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Appendix G. Experimental data

This appendix collects the NIF experimental data used in the present study. Table 9
gives the axial shock position data—from three NIF shots—used to constrain the radia-
tion temperature boundary conditions, as described in the main paper. As implemented
in two of those NIF shots, the VISAR diagnostic returned the temporal history of shock
speed in the quartz, not just the main-shock or reshock breakout time. Those histories
were used qualitatively to improve the boundary-condition tuning process.

Table 10 gives the mixing-layer width data—from six NIF shots—used to constrain
the interface initial perturbation. The target designs for those NIF shots were nominally
identical; in particular, the nominal density of all foam components was prnom =
0.085 g cm™. However, the foam densities in the actual targets exhibited deviations
of ~0-15% from the nominal value, leading to variations in the main-shock and reshock
velocities. For making comparisons with simulations using only the nominal density, we
can estimate an adjusted experimental mixing-layer width Wexp,adj, Which corrects for
the off-nominal foam densities associated with the measured experimental mixing-layer
width Wexp,mea:

Wsim (pL,nom) - Wsim (pL,mea) ) (G 1)

Wexp.ad; = W. 1+
p,adj exp,mea
Wsim (pL,mea)

Here, Win is the simulated mixing-layer width, expressed as a function of foam density pr,
and obtained from a series of 1-D simulations using a tuned Reynolds-averaged turbulence
model (Morgan & Wickett 2015) to treat My—Mj, mixing. Those 1-D simulations are not
detailed here, though they are based on the 1-D simulations described in the appendices
of the main paper. The quantity pr, mea is the averaged foam density in the NIF target,
based on measured masses and volumes of the foam components. The adjustment of
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1D Lexp Thexp Shock Diagnostic
N180425-003  10.7 £ 0.2 550. =+ 10 Main shock VISAR
N170322-002 30.3 £ 0.1 1819. £+ 50 Main shock X-ray radiography
N171024-004 (2.3) = 0.2  4650. & 10 Reshock VISAR (inferred)
N170322-002 30.3 £ 0.1 1735. £ 50 Reshock X-ray radiography

TABLE 9. Measurements of the axial shock positions xp exp at several times teyp in the Reshock
Campaign experiments. Times are in ns and positions are in gm. The measurements are from
three different NIF shots, each referenced by an identifier (ID). The first shot, a focused study
of the main drive, used the VISAR diagnostic (Celliers et al. 2004) to measure the main-shock
breakout time. The second shot, a focused study of the reshock drive, used the VISAR diagnostic
to infer the reshock breakout time, with the support of 1-D simulations not detailed here. The
third shot used X-ray radiography to measure (Huntington et al. 2020) both the main shock
and reshock positions in the foam region at a common instant in time. See the main paper
for definitions of the main-shock and reshock breakout times. Experimental uncertainties in
the values of time and position are estimates based on broad assessments of the diagnostic
techniques, and they are not based on statistical analysis of ensembles.

ID texp Wexp,mea Wexp,adj dWexp [i]
N170322-002 30.3 73. 73. 10.
N170322-003 36.3 78. 80. 12.
N161128-003 40.3 110. 120. 20.
N170220-002 42.3 116. 115. 11.
N161213-001 44.3 138. 141. 13.
N161129-001 48.3 126. 124. 12.

TABLE 10. Measured and adjusted values of the experimental mixing-layer width at several times
texp in the Reshock Campaign experiments. Times are in ns and widths are in pym. The data
are from six different NIF shots, each referenced by an identifier (ID). The shots used nominally
identical targets. For each time, Wexp mea is the mixing-layer width measured using the X-ray
radiography technique of Huntington et al. (2020); Wexp,adj is the mixing-layer width adjusted
via (G 1) to approximately account for as-built densities of the foam components; and dWexp is
an estimate of experimental uncertainty in the mixing-layer widths (including contributions of
+ 10 pm associated with diagnostic uncertainty and £ 0-10 pm associated with deviation of the
as-built foam densities from the nominal value). The experimental uncertainty on each time is
estimated to be 0.1 ns. The uncertainties reported here are estimates, and they are not based
on statistical analysis of ensembles. In the main paper, Wexp always refers to Wexp,mea-

(G1) is crude. It does not account for two- or three-dimensional spatial variation of the
foam density across multiple blocks in the target assembly.

We provide the adjusted experimental mixing-layer widths only to illustrate the
potential impact of shot-to-shot variation in the experimental data. Pending further
analysis, the values of Wexp adj reported in table 10 should be treated as preliminary,
unlike the values of Wexp mea- In the main paper, Wey, always refers to the measured
data Wexp mea-

Appendix H. Validity of the continuum assumption

This appendix provides evidence that the HED mixing layers in the present study are
reasonably described by the formalisms of fluid mechanics. To test the validity of the
continuum assumption, we estimate the Knudsen number Kn = \,, /L, where A\, is
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the mean free path for ion—ion collisions in the mixing plasmas and £ is a characteristic
macroscopic length. Generally, if Kn < 1, then the continuum assumption is valid and
a full Boltzmann-equation analysis is unnecessary.

