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Appendix D: Some properties of the nonlinear coefficients A ,

()
Writing the gradient tensor &)l( in cylindrical coordinates yields the components
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which is used in (2.6), together with (I.3.4) and integration over d and Z, to obtain
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in which f,,, =0 unless (2.7) is satisfied, and otherwise
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where the notation &, =1 and &, =0 if /# 0 is used. Itis apparent that A, is real, as stated

in the main text. Using (L.A.1), (ILA.5) for the modal eigenfunctions, and the Bessel
differential equation to rewrite the second derivative of J, in terms of J, and J/, (D.2) and

(D.3) can be used to express A as a sum of integrals of triple products of the Bessel

HV1Vy
function and its derivative (including powers of r in the case of non-axisymmetric,
geostrophic modes).

Taking the complex conjugate of (2.6) and using the fact that A, , 1s real gives
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Applying the divergence theorem, (I.3.2), and the boundary conditions on u ),
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In the two cases v, =u*, v, = vand v, = v, v, = u*, (D.5) gives
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and hence

2A A,..=A (D.7)
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a result which will be used in appendix E and in which the second equality follows from
(D.4). Finally, (2.8) follows from (2.7) and n,. = —n, when n, # 0, and otherwise from (D.4)

(with v, = v, = v), the fact that modes with n=m=0 are real (%= ) and symmetry of
A with respect to its last two indices.
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Appendix E: Calculation of A A, . .and G

ouu,

Throughout this appendix, #, is axisymmetric and o geostrophic. If o is non-axisymmetric,

(2.7) implies that A, , =A, , ,=0 so we take n,=0 in the remainder of this appendix.

The modes encountered are then all axisymmetric. For convenience sake we reproduce some

properties of axisymmetric modes from [I]. (I.A.1) or (L.A.5) gives
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and either
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if m, # 0, or
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if m, = 0, where the normalisation constant N ) is
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From (I.A.2), the transverse wavenumber k“ in the above expressions is a positive root of

J; (k) =0, while the modal frequency " is zero for geostrophic modes (m, =0) and given
by (I.A.3) as
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if m, # 0, where the choice of signs leads to two conjugate modes having the same K

A variety of integrals of products of Bessel functions arise in the course of the analysis and we
give their values here. Let k, and k, be any two positive zeros of the Bessel function J;. The

simplest type of integral we will encounter is given by

[ w5 (kr) (k) = (E.7)

while the other integrals have integrands which are triple products of Bessel functions and can

be expressed in terms of

1= [ 77 (k)35 (Kor)ar (E.8)
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E.1 Calculationof A, , and A, , ,

u

The integrand in (D.2) is expressed using (D.3), (E.1)-(E.5) and the Bessel differential

equation and the resulting integrals of triple products of Bessel functions rewritten in terms of

1,= [ 97 (k0 r) s (K Jar (E.12)
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using (E.8)-(E.11) with k, = k“*) and k, = k'”. Thus, we obtain
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and (A.3), while (E.11) with k, = k“) and k, = k'? can be used to derive an alternative form

of (E.13), namely (A.2).
E.2 Calculation of G

The quantity G is given by (3.6), which can be rewritten using (3.5) as
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The first term in brackets can be reexpressed using 2A . =A, ,, which follows from
H A v

(D.7). The condition (2.7) implies that only the families n; =m, =0 and n, =0, m, =2m,
contribute to the sum. If A€ M, the second term in brackets has an apparent division by zero,
indicating that it should be dropped according to the discussion following equation (3.2).

Thus, we obtain
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where M, denotes the modal family n=0, m=2m,. To determine the contribution to G
from the first sum in (E.15), we first note that (E.7) implies that the set of functions J(;(k(“)r),

o€ M are orthogonal on 0<r <1 with weighting function ». This set of functions is also
complete and thus forms an orthogonal basis. The function Jo(k(” *)r)Jg(k(” +)r) may be

expanded as

Jo (k) 1 (k57 = e i) (E.16)
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in O0<r<1. This expansion is introduced into the integral of (A.2) and (E.7) employed to
obtain
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Squaring (E.16), multiplying by r, integrating over the interval 0 <r <1 and using (E.7) and
(E.17), the result gives the first sum in (E.15) and hence the corresponding contribution to G

is
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Turning attention to the remainder of G, namely the second sum in (E.15), we evaluate the
A's using (D.2), (D.3), (E.1)-(E.6), the Bessel differential equation and (E.8)-(E.11) with
k, =k"“) and k, = kY. Thus, we find that

