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1 Galerkin-discretized equations

The discretized linear system, x, evolves according to

Mx = Bx. (1)
where the overdot is the temporal derivative. Matrices M and B are
1
M=I—-—T 2
2Ty, (2)
B=-D—-A-FE—-F+ ! U+ 1 J. (3)
N 2TG/U 2Tll’l} ’

and I is the identity matrix. All matrices in (2), (3) have dimension (NM +
2K) x (NM + 2K), where N is the number of Galerkin modes with which the
flame is discretized along 7 (including the zero-th mode), M is the number of
Galerkin modes with which the flame is discretized along £, and K is the number
of Galerkin modes for the acoustics. In addition, we define n =0,1,2,..., (N —
1) and m,l=1,2,...,M;

First, we define a row vector ¢, whose dimension is 1 x (NM + 2K):

- cos(wj/preyg), ifj=(NM+1),...,(NM+K),
Y 0, otherwise,
and a column vector s, whose dimension is (NM + 2K) x 1:

. _{Sin(wjmxf)/Ej, if j=(NM+K+1),...,(NM +2K), -
Jjl =

0, otherwise,

where E; is the acoustic pressure energy given, similarly to Zhao (2012), by

vy + (=) (“7)] . (6)

79 sin 3;




1.1 Diffusion matrix

The following matrix represents the discretized diffusion term in the linearized
z-equation. This matrix couples Gy, to Gp

1| (meg)’s

po_lre| 12 = +n?r?|, ifp,g=nM+m,
pq

0, otherwise.

(7)

1.2 Advection matrices

The following matrices represent the advective terms in the linearized z-equation.
They couple G, 1, to G,

_ 2 [t toz R
2 [ ] (o) i

2 (7 _ 1Y\ | l=cos[(m+i-1)7] 1—cos[(m—1)7] .
W = c ! 2) [ 2(m+1-1) + 2(m—1) } , il #Fm, (10)
if I =m.

Matrix Cy,, is arranged as a column vector y whose dimension is (NM+2K) x 1.
This vector consists of the concatenated rows of C":

y _{[001,0027~--,COM,--~,021,0227-~-702M7~--’CNM], ifj=1,...,NM,
Jj1 =

0, otherwise.
(11)
where C,, coefficients are zero. Matrix F is defined as:
EF=y®ec. (12)
Finally, matrix A is given by
Wi, ifp=nM+m and ¢ =nM +1,
Apg = . (13)
0, otherwise.

1.3 Heat-release matrices

The following term represents the heat release integrated over the flame domain:

R = fOLC fjnt;o sin [(m ) Z—ﬂ cos (nmn) dédn if n # 0,
T (a0, it n =0,

(-

(14)



where 74, is the vertical coordinate of the stoichiometric curve Z =Zgoc=0

for closed flames, ¢ = —1/ (1 — Zs,) cos [(m -3) WL—LCJ‘} for open flames, where

Ly is the length of the flame. Matrix R, is arranged as a row vector r whose
dimension is 1 x (NM + 2K). This vector consists of the concatenated rows of
R:

= {[ROMROZw~~aROIWa~-7R217R227o~~7R21V[7~~7RN]V1]7 ifj=1,...,NM,
=

0, otherwise.
) (15)
Matrix T', which couples Gy, With ¢, is then given by:
T=s®r. (16)
Matrix U, which couples n; with ¢, is
U=Qs®c, (17)
where @ is the steady heat release. Matrix J is
J=s®]j, (18)

where row vector j has non-trivial components associated only with mode n = 0,
which are

)2 (—1)m=1 closed flame, (19)
Jom = 2%t (=)™~ open flame.
1.4 Acoustics matrices
Sij = wjéij, (20)
Zij = (jbij, (21)

where i, =1,2,..., K and 6;; is the Kronecker delta. Finally, matrix F' is

0] N M xNM 0] NMx2K
F= 0]k x & S
-5 -7

2 Wave approach

Figure 1 shows the acoustic geometry with the nomenclature required to solve
the thermo-acoustic problem via the wave approach (see e.g. Dowling, 1995).
Steady heat release gives rise to a change in temperature across the flame (and
therefore a change in the mean speed of sound from ¢; before combustion to ¢,
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Figure 1: Upstream- and downstream-travelling waves in a duct geometry with
reflection coefficients R; and Ry under the compact-flame assumption.

