inf {Dc(P,Py) : Ep[h(X,Y;B.)] =0}

= sup {—; 3 sup {ATh(a!,y'5 B.) — No((2! ). (X, m)}} :

A i— (@y)

As Ny((2', ), (X;,Y;)) = oo when y' #Y;, the above expression simplifies to,

1 n
Ry (B,) = sup {—n > “sup {NTh(a!, Y55 8,) — |2 — Xi||g}} , (24)

=1
where p = 2 for the case of linear regression (Theorem 5) and p = 1 for the case of logistic
regression (Theorem 6). As RWP function here is similar to the RWP function for general
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estimating equation in Section 3.3, a similar limit theorem holds. We state here the assumptions
for proving RWP limit theorems for the dual formulation in (24).

Assumptions:
A2’) Suppose that 8, € RY satisfies E[h(X,Y; 8:)] = 0 and E||h(X,Y; 8,) |3 < oo (While we do
not assume that (3, is unique, the results are stated for a fixed f, satisfying E[h(X,Y;(.)] = 0.)

A4’) Suppose that for each £ # 0, the partial derivative D h(x,y; B«) satisfies,
P ([|¢"Dah(X, Y5 8.)]|, > 0) > 0.

AG6’) Assume that there exists & : R™ — oo such that
[ Dah(x + A, y; Bx) — Dah(x, y; B llp < Rz, y) [ Allg,
for all A € RY, and E[7(X,Y)?] < 0.
Lemma 3. If p > 2, under Assumptions A2’), A4’) and A6’), we have,
nRy (B p) = R(p),

where

R(p) = s {pETH — (p— DE|[EDoh(X, v 8[| }
c d

with H ~ N (0, Cov[h(X,Y; )] and 1/p+1/q = 1.
Lemma 4. If p = 1, in addition to assuming A2’°), A4’), suppose that D h(-,y; By) is continuous

for every y in the support of probability distribution of Y. Also suppose that X has a positive
probability density (almost everywhere) with respect to the Lebesgue measure. Then,

nR,(Bs; 1) = R(1),
where

R(1) = sup {ETH},
EP(|ET Dah(X,Y584)|1p>1)=0

with H ~ N (0, Covlh(X,Y; Bs]).

The proof of Lemma 3 and 4 follows closely the proof of our results in Section 3 and therefore
it is omitted. We prove Theorem 5 and 6 as a quick application of these lemmas.

Proof of Theorem 5. To show that the RWP function dual formulation in (24) converges in

distribution, we verify the assumptions of Lemma 3 with h(z,y; ) = (y — f72)2. Under the
2

null hypothesis Hy, Y — 87X = e is independent of X, has zero mean and finite variance o2.
Therefore,
Eh(X,Y;5) =E[eX] =0, and
E[lh(X,Y;5)[3 = E [¢*XTX] = o E| X|]3,

which is finite, because trace of the covariance matrix ¥ is finite. This verifies Assumption A2’).
Further,

Doh(X,Y55) = (y — B X)Ia — X B = ela— XB,
where I; is the d x d identity matrix. For any £ # 0,
P (l€" Doh(X, Y5 B)lp = 0) =P (e€ = (€7 X)) =0,
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thus satisfying Assumption A4’) trivially. In addition,
| Dzh(z + A, y; Be) — Dah(z,y; Bi)llp =

BIAL — ABT||) < el A,

for some positive constant c. This verifies Assumption A6’). As all the assumptions imposed in
Lemma 3 are easily satisfied, using p = 2, we obtain the following convergence in distribution
as a consequence of Lemma 3.

Ro(5) = sup {2671 ~ & eé - (€ X)8.]] .
£cRd

as n — oo. Here, H ~ N(0, Cov[h(X,Y; 3,)]. As Cov[h(X,Y;B,)] = E [e2X XT]| = 023, if we
let Z = H/o, we obtain the limit law,

2

L, = sup {20—§TZ E|le¢ - gTX)ﬁ*Hp }
£€Rd

where Z = N(0,X), as in the statement of the theorem.