Consider a gas of identical hard-sphere particles, each with mass m. A simple relation
can be derived for the mean free path A in such a gas as a function of its viscosity pu.
From kinetic theory, the mean free path for particle—particle collisions is (see Chapman
& Cowling (1970, (5.21.4)) and McQuarrie (2000, (16.5) and discussion))

1
A= ——— H1
Tnd2V/2 (H1)
where n = p/m is the number density, p is the density and d is the sphere diameter. An
analytic approximation for the viscosity is (see Chapman & Cowling (1970, (10.21.1))
and McQuarrie (2000, (16.36) and (19.25)))

5 (mk,T\Y?
u=16d2< - ) ; (H2)

where T is the temperature and k; is the Boltzmann constant (= 1.381 x 10716 erg K1).
Combining these results to eliminate d gives

164 m 1/2
= — . H
A op (27r kp T) (H3)

The expression (H3) can be used to estimate A, in the present study by using the
mass of a single atom for m (computable from the atomic weight), the simulated ion
temperature for 7', the simulated density for p and the simulated viscosity for u. We
claim that this approach gives approximate order-of-magnitude values for \,,, despite
the fact that the plasmas under consideration are not hard-sphere gases. This use of
(H3) does partially account for HED phenomena via the viscosity model described in
the main paper. In the shocked and reshocked mixing layers, A, ranges from ~3 x 10
to 7 x 10* pum. By comparison, the mixing-layer width ranges from ~ 4 to 200 pum, the
smallest characteristic wavelength in the initial Mgy—M, interface perturbation is 2 um
and the standard deviation of the smallest initial perturbation component is ~0.07 pm.
Therefore, Knudsen numbers based on various macroscopic lengths are indeed small,
supporting the claim that a continuum Navier—Stokes-based methodology is reasonable.

Appendix I. Magnetohydrodynamic phenomena

The present study did not consider magnetohydrodynamic phenomena, i.e. the cou-
pling of electric and magnetic fields with the fluid equations of motion. Magnetohy-
drodynamics can be important in turbulent flows of contemporary interest (Davidson
2015) and in HED plasmas generated at facilities like the NIF. This appendix provides
quantitative support for the neglect of magnetohydrodynamics in the present study. We
show that pressures associated with self-generated magnetic fields are small relative to
total pressures in the mixing layer. This appendix uses the Gaussian (rather than SI)
system of units.

Let E; be the electric field, B; the magnetic field, J; the current density and r the
resistivity. Then the electron momentum equation can be written as a generalized Ohm’s
law, after expressing the electron fluid velocity in terms of the current density and
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neglecting electron inertia (Goldston & Rutherford 1995, (8.13)):

1 1 Ipe

Ei+aeijkujBerJi+ene (oeiijjBk_o%i) . (Il)
Faraday’s law is (Goldston & Rutherford 1995, (8.16))
OE; 1 0B;

ik = —— . 12
Cigk oxy, c, Ot (I2)

The magnetic field pressure is (Goldston & Rutherford 1995, (9.8))

B;B;

- (13)

8m
Here, as in the main paper, e is the charge of an electron (=~ 4.803 x 107'° statcoulombs),
ne is the electron number density, p. is the electron pressure and ¢, is the speed of light
in a vacuum. Suppose that B; = 0 and J; = 0. Then an estimate for the magnetic field
self-generation rate is

oBi ¢ Ope One
ot~ en? cigk Oz; Oxy,’
We can use this relation to obtain order-of-magnitude estimates for the self-generated
magnetic field pressures associated with the first shock and reshock traversals of the
Mpy-Mj, mixing layer, using pre- and post-shock p. and n. values at the mixing-layer
edges; mixing-layer averages of local gradient scale lengths of density and total pressure;
and traversal times based on the shock velocities. We assume, conservatively, that the
gradients dp./0z; and On./Ox;, are orthogonal. The procedure yields p values of ~3 x
10-® and 0.04 Mbar for the first shock and reshock traversals, respectively. Since p is much
less than total pressures in the mixing layer (~ 2-35 Mbar), induced magnetic fields likely
do not have a significant impact on the flow dynamics of interest.