=0 (E.19)

A =— I (E.20)

I (E21)

where
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These results are used in the second sum in (E.15). Recognising that modes A€ M, divide
into positive and negative frequencies and that both classes have wavenumbers k" which

coincide with the k(") from before, the second contribution to G is found to be
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This sum of squares may be evaluated in much the same way as was the first sum in (E.15).
The function r‘ngz(k(” +)r) is expanded using the same basis set as before and the coefficients

determined using (E.7) and (E.12). In this way, (E.23) is reexpressed as
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Combining the two components, (E.18) and (E.24),
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which leads to (A.1) when the Bessel-function identity
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is used. Numerical evaluation of the integral in (A.1) for successive positive zeroes, k(” *), of
J; shows that the first few values of 4G/ @, are 2.686, 7.932, 15.221 and 24.254, staying

positive for the first 132 zeroes of J;, but becoming negative thereafter.

Appendix F: Derivation of equation (B.2) and calculation of T and I,
Throughout this appendix, £, is axisymmetric and ¢ geostrophic.

F.1 Derivation of (B.2)

Evaluation of the surface integral in (B.2) involves boundary-layer analysis to obtain the

normal derivative of <u> at the end walls. The flow outside the boundary layers is given
correct to O(€) by the first two terms in (2.3). Taking the fast-time average of (2.4) and (3.2),
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nonzero contributions to the average arise from terms with zero frequency. Thus, <BB]> =0

from (2.4), while averaging (3.2) gives

(uy=¢ > c,u (F.1)

at leading order, outside the boundary layers, where

¢, = J‘lﬂ (F.2)
if m, = 0,
2

(F.3)

if n, =0 and m, =2m, ((F.3) comes from the v, = V, terms in the sum of (3.2)), and ¢, =0

for all other modes. (F.1) will provide matching conditions for the boundary-layer analysis to

come and indicates that the mean flow is O(g). It is interesting to note that, although uf” " and

u(Z” ! are nonzero for the family n, =0, m, =2m,, they cancel out in conjugate pairs when the

sum in (F.1) is taken. In consequence, the leading-order mean flow is purely azimuthal.

Whereas the geostrophic contribution to the mean flow, represented by (F.2), is independent
of Z, the other has cos(2m+nZ / ho) dependence.

Turning attention to the boundary layers on Z=0, h,, we first derive a leading-order,
boundary-layer equation for <u> from (1.2.17) and (1.2.18). Equation (I.2.17) can be rewritten

as

ou S
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where R_e_mf is distance from the end wall, scaled appropriately for the boundary layer, u, is

the &-component of u, and V| is the projection of the gradient operator perpendicular to the
cylinder axis (i.e. parallel to the wall). Since u.=0 at the wall, integration of (F.4) with

respect to & shows that u, is O(R_e_m) = 0(8) smaller than u, within the layer, i.e. U is
dominantly parallel to the wall, as usual in boundary-layer theory. More precisely, since
u=0(£"), u, =0(£”?) and Uy = 0(£"?). Similar reasoning based on U=0(¢), V.U=0
and U, =0 at the wall shows that U, = o(g) and U e = 0(52) within the boundary layer, while

applying the same argument to the fast-time averaged version of (F.4) and using <u> = 0(6‘)
gives (u, )= 0(¢) and <u§> =o(&).