Proof of the stochastic upper bound in Theorem 5: For the stochastic upper bound, let us
consider the asymptotic distribution L; and rewrite the maximization problem as,

Ly = sup sup{2aoz£TZ a2EHe§ TX)ﬁ*HQ}
lgll, =1 >0 g

2
< sup sup{QJozHZH —a2EHe§ gTX)ﬁ*Hp},
l1€ll,=1 =0

because of Holder’s inequality. By solving the inner optimization problem in a, we obtain

o2\ Z|? B || Z|?
L1 < = 5 = - pe 5 (25)
Héll —1E||6€ (" X)Bull,  infey <1 Efle€ — (€7 X)B],

Next, consider the minimization problem in the denominator: Due to triangle inequality,

2
T T
it B leg — (¢ XB*HP_”;‘nf E (Jel l¢ll, — |€7X| 1811

Blef+ ot {I8.I3E |7 X] - 2161, L[]}

2B+ it {1005 (BI€7X])" - 2015, Bl B[]}

2
=Elef’ = @) + inf | (I3, E[¢"X| ~El)

> Ele|* - (Ele])® = Var[|e]].
Combining the above inequality with (25), we obtain,
2
a*|1Z|,
~ Varle|

sup {02§TZ—EH65— TX B*H }
¢eRd

Consequently,

E[eg]
A

b D
Ro(8) 2 L= max (o€ 2 ~ Bt - (" X80} < g e

£ER4
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If random error e is normally distributed, then

nRn(Bs) Sp

7r
T —2
thus establishing the desired upper bound. O

I1Z115.

Proof of Theorem 6. Under null hypothesis Hy, the training samples (X1,Y1),..., (X,,Y,) are
produced from the logistic regression model with parameter 8,. As (. minimizes the expected
log-exponential loss I(z,y; 3), the corresponding optimality condition is E[h(X,Y’;5:)] = O,
where
—yx
hz,y; 8s) = ——————.
(@,5; Be) 1 + exp(yB.z)

AsE|h(X,Y; 80|13 < E|| X3 is finite, Assumption A2’) is satisfied. Let I; denote d x d identity
matrix. While

Duh(a,y; ) = - Uy i
#EY ) = T exp(wBTz) | (L + exp(BTa)) (1 + exp(—yBTa))

is continuous (as a function of x) for every y, it is also true that

P (|7 DX, Y35, = 0) = B (Y (1 +exp(-Y 5T X))¢ = (€7 X)5) =0,

for any £ # 0, thus satisfying Assumption A4’). As all the conditions required for the conver-
gence in distribution in Lemma 4 are satisfied, we obtain,

VR, (Bs) = sup §TZ7
£eA

where Z ~ N(0,E[XXT/(1 + exp(Y3L'X))?]) as a consequence of Lemma 4. Here, the set
A={¢ R ess sup||¢T D (X, Y; B < 1}

Proof of the stochastic upper bound in Theorem 6: First, we claim that A is a subset of the
norm ball {¢ € R?: ||¢]|, < 1}. To establish this, we observe that,

- ‘ (7 X)B.
p

(1 + exp(YB*TX)) (1 + exp(YB*TX)) Hp
S 1 B 1 X M|l B+l p €]l
"\ 1+exp(YBI'X)  (14+exp(YBTX))(1+ exp(—YBTX)) b

(26)

_y
HgTth(X,Y§ B*)Hp =z H 1+ exp(éﬁzX)

because Y € {+1, —1}, and due to Holder’s inequality [¢7 X| < [|€]|,]| X ||4- If € € RY is such that
1€]l, = (1 —€)72 > 1 for a given € > 0, then following (26), [|¢T D.h(X,Y)||, > 1, whenever

[lql| B+l € 1 €
X,Y)€Q =1 (z,y): G S—— P O
(&r)e {(x v) 1 +exp(—yBlz) ~ 2" 1+exp(ypiaz) 2

Since X has positive density almost everywhere, the set €}, has positive probability for every
€ > 0. Thus, if [|¢]l, > 1, |ETD.h(X,Y;B.) |, > 1 with positive probability. Therefore, A is a
subset of {£ : ||£]|, < 1}. Consequently,

T D T
Ly :=supl'Z < sup & Z=|Z|,
teA &llEllp<1
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If we let Z ~ N(0,E[XXT]), then Cov[Z] — Cov[Z] is positive definite. As a result, L is
stochastically dominated by Ly := ||Z|4, thus verifying the desired stochastic upper bound in
the statement of Theorem 6. (|

Proof of Theorem 7. Instead of characterizing the exact weak limit, we will find a stochastic
upper bound for R, (f5s). The RWP function, as in the proof of Theorem 5, admits the following
dual representation (see (24)):

R,(B.) = sup {—711 ngp {NT(; = Bla)a! — |2’ — Xz’HZO}}

- sgp{ ATT - Zsup {ezATA (BTA)NTX) — (IA]% + wZA)(ATA))}} ,
where Z, = n —1/2 Z 16X, € =Y; — B* X;. In addition, we have changed the variable from
= X; = A If we let( v/nA, then