after combustion). A perturbation in the heat release, ¢'(t), generates outward-
travelling waves that propagate both upstream o7 and downstream as. These
waves are reflected when they reach the upstream/downstream ends of the duct.
This reflection is characterized by the reflection coefficients, R; and Rs, and
gives rise to reflected waves 7 and (3. Notice that we have defined the spatial
coordinate system, z, such that = 0 at the flame. Then x € [—I;, 0] upstream
of the flame and = € [0, l2] downstream of the flame. This makes the analysis
easier. We solve the wave equation in each of the two regions upstream and
downstream of the flame shown in figure 1. Considering the region upstream
of the flame, the acoustic pressure and velocity perturbations can be written in
terms of the upstream- and downstream-travelling waves, a(¢,x) and (1 (¢, z):

, T T
= t t— 22
P a1<+cl_u1>+ﬂ1< cl+u1)’ (22)
1 T x

f=——|(- t t— 23

“ ﬁ151( a1(+51—ﬂl)+61( 51+ﬂ1)>’ (23)
1

Py = =P (24)
51

We can write similar expressions for the downstream region:

, T T
= t— t 25
Do 042( 02+u2)+ﬂ2(+02—u2)’ (25)
1 x x

h=— t— - t 26

Uy a0 (042( 52+g2) ﬂ2( +62ﬂ2>>’ (26)
1

Py = =P (27)
c3



Boundary conditions are required at the ends of the duct and across the flame.

The boundary condition at the upstream end, r = —l, is:
By (t+ h — Ryay (t— -4 (28)
! a+a) OO G-t )’
- ﬂl(t):Rlal (t—Tl), (29)

where 71 = 20161/ (¢} — 4?). Similarly, at the downstream end z = l5, we have:

l2 o l2
B2 (t+62112>_R2a2 (t—52+ﬂ2), (30)
= [2(t) = Racra (t — 12), (31)

where 7, = 21582/ (63 — u43).
At the flame x = 0, the integral momentum and energy equations are, re-
spectively (see e.g. Dowling, 1997)

p2 —p1+ prus (uz —uy) =0 (32)
1
o 1 1 (pou2 — p1uy) + BYaLd! (u% - U%) =Q/A, (33)

Linearizing (32),(33); substituting the wave solutions (22)—(31); taking the
Laplace transform in the o-domain, gives

X11 — RV exp(—om) Xia — RyYis eXp(—UT2)} <a1(0)> _ ( ( ?/7 )
q(o)/er

Xo1 — R1Yo1exp(—om) Xaoo — RoYasexp(—om)| \as(0)
(34)
where
X11——1+M1<2—1_L2)—]\_412<1—1f2),
Ul (51

X110 =1+ My,

1—~yM 1 - 2
Xoy=— Ly g2 — a2 (1— ) (2 1),

v—1 2 uy

C 1+ ~M.
X22=_2( i 2+M22)7

C1 v—1
Y11=1+M1<2—1f2>+1\2712(1—1f2>7

Uy Uy

Yis = —1+ Mo,

L+yMy 9 1, _ u3
Yoy =————+ M — =M (1+M —= -1
21 W—1+1 21(+ 1) @2 )

¢y (1 —~DM.
1/22:_2( 7 2+M22)7

C1 v—1

(35)



The acoustic angular frequencies are the imaginary parts of the eigenvalues of
(34), by setting no damping, i.e. Ry = Ry = —1.

(Note that in paper DOI 10.1017/jfm.2014.328, which this supplementary
material is associated with, we used a little different notation, i.e. p’ — p,
u =, p = p, M — M.)

The authors would like to thank Dr. Simon Illingworth (Mechanical En-
gineering Department, University of Melbourne, Australia) for the figure and
derivation of §2.
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