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Appendix A. Collision integrals of Eq. (3.30-3.33) and their algebraic form
Various collision integrals appearing in (3.30-3.33) can be compactly written as
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whereH, J and K are defined in (3.35–3.37).

Substituting the power-series representations (4.1–4.2) into the integrals (3.35-3.37), perform-
ing term-by-term integrations, and neglecting the terms beyond fourth order in η, λ,R and sin 2φ,
we have following algebraic expressions forHδpαβγ , J δpαβγ and Kδpαβ :
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Appendix B. Second moment balance at third and fourth orders and its solution
B.1. Perturbation solutions at finite density

We look for perturbation solutions of second moment equations in the form

η = η(2) + εη(3) + ε2η(4)

λ2 = λ(2) + ελ(3) + ε2λ(4)

R = R(2) + εR(3) + ε2R(4)

sin 2φ = sin 2φ(2) + ε sin 2φ(3) + ε2 sin 2φ(4)

 . (B 2)
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Plugging these perturbation series into corresponding third (super-Burnett) and fourth (super-
super-Burnett) order equations, we obtain perturbation equations at different orders.

At super-Burnett-order (the third-order in the shear rate), the balance equations for the second
moment are
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The solutions for third-order corrections are zero. At fourth order in the shear rate, the perturba-
tion equations are
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The solution of these equations are
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These perturbation solutions are used in §4.2 to construct the complete solution at fourth-order
in the shear rate.
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Appendix D. Source of second moment tensor
Retaining terms up-to O(ηmλmRp sinq(2φ),m + n + p + q 6 4), the expressions for the

non-zero elements of the source of the second moment tensor (5.16) in USF are given by
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(
Θyy −Θxx

)
=

4(1− e2)ρνg0T
3
2

35σπ
1
2

[
4
√
πR(21 + 32R2 + 12λ2) + η(42 + 96R2 − η2 + 12λ2) cos 2φ

]
+
8(1 + e)ρνg0T

3
2

35σπ
1
2

[
36
√
πRλ2 + η(42 + 96R2 − η2 + 12λ2) cos 2φ

]
+
4(1 + e)ρνg0T γ̇

1155
√
π

[√
π(693 + 1056R2 − 576R2λ2 cos2 2φ− 462η sin 2φ)

−4Rη(132 + 15η2 − 145λ2) cos 2φ+ 60Rη3 cos 6φ

−148ηλ2R cos 6φ+ 88Rη2 sin 4φ
]
. (D 4)

The above expressions are used in §5.4 of this manuscript to obtain an analytical form for the
collisional dissipation rate that holds beyond Navier-Stokes order.
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