(T4)

Appendix J. Enstrophy analysis: supplementary results

To support the analysis of enstrophy in the main paper, recall the evolution equation

9 ) B Ou,
(‘%(pﬂ)+6xj(p(2uj)—<pwj51]wl>+<—2p!28xj) (J1)
Eq En
w; dp Op 0 [ 100y
~(Gagran) e 50 ])
Em Erv

Figure 23 plots early- and late-time normalized mixing-layer integrals of each term on the
right-hand side of (J 1), from all three baseline simulations. The finest-resolution results
were already presented in the main paper; they are shown again for comparison. See the
associated discussion of mesh sensitivity in the main paper. A complete derivation of
(J 1) is provided below.
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F1GURE 23. Evolution of the mixing-layer integrals of each term Ei, ..., Ery in the enstrophy
evolution equation (J1), normalized by |p 2], in the three baseline simulations. The figure
headers state Ny . 2 as defined in the main paper. Figures in the left column display early-time
results before reshock, and figures in the right column display late-time results after reshock.
The ordinate limits of the left-column figures are different from those of the right-column figures.
The main paper defines the mixing-layer integral.
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Appendix K. MDTKE analysis: supplementary results
To support the analysis of MDTKE in the main paper, recall the evolution equation

P 0 ey O —7 [00ij  Op ol
p (IC) +5'£Cj (Kuj) —( pU; U &’Ej + | u; 5L)Zj o, + | p ox; (Kl)

T Ty T
5 7 L ou!
(- o oty v -] )+ (o, 5t ).
Trv Tv

Figure 24 plots early- and late-time normalized mixing-layer integrals of each term on the
right-hand side of (K 1), from all three baseline simulations. The finest-resolution results
were already presented in the main paper; they are shown again for comparison. See the
associated discussion of mesh sensitivity in the main paper. A complete derivation of
(K1) is provided below.
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FIGURE 24. Evolution of the mixing-layer integrals of each term Tr, ..
evolution equation (K 1), normalized by | K], in the three baseline simulations. The figure headers
state Ny, 2 as defined in the main paper. Figures in the left column display early-time results
before reshock, and figures in the right column display late-time results after reshock. The
ordinate limits of the left-column figures are different from those of the right-column figures.

The main paper defines the mixing-layer integral.

., Tv in the MDTKE
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Appendix L. Fluid mechanics fundamentals

This appendix derives several important equations used in the present study. The
exposition is based on graduate-level fluid mechanics textbooks (Aris 1962; Panton 2005),
material on compressible turbulence (Liou & Shih 1991; Andreopoulos et al. 2000; Sagaut
& Cambon 2008; Chassaing et al. 2010; Gatski & Bonnet 2013) and a mathematical
methods textbook (Riley et al. 2006). Our goal is to clearly and succinctly develop—
starting only from basic conservation laws and using consistent definitions and notation—
the key equations governing vorticity, enstrophy, the Reynolds stress tensor and MDTKE.
The derivations are intended for students or non-specialists.

L.1. Preliminaries

This appendix summarizes notation, definitions and identities from tensor mathematics
and elementary fluid mechanics. For further explanation, see Aris (1962), Panton (2005)
and Riley et al. (2006).

A vector a is written in index notation as a;. The summation convention for repeated
indices is

a;a; = aja; + asas + asas. (L1)
Two important tensors are the Kronecker delta ¢;; (a symmetric second-order tensor,
also called the substitution tensor or identity tensor) and the Levi-Civita symbol €;j, (an
antisymmetric third-order tensor, also called the permutation symbol or the alternating
unit tensor):

0ij = ! ?fz‘:jf (L2)
0 ifi#j,

+1 if (4,5,k) = (1,2,3), (2,3,1), or (3,1,2),
ek =14 —1 if (4,4,k) = (3,2,1), (2,1,3), or (1,3,2), (L3)
0 otherwise.

A tensor is symmetric if the interchange of any two indices does not change the value of
the component; a tensor is antisymmetric if the interchange of any two indices reverses
the sign of the component, while leaving its absolute value unchanged (Aris 1962, §2.61).
A useful identity is

€ijk €klm = 0il Ojm — Oim 051 (L4)
If @ and b are vectors, then the cross product ¢ = a x b is given by ¢; = €;;10;bs.

Let uw be the fluid velocity vector. The wvorticity, expressed in index and symbolic
notation, is

3uk
W =€k = w=VxXxu. (L5)
K3 1] ax‘]
The symmetric deformation or rate of strain tensor is
1 [/ 0u; = Ou,
Sij == : 1) L6
> (axj * axi> (L6)
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The following identities hold, for any scalar ¢ (Aris 1962, §3.24):

0 (09 —
€ijk oz, (8951@) =0 <<= Vx(Vg)=0, L7)
Ow; 0 - Oug\ _ _
6$i _%;(6”]6833]-) —0 < V UJ—V (VXU)—07 (L8)
6ui 10
U gy = Gk Wit g () == (w V)u=wxut gV (luf). (L9)

Let T;; be any tensor. Following Aris (1962, §2.45) and Panton (2005, §3.6), it can be
written as a sum of symmetric and antisymmetric components:

Tj= 35T+ T) + 3Ty —Ti)

symmetric antisymmetric
= [Tijlyym. + 3 €ijk A di = €kim Lim. (L10)
In particular, from the definitions above,
ou; 1 ouy 1 ou,
or; Sij + 5 €ijk €kim P Sij = 5 €ijh €kim e
=5 — %eijkwk. (L11)

If Q;; is a symmetric tensor and R;; is an antisymmetric tensor, then their inner product
is zero:

Qi;Ri; = 0. (L12)
Consider any quantities a, b, ¢ and d and any independent variable z. As noted by Liou
& Shih (1991), the following identities are useful:

0 0 0 0
ag(bc)—kb%(ac)—g(abc)—i-ab&(c), (L13)
0 0 0 0
ag(bcd)—i-b%(acd)za(abcd)—i—ab@(cd). (L14)
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L.2. Equations of fluid motion
The continuity equation for conservation of mass is
a
% 9
5'15 al’j
where p is the density and u; is the fluid velocity.

Define the substantial (or material) derivative as the sum of the local rate of change
and the convective change (Panton 2005, §4.3):

D() _a0) a()

Dt~ ot Y ox;

(p uj) =0, (L15)

(L 16)

The Navier—Stokes equations for conservation of momentum (consisting of three scalar
equations, one for each coordinate index 7) are

=p— — = L1
"Dt ~ P TP%az, ~ oa, (L17)
with
Lij = —pbij + 0ij, (L18)
6uk 18Uk
=95, s —9 il L1
Oij MSZJ + A al'k 52] H (Sl] 3 afEk 61]) ’ ( 9)

where X;; is the stress tensor, p is the pressure, o5 is the deviatoric viscous stress tensor,
1 is the shear viscosity and M is the second viscosity coefficient. In (1. 19), we have used the
Stokes assumption that the thermodynamic and mechanical pressures are equal, which
implies

A=—2u (L 20)
For a full discussion of the Stokes assumption, see Aris (1962, §5.24), Panton (2005, §6.1)
and Gatski & Bonnet (2013, §2.2.1). Unless stated otherwise, in this supplementary
material and in the main paper, the term wviscosity refers to u. Note that p is sometimes
called the dynamic viscosity, to distinguish it from the kinematic viscosity v = u/p

(Panton 2005, §7.7). The kinematic viscosity is also called the momentum diffusivity.
Let ¢ be any flow variable. From (L 15) and (L 16),

Do _ 00 092 190 w62 12 hsun— 62 (pu,
P By =Gy o g = 51 00— 65| + | o (p6) — 6 o (o)
0 0 Op 0
=5 (po) + o, (pou;) — ¢ L’)t + o, (pug)]
0 0
—&(P@*‘gj(ﬂfbuy’f (L21)
In particular,
D’U,i o 0 0
P = E(puz)ﬂLaTj(puzug) (L22)
gives an alternate form of the Navier—Stokes equations:
0 00Xy
a(ﬂuz‘)JraTjj(Puiuj)— oz, (L.23)
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L.3. Ewvolution of vorticity
Take (L 17), apply the identity (L 9) and redefine indices:

8ui

+ Witk + L 9 (ugug) 0%
€iq 1 _—— =
Pror TP |k CItE TG gy, NRE oz,
(3

W + €pim W Uy, = *gaxk (umum) + ; 8.’El .

Take the curl of this equation, i.e. apply the operator €;;; O()r/0z; to all terms:

o (w0
€ijk axj ot €ijk O E€klm Wl Um ) =

J

@ ©)

Consider each of the numbered terms:

3 aUk 3(4)1'
O [ 5) -

€ijk 7 )
I D ot

@ = % [0 5jm — bim 5jl) Wy Uiy [from (L 4)]

0

_T%(wiuj—Wjui)
Ouj y o, 0, O 0w

= w; Uj —— — W; —u
Oz, J Oz, J Oz, Ox;j

) 8uj 8%— Bul

Z(’)xj Jal‘j Jaxj

[from (L3)],

(3)=0  [from (L7)],

@=Ly LZa L 00 0%
p T 0w0m  p2 U Oz Oxy

Combining all of these results, multiplying through by p and rearranging terms yields an
evolution equation for vorticity (compare Gatski & Bonnet (2013, (2.11))):
Dw; Ow; n Ow;
= Ui
PDr =P TP b,

o 8uiw'_ %w-—le-- @6£‘kl ‘- 82Ekl
_pﬁxj ’ paxj AT 9% B 0x,

The first term in the second line of (L24) can be re-written as pw;S;;, after making
use of the identity (L 11) and noting that €;x w; wi = 0 from the property (L 12). Thus,

(L 24)
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an alternate form of the vorticity evolution equation is

