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Appendix A. Nonlinear terms N2 andN3

In the following, the subscriptsφ andT indicate partial derivatives with respect toφ andT ,
respectively, and the superscript0 indicates the values being evaluated at the base state. The
quadratic,N2, and cubic,N3, nonlinear terms in disturbance equations (Eqn.3.2 in main paper)
can be written in vector forms:
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where the superscripts1, 2, 3 and4 on nonlinear terms correspond to terms originating from the
mass balance,x-momentum,y-momentum and energy balance equations, respectively.

Mass balance equation
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y-momentum equation

N 3
2 = −

1

φ0

(

φ0v′
∂v′

∂y
+ φ′ ∂v′

∂t

)

+
1

φ0H2

[

−
1

2

(

p0
φφ

∂φ
′2

∂y
+ p0

TT

∂T
′2

∂y
+ 2p0

φT

∂φ′T ′

∂y

)

+ 2
(

µ0
φφ′ + µ0

T T ′
) ∂2v′

∂y2



2

+

(

(2µ0
φ + λ0

φ)
∂φ′

∂y
+ (2µ0

T + λ0
T )

∂T ′

∂y

)

∂v′

∂y
+
(

λ0
φφ′ + λ0

T T ′
) ∂2v′

∂y2

]

(A 5)

N
3
3 = −

1

φ0
φ′v′

∂v′

∂y
+

1

φ0H2

[

−
1

6

(

p0
φφφ

∂φ
′3

∂y
+ p0

TTT

∂T
′3

∂y
+ 3p0

φφT

∂φ
′2T ′

∂y
+ 3p0

φTT

∂φ′T
′2

∂y

)

+
(

µ0
φφφ

′2 + µ0
TT T

′2 + 2µ0
φT φ′T ′

) ∂2v′

∂y2
+

(

µ0
φφ

∂φ
′2

∂y
+ µ0

TT

∂T
′2

∂y
+ 2µ0

φT

∂φ′T ′

∂y

)

∂v′

∂y

+
1

2

(

λ0
φφ

∂φ
′2

∂y
+ λ0

TT

∂T
′2

∂y
+ 2λ0

φT

∂φ′T ′

∂y

)

∂v′

∂y

+
1

2

(

λ0
φφφ

′2 + λ0
TT T

′2 + 2λ0
φT φ′T ′

) ∂2v′

∂y2

]

(A 6)

Granular energy equation
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Appendix B. Inhomogeneous termsG13
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1 + 2κ0
φT φ1T1

)

)]

+

(

3

2φ0dim

)

[

−
k2

β

H2
T1

(

1

2
κ0

φφφ2
1 +

1

2
κ0

TT T 2
1 + κ0

φT φ1T1

)

−kβ

(

1

2
p0

φφφ2
1 +

1

2
p0

TT T 2
1 + p0

φT φ1T1

)

v1 + 2k2
β

(

µ0
φφ1 + µ0

T T1

)

(

v2
1 +

1

2
u2

1

)

+

(

1

6
µ0

φφφφ3
1 +

1

6
µ0

TTT T 3
1 +

1

2
µ0

φφT φ2
1T1 +

1

2
µ0

φTT φ1T
2
1

)



6

+2kβ

(

1

2
µ0

φφφ2
1 +

1

2
µ0

TT T 2
1 + µ0

φT φ1T1

)

u1 + k2
β

(

λ0
φφ1 + λ0

T T1

)

v2
1

−

(

1

6
D0

φφφφ3
1 +

1

6
D0

TTT T 3
1 +

1

2
D0

φφT φ2
1T1 +

1

2
D0

φTT φ1T
2
1

)]

Appendix C. Locus ofa(2) = 0

The condition for ‘zero’ first Landau coefficient,a(2) = 0, is

φ
†
1G

1β1
13 + T

†
1 G

4β1
13 + u

†
1G

2β1
13 + v

†
1G

3β1
13 = 0, (C 1)

whereG
1β1
13 , G

4β1
13 , . . . can be written as

G
1β1
13 =

1

H2
C12 + C10, G

2β1
13 =

1

H2
C22 + C20

G
3β1
13 =

1

H2
C32 + C30, G

4β1
13 =

1

H2
C42 + C40.

In terms ofC12, C22, . . . the zero-loci of the first Landau coefficient can be written as

H2 =
−

(

φ
†
1C12 + u

†
1C22 + v

†
1C32 + T

†
1 C42

)

(

φ
†
1C10 + u

†
1C20 + v

†
1C30 + T

†
1C40

) . (C 2)

C12, C22, . . . can be represented in powers ofkβ = βπ (see table 1 for definition), if we write
the mean-terms of second harmonic in terms of a series inkβ as

T mean
k2β

=
fnl

fl

=
k2

βf
(2)
nl + kβf

(1)
nl + f

(0)
nl

f0
l

(C 3)

f
(2)
nl =

1

φ0 dim

[

2µ0

(

v2
1 +

u2
1

2

)

