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1. The O
(
ε3
)
coefficients

Here, we give the full expressions for third-order coefficients, KIN3,m and DYN3,m, defined in (A 1) and (A2) as the coefficients of the
lower-order terms’ m-th harmonics in the kinematic and dynamic boundary conditions, respectively. Recall that P̂m was defined in (2.17)
as the pressure’s Fourier coefficient multiplying the m-th harmonic of the wave profile: p̂m(t) = kP̂mη̂m(t).
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Recall that COMB3,1 is defined in (A 15) as the combination of KIN3,1 and DYN3,1 formed by eliminating φ̂3,1. This grouping appears
often in the 4th-order coefficients and governs the higher-order corrections to the phase speed (A 65) and growth rate (A 66). Therefore, we
give its expression here.
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2. The O
(
ε4
)
coefficients

Here, we give the full expressions for fourth-order coefficients, KIN4,m and DYN4,m, defined in (A 28) and (A 29) as the coefficients of the
lower-order terms’ m-th harmonics in the kinematic and dynamic boundary conditions, respectively.
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KIN4,0 = 0 (2.3)
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1 +

(
10P̂3

51
− 6P̂2

17

)
P̂1 +

2P̂2P̂3

51
+

94P̂1

51
− 16P̂2

51
+

4P̂3

17

− 597P̂1

32

1274

1791

+ P̂1

P̂ 2
1 +

(
−328P̂3

1791
− 18P̂2

199

)
P̂1 +

2P̂2P̂3

199

+
4832P̂ 2

1

1791
+

(
−32P̂2

199
− 72P̂3

199

)
P̂1 +

16P̂2P̂3

1791
+

1439P̂1

597
− 128P̂2

1791
− 322P̂3

1791


 cosh2 (h)

− 1

16

(7

9
+ P̂1 −

2

9
P̂3

)∣∣∣P̂1

∣∣∣2 + 18P̂1

293

324
+ P̂1

(
P̂1 −

5P̂3

36

)
+

23P̂1

12
− 49P̂3

324


(P̂1 + 1

)



(cosh (h) + 1

)
sinh (h)

(
−3P̂1

+
∣∣∣P̂1 + 1

∣∣∣− 3

)(1

2
+ P̂1 −

P̂2

2

)
cosh2 (h)− P̂1

2
− 1

2

(cosh (h)− 1
)
P̂1

(2

3
+ P̂1 −

P̂3

3

)
cosh2 (h)− 2

3
− 3

4
P̂1 +

P̂3

12

 cosh (h)


−1

(2.4)

DYN4,4 =

1

8

(
P̂1 + 1

)
4

9
+ P̂ 3

1 +

(
7P̂3

9
− 19P̂2

6

)
P̂ 2
1 +

P̂2P̂1

12

(
38P̂3

3
+ 19P̂2

)
− 29P̂ 2

2 P̂3

36
+

11P̂ 2
1

18
+

(
−19P̂2

9
+

47P̂3

18

)
P̂1 +

7P̂2

9

(
−5

7
P̂3 + P̂2

)

− 5

9
P̂2 +

37P̂3

36
+

31P̂1

36

 cosh10 (h) +

−5

9
− 115P̂ 3

1

12
+

(
46P̂2

3
+

53P̂3

36

)
P̂ 2
1 −

14

3
P̂2

(
P̂2 +

20P̂3

21

)
P̂1 +

4

3
P̂ 2
2 P̂3 −

215P̂ 2
1

18
+

(
152P̂2

9



− 3

2
P̂3

)
P̂1 −

10

3
P̂2

(
8P̂3

15
+ P̂2

)
− 17P̂1

4
+

38P̂2

9
− 59P̂3

36

 cosh8 (h) +

145

36
+

581P̂ 3
1

24
+

(
−1067P̂2

48
− 439P̂3

72

)
P̂ 2
1 +

347P̂2P̂1

96

(
P̂2

+
482P̂3

347

)
− 47P̂ 2

2 P̂3

96
+

6379P̂ 2
1

144
+

(
−773P̂2

24
− 1033P̂3

144

)
P̂1 +

25P̂2

8

(
97P̂3

75
+ P̂2

)
+

7087P̂1

288
− 263P̂2

24
− 451P̂3

288

 cosh6 (h)