WACHES sup {—CTZn - \}ﬁ ngp {eiCTA — (B7A)(CTXG) — (Vall Al + (B*TA)(CTA))}

capl_cty L { s — (X8, A — (Hrw*ulncnl) Ago}}
sgp{ ¢ ;Hiﬁo lleic” = (" Xa)B)] ||, I1Alloo — VR NG 1A

where we have used Holder’s inequality thrice to obtain the upper bound. If we solve the inner
supremum over the variable ||Al|, we obtain,

n Ty 2
nRu(By) < sup {_CTZn B Z |ei¢ — (¢CTX4)B. ][] }
¢

<4y (14 (1Bl [[¢flim—1/2)

T a? Ty 2
<o | S g O

a0 ¢:[I¢fli=1
where we have split the optimization into two parts: one over the magnitude (denoted by a), and
another over all unit vectors ¢. Further, due to Holder’s inequality, we have [¢7 Z,| < || Z,]|c0 as
. . 2
[¢ll1 = 1. Therefore, letting c1(n) = || Znlloo, c2(n) = infe ¢, =1 % Yoy H@:C - (CTXI)B*HI and
c3(n) = 1+ a||B]|3n~1/2, observe that

nR,(B)) < sup 4 ey (n)a — ca(n) .2 _am) 1+ o(1)) = 1 Zn |3, (1 + o(1)) .
(ﬁ)é";g{ ) dea(n) } 02(”)( o inf{cichimty & Sy lleid — (C7X0) Bt

Since ||e;¢ — ((TXi),B*Hf > (leal <l — [¢7 X ||B*||1)2, the denominator, cy(n), can be lower
bounded as follows:

. T 2 . T 2
afn) = _inf Be,[le¢ — (CTXOB[T > _int B, [(le] = <7 X118.10)°]

> B, | inf_ B, (] - XI0500)° |X] | 2 e, [1nt e, [(el - o %]

Since e; and X; are independent and min. E[(Z — ¢)?] = Var[Z] for any random variable Z, we
obtain that ca(n) > Var,|e|. Therefore nR,(8sx) < |]Zn||zO (14 o0(1))/Var, |e|. O
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APPENDIX B. STRONG DUALITY FOR THE LINEAR SEMI-INFINITE PROGRAM RESULTING
FROM THE RWP FUNCTION

In the main body of the paper, we have utilized strong duality of linear semi-infinite programs
to derive a dual representation of the RWP function in order to perform asymptotic analysis (see
Proposition 3). Establishing strong duality in this context relies on the following well-known
result on problem of moments ([2, 3]).

The problem of moments. Let €2 be a nonempty Borel measurable subset of R™, which, in
turn, is endowed with the Borel sigma algebra Bg. Let X be a random vector taking values in
the set Q, and f = (f1,..., fx) : 2 — R¥ be a vector of moment functionals. Let Pg and Mg
denote, respectively, the set of probability and non-negative measures, respectively on (2, Bq)
such that the Borel measurable functionals ¢, f1, fo,..., fi, defined on ), are all integrable.
Given a real vector ¢ = (qi1,...,qx), the objective of the problem of moments is to find the
worst-case bound,

v(q) = sup {E,[¢(X)] : E,[f(X)] = q, p € Pa}. (27)
If we let fo = 1gq, it is convenient to add the constraint, E,[fo(X)] = 1, by appending

f={fo, fi,---s fx), ¢ = (L, q1,...,qx), and consider the following reformulation of the above
problem:

o) = s { [owrinte) [ Fnaute) =i, e M} (2%)

Then, under the assumption that a certain Slater’s type of condition is satisfied, one has the
following equivalent dual representation for the moment problem (28). See Theorem 1 (and the
discussion of Case [I] following Theorem 1) in [2] for a proof of the following result:

Proposition 1. Let Qf = {ff(x)d,u,(:c) TS Mg} Ifg=(1,q1,...,qr) is an interior point
of Q];, then

k k
v(q) = inf {Z aiq;i : a; € R, Zazﬁ(as) > ¢(x) for all x € Q} )
i=0 i=0

In the rest of this section, we recast the dual reformulation of RWP function (in (3)) and the
dual reformulation of the distributional representation in Proposition 1 as particular cases of
the dual representation of the problem of moments in Proposition 1.

Dual representation of RWP function. Recall from Section 3.2 that W is a random vector
taking values in R and h(-,#) is Borel measurable.

