Applied Probability Trust (24 February 2023)
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Appendix B. Calculations

Derivation of the formula for gl/Q(T, a) in Proposition 2. The derivation in
cases T'= 00, a > 0 and T € (0,00), a = 0 is straightforward using Eq. (13)
and Eq. (12) respectively. Till this end assume that a # 0 and T € (0, 00). We

have

—a’t/2 —a?(T—t)/2 T —
P(r(T,a) € dt) = [ e — L erfec (Vi) IR e <_ﬁ> |
Vrt o V2 V2 VT =1 V2 2
see e.g. 2.1.12.4 in [2]. We now have

T
E1yo(T,a) = /0 tP(7(T, a) € dt)dt

1 e Ut e—w(1-1)
= T/0 t (\/H - uerfc(uﬂ)) (m + werfe(—uv1 — t)) dt,

where we substituted ¢ = tT" and put u := a/T/2. Now, we have

—u?

e
EI/Q(Ta a)=T- ( T

- J1+ % (Ja(u) — J3(u)) — u2J4(u)) : (38)

where

1 1 .
Jy = / Mﬁdt = g, Ja(u) = / Vite T erfe(—uy/1 — t)dt,
0 - 0

J3(u) = /1 #6_“2(1_” erfe(uvt)dt, Jy(u) == /lterfc(ux/f) erfc(—uyv/1 —t)dt
3= | = o Jalw)i= ) .
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2 K. BISEWSKI

Using the fact that erfc(—z) = 2 — erfe(z) and applying substitution ¢t = 1 — ¢,

we obtain
1 2 1 2
Jo(u) = 2/ Vite W tdt — / VI —te (= erfe(uy/t)dt.
0 0

In the following, let

1 . o —u? 1 —u2(1—t)
Js(u) = / Vie ®tdt = ﬁerf(T;)uS 2ue . Je(u) == elﬁerfc(ux/f)dt,
0 0 -

where the first integral can be calculated using substitution ¢ = z2. Then

e 0D erfe(uv/t)dt

1
Jg(u):2J5(u)—/0 11 _tt

= 2J5(u) + J3(u) — Jo(u).
Now, applying substitution ¢t = 22 /u? and formula [3, 4.3.20] we obtain

2 (" 2ze” 2
Je(u) =ute / LQ erfc(uz)dt = VT (e_“ — erfc(u)> :
0

u — U

Further, using integration by parts we obtain

—2ue=" (1D T 1 + /7(1 — 2u2) erf(uy/T — !
Js(u) = ue V-t 2\1/;3 u?) erf(uy/1 —t) erfe(uv/d)
0
+ / P2uem VTt a1 = 20 erf(uyT =) we
0 2u3 vt

In the following let

Le—u’t Vmerf(u)
J = dt =
) 0o Vit u

which can be easily calculated using substitution ¢t = 2. Then

9

2ue " — /m(1 — 2u?) erf(u) B e

Talu) = 2u3 u\/m

I+ (5 — 1) (Jr(w) — Je(u))

and therefore

—u?

Ja(u) = & 2u — /m(1 — u? —e“2ﬁ2u2—1 erfc(u
(1) i ( (1) (2u? ~ 1) erfe(u) "
Jo(u) = €2u3 (72u VA ) + e (1t erf(u))) .
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(4 - 2e—“3;;2u2) N (54 B 4> erf(u)> ,

Jo(u) = /1 t erfe(uv/t) erfe(—uv/1 — t)dt,

0

In the following, let

Js(u) = /1 terfe(uv/t)dt =

0

o =

where the first integral was calculated using integration by parts. Using the

identity erfc(—z) = 2 — erfc(z) we find that
J4(U) = 2J8(u) — Jg(’u,)