+

−671

72
− 2257P̂ 3

1

96
+

(
363P̂2

32
+

1447P̂3

288

)
P̂ 2
1 −

1

2
P̂2

(
P̂2 +

499P̂3

144

)
P̂1 +

1

18
P̂ 2
2 P̂3 −

15599P̂ 2
1

288
+

(
5747P̂2

288
+

2395P̂3

288

)
P̂1

− 4

9
P̂2

(
467P̂3

128
+ P̂2

)
− 1441P̂1

36
+

157P̂2

18
+

241P̂3

72

 cosh4 (h) +

(
26P̂1 + 26

)
cosh2 (h)

3

1753

2496
+ P̂ 2

1 +

(
−129P̂2

832
− 103P̂3

624

)
P̂1

+
7P̂2P̂3

312
+

4193P̂1

2496
− 331P̂2

2496
− 89P̂3

624

− 105
(
P̂1 + 1

)2
128

(
788

945
+ P̂1 −

157P̂3

945

)

×

cosh (h)

(2

3
+ P̂1 −

P̂3

3

)
cosh2 (h)− 2

3
− 3

4
P̂1 +

P̂3

12

(1

2
+ P̂1 −

P̂2

2

)
cosh2 (h)− P̂1

2
− 1

2

2

sinh3 (h)


−1

(2.5)

DYN4,0 =

i

COMB3,1




−1

6

13iP̂1 cosh (h)

(P̂1 −
P̂2

2
+

1

2

)
cosh2 (h)− P̂1

2
− 1

2

 sinh (h)

(2∣∣∣P̂1

∣∣∣2P̂2 + P̂1

(
−
∣∣∣P̂2

∣∣∣2 + P̂2

))
cosh2 (h)



×−P̂2

(∣∣∣P̂1

∣∣∣2 + P̂1

)ω


− 3

13
COMB3,1

2
∣∣∣P̂1

∣∣∣4 + P̂1

((
P̂1 + 1

)∣∣COMB3,1

∣∣2 − COMB3,1
2

(
P̂1 +

19

13

))∣∣∣P̂1

∣∣∣2 + P̂ 2
1

((
3

13
P̂ 2
1 +

19P̂1

13

+
16

13

)∣∣COMB3,1

∣∣2 − COMB3,1
2

(
P̂1 +

16

13

)) cosh2 (h)− 3

13

(
P̂ 2
1 +

∣∣∣P̂1

∣∣∣2 + 2P̂1

)−COMB3,1
2
∣∣∣P̂1

∣∣∣2 +((P̂1 + 1
)∣∣COMB3,1

∣∣2

− COMB3,1
2

)
P̂1


+

19i
(
P̂1 + 1

)
P̂1COMB3,1

24


100P̂2

∣∣∣P̂1

∣∣∣6
19

(
67

100
+ P̂1 −

33P̂2

100

)
+

146P̂1

∣∣∣P̂1

∣∣∣4
19

−65
∣∣∣P̂2

∣∣∣2
146

(
101

130
+ P̂1 −

29P̂2

130

)

+

411

292
+ P̂1

(
P̂1 −

91P̂2

146

)
+

218P̂1

73
− 351P̂2

292

P̂2

+
26P̂ 2

1

∣∣∣P̂1

∣∣∣2
19

−34
∣∣∣P̂2

∣∣∣2
13

147

68
+ P̂1

(
P̂1 −

11P̂2

34

)
+

61P̂1

17
− 3

4
P̂2



+ P̂2

87

13
+ P̂ 2

1

(
P̂1 −

8P̂2

13

)
+ 11P̂1

(
P̂1 −

96P̂2

143

)
+

252P̂1

13
− 123P̂2

13


+ P̂ 3

1

−7
∣∣∣P̂2

∣∣∣2
19

100

7
+ P̂ 2

1

(
P̂1 −

P̂2

2

)
+

171P̂1

14

(
P̂1 −

58P̂2

171

)

