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To provide a self-contained narrative, the Supplementary materials repeat details of the
Galerkin method by Faltinsen et al. (2007) with small modifications which allow for
finding the primary harmonics of the steady-state solution of the quasi-linear boundary
value problem. The method focuses on the first harmonics of the quasi-linear problem.
All new quantities relative to Faltinsen et al. (2007) are framed.

We construct the 2m-periodic solution of the two-dimensional quasi-linear boundary
(2.4)-(2.8) | in the mean liquid domain Qo shown in figure 1 with a focus on the cost

and sin ¢ harmonics. The method employs dividing @ into four subdomains I, II, ITI and
IV by auxiliary interfaces 71, To and T3 and setting appropriate transmission conditions
on them and accounting for that the motions inside the (IT + III + IV)-domain are
described by

Yrr-rv(z,2,t) = Y| ye(rrr+1vy = oW (2,2) cost + o (2, 2) sint. (0.1)

This makes it possible to define the Neumann traces of ¢, i = 1,2 on T;, =1,2,3
as follows

(4) )

Ty : a(gx (=b,z) = wgz)(z) —h<z<—d, (0.2a)
(4) .

T, : 8;33 (12 =wi(z) —h<z<—d (0.20)
(#) )

T3 : 8;3 (z,—d) = w:(;)(a;) -3 <x<0, (0.2¢)

(the six functions w]@7 1=1,2, j=1,2,3 belong to admissible functional spaces which

provide the correctness of the corresponding boundary value problems) and reduce the
original wave problem to a system of integral equations relative to w§-l), 1 =12, j =
1,2,3.

In contrast to (0.1), ¥y (z, 2,t) = ¥|(5,)er should include an outgoing-wave component.
By separating spatial variables in the semi-infinite band and matching with solution (0.1)
and the Neumann-traces (0.2a), one obtains the following solution in I as a function of
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FIGURE 1. Geometric notations to the dimensionless problem (2.6)-(2.10).

wgl) and w?)

—d
1/11(:z:,z,t):/ (wgl)(zo)cost+w?)(zo)sint) Gr(x, z; 20)dzo+
—h

sin(K(z +b) +t) /_h wgl)(zo) cosh(K(zg + h))dzo—

n cosh(K(z + h))
KNy

d
— cos(KC(z +b) + 1) / w? (20) cosh(K(z0 + h))dzo |, (0.3)

—h

where

COS(H;U(ZO + h)) COS(Iigl)(Z +h))
H§1)NJ(1)

Gr(w,220) = )

j=1

exp(ﬂ§1)(x +b)). (0.4)

KC is the root of the transcendental equation
Ktanh(Kh) =A and Ny = h(1 +sinh(2Kh)/(2KR)), (0.5)
and {/@51)} are the positive roots of

M tan(eh) = —A  and N = Ln(1 +sin26{VR)/(26V0)), i>1. (0.6)

K3

The pairs (wy), wy)), 1 = 1,2, constitute part of the Neumann boundary value prob-
lems for the Laplace equation in 1. These problems have solutions (generally, to within

unknown constants A@l), if and only if, the following solvability conditions is satisfied

—d —d _ 2

. , 2

—/ wgl)(zo)dzo —|—/ wéz)(zo)dzo + eégi/ 1dzg=0, i=1,2 (0.7)
—h —h —b

1
(b—3)

(0;; is the Kronecker delta). In a physical sense, Eq. (0.7) states instantaneous in-
flow /outflow balance through I. If (0.7) is true,

(z+h)? — (z+0b)?
2(h — d)

goyl) (z,2) = A(f)l + €d9;
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—d
[ [0) 0 @ z20) 4wl 0) 6 5320) dio i = L2 (08)
—h

where
x
g]l (ﬂf,Z ZO) h_d
i cos( 52) (20 + h)) cos(x; (2 )(z + h)) cosh( )(x +1)) (0.94)
: , (0.9a
~ kNP cosh(x{? (b — 1))
o0 ( (2) ()
cos(k: (20 + h)) cos(k:’ (2 + h)) cosh(k:™ (x + b))
= K Nj cosh(r;” (b - 3))
with
T .
K = i N® = 1(h—d)tanh(sP (b~ 1)), j> 1. (0.10)