Rewriting (1.2.18) using V= U + u as
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and examining the right-hand side with the above orders of magnitude in mind and the aim of
dropping terms which are smaller than 0(8) , the first term has the negligible magnitude

0(£”) due to the O(¢) piston amplitude and u £ = O(£*). The second (viscous) term can be
approximated by replacing Re™' by E_l, neglecting u, compared with u, and dropping the
X and Y -derivatives compared with the Z-derivatives in the operator D (given by (1.2.12))

o : d
on the grounds that the boundary layer is thin. Thus, the viscous term becomes &éuﬁl . The

third and fourth terms are negligible because u=0(£"), u.V=0(£"), U=0(¢) and
U.V= 0(8), while we neglect u, compared with u | in the fifth term. Finally, u is replaced

by its dominant component, u , on the left-hand side to obtain

Jdu,
23

L
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correct to 0(6‘). The component of (F.6) normal to the wall implies that A is independent of
& and hence imposed from outside the layer, as usual for the pressure in boundary-layer

theory. The other components yield

Jdu,
23
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correct to 0(8).

Taking the fast-time average of (F.7), the time derivative can be expressed as
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o oar

using reasoning similar to that employed in deriving (3.9). Since <u l> = 0(8), (F.8) is 0(82 )
and is therefore dropped, leading to
J{u
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Writing

— o
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u, is evaluated using the leading-order, boundary-layer expression

u =€ Y Aew (F.11)
Vel 1
where
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is the Ekman-layer profile of mode # (recall equation (I.B.3)), u" is evaluated at the wall,
and }}f ) are given by (I.B.4). The normal velocity u c in (F.10) is expressed using (F.4), (F.11)
and the boundary condition u. =0 at £=0as

u;=e%Re " Y Al (F.13)
Vel 1L
where w' is defined by
(1)
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29

and w“ =0 at £=0. The fast-time average of (F.10) can now be calculated, leading to
2
(w.Vu,)=¢|A]f(¢) (F.15)
where
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and Re denotes the real part. Thus, (F.9) yields the leading-order, mean-flow, boundary-layer
equation



e, x(u,)— 072;? =—e|A[t(8-V,(2) (F.17)

in which </1> is independent of & and imposed from outside the layer, while the other term on

the right represents mean-flow forcing by nonlinear interactions of the primary modes within

the boundary-layer.

Equation (F.17) is to be solved for <u L> subject to the wall boundary condition <u l> =0 at
£=0 and the matching condition that

(u)—e>c,u" (F.18)

u

(1)

as £— oo, where u”’ is to be evaluated at the wall. The viscous term in (F.17) is negligible

outside the layer, allowing the determination of V l(/l}, independent of &, by taking the
& — oo limit and using (F.18). Substituting the result into (F.17), we have

e, x(u,) -%;J e {gcﬂez - +|A+|2(f(oo)—f(§))} (£.19)

with the boundary conditions on <u l> given above. Recalling that the non-zero ¢, are given

by either (F.2) or (F.3), the solution of the above problem can be shown to be

(u)=e Y A wl+elA] {22 et u(”)—W} (F.20)

HEM, ueM a)

where, as before, M, denotes all geostrophic modes and M, the modal family n=0, m=2m,

and W is determined from

e, xW——"—=f(&)—f(co) (F.21)
with the boundary conditions W — 0 as £— o and

wW=2) ””+”+ (F.22)

HeM, a)
at £=0.
The surface integral in (B.2) is evaluated using
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u(")*.(n.V<u>) = —Emu(")*.@ (F.23)
el

and (F.20). Each term of the geostrophic sum in (F.20) contributes —8‘1R_e_l/2Daﬂﬂﬂ to (B.2),
where D, is given by equation (I.B.5). However, as noted in appendix 1B, D, =0 for
geostrophic modes o # i, so the only term in the sum which is nonzero is 4= o. The first
sum inside the brackets of (F.20) is independent of & and so does not contribute to (F.23).
Thus, we obtain (B.2) with

r? = j u@ M g (F.24)
Z=0,, 2 &0

Note that W is a sum of axisymmetric modes according to (F.22), hence the r, 6 and Z

(o)

oW . * .
components of T are independent of @, whereas those of u'” have e ™ dependence.