+ λ0v2
1

]

(C 4)

f
(1)
nl =

v1T1

2φ0
+

1

φ0 dim

[

−
(

p0
φφ1 + p0

T T1

)

v1 + 2u1

(

µ0
φφ1 + µ0

T T1

)]

(C 5)

f
(0)
nl =

−c(0)

2φ0
φ1T1 +

1

φ0 dim

[

1

2
µ0

φφφ2
1 +

1

2
µ0

TT T 2
1 + µ0

φT φ1T1

−

(

1

2
D

0
φφφ2

1 +
1

2
D

0
TT T 2

1 + D
0
φT φ1T1

)]

(C 6)

fl = f
(0)
l . (C 7)

Hence the expressions forCij become

C12 = 0, C10 = kβ C
(1)
10

C22 = k4
β C

(4)
22 + k3

β C
(3)
22 + k2

β C
(2)
22 + kβ C

(1)
22 , C20 = kβ C

(1)
20 + C

(0)
20

C32 = k4
β C

(4)
32 + k3

β C
(3)
32 + k2

β C
(2)
32 + kβ C

(1)
32 , C30 = kβ C

(1)
30 + C

(0)
30

C42 = k4
β C

(4)
42 + k3

β C
(3)
42 + k2

β C
(2)
42 , C40 = k3

β C
(3)
40 + k2

β C
(2)
40 + kβ C

(1)
40 + C

(0)
40



















(C 8)
Inserting these expressions ofCij into (C.2), we can further simplify (C.2) as

H2 =
−

(

k4
βK1 + k3

βK2 + k2
βK3 + kβK4

)

(

k3
βK5 + k2

βK6 + kβK7 + K0

) (C 9)
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whereK1, K2, K3 . . . are

K1 = u
†
1C

(4)
22 + v

†
1C

(4)
32 + T

†
1 C

(4)
42 ,

K2 = u
†
1C

(3)
22 + v

†
1C

(3)
32 + T

†
1 C

(3)
42 ,

K3 = u
†
1C

(2)
22 + v

†
1C

(2)
32 + T

†
1 C

(2)
42 ,

K4 = u
†
1C

(1)
22 + v

†
1C

(1)
32 ,

K5 = T
†
1 C

(3)
40 ,

K6 = T
†
1 C

(2)
40 ,

K7 = φ
†
1C

(1)
10 + u

†
1C

(1)
20 + v

†
1C

(1)
30 + T

†
1 C

(1)
40 ,

K0 = u
†
1C

(0)
20 + v

†
1C

(0)
30 + T

†
1 C

(0)
40

and the expressions forC(k)
ij are

C
(1)
10 =

1

2
(φ2v1 − φ1v2)

C
(4)
22 =

−µ0
T u1f

(2)
nl

φ0f
(0)
l

, C
(3)
22 =

−µ0
T u1f

(1)
nl

φ0f
(0)
l

−
(

µ0
TT T1 + µ0

φT φ1

) f
(2)
nl

φ0f
(0)
l

C
(2)
22 = −

1

2φ0

[

2u2

(

µ0
φφ1 + µ0

T T1

)

+ u1

(

µ0
φφ2 + µ0

T T2

)]

−
u1

4φ0

(

3

2
µ0

φφφ2
1 +

3

2
µ0

TT T 2
1 + 3µ0

φT φ1T1

)

−µ0
T u1f

(0)
nl

φ0f
(0)
l

−
(

µ0
TT T1 + µ0

φT φ1

) f
(1)
nl

φ0f
(0)
l

C
(1)
22 = −

1

2φ0

(

µ0
φφφ1φ2 + µ0

TT T1T2 + µ0
φT φ1T2 + µ0

φT T1φ2

)

−
1

4φ0

(

1

2
µ0

φφφφ3
1 +

1

2
µ0

TTT T 3
1 +

3

2
µ0

φφT φ2
1T1 +

3

2
µ0

φTT T 2
1 φ1

)

−
(

µ0
TT T1 + µ0

φT φ1

) f
(0)
nl

φ0f
(0)
l

C
(1)
20 =

1

4
(4u2v1 − 2u1v2) −

u1v1φ1

4φ0

C
(0)
20 =

1

2φ0

[

c(0) (−2u2φ1 + u1φ2) + (−v2φ1 + v1φ2)
]

C
(4)
32 = −

(

2µ0
T + λ0

T

) v1f
(2)
nl

φ0f
(0)
l

, C
(3)
32 = −

(

2µ0
T + λ0

T

) v1f
(1)
nl

φ0f
(0)
l

+
(

p0
TT T1 + p0

φT φ1

) f
(2)
nl

φ0f
(0)
l

C
(2)
32 = −

1

φ0

[

2
(

µ0
φφ1 + µ0

T T1

)

v2 +
(

λ0
φφ1 + λ0

T T1

)

v2 +
(

µ0
φφ2 + µ0

T T2

)

v1 +
1

2

(

λ0
φφ1 + λ0

T T2

)

v1

]