+
193P̂1

7
− 40P̂2

7

32

19
+ P̂ 2

1

(
P̂1 −

25P̂2

38

)
+

245P̂1

38

(
P̂1 −

188P̂2

245

)
+

154P̂1

19
− 100P̂2

19

P̂2


 cosh8 (h) +

−260P̂2

∣∣∣P̂1

∣∣∣6
19

(
97

130
+ P̂1

− 33P̂2

130

)
−

425P̂1

∣∣∣P̂1

∣∣∣4
19

(−167P̂1

850
+

79P̂2

1700
− 3

20

)∣∣∣P̂2

∣∣∣2 +
3267

1700
+ P̂1

(
P̂1 −

253P̂2

850

)
+

284P̂1

85
− 1219P̂2

1700

P̂2





−
59P̂ 2

1

∣∣∣P̂1

∣∣∣2
19

−229
∣∣∣P̂2

∣∣∣2
118

420

229
+ P̂1

(
P̂1 −

64P̂2

229

)
+

728P̂1

229
− 143P̂2

229

+

2017

118
+ P̂ 2

1

(
P̂1 −

39P̂2

118

)
+

893P̂1

59

(
P̂1 −

260P̂2

893

)
+

2001P̂1

59

− 399P̂2

59

P̂2

− 45P̂ 3
1

19

−14
∣∣∣P̂2

∣∣∣2
45

78

7
+ P̂ 2

1

(
P̂1 −

17P̂2

56

)
+

87P̂1

8

(
P̂1 −

54P̂2

203

)
+

157P̂1

7
− 4P̂2

+

376

45
+ P̂ 2

1

(
P̂1 −

61P̂2

180

)

+
1721P̂1

180

(
P̂1 −

500P̂2

1721

)
+

323P̂1

18
− 52P̂2

15

P̂2


 cosh6 (h) +

315P̂2

∣∣∣P̂1

∣∣∣6
38

(
517

630
+ P̂1 −

113P̂2

630

)
+

261P̂1

∣∣∣P̂1

∣∣∣4
19

−25
∣∣∣P̂2

∣∣∣2
522

43

50
+ P̂1

− 7P̂2

50

+

206

87
+ P̂1

(
P̂1 −

20P̂2

261

)
+

962P̂1

261
− 103P̂2

261

P̂2

+
67P̂ 2

1

∣∣∣P̂1

∣∣∣2
38

−127
∣∣∣P̂2

∣∣∣2
134

223

127
+ P̂1

(
P̂1 +

10P̂2

127

)
+

364P̂1

127
− 4P̂2

127



+ P̂2

3379

134
+ P̂ 2

1

(
P̂1 −

11P̂2

134

)
+

1176P̂1

67

(
P̂1 −

4P̂2

49

)
+

2961P̂1

67
− 253P̂2

67


+

107P̂ 3
1

76

−27
∣∣∣P̂2

∣∣∣2
107

68

9
+ P̂ 2

1

(
P̂1 −

P̂2

9

)

+
205P̂1

27

(
P̂1 +

4P̂2

205

)
+

389P̂1

27

+ P̂2

1400

107
+ P̂ 2

1

(
P̂1 −

8P̂2

107

)
+

1230P̂1

107

(
P̂1 −

53P̂2

615

)
+

2629P̂1

107
− 204P̂2

107



 cosh4 (h)

+

12P̂2

∣∣∣P̂1

∣∣∣6
19

(
31

48
+ P̂1 −

17P̂2

48

)
+

179P̂1

∣∣∣P̂1

∣∣∣4
76

(−19P̂1

179
− 19

179

)∣∣∣P̂2

∣∣∣2 +
193

179
+ P̂1

(
P̂1 −

60P̂2

179

)
+

423P̂1

179
− 111P̂2

179

P̂2





+
5P̂ 2

1

∣∣∣P̂1

∣∣∣2
76

(−12P̂ 2
1 −

158P̂1

5
− 98

5

)∣∣∣P̂2

∣∣∣2 +
47 + P̂ 2

1

(
P̂1 −

3

5
P̂2

)
+ 62P̂1

(
P̂1 −

63P̂2

155

)
+

591P̂1

5
− 174P̂2

5

P̂2



+
1

19
P̂ 3
1

(−1

4
P̂ 3
1 −

63P̂ 2
1

4
− 71P̂1

2
− 20

)∣∣∣P̂2

∣∣∣2 +
18 + P̂ 2

1

(
P̂1 −

3

4
P̂2

)
+ 32P̂1

(
P̂1 −

33P̂2

64

)
+

213P̂1

4
− 20P̂2

P̂2


 cosh2 (h)