Proof of Proposition 3. For simplicity, we do not write the dependence on parameter 6 in h(u, 0)
and R, (0) in this proof; nevertheless, we should keep in mind that the RWP function is a
function of parameter 6. Given estimating equation E[h(W)] = 0, recall the definition of the
corresponding RWP function,

R, :=inf {D.(P,P,) : Ep[h(W)] =0}
= inf {E[c(U,W)] : Ex[0(U)] =0, 7, =P,, m € PR™ xR™)},

where 7, denotes the marginal distribution of W and P, is the empirical distribution formed
from distinct samples {W1,...,W,}. To recast this as a problem of moments as in (27), let
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Q= {(u,w) € R™ x {W1,..., Wy} : c(u,w) < oo},

Ly (0, W) [1/n]
1wy (W w) 1/n
flu,w) = 5 and  ¢g=|:
l{w:Wn}(u7w) 1/n
h(u) | [ 0

Further, let ¢(u,w) = —c(u,w), for all (u,w) € Q. Then,
R, = —sup {E[¢(UW)] : E;[f(UW)] =gq, m € Pa},

is of the same form as (27). Since the constraints Er[1{,—w,}(U,W)] = 1/n, for i =1,...,n,
together specify that P, (€2) = 1, the constraint that E;[1o(U, W)] = 1 is redundant. Moreover,
as {0} lies in the interior of convex hull of the range {h(u) : (u,w) € Q}, observe that the set
Qp:={[fdu:pe Mg} is simply R’} x R. Then it is immediate that the Slater’s condition
q € int(Qy) is satisfied for the moment problem,

o= —sup{ [ stuwldutuw): [ fauddntow) = g e M5 |

Consequently, we obtain the following dual representation of R,, due to Proposition 1:

n n k
R, = — inf {1 E a; : E aily,_y, (u,w) + E a;hi(u) > —c(u,w), for all (u,w) € Q}
n K2
i=1 i=1

a; €ER i1
1 n k
= —inf < =) a;: a; >  sup —c(u, W;) — aihi(u) p ¢ .
wick { " ; B OATARS { l i;rl o
As the inner supremum is not affected even if we take supremum over {u : c(u, W;) = oo}, after
letting A = (an+1,...,ax) for notational convenience, we obtain
1 n
R, = - inf W;) + ATh : 29
0 =S { > nf, {e(w W) + <u>}} (29)

As ) is a free variable, we flip the sign of A to arrive at the statement of Proposition 3. This
completes the proof. O

ApPENDIX C. EXCHANGE OF SUP AND INF IN THE DRO FORMULATION (8)

The inf-sup exchange in Proposition 2 below is obtained by suitably modifying the inf-sup
exchange in [1, Theorem 2] and its proof to accommodate more relaxed assumptions than in
[1]. The sequence of steps in the proof of Proposition 2 is similar to that of [1, Theorem 2] and
is given here for completeness.

Proposition 2. For a given probability distribution Q, define

g(B) == sup Ep [Z(X,Y;B)] ,
P: D.(P,Q)< 6
for B € R%. Suppose that g(-) is real-valued and the level set {3 € R%: g (B) < b} is bounded for
every b € R. In addition, suppose that Ep [l (X,Y;B)] 18 convex and lower semicontinuous in
the variable B, for every P € Us(Q) :={P: D.(P,Q) < d}. Then,

inf Ep [I(X,Y;5)] = inf Ep [1(X,Y;8)].
e (ERl(XYi)] = sup inf B [1(X.Y36)]
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Proof. We begin by defining the sequence of approximation problems,
gn(B) == sup Ep [Z(X,Y; B)] ,
PeU]N (Q)

where N =1,2,..., and
U'(Q) = {P € P(Kn) : De(P,Q) < 8},

with P(Kn) denoting the set of probability distributions over the set Ky = {x : ||z]]2 < N}.
Then, due to the compactness of the set U (Q), we obtain

inf gy(8) = inf sup Ep [ (X,Y;ﬁ)] = sup inf Ep [Z(X,Y;ﬁ)],

pER PER pey(N (Q) Peul (Q) PER?
as a consequence of Sion’s minimax theorem [6]. Therefore, with gn(-) being an increasing
sequence of functions, we have

lim inf = sup inf = su su inf Ep [I(X,Y];
N%OOBeRdgN(ﬁ) szlﬁeRdgN(B) N>p1[p>euNI() ) BER? P[( B)]

= inf B [[(X,Y;0)] < inf Ep [1(X,Y; 30
_Pesbllg()@)ﬁlélﬂ%d P[( ﬂ)] ,312de:;1()@) P[( /8)] (30)

= inf g(f).