Dw; 8wz n Ow; S Ou; n 0 1 00X
p Dt - at puj a _pw] pa w’b peljk 8

Using (L 18), the last term in (L 25) can be written as

BT SR O IR
P Eijk 8xj P 3xl = P Eijk 81']' p@x —P Okl kl

Lo (Y 1, 0 (1w
- peigk p Ox; \ Oz p? O0x; Oz, Oz \ p Oz

L0\, 0 (10
Cigk Ox; (633k)+p €k 5z Oz, Toe 9k O (p 8x1>

1 8p 8p + 0 180kl
= —€ijk 57— :
P ik Ox; Oxy, PEisk B Oz; \ p Bz,

(L 25)

p Ox

[from (L7)].

Consequently, one additional form of the vorticity evolution equation is (compare Chas-
saing et al. (2010, §6.2.1, footnote 1) and Andreopoulos et al. (2000, (12)))

DWi _ 8&1@ + 8(’%
p Di =p ot puj a
du, 1 dp Op 0 180’kl
_ o Ou; 1 Op Op L2
pw;Sij paxj i Pgmk Oz Oz, TPk g ozx; \ p B (1:26)

L.4. Evolution of enstrophy
Following Andreopoulos et al. (2000) and Chassaing et al. (2010), define the enstrophy

2= %wiwi. (L 27)

Note that some instead define 2 without the factor of 1/2. Multiply (L 26) by w; to
obtain

Duw; Ow; Ow;

PYi T sz’aitz‘FPUjUJia?j

wzwz—kwi dp Op 0 (180kl)

ou;
= pWj Sz’j Wi —pP 3 8 P €ijk 7 O 6a:k + pwi €k 75— Oz » O,
Observe that 942/0z = w; &ui/az for z = x; or z = t. Consequently, the following is an

evolution equation for enstrophy (compare Andreopoulos et al. (2000, (13))):

DO 90 a0

— 5,2 7 L28

Ou; LW Op Op 0 ([ 100k
= j Pij Wi 2p02 — J € i €4,
puj Sigwi = 2P g ik G B TP Wi ik <p0xl>
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L.5. Aweraging operators

This appendix reviews the concept of statistical or ensemble averaging of a flow
variable. The discussion is based principally on Chassaing et al. (2010, §§5.1-5.3) and
Gatski & Bonnet (2013, §§3.1-3.3).

Consider a flow variable ¢, which in general is a function of x; and t. The Reynolds
decomposition of ¢ is

6=+, (L29)
with ¢ the Reynolds average of ¢ and ¢’ the Reynolds fluctuation of ¢. The Reynolds
average () is defined as a mean over an ensemble of flows. However, other types of
operators are often used as surrogates for ensemble averaging in practice. For example,
time averaging might be used for a statistically steady flow, or spatial averaging might
be used for a flow that is statistically homogeneous in one or more coordinate directions.
Pope (2000, §3.8), Sagaut & Cambon (2008, §2.2.1) and Gatski & Bonnet (2013, §3.1.1)
discuss these ideas in more detail. In the present study, if the mixing layer is well-
developed, then it is reasonable to assume statistical homogeneity in the two spanwise
directions, but not in the axial direction. Hence, the present study defines the Reynolds
average as the spatial average over the two spanwise directions.

The Favre decomposition of ¢ is

s=g+d,  5="2

(L 30)

with ¢ the Favre (or mass-weighted) average of ¢ and ¢” the Favre (or mass-weighted)
fluctuation of ¢.

Following the literature, here it is always assumed that the Reynolds-averaging oper-
ator commutes with derivatives, e.g.

() _90)

In general, an analogous commutativity property does not hold for the Favre-averaging

operator:
a() a() , 9 p(-) ()
ox; 5 <p 8:@-) 0x; ( p ) Ox; (L:32)

The following identities hold:

6=, é=¢, F=0, =0, ¢ =p¢=0 (L.33)

Additional properties of the averaging operators are discussed by Chassaing et al. (2010,
§5.3.5).

(L31)
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L.6. Reynolds averaging of the continuity equation

Consider the continuity equation (L 15) and substitute the Favre decomposition for u;:

dp 9 ~ "
o o, [p (i +uj)] = 0.
Apply the Reynolds-averaging operator to both sides of this equation to obtain

0 )

~ o0p 0 L
0D |
0= T b T )] = 55 + 5 (o + o) = 9 o 0T (L3

L.7. Evolution of the mean momentum

From (L 23) and (L 18), the Navier—Stokes equations can be written as

0 0 - 8]9 (90’ij
% (pui) + 9, (pujuy) = oz, + du; (L35)

Substitute the Favre decompositions for u; and u; and apply the Reynolds-averaging
operator:

g 27 4 i ~. "\ (7. " _ _Tp aaij
ot [p (wi +Uz)] + oz, [,O(Uz +ui) (uj +uj)] = " on + oz, .