−
1

4φ0

[

2

(

3

2
µ0

φφφ2
1 +

3

2
µ0

TT T 2
1 + 3µ0

φT φ1T1

)

v1 +

(

3

2
λ0

φφφ2
1 +

3

2
λ0

TT T 2
1 + 3λ0

φT φ1T1

)

v1

]

−
(

2µ0
T + λ0

T

) v1f
(0)
nl

φ0f
(0)
l

+
(

p0
TT T1 + p0

φT φ1

) f
(1)
nl

φ0f
(0)
l

C
(1)
32 =

1

2φ0

(

p0
φφφ1φ2 + p0

TT T1T2 + p0
φT φ1T2 + p0

φT T1φ2

)

+ (p0
TT T1 + p0

φT φ1)
f

(0)
nl

φ0f
(0)
l

+
1

4φ0

(

1

2
p0

φφφφ3
1 +

1

2
p0

TTT T 3
1 +

3

2
p0

φφT φ2
1T1 +

3

2
p0

φTT T 2
1 φ1

)
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C
(1)
30 =

v1

4φ0

(

2v2φ
0 − v1φ1

)

, C
(0)
30 =

c(0)

2φ0
(−2v2φ1 + v1φ2)

C
(4)
42 =

−2T1κ
0
T f

(2)
nl

φ0f
(0)
l dim

, C
(3)
42 =

−2T1κ
0
T f

(1)
nl

φ0f
(0)
l dim

C
(2)
42 =

1

φ0dim

[

κ0
φ(T1φ2 − 2φ1T2) − κ0

T T1

(

T2 +
2f

(0)
nl

f
(0)
l

)

−
T1

2

(

1

2
κ0

φφφ2
1 +

1

2
κ0

TT T 2
1 + κ0

φT φ1T1

)

]

C
(3)
40 =

(

−p0
T v1 + 2µ0

T u1

) 2f
(2)
nl

φ0f
(0)
l dim

C
(2)
40 =

1

φ0dim

[

8µ
0
(

v1v2 +
1

2
u1u2

)

+ 4λ
0
v2v1

]

+
3

2φ0dim

[

2
(

µ
0
φφ1 + µ

0
T T1

)

(

v
2
1 +

1

2
u

2
1

)

+
(

λ
0
φφ1 + λ

0
T T1

)

v
2
1

]

+
(

−p
0
T v1 + 2µ

0
T u1

) 2f
(1)
nl

φ0f
(0)
l dim

−
2c(0)f

(2)
nl

φ0f
(0)
l

+
(

µ
0
TT T1 −D

0
TT T1 + µ

0
φT φ1 −D

0
φT

) 2f
(2)
nl

φ0f
(0)
l dim

C
(1)
40 =

(

v1T2 +
1

2
v2T1

)

+
1

φ0dim

[

−2(p0
φφ1 + p

0
T T1)v2 − (p0

φφ2 + p
0
T T2)v1

+4(µ0
φφ1 + µ

0
T T1)u2 + 2(µ0

φφ2 + µ
0
T T2)u1

]

+
1

4φ0
φ1v1T1

+
3

2φ0dim

[

−

(

1

2
p
0
φφφ

2
1 +

1

2
p
0
TT T

2
1 + p

0
φT φ1T1

)

v1 + 2
(

1

2
µ

0
φφφ

2
1 +

1

2
µ

0
TT T

2
1 + µ

0
φT φ1T1

)

u1

]

+
(

−p
0
T v1 + 2µ

0
T u1

) 2f
(0)
nl

φ0f
(0)
l

dim
−

2c(0)f
(1)
nl

φ0f
(0)
l

+
(

µ
0
TT T1 + µ

0
φT φ1 −D

0
TT T1 −D

0
φT φ1

) 2f
(1)
nl

φ0f
(0)
l

dim

C
(0)
40 = −

c(0)

φ0

(

φ1T2 +
1

2
φ2T1

)

+
2f

(0)
nl

φ0f
(0)
l dim

(µ0
TT T1 + µ

0
φT φ1 −D

0
TT T1 −D

0
φT φ1)

−
2c(0)f

(0)
nl

φ0f
(0)
l

+
1

φ0dim

[(

µ
0
φφφ1φ2 + µ

0
TT T1T2 + µ

0
φT φ1T2 + µ

0
φT φ2T1

)

−

(

D
0
φφφ1φ2 + D

0
TT T1T2 + D

0
φT φ1T2 + D

0
φT φ2T1

)]

+
3

2φ0dim

[(

1

6
µ

0
φφφφ

3
1 + +

1

6
µ

0
TTT T

3
1 +

1

2
µ

0
φφT φ

2
1T1 +

1

2
µ

0
φTT φ1T

2
1

)

−

(

1

6
D

0
φφφφ

3
1 + +

1

6
D

0
TTT T

3
1 +

1

2
D

0
φφT φ

2
1T1 +

1

2
D

0
φTT φ1T

2
1

)]