Even though the solutions (0.8) are formally determined to within A(f)l, the actual values
of these constants must be computed via the Dirichlet-transmission conditions on 77,75
and T3. ‘ ‘

Analogously, (wg), w:(,f)), i =1,2, yield part of the Neumann boundary value problem
in I1I, which needs the solvability condition

/ w? (20)dzo — / wi? (o)dwo =0, i=1,2. (0.11)
—h _

1
2

Its solution is

. . _d .
(@, 2) =AY +/ ws (z0) Gip) (@, 25 z0)dzo+
—h

1

0 .
—|—/ wi(,f)(aco) Qﬁ)l(ac,z;mo)dmo, i=1,2, (0.12)
3

where .A(_Z)2 are also computed from the Dirichlet transmission conditions and

Gipy (7 20) = ———————

cos( (2) (20 + h)) cos(k; (2 )(z—i— h)) cosh(k (z)x) (
/iEQ)N;?’) cosh( 2)) , .

>, cos( n(3)x 0) cos( 5‘3) ) cosh( 3)(,erd))

(
QHI x, 25 o) % (0.13b)
et kPN " cosh( K (h — d))
with
£ =2m5; N® = L(h—d)tanh(367); NP = Ltanh (s (h—d)), j > 1. (0.14)

Finally, the mixed boundary value problems in IV involving the Neumann boundary
condition (0.2¢) and extra nonlinear boundary condition on g2 have to be solved. It has
a unique solution if and only if the analogous homogeneous problems have only trivial
solutions. This occurs when

A # k% tanh (kP d , j=1 0.15
J J
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The cost and sint components of the vertical velocity on T} takes the form

oYrv
0z

= wél)( )cost + w( )( )sint, (0.16)
Ty

so that the mean relative velocity in the right-hand side of the dynamic boundary con-
dition is

_ Orv
UO(t) = /114 92

Substituting (0.17) into the dynamic boundary condition, extracting the first harmonics
and combining it with the kinematic conditions leads to the Robin boundary condition

O .
dz = aj cost + (ag — €)sint; a; = 2/ wéz)(x)dx. (0.17)
-1/2

Ty

A@ + W _ A iA(C’_1 —(2b,)"H2/a? + (a? — €)?[(ag — €) cost + (—asy) sint]
6t2 0z *3’/T 0 * ! ! HQ,_/ Hﬁ/
B wo=E§(a1,az2) S 2
(0.18)

The mixed boundary value problems in IV have the following solution

(2, 2) m/ gco Grv(z, z;x)dxo, 1=1,2, (0.19)

where

Grv(z,y; o) 2( >+
(3) (3)
+

i cos(k; " xo) cos(k;™ ) _ /@5.3) COSh(H§»3)Z) + Asinh(f-z;?’)z)
S)N(S) 115-3) COSh(Kvg-S)d)

(0.20)
j=1

and

G _ LA 3)
N; 1 [ &) tanh(r; d)] (0.21)

Kj
The kernel (0.20) becomes unbounded as A tends to the critical values defined by (0.15)

(5)

because this limit causes N;* — 0 for a certain j.

The problem reduces to integral equations with respect to w( 9 , 1 =123, 1=1,2,
by using the Dirichlet transmission conditions on T, which 1mply

Yi(=b,z,t) = gogll)( b, z) cost + <p( )( b,z)sint, —h<z<-d, t>0 (0.22)
as well as

90(1?(—17) (- 1,2), —h<z-d,

(1) (4) 1 ) (0.23)
90111<x _d) = ‘P1v($7_d)a —53 <z< 0, 2=1,2.