We will now find the value of the integral Jy(u). See that After applying

substitution t = 1 — ¢ we obtain

2Jy(u) = /1 terfc(uv/t) erfc(uy/1 — t)dt + /1(1 — t) erfe(uv/t) erfe(uy/1 — t)dt

0 0
= /1 erfc(ux/i) erfe(uv/1 — t)dt.
0

After integration by parts we find that
1

( +terfc(ux[) \[f;;:t> -erfe(uy/1 —t)
0
e 5]
therefore
2Jy(u) - (e;if? + erfe(u) - m) - g () = o) = S () + S

After simple algebraic manipulations this yields

3 _ e—uz (2U2 + %) + (2u2 — 3) eI‘fC(U)

4t

Ja(u) = (40)

Finally, after plugging in the expressions for Ja(u), J3(u) and J4(u) calculated
in (39) and (40) into Eq. (38) we obtain

Sl/Q(T, a) = Z <1 + <212 ) erf(u) — %) )

which concludes the proof. O
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Continuation of the proof of Lemma 1. First we show that

tH+1/2 H 3/2,.2 IRV Ll [a® ’
Iy(t,y) = // e2<“’ ‘>—e2<“’ ) dzdg,
Vary A+
(41)
where ¢(s) = s/(1 — s), which generalizes [1, Proposition 2.1] in case H = 3.

From (41) we have

Iy (

_2? a2 _(@=y)? _ (ety)?
P - e 20-s) — e 20-s) dads

t3/2 x?
ty) = —
v) Yy /0/0 s3=H 27 (t — s)
t3/2

@’ (o)’ 3 (E e
g b ) e [ ) g

where ,u% = (t= 8)8

and 0'0 We now apply substitution x := ogz, then

S
(t—s)t>
s :=ts, which gives us

Ity tH+1/2// (1—s)x [ %(z Y q<)>2_6—%(x+y q<t)>2] dads,

’27ry 83/2 H
which after substitution ¢ = s/(1 — s) yields (41). Using [1, Eq. (D.2)] we find
that for any b € R:

/ z? <e_ BER ) dz = 2be™ /2 + (1 + b*)V2r - erf(b/V/2).
0

Therefore,
(H+1/2
Ig(t,y) = Ji(H,u) + Jo(H,u) + J3(H,u)),
(t,y) NG (J1(H,u) + Jo(H,u) + J3(H, u))
where we put u := % and

00 qH73/2
J(Hu) = [ — . 2u,/ge "
1( ,U) /O (1+Q)H+3/2 u\/ae q,

H-3/2

Jo(H,u) = /000 (13‘61)}”3/2 -v/merf(uy/q)dq

H—-3/2

J3(H,u) = /Ooo(lj]_q)HJr?)/z 2u*q?/m erf (uy/q)dg

Using (28) we find that
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Integration by parts yields

1
[0 T2+ 4H + 4¢)g" 2

H
Jo(H, ) = V(2 +4H + 4q)q

a2
ue %4

erf
a1y gy TV
and after applying (28) we find that

Jo(H,u) = Vi ul(H)U(H,Lw?)  ul(H)U(L+ H 3 u

1
H? -1 H-1 H? -1

).

The integral J3(H,u) is computed analogously to Jo(H,u) and it equals

2y/mu®  20°T(1L+ H)U(1+ H, 3, u*)
H+1 H+3 '

J3(U7H) =

Now, after simple algebraic manipulations we obtain

Jl(Hvu)+J2(H,u)+J3(H,u): ﬁ <1_F(H)J4(H,U)> +2ﬁu2

H? — 3 NG H+ 1

where
Ju(H,u) = —2u(H?* — HU(H, -1, v*) + u(H + 3)U(H, §,u%)
+uHU(H +1,3,4%) +2u*(H — LY)HU(H + 1, 3, u?).
Applying the relation (31) to the last term above we obtain
Ja(H,w) = =2u(H? = ) (U(H, ~4,u?) + HU(H + 1, 3,u%) + u(H + U (H, 3,
1.3

+uHU(H +1,3,4?) + 2u(H — 3)HU(H, 1,4?).