BeR?
The rest of the proof is divided into three technical steps:

Step 1: In this step, we show that the sequence of functions {g,(-) : N > 1} converges
pointwise to the function g(-), as N — co. Since gy () is increasing in N, we have that gy (/)
converges as N — oo, for every . Let the function g*(-) denote the pointwise limit, g*(-) =
limy 00 gn(+). With gy (+) < g(+) for every N, we have ¢*(5) < g(8). Since g(-) is real-valued,
we consequently have g*(8) < g(8) < 400, for every 8 € R%

To show that ¢g*(/3) necessarily equals g(3) for every 3, we argue via contradiction as follows:
Suppose that € := g(8) — ¢g*(8) > 0 for some 3 € R Consider any P’ € Us(P,) such that
Ep [I(X,Y;5)] € (9(B) —€/2,9(B)]. With g(8) being finite, there exists Ny sufficiently large
such that

Ep 143 BI(IX 2 > N <e/4 and  [1 = P(Kn)] Bg [(X, Y3 BI(IX |12 < V)] > —¢/4,

for all N > Np. From [P, we construct a measure Py, € U (Q) by letting,
Py() = P'()+ [1— Py )] —20)
N( ) ( ) [ ( N)] Q(KN)

for all N large enough such that Q(Ky) > 0. Then,

for all N > Ny. With Ep [I(X,Y; )] € (9(8) —&/2, g(B)], we then have g*(8) > g(8) — &, which
leads to a contradiction to the assumption that ¢ := g(8) — ¢*(8) > 0. This verifies that the
pointwise limit g*(-) = g(-).

Step 2: In this next step, we show that the sequence of functions {gn(:) : N > 1} epicon-
verges to the function g(-), as N — oo. See, for example, [4, Definition 7.1] for a definition of
epiconvergence. To accomplish this step, we first see that for every sequence {fy : N > 1}
satisfying Sy — 8 € R?,

liminf gy (Bn) > liminf gas(Bn) > ga(8),
N—oo N—o00
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for any positive integer M. Indeed, this is because gy (-) is an increasing sequence of functions
and g/ (+), being pointwise maxima of lower semicontinuous functions, is lower semicontinuous.
Letting M — oo, we then have

lim inf gn(BN) > g(B),

due to the pointwise convergence concluded in Step 1. Next, for any 8 € R?, if we pick the
sequence By = 3, we have limy_00 gn(Bn) = limy 00 gn(B) = g(5). We therefore have from
the epiconvergence characterization in [4, Proposition 7.1] that the sequence {gn : N > 1}
epiconverges to the function g(-).

Step 3: In this final step, we show that the optimal values infgcga gn(B) converge to
infgcpa g(B), as N — oo. With Ep[l(X,Y’; 8)] being convex in the variable 3, we have that the
pointwise maximum ¢(-) is convex. Combining this observation with the level-boundedness of
the limiting function ¢(-), we have from [4, Exercise 7.32(c)] that the sequence {gn(5) : N > 1}
is eventually level-bounded. Further, since the functions gn(-),g(-) are lower semicontinuous
and proper, we obtain the desired optimal value convergence,

inf /3 — inf B y
IE a gN ( ) IE d g ( )
as a consequence of [4, Theorem 433]

The conclusion in Step 3 forces the inequalities in (30) to be equalities, thus rendering the
desired inf-sup interchange in the statement of Proposition 2. O

Proof of Lemma 1. Let us consider linear regression loss function first. Under the null hypothe-
sis, E|| X |3 < oo and E[e?] < oo. Therefore, for any 8 € R% E[I(X,Y; )] = E[(Y — 87 X)?] < 0.
Further, as the loss function I(z, y; ) is a convex and continuous in the variable /3, we have that
Ep[l(X,Y; 5)] is convex and lower semicontinuous for any P € Us(P,,). Next, the distributionally
robust representation in Theorem 1,

2
o) = s B8] = /B, [0V 97X+ VA3,

PE Us(Pn)

allows us to conclude that g(/3) is finite for every 8 € R?. Further, as g(3) — co when || 3|, — oo
and g(3) is convex and continuous in R, the level sets {3 : g(3) < b} are compact and nonempty
for every b > (v/Ep, [(Y — BTX)2] +V/4||8:|)%. This verifies the level-boundedness requirement
in the statement of Proposition 2. As all the conditions in Proposition 2 are satisfied, the
sup and inf in the DRO formulation (8) can be exchanged in the linear regression example as
a consequence of Proposition 2. Exactly similar reasoning applies for logistic regression loss
function when E|| X |3 is finite. O
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