Together with the solvability conditions (0.7) and (0.11), Egs. (0.22) and (0.23) yield
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the following system of integral equations

q —d
[, ezt [ k) Kot sz — A%
—h

—h

—d
w/ (2)(z0) cosh(K(zo + d))dzy = 0,
KN,
- 0.24a
/ ’UJE )(Zo)lcl 1 z ZQ dZ() +/ 11)2 Z() Kl 2(2 Zo)dZ() — A(2 ( )
—h h
cosh (2 + cosh(K(z + h)) d (z + h)?
h =
+—— /h wy  (z0) cosh(K(zo + h))dzg 62(h s
—h<z<—d,
_ —d 0
/ 5 )(Zo) ]CQ’l(Z, Zo)d20+/ é )(Zo) ]CQ 2(2 Zo)d20+/ ( )(5130) ICQ 3(2 Io)d$0+
—h —h 75

A

—d < z<—h, (0.24b)

- 2(h — d) ’
- 0 . .
/ wé )(zo) Ks2(x, zo)dzo+/ ) wél)(aro) IC373(x,x0)dxo—|—A(_l)2 =0, —% <z <0,
(0.24¢)
-d -d
/ w® (20)dzo — / W (z0)dz0 = 68pi(b— 1), (0.244)
—h —h
7d . O .
/ wél)(zo) dzg — / ) wz()f)(a:o) dxo =0, (0.24¢)
—h 1

T2

for ¢+ = 1,2. The kernels are defined as follows

Kia1(z,20) = Qz(—b, zi20) — G (=b, 21 20) =

h—d’
(1) o

i j z0+€z)))c?s)(nj (z+h)) i j z0+i1))) C(()S)( k' )(z+h))
D A1 2 )
j=1 K N j=1 KN
(0.25q)
o0 (2) (2)
cos(k; (20 + h)) cos(k:”’ (2 + h))
Ki12(2,20) = —G{7 (b, 23 29) = — > 3 5 " . (0.250)
= Ii;— )NJ( )cosh(n( )(b )
K2,1(27ZO) g(l)( %7 23 ZO) =
1 > cos(m§2)(zo + h)) cos(x; (2 )(z +h))
- “2(h—d) (@) Ar(2 2 1 » (0.25¢)
= ki N Cosh(nj (b—3))
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1 (z 4+ h)? 1
K2,2(Z7Z0):g§ ( 1aZ5ZO) g}])j(_%7z7zo):_ h_d +4(h_d)+

o0 (2 (2)
cos(k; (20 + h))cos(k:’(z+h)) | 1 1 1
+) 5 . + (0.254)
(2 (2) 3]’
j=1 Klj Nj N]
o0 (3) (3
cos(n xo) cosh( (z+h))
K:2 3(27:50) = g]][( ) 25 mO E ] s (0256)
’ (4) (3)
= ] Nj cosh(x;” (h — d))
K =W (z,—d;
3.2(7,20) = Gy (=, 20) =
> cos( 2 )(Zo +h)) cosh(n@)x)
Z : i, (0.25()
kI NG cosh(lm(-z))
j=1 i N 2K

Ks3(z,20) = gﬁ)l(l", —d;x0) — Grv(z, —d; xo) =
(3)

0 (3)
os(k; " xo) cos(k;™ )
<d— ) Z e 025)

where
1 — A tanh(x{¥d
—7 = 4 | coth( £ (h— d)) — 5 ((J) )
N; A — k" tanh(k;”d)

The inhomogeneous system of ten integral equations (0.24) couples six unknown func-
tions w,(;), k=1,2,3, i = 1,2 and four coefficients A(_z)l,A(_g, i =1,2. It can be solved
by the Galerkin projective scheme suggesting approximate solutions in the form

N1 Ny N3
i i i 4) (1 i 3,4) (2
w§ )(z) = Zag-l' )v](l)(z); wg )(z) = Za? )vj(- )(z); wé )(;v) = Za; )v§ )(:L‘),
j=1 j=1 j=1

(0.26)
where {vj(-l)} and {’UJ(-Q)} are two complete systems of functions on (—h, —d) and (—3,0),
respectively. Insertion of (0.26) into (0.24) and use of the projective scheme lead to a
system of 2N +2N5+2N3+4 linear algebraic system with respect to 2N; +2N3+2N3+4
variables {agl’l), j=1,...,Ni}, {af’l), j=1,...,Na}, {a?l), j=1,...,N3} and