9
Applying the relation (32) to the first and third terms above we obtain
Ja(H,u) = wU(H, §,u*) = U(H — §, 5,u%),

where in the last equality we applied the Kummer’s transformation (30). This

concludes the proof. (|

Lemma 4. If H € (0,3) U (3,1) and u € R, then

Ammﬂ_

VR VA (b o
T OT(H + 1) 2 rE+3 T )

,22)e” g,

N
[N

0 (HT-D)(1+qm/2

Nexi

dq
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Proof of Lemma 4. Using (29) we find that U(H — %, %

therefore, using (28) we have

A )= [T UG e s
0

1 & e 2 2
/ t1=1(1 +t)1/2_H/ ze~ W =21

0

~ T(H) J
- / (1 g g2 / T ek 2ug gy
0 0

- I(H)
—u? oo _ w?/(144)
_ ¢ / L1 4 1) /2H V1I+t—/Tue erfe(u/v/1+1) gt
I'(H) Jo 2(1 + t)3/2

After substitution s = %th we obtain

Au, H) = 2‘;&) (J(u, HY) — Jo(u, H) + Js(u, H)) |

where
1
Ji(u, H) == / sTV2(1 — s)H1ds,
0
1 2
Ja(u, H) = ﬁu/ (1 —s)Hlew'sds,
0
1
J3(u, H) := ﬁu/ (1 — )T erf(uy/z)ds.
0
Now, Ji(u, H) can be easily found from the definition of the Beta function,
while Jy(u, H) can be found using (27), hence

_ VrI'(H) _ Vmul'(H)
Ji(u, H) = m, Jo(u, H) = mlmu,ﬁu 1,u?).

The integral J3(u, H) is now computed using the error function representation

from (37) and the result in (36), i.e.

1
J3(u, H) = 2u2/ s1/2

; (1-s)" (2, 3, u?s)ds
(
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Finally, using (36) we obtain

Nis e ue” u‘e”

—u? u? 2 —u?
A(u, H) = Y= (F( - 1F1(1,H+1,u2>+1F1<1,H+§,u2>)

2 H+1) T(H+1) I(H+3)

_VE (e Py (H ) P 4 g )
2 \T(H+ ) I'(H) I(H+1) ’

which ends the proof. O

Proof of Eq. (22). Recall that H € (0,3)U(3,1), a # 0 and T € (0,00). We
will first show that

TINT,a) =& <TH$ (Ym +ar— YL))) =0. (42)

The joint density p(t,y;a,T) of the pair (7,Y (7)) is well-known, see (12) in

Section 2.2. We have p(t,y; T, a) = p1(t,y; T, a)p2(t; T, a), where
pi(t,y; Tya) =yt~ exp {’%}
1 2 —
tT,a) = ———- (6_a (T=0/2 4 g1/ TT=D orfe ( —a T_t>)>
Pt )= = ?

hence
t o)
TP @a) = [ [Ty 0= Dl Ty
0 JO

t [e’e] t 2
:/ tH_ng(t;T,a)/ (v + aty — t) exp{—(y—i_a)}dydt
0 0

2t
t o) 22
:/ tH_l/ng(t;T,a)/ (22—a\/£z—1)exp{—}dzdt,
0 avit 2
where in the last line we substituted z := yy?t. It can be seen that the definite

integral with respect to z equals to 0 because for every u € R we have

o0

/OO 9 _éd —“72_’_\/? fe () / _%d _u;
z%e z = ue ZTerfc (%), e z = ue ,
/OO zzefgdz = \/Eerfc (L)

We have established that Eq. (42) holds and therefore it is left to calculate the

integral

2t

2) __I(H) /t H-1, (4. /Oo 11y _(y—l—at)2
T (T’a)_(H—i—%)\/?r ; t" " o (t; T, a) ; U(H 2,2,27:)exp S