Integrating over 6, Fg) =0 unless n_=0. For this reason, we restrict attention to o€ M in

(@ real).

the remainder of this appendix (this, among other things, makes u
It is perhaps worth noting that (F.20)-(F.22) describe the response of the mean-flow boundary
layer to three forcing mechanisms: a) the geostrophic component, (F.1) with (F.2), of the mean
flow outside the layer, represented by the first term in (F.20), b) the forced component, (F.1)
with (F.3), of the mean flow outside the layer, corresponding to the first term in brackets in
(F.20) and the right-hand side of (F.22), and ¢) mean nonlinear forcing within the layer,
expressed by the right-hand side of (F.21). Of these, as we have seen, the first leads to the
damping term in (B.2), while (b) and (c) both contribute to the nonlinear term in (B.2) via
(F.24). Whereas (b) expresses effects of nonlinearity outside the layer, effects which are
responsible for generating the forced component of the mean flow there, (c) arises from
nonlinearity within the boundary layer. Both types force the geostrophic flow via the mean

viscous stress on the end walls.

F.2 Calculation of Ffjl) and '}
The quantity

V= e‘z_mg{u(") cos(27% &) +e, xu'? sin(27"2 f)} (F.25)
can be shown to satisfy

ezxv+ﬁ:0 (F.26)

%
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We scalar multiply (F.21) by v and integrate from =0 to £=o by parts using (F.26). The

values of W, v and % at £=0 which arise are evaluated using (F.22) and (F.25), leading to

A
— +H+ ( ) ((7) (O‘) i
u . Bf y = 21/:;2 ;/(l;)l & -(ez xXu ' —u )+J.0 (f(f)—f(oo)),v df (F.27)

()

for the integrand in (F.24), where u*”’ and u'? are to be evaluated at the wall. The two terms

on the right of (F.27) imply two components of F((fl), corresponding to the two forcing
mechanisms (b) and (c) described above and which we examine separately in the remainder

of this appendix.

The terms in the sum of (F.27) can be expressed using (1.3.4) for u” and u'” and (E.1)-(E.6),
the resulting contributions to the integral in (F.24) being evaluated using (E.7). Only the two
terms with k¥ = k'

%) yield nonzero contributions, leading to

512
2

(L) _ _
I.m= e At

o

(F.28)

where A€ M, is such that kW = k@, Using (E.13), (E.20) and I, =1, this result can be

rewritten as

21/2(k(0)2 _4k(ﬂ+)2)
(L) _
r,” = o k(/‘+)2 A(%ﬂ+ (F.29)
0@y

for the contribution to F(l)

o

arising from the sum in (F.27).

The integral in (F.27) is more complicated to calculate. Using (1.3.4) with (E.1)-(E.6) in
(F.12), we find

W(f+) — k(”*)N(”*)Cos(m;qﬂZJ F(¢&) J(;(k(”+)r) (F.30)

0
where Z =0 or Z = h,, depending on which end wall is considered, and the components of F

are given by (A.7), (A.8) and F, =0. Using (F.30) on the right-hand side of (F.14), the Bessel

differential equation and integration with respect to & yield
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i) =k(”*)2N(”*)Cos(m;1ﬂZj 3(5) Jo(k(”+)r) (F.31)
0

where j(f) is given by (A.9). Employing (F.30) and (F.31) in (F.16) and evaluating the

second derivatives of Bessel functions which arise using the Bessel differential equation, we
find

2( . (u)
f = 2k(u+)2N(u+)2 Re k(m(g*f{_};_ F ZJJO(k(”*)r)Jg(k(”+)r)—( F 2 +|F9|2) Jo (]iﬂ r)
(F.32)
fo= Zk(ﬂ+)3N(ﬂ+)2 Re{& *Cil_};g_ F;*Fg} Jo(k(ﬂ+)r)16(k(ﬂ+)r)’ (F.33)

where Re denotes the real part. (F.32) and (F.33) are used in the integral of (F.27), with v

expressed via (F.25). The result is, in turn, introduced into (F.24) and the integrals over r

evaluated in terms of A using (A.2), (E.12) and (E.13) to obtain the second component of

I'", which is added to (F.29), (G.16) and (H.7) to derive the final expression, (A.4), for .

Since, as shown in the corresponding appendices, each of the components 1“((,1), r'? and 1“((,3)

o

are zero if n_ # 0, the same is true of I'_, as stated in appendix B.
Appendix G: Derivation of (B.7), (B.10) and calculation of 1“((,2)
Throughout this appendix, g, is axisymmetric and ¢ geostrophic.