The left-hand side (LHS) and right-hand side (RHS) of this equation reduce to

LHS = 2 (o + pul) +

py (pu uj + pugul + pujuy —l—pu;’u”)

Ox;

0 6
=5 (pul—i—pu ) + 87 (pu Uj —|—uzpu + u; puf —l—pu;’u”)
— 8 =07 a ", 1
_815( uz)_‘_amj (puluj +PUZU )a
op = 00
HS = — 1,

Combining these results and replacing j with k£ gives an evolution equation for the mean
momentum pu; (compare Chassaing et al. (2010, (5.25)) and Sagaut & Cambon (2008,

(9.57))):

P R R p—
g (pu;) + oz, (pusuy) = oz, + oz, (Jzk puiu ) (L 36)
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L.8. Ewolution of the Reynolds stress tensor
Multiply (L 36) by @; (Liou & Shih 1991) to obtain

- 0, ~ 0 ,_ . op o /. —
Uja(ﬂui)‘FujaT?k(Puiuk) Uga +U36 (Ulk Pu”u%) (L37)

Interchange the indices ¢ and j to obtain

0, 0 ,__ ~ 0p . 0 /_ —

Ui 5 (puy) + u; Par (pUjiug) = =t 5 — + P2 (ajk pu”u%) (L38)
Add (L 37) and (L 38), collect terms and apply the identities (L 13) and (L 14):

-~ 0, _ - 0, _ - 0 . - 0 ,__ .
Uj g (PT) + i 5 () | + |1 5 - (Pithn) + i 5= (P | =

_ Op op B e A W T T
(5 + [5 g (o= ) 5 (- )

¢
0 ,_ . - 0 ,_ . - __ [0op o ,_ | |~ 0900 - Op
9t (puiug) + a—xk(puzu]uk)Jru,uj {61& + axk(Puk)] = {Uz ox; T uy (9;101]

_ 00y, - O00jk _ 0 T 0 (5
1o G+ | [ gy (07 g ()

Applying (L 34) gives an evolution equation for pu;u;:

8p _ Op
oz, ]3:5]

% 803’“ ~. i 1,11 ~. i 11,11
* [u] Oz, tu " Oz, ] [u] Oz, (pu uk) T Oz, (pujuk) ’

Next, consider again the Navier—Stokes equations (L 35). Replace j with k& and multiply
by u; to obtain

o, 0 . . _
5 (pu;uy) + Do (puiujug) = — { (L 39)

0 0 dp Aok,
uj 5 (pui) +uy Do (pujur) = —u; oz 7% Bz, (L 40)
Interchange the indices ¢ and j to give
0 0 op 0ok
Ui 5y (puj) +ui e (pujuk) = —u; 87 +tu &rjk (L41)



16 J.D. Bender and others

Following a procedure similar to the one used to obtain (L. 39), add (L 40) and (L 41),
collect terms and apply the identities (L 13) and (L 14):

0 0 0 0
[Uj 5 (Pui) +ui g (Puj)] + [Uj . (puiug) +ui 5— i (Pua“k)} =

pr I A T

_[ ) 8p ) 8p' [ 801k aU]k:|

4

B P UiUj UiU;j ot | B P UU; U UiUj 7 B pug)| =

- |:Uz @ + uy ap:| + [Uj Ok +u 8Ujk:|
T ox; Tk

g( ulul)—l—i( U UL ) + Uit % (pug)
g \PHt) T g, Pt e) i |y g Pk | =

8p op 0ok ank
[ oz, " o, }4—[“]83: T 833;6}

Applying (L 15) gives an evolution equation for pu;u;:

0 0 [ op dp Joix, dojk
5 (pulu])Jraxk (pujujug) = { " 92, -+ uy E :|+ {u] 2, + u; amk]' (L42)

Now substitute the Favre decompositions for u;, u; and u; in (L42) and apply the
Reynolds-averaging operator:

0 ~ _ 0 _ B ~
gr 1P @) (@ + )] + 5 [ @ ) (8 4+ ) @ + )] =
_ |:(ai+u;/)$+( a + ul) 8]?} n {(ﬂj—kug) oy, (3 + u) 80’_jk:| .
J

8xk
@
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Consider each of the numbered terms and substitute the Reynolds decompositions for p,
o and ojp:

@ 9 A 9 P
FT (pulu]—l—uzpu —i—ujpu —|—pulu> B (pulu]+puzuj)

@— Par (pulujuk +pu Uil —|—pu WU, —|—pu”u”uk>

1,11 1,11 1" I/ "
—l—a—%(pukuu]—i—pu ukuj—i—pu up w; + puiu uk)