−

(
7P̂1 + 7

)(∣∣∣P̂1

∣∣∣2 + P̂1

)
P̂2

76

89
∣∣∣P̂1

∣∣∣4
14

+

(
233P̂ 2

1

14
+

411P̂1

14

)∣∣∣P̂1

∣∣∣2 + P̂ 2
1

(
P̂ 2
1 +

261P̂1

14
+ 24

)



∣∣∣P̂1 + 1

∣∣∣

+
1

12
iP̂1 sinh (h) cosh (h)

(
P̂1 + 1

)(
2 cosh2 (h)P̂1 − cosh2 (h)P̂2 + cosh2 (h)− P̂1 − 1

)(∣∣∣P̂1

∣∣∣2 + P̂1

)
×
(
2
∣∣∣P̂1

∣∣∣2 cosh2 (h)P̂2 −
∣∣∣P̂2

∣∣∣2 cosh2 (h)P̂1 −
∣∣∣P̂1

∣∣∣2P̂2 + P̂2P̂1 cosh
2 (h)− P̂1P̂2

)(
−13COMB3,1

2
∣∣∣P̂1

∣∣∣2 cosh2 (h)
− 3COMB3,1

2 cosh2 (h)P̂ 2
1 + 3

∣∣∣P̂1

∣∣∣2∣∣COMB3,1

∣∣2 cosh2 (h) + 13
∣∣COMB3,1

∣∣2 cosh2 (h)P̂ 2
1 + 10COMB3,1

2
∣∣∣P̂1

∣∣∣2
− 16COMB3,1

2 cosh2 (h)P̂1 + 16
∣∣COMB3,1

∣∣2 cosh2 (h)P̂1 − 10
∣∣COMB3,1

∣∣2P̂ 2
1 + 10COMB3,1

2P̂1 − 10
∣∣COMB3,1

∣∣2P̂1

)
ω

−
67i
(
P̂1 + 1

)(∣∣∣P̂1

∣∣∣2 + P̂1

)
COMB3,1

24


26P̂2

∣∣∣P̂1

∣∣∣6
67

(
19

26
+ P̂1 −

7P̂2

26

)
+

146P̂1

∣∣∣P̂1

∣∣∣4
67

−8
∣∣∣P̂2

∣∣∣2
73

(
25

32
+ P̂1 −

7P̂2

32

)



+

245

292
+ P̂1

(
P̂1 −

34P̂2

73

)
+

143P̂1

73
− 171P̂2

292

P̂2

+
100P̂ 2

1

∣∣∣P̂1

∣∣∣2
67

−91
∣∣∣P̂2

∣∣∣2
100

94

91
+ P̂1

(
P̂1 −

22P̂2

91

)
+

192P̂1

91
− 29P̂2

91



+

77

50
+ P̂ 2

1

(
P̂1 −

13P̂2

20

)
+

109P̂1

25

(
P̂1 −

61P̂2
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)
+

126P̂1

25
− 193P̂2

100

P̂2

+ P̂ 3
1

−33
∣∣∣P̂2

∣∣∣2
67

100

33
+ P̂ 2

1

(
P̂1 −

29P̂2

66

)

+
117P̂1
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(
P̂1 −

34P̂2
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)
+

82P̂1
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− 40P̂2

33

+ P̂2

32

67
+ P̂ 2

1

(
P̂1 −

101P̂2

134

)
+

411P̂1

134

(
P̂1 −

98P̂2

137

)
+

174P̂1

67
− 100P̂2

67



 cosh8 (h)

+

−59P̂2

∣∣∣P̂1

∣∣∣6
67

(
45

59
+ P̂1 −

14P̂2

59

)
−

425P̂1

∣∣∣P̂1

∣∣∣4
67

−39
∣∣∣P̂2

∣∣∣2
850

(
61

78
+ P̂1 −

17P̂2

78

)
+

(
1721

1700
+ P̂1

(
P̂1 −

229P̂2

850

)
+

893P̂1

425

− 609P̂2

1700

)
P̂2

− 260P̂ 2
1

∣∣∣P̂1

∣∣∣2
67


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(2.6)

3. The full C4,2 expression

Here, we give the full expression for C4,2, defined in (A 45) as the coefficient of the O
(
ε4
)
correction to the m = 2 harmonic of η.

C4,2 =

− 8 cosh (h)
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