G.1 Derivation of (B.7)

The sum in (B.6) has three components which are expressed using (2.4) and (3.2):

ZAG/11/12<BE111:|B[112]> = Z onlvz<Alevze_i(w(V])+w(m)t> (Gl)

A A,y Vi Vo=Hy ,,uj

S (B 3 A

A4, A
V=ML
Ao-v,/lAﬂvzvsAlewAvs —i(w("‘)+w("l)+w("3)),
2 e (G.2)
a) _w 2 _a) 3
Vi, V2, V3=
ooty
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The time average in the sum of (G.1) is zero unless v, = V,, but in that case A,,,, =0 from
(2.8), making (G.1) zero. Likewise, the time average in the first sum of (G.2) is nonzero when
A= v* but then A, =0, while the frequency of the exponential in the second sum of (G.2)
takes one of the non-zero values *@, or X3w,, so its time average is zero. We conclude that
neither (G.1) nor (G.2) contributes to (B.6).

Turning attention to (G.3), the time average in the first sum is nonzero if both A4, and A, are

geostrophic, yielding the right-hand side of (B.7). It is also nonzero if A, =/4,, but then
Ay, =0. The second sum has a nonzero average when v, = v, and m, =0. In that case,

the condition (2.7) for nonzero A, , implies m;, =0,s0 A, , =0 from (2.8). Applying
condition (2.7) to the third sum, it is zero unless n_, = 0, implying 0% = ¢. The average in the
third sum is nonzero if v,, v,, v, and v, consist of some permutation of g, i, , g, and /i, .
Using (D.4) and o* = o, such terms are antisymmetric under conjugation of 4,, 4,, v, v,, ¥,

and v,, so they sum to zero.
G.2 Derivation of (B.10)

In what follows, we will need order of magnitude estimates for both @ and @ both inside and
outside the boundary layers. From its definition, (B.4), @ is 0(8” 2) everywhere. On the other

hand, @ is O(£”?) outside the layers because we have already subtracted out the first two
orders in the definition @ =u—1. However, within the layers the sum of a large number of
high-order modes acting in concert causes @ to rise to O(&"?). This is so because W, rather

than u, contains the layers, and hence must increase from 0(63/ 2) outside the layers to express

the velocity variations across the layer.

Examining the second integral on the right of (B.5), the contribution from the side-wall
boundary layer can be shown to be negligible as follows. As usual in boundary layers, the

component of velocity normal to the wall is asymptotically smaller than the tangential
component, O(£"?). In particular, both @, and @, are O(£”?) in the side-wall layer. Writing

the integrand using cylindrical coordinates and recalling that u'? =0 at the side wall (so
u'” = O(¢) within the layer), the integrand is 0(6‘2 ) and thus the contribution of the side-wall
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layer to the integral is only 0(63 ), negligible to the order we are working. In consequence,

modes with large kY = O( 8_1), needed to represent the side-wall layer, are unimportant here.

Given the orders of magnitude of  inside and outside the boundary layers, the leading-order

expression i ~ £ ZAVe_“”(V)’u(V) is sufficiently accurate for the evaluation of the second
Ve, H

integral on the right of (B.5), leading to (B.8). As we saw above, the contribution of high-

order A, making up the side-wall boundary layers, is negligible. Furthermore, according to

(2.7), only modes with m, =m, contribute to the sum in (B.8), excluding high-order ones with

m, 7wl hy, = 0(8_1) which form the end-wall boundary layers. We conclude that high-order

modes are negligible and hence B, can be replaced by £”*BY! in (B.8), leading to (B.9), with
B! from (B.1).