0 —— 0 (— 0
:ail‘k(pulujuk_*_pu” // )+87(pu// // //)+87%(pu//uguj+pullugul)

7] —— 0 (—
:87%<pu1ujuk+pu// I/ )+87(pu/l /I g)

o, —— O o —0 o
107 1707 v ~. 107 ~. 1,17
+['°“ % B L+ Yk Bz ]*{“Jax ("’“ “k)*“laxk (p“a“kﬂ’

@—ﬂlaajﬂ—ﬂ]gp—k Z§p+ ngpl
:N(g + ]gp 2/5' (p—l—p)—i—u;-’aii(p—f—p’)
—ﬂz‘aa:ZJr%gp_ ng + "%+u;’§p/+ ;’g—i
- [Faruon| [Tt T o]

J

oy )+ )] [ B 0 |

00 |~ 0T n 9Tk n 9%k
uj 83% +s 8£k +uj ka +ui (%k

0

(%Zk 8a]k a _
W Gy T G+ Gy @ )+l o (o )

_ 00k - a5jk — 00y, — 004k oo’ ao_/'k
—_ 77 e g 1 1 J 1 ik 1" J
i 5):ck ' 6$k + uj (r“)l'k + i 8xk + u‘j 6mk + Ui (r“)l'k
_ 00k adjk —7 0k — 85‘jk
B |:uj 893k + aIk + uj 0 k + i 8$k

0 (= 0 (=% , ouf , ouyf
+ [asck (Uikuj) + 879516 (crjkui> — Uikaisck +O'jk D |
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Combine all of these results to obtain

- d — ~ Op 9p
7,07 v 7,77 - _
815 (pu’buj +pu1u ) + a (pu’bujuk +PU (0 Uk) |: a + J (9177:|
. 00k aa]k ~ 0 e\~ O
+ {uj oy +i Y Oy, } {uj oxy, (pui uk) + U oxy, (puj uk)
a 1 // // "y, aﬂ] 1", aﬂl
. <pu ) pulull R + pujuy R (L43)
— | @4_ 9p 9 ( /u//) _;'_i( /u/{) + /8ug' + /%
Con, T | T 8 P a; \P'1 P 0u; TP ou,

(— 06 —; Ok, 0 (—— 0 (—
" " J . Y 7 Y
T B, T 8xk} * {axk (o) + D (%u,)]

i o' du /I o’ au;/
Ok a jk a,Ek .

Subtracting (L 39) from (L 43) gives

9 ﬁ 9 1,11 _ 9 mal 17 //8 ! aal
815('0”’ ])—f—a—(puu “""‘)__ax (pu ) pu; “ka + pu] kﬁi

— 0p — Op 3, 0 [— ou!! ou’}
_ " e " 10,01 _ 1o/l J
" o, T axj {axj () + Frs (v u])} P 5, TV Bz,

— 00, — 004k 0 [—— 0 [——
" ? " J 7 Y o Y
+ _uj Oz, T 3xk} + [axk (Umu]) + Oxy, (ijul)]

T T
/ auj / auz

— O’ikaixk—FO'jk axk‘| .

Rearranging terms yields an evolution equation for the Reynolds stress tensor puju =

pm (compare Sagaut & Cambon (2008, (9.62)), Chassaing et al. (2010, (5.36) and
(11.1)) and Gatski & Bonnet (2013, (5.23) and (5.24))):

g (W) Jrai (pu” 7 k) [pU”UZgﬁngﬂ (L44)
A, A
+7 (au + 52 ) ai (PuF el + 650 + 60 ] — ] — )

1o} 0x;
11 JE P " _ _
* {u’ ((%ck 6xj> R <8mk 0x;

" -
o 8uj Lo aul
ik 8Ik ik axk

L.9. Ewvolution of MDTKE
Define the local turbulent kinetic energy (LTKE)

7= 1uluf (L 45)

1 )
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and the mean density-weighted turbulent kinetic energy (MDTKE)
K=1pdm =Lpulul =pT. (L 46)
Set i = j in (L 44), performing a tensor contraction:

0 (—5— 0 (—i ou; o
at (pu// //) Jr aik (pullull uk) _ 72,0”””% a + 2p/ axz

0 (——7 —_— 0Gy,  Op o
" omn (Pu”u”ug + 26, p'ull — 2U§ku§/> +2u/ (3;;6 8%) — 20, By
With (L46), redefining indices yields an evolution equation for MDTKE (compare
Chassaing et al. (2010, (10.52)) and Gatski & Bonnet (2013, (5.25) and (5.26))):

9 0 omy o oy Qi (003 Op , Ouf
ot (k) + Ox; () Pt Oz T Oxy Oz v I i
7//
o [t vy~ ] - oy S

L.10. Computational considerations for MDTKE

When analyzing terms on the right-hand side of (L 47) in the mixing layers of the
present study, we find that numerical results are generally smoother when they are
computed from Reynolds averages of gradients, instead of gradients of Reynolds averages,
of the flow variables. (However, the two approaches do give comparable results, and they
are analytically equivalent in the infinite-resolution limit.) For example, we compute the
mean velocity gradient via

ou; 1 ( Ou; dp . Op >
=—|p +ui— —u; — |.