AD i =12,
By introducing the vector
1,1 L), (2,1 2,1). (3,1 3,1 1 1),
B = (o', alial el il el At A
1,2 1,2). (2,2 2,2 2 (3,2 2) 4(2)
al?, a§V1>, a?? . aﬁVQ), a2 N3),A(2,A<) . (0.27)

the matrix problem following from the Galerkin scheme is as follows

(P) B=c¢ () : (0.28)

where P and D are the (2N7 + 2N5 + 2N3 4+ 4) x (2N7 + 2N3 + 2N3 + 4)-matrices,

g =& =1/a? + (a2 — €)?|. (0.29)
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Elements of P and the right-hand side vector b are integrals over the kernels (0.25)
and the functions {vgl)} and {v§2)}. The matrix P has the following structure

D ‘-p 0
P=|—y,, (0.30)
p
ol D

where the two sub-matrices D and p have dimensions (N7+No+N3+2) X (N1+No+N3+2)
and N7 X Ny, respectively.

Convergence and accuracy of the Galerkin method depend on the functional sets
{v§1)(z)} and {vj(?)(z)}. Because the Neumann traces on Ty, k = 1,2,3 are singular
at the corner points of the piercing rectangular body, i.e. wj(l)(z) — 00 as z — —d and
wz(f)(a:) — 00 as T — —%, the use of a smooth functional basis, for instance, trigono-
metrical or polynomial, causes weak convergence. On the contrary, accounting for the
singular character of the traces should improve the convergence. The local solutions of
the complex velocity at the edges A; and As in the complex plane Z = Z + iZ can be

expressed as

dWO _iz . = (2) — L2

Z |z, — ¢ Meaosin(ot) + ;T ®)[Z2+B+id]* (0.31a)
dW, 0 L %71
T s, =€ macsin(ot) + ;Ti(g’(t) {ei’f <Z +2+ iJ)] . (0.31h)

where Wy is the complex velocity potential. The first term in (0.31) is caused by the
vertical motion of the body.

By conducting direct analytical derivations or noting that summands in (0.31) with ¢
that are divisible by 3 are regular, one can see that terms associated with T. 3(?) (1), T?Elg) (t),
1,2,... vanish on the intervals Ty, k = 1,2,3. This implies that ¥(=b,2,t) ~ (z +
d)™, z— —d; Y(x,—d,t) ~ (x + %)m , T — f%, where the numbers m belong to the
set

{£:+2(—-1), i >1}. (0.32)

The enumeration of (0.32) in ascending order determines a sequence m;, j > 1. The

functional basis must satisfy

R I GO TS S E TR

Further, accounting for the zero Neumann conditions on Sp and Sg, i.e.
@Y (~h)=0 and ()(0)=0, j=1, (0.34)

deduces from (0.33) the following functional sets

_ T(2m; + 1 1 L(2m; +1
b= JOZ VI 1) e L VIR 1) (0.36)
OT(2m, + 3) 772\ Tem 1Y)
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(T'(+) is the gamma-function). The scaling factors ’I"J(~i), 1 =1,2;7 = 1,2,3 appear from

the normalization condition f::(v§1)(z))2dz = fgl(vf)(x))de =1, j > 1. The non-
2

singular sub-sets {vj(»l)} and {v§2)} with j > 2 constitute complete bases for the functions
on the intervals [—h, —d] and [—3, 0], respectively, for functions which satisfy (0.34). The
completeness follows from the classical theorem by Miintz theorem.

Elements of P and the right-hand side vector b are found explicitly via the special
functions, but the extra right-hand side vector d and matrix D have the elements

| d=1{0, except by n, ¢ n, = Bdi k=1,..., N3} |

D = {0, except Di4 Ny + N, 2(Ny +N2)+ Ns+5+2 = —Dh42(Ny+N2)+ N +2,N1 +Notj = 28dkd;j}

where

dn — Vrl(mg +1)
k= —Fo |
4T (my, + )

As explained by Faltinsen et al. (2007), the nondimensional resonance condition follows
from the equation

det||D(AL)]| =0, A, € (0, Z tanh (g)) , (0.37)

where D is the sub-matrix of dimension Ny + Ny + N3 + 2 found in (0.30).
The nonlinear equations (0.28) can be solved iteratively starting with & = 0.