Using W, = 2w, + €A and equation (B.1) in the sum on the right-hand side of (B.9),

) I RCICIN

Z Adv/lAv<B/[13:|e_lw( )T>: Z AUVAAV(B/1<6 ( )>
A )

Vit 1, VUL

(v) _ ' o™ +0™ 20
— > AL CuALA O -20,  ar/ 20
oA Ay, vy, (v) (1)
7 o' -0"-2m,

Vlv"zzﬂw/li
A ZIAT —i(w("l)+w("l)+2w+)t
o _ () € \¢
0w’ -0"+2o,

—_ A_ D )
Ry Dm0
2 . a) 1 _a) 1 2
VisVa=Hye By
onﬂ Aﬂ Vi < —i(a)(v‘)+a)("2)+w(/1‘))f>
_2 272 2 Mt Ay AV ﬂ e
1%22 a)("l) 4 a)(ﬂ']) _ a)(/q-z) 1 2
V]’szﬂwﬂj.
1 VA P B PR T I I S I O
-5 2 v S AL ALALA, (e o ' : (G.4)
2 = a)(l)+w(z)+a)(3)_a)() 1 2 3 )
et

The sums on the right of (G.4) are treated as follows:
i) The time average in the first sum is nonzero when A= v*, but then A, = 0 from (2.8).
ii) In the second sum, the time averages are both zero unless v, = v,, while C;, # 0 requires

A= v, or A=V, (recall properties i and iii following (1.3.10)). The case A=V, = v, gives
zero A, ; by (2.8), so we focus on 4 = V; = v,. Of the two time averages, the first is nonzero

if A=V, =V, =u, and the second if A=v,=v,=x,. Using C,, = C, . =—C (which
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follows from (I.A.10) and the definition, C=C . :Cﬂ*ﬂ , of the coefficient C), the

U

corresponding terms in the second sum of (G.4) are evaluated to obtain

%C(AUM AT 4N AT (G.5)

ol

as the piston-motion contribution to (G.4).

iii) The time average in the third sum of (G.4) is nonzero if either v, =V, =, or
Vv, =V, =i, leading to

11—
~ i€ Re S (G.6)
for the viscous contribution to (G.4), where
A . D A_ .D .
1—‘22) -2 LA M _ oA it (G.7)
{ ﬁzm w, — o ;ﬂ o, + o

in which terms with a division by zero have been excluded from the sums, in keeping with the

remark following equation (B.1).

iv) The time average in the fourth sum of (G.4) is nonzero if v, = v, and A, is geostrophic.
Thus, the contribution to (G.4) is

1 nen
E|A+| Z:‘alﬂz (G.8)
AeM,
where
AN, A . A
30'/1 = 4 z MM /t(‘itls/l _ z oLl ﬂ(/;,)ﬂ (G9)
LA, w++w HEL, a)+—a)

and, once again, terms with a division by zero have been dropped. Note that Z _, is only

defined for geostrophic ¢ and A.

v) Using (2.7) and (3.5) for the fifth sum, F

AV, v

=0 unless n, =0, but then A, , #0
requires n, = 0, implying 0* = 0. The time average in the fifth sum is nonzero if v,, v,, v,
and Vv, consist of some permutation of g, u,, i, and g,. Using (D.4), (3.5) and o*= o,

such terms are antisymmetric under conjugation of A, v,, v,, v, and v,, so they sum to zero.

16



Finally, the sum of the contributions (G.5), (G.6) and (G.8) gives (B.10).

G.3 Some properties of =,

Changing summation index from # to ¢#* in the second sum of (G.9),

I]

A g uh LA - A ou' i’ Aﬂ“/u .
En=4) 5 . (G.10)
Proyrd o, +0

From (2.7), it follows that all terms in (G.10) are zero unless n, =n,. Thus, Z_ =0 unless
n,=n,, ie. £_ only couples modes of the same n. If n, =0 or n, =0, we deduce that

n,=n, =0, otherwise £_, =0. Given n,=n, =0, both modes are real and (D.4) implies
A . =A ..A. ,hence E_ =0 from (G 10). We conclude that & __ = 0 if either

O™ " A ouULp T A’
n,=0orn, =0, as stated in appendlx B.

G.4 Calculation of 1"((,2)

Since D,, = 0 if n, # n,, only terms with n, =0 contribute to (G.7). From (2.7) it follows
that 1“((,2) =0 if n,# 0, hence we specialise to axisymmetric ¢ in the remainder of this

appendix.