} dydt.
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Consider the innermost integral. After substituting y = zv/2t we find that
OOU H-11 y? *Md — \/5 OOU H-11. f(z+a\/t/2)2d
0 —9192:9; )€ 2 Y= t 0 ( _5’572:)6 “

Using Lemma 4 we obtain

TN, a) = w (J1 (T, a) + Jo(T, a) — J5(T, a)>, (43)
2
where
(T, a) := w /on(t;T, a2
Jo(T,a) := ﬁr‘@% /Osz(t;T, a)y(H + 3, 34)dt,
n(ra) = | a6 T, (I,

It is left to calculate each of the integrals above. Using substitution ¢ = ¢1" and

putting u := ay/T/2 we can find that

1(T.a) = ’u‘ZH /1 ue—u>(1—t) 2 exfe(—uy/T— 1) JH—1/2,~ut 3y
BV Tar@E+ D o \rd oo ” ’

i (1) s
Jo(T, a) = fo( —uvT—1) | v(H+1 u2)dt,
2(T, ) F(H—I—%) 0 7T(1—t)+u erc( b ) YH +3,u7)

B 1 1 ue—uz(l—t) N B — )
J3(T,a) = T(H) /0 < = +u erfc< uv'1 t)) ~v(H,u*t)dt.

Let us define:
f(t;u) == —erfe(—uv1 —t), g(t;u, H) == —|u|7ID(H + L, u?).
Slightly abusing notation, for breviety we write f(t) := f(¢t;u) and g(t) :=

g(t;u, H). We then have

—u2(1—t) )
Ft) =Sy () = e

Vil =1t)
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and the quantities J;(T,a), ¢ € {1,2,3} can be expressed as

Wt ,
M) = /0 (£/(0) w2 (0)) g/ (D),
1
Jo(T,a) = F(Hlﬂ /0 (0~ (0) )7 + bty
1

Before we calculate the values of J;(T', a) we introduce two useful functions, for

s>0,ueR:

L(s)v(s + 3, u?)
I'(s+ %) ’

T'(s)v(s §,u2
hau, ) = /O (1= OF ()15, u*t)dt = sgn(u) - (233;(: =y :

(u, s) /f v(s,ut)dt = sgn(u) -

The values of these functions were found by applying relation (36) and finding
the value of the integral using (33). Now, integration by parts yields

1
- /0 f’(t)g(t)dt>

('y(H + %,uz) + hi(u, H + %))

2H —u? 2H
A(Ta) = ulu (

I(H+1)  T(H+1)

|2 e sgn(u)

TT(H+L)  T(H+ )
V(H,u?)  y(H+1,u%)  sgn(u)

T(H)  T(H+1) +F(H+%)(V(H%’UQHM(“’H%))’

where in the last line we used the recurrence relation for the incomplete Gamma

function in Eq. (35). Now, notice that for any s > 0,u € R:
/'y(s, w?t)dt = ty(s, u’t) + u 0 (s + 1,u’t) + C.
Therefore, integration by parts yields

1 1
2 — SU2 _ / S, U S 'LL2
/0 Oy (s, )t = —(5,%) /0 L (0 (s, u?t) / PO (s + L)t

= —y(s,u?) + ha(u, s) — hi(u, s) + u 2hy(u, s + 1).
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Finally, this gives us

sgn(u)

JQ(T, a) = F(T—{—%)

((1 +u?)hy(u, H + 1) + w®y(H + 4,u?) —w’ho(u, H + 3)
—y(H 4+ 3) — hi(u, H + 3)).
Using analogous methods, we find that

J3(T,a) = <(1+u2)h1 (w, H)+u?y(H, u?)—u?hy(u, H)—~y(H+1,u?)—h (u, H+1)> .

1
I'(H)
Through straightforward algebraic manipulations and applying simple recur-

rence relation (35), we finally obtain
H
Ji(T,a) + Jo(T,a) — J3(T,a) = ———=

which concludes the proof. O
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