Changing the summation index from A to A* in the first sum of (G.7) and using o* = o,

-A D

0',u+ Au ou, A
2; o +w( ) (G.11)

Employing (D.4) and the identity D;V = Dﬂ,« + (which follows from the complex conjugates of

(IB.4), (I.B.S)),

:_42 Ao il ﬂﬂ+ (G.12)
rop. O, + o
where D’ﬂ denotes the real part of D . According to (2.7), we may restrict the sum in

(G.12) to A in the modal family n, = 0, mﬂ = m,. The quantity D;ﬂ* is determined for that
modal family from (I.B.5) using (I.3.4) and (E.1)-(E.7). We find that

D =- sgn(a)“))(% o,(1- @ )1- ao“’z))u2 (G.13)

for A# u, and
17



. _ 1 12 12
D, . =2"(1- a)i){h—o((u @) +(1-w,) )— aff} (G.14)
when A=u, . The coefficients A, 10 (G.12) are calculated from (D.2), (D.3) and (E.1)-
(E.6) as

o, + 0"

" ) k() (k)

A Jol Jg(k(”*)r)Jg(ku)r)(J(;(k(")r) +%k(6)rlo(k(d)r)jdr

(G.15)

Using (G.13) and (G.15) in (G.12), it is apparent that the terms in the sum arising from mode

A and its conjugate (which have the same ku), but opposite signs for a)(ﬂ)) cancel unless
A=, or u,. The integral in (G.15) is evaluated in terms of A for A=, and i, using

Ol My

(E.8) and (E.10) with k, =k"“), k, =k, together with (E.12) and (E.13). Employing the
results in (G.12), as well as (G.13) and (G.14), we obtain

Y =2"w'(1-a?)A,,, {wljz —hi((l+ w,)"” +(1- a)+)”2)} (G.16)

0

Appendix H: Derivation of (B.11) and calculation of I'”
Throughout this appendix, 4, is axisymmetric and ¢ geostrophic.

H.1 Derivation of (B.11)

Since, as discussed at the beginning of appendix G, = 0(63/ 2) outside the boundary layers,

the contribution to the third integral on the right of (B.5) from that region is negligible, as is
the side-wall layer contribution following reasoning similar to that used in the second

paragraph of section F.2. Thus, the integral is dominated by the end-wall boundary layers.

At leading order, (F.11) and (F.12) (with u evaluated at the wall, as it is throughout this

appendix) give the velocity in the boundary layer, whereas

i=e? 3 Al (H.1)

Vel 1

(also at leading order). Subtraction of (H.1) from (F.11) gives
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i=u-ti~? S A (W —u). (H.2)

VUL M
Since u'? is geostrophic, it is independent of Z, leading to

i.(0.V)u'? =6.(6.v, )u' ~
. z Avlsze_i(”’(m”’m))t(w(f’)_“(V'))-((W(f)—U(VZ))-VL)U(G) ' (H3)

Viva
2y

Taking the time average, only the terms with v, = V, contribute, hence

*

<ﬁ.(ﬁ.V)u(")*> ~é1A+|2{(w(f*) ) ((w) — a7, Jute

Hw) — ) (W) —u)).v Jue’} (H.4)

whose volume integral yields (B.11) with

W= [ [ {(wie) —u) (W) —a®)).v Ja@"

Z=0,h,

Hwl) ) () ).y, ) g a7 (H.5)
H.2 Calculation of F((f)

Expressing (H.5) in cylindrical coordinates, axisymmetry of mode 4, and e "’ dependence of
the components of u'? imply e’ dependence of the integrand. Thus, taking the integral
over 0, 1“((,3) =0 unless n, =0, hence we specialise to axisymmetric o in the remainder of

this appendix.

Since u'? is then real, (H.5) yields

r¥ =2 Re{ [N (W(f*)—u(”*)).((w(f*)—u(”*))*.Vu(")) dé d*X } (H.6)

where we have used the identity w(f*) = w(f)* (which can be derived from (F.12)). Expressing

w(f*) in (H.6) using (F.12), the integral over ¢ is carried out and the resulting surface integrals

evaluated using (1.3.4) for u'” and u) (evaluated at the end-walls) and (E.1)-(E.6). The
integrals over 7 which arise are determined from (E.8) and (E.10) with k, = k) and k, = k'?

and written in terms of Ay using (E.13). Thus, we obtain

U
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I“(3) —

22 (1- a2 )A,

o ((1+0,)" +(1-0.)")

(H.7)
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