Oz; p\ Oz Oz O0x;

Also, for analysis of (L47), it is convenient to express Reynolds and Favre averages of

fluctuations in terms of Reynolds averages of flow variables computed directly in the
simulation. The following identities are helpful:

~ P Uj —7 — _ ~
Ui = F; ) Uy = Ui — Uy = Ui — Uy,
~ u Uj _pu u
pu”u;’ = p(wi —U;) (uj — ;) = putty — pu; 71 — P U l)ﬁz +p pﬁl 7]
1 - -
— P — (Pm) (P) e [puluz (puz)_(puz)} ’
p 2 p
%ﬁ (u//u//u//) _ pu”u”u” — %P(Ui - az) (Ui - az) (Uj . ﬂj)

— 1 a o P ITr
= §(puiuiuj — Uj PUU; — Ui PUUS + UiUj P UG

— Ui PUG + UUj PU; + UUs PUG — P UUU )

1o 1 ~ S~~~
= 5 PUUUG — 5 Uj U — Ui P UG + P UG,
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puf =p' (u; — ;) = (p—p)u; — p'u; =pu; — piy ,

, 8U;’ ( 7) 0 ( . ) ou; _Ou; _ou; i ou;
— =(m- U — U;) = — P —D
p axl p—p 8:@ ¢ ‘ p al'z p 8.%1 p 8% p 8951
. ou; _Ou;
P (9.’131 p 8331"
1o — ~N _ = =~ e o~
Oy = (Uij - Uij) (ui — Uz) = 04jU; — O35U; — O45U; + O3U; = T45U; — 045U,
o au;’ 0 8u2 _ 8”111 _ 8@ _ 861

y =(0ij —0ij) m— (Ws — W) = 04§ =— — Tij =— — 0ij ~— + 0ij 7—
Y Ox; (05 = 35) 8xj( i) Y Ox; Y Ox; Y Ox; Y Ox;

8ui _ 8@

=05 — — 045 —.
Jaxj jaxj

REFERENCES

ANDREOPOULOS, Y., Acul, J. H. & BriassuLis, G. 2000 Shock wave-turbulence interactions.
Annu. Rev. Fluid Mech. 32, 309-345.

ARis, R. 1962 Vectors, Tensors, and the Basic Equations of Fluid Mechanics. New York: Dover
Publications.

CELLIERS, P. M., BRADLEY, D. K., CorLins, G. W., Hicks, D. G., Boenry, T. R. &
ARMSTRONG, W. J. 2004 Line-imaging velocimeter for shock diagnostics at the OMEGA
laser facility. Rev. Sci. Instrum. 75, 4916-4929.

CHAPMAN, S. & CowLING, T. G. 1970 The Mathematical Theory of Non-Uniform Gases, 3rd
edn. Cambridge, UK: Cambridge University Press.

CHASSAING, P., ANTONIA, R. A., ANSELMET, F., JoLY, L. & SARKAR, S. 2010 Variable Density
Fluid Turbulence. Dordrecht, Netherlands: Kluwer Academic Publishers.

DAvIDSON, P. A. 2015 Turbulence: An Introduction for Scientists and Engineers, 2nd edn.
Oxford: Oxford University Press.

GaTskl, T. B. & BONNET, J.-P. 2013 Compressibility, Turbulence, and High Speed Flow, 2nd
edn. Oxford: Academic Press-Elsevier.

GOLDSTON, R. J. & RUTHERFORD, P. H. 1995 Introduction to Plasma Physics. New York:
Taylor & Francis.

HunTingTON, C. M., RaMAN, K. S., NAcGEL, S. R., MACLAREN, S. A., BAuMANN, T.,
BENDER, J. D., PrISBREY, S. T., SiMmMoONs, L., WANG, P. & ZHou, Y. 2020 Split
radiographic tracer technique to measure the full width of a high energy density mixing
layer. High Energ. Dens. Phys. 35, 100733.

Liou, W. W. & SuiH, T.-H. 1991 On the basic equations for the second-order modeling of
compressible turbulence. Tech. Rep. NASA-TM-105277. NASA Lewis Research Center,
Cleveland, OH, ntrs.nasa.gov.

McQUARRIE, D. A. 2000 Statistical Mechanics. Mill Valley, CA: University Science Books.

MoRrGaAN, B. E. & WICKETT, M. E. 2015 Three-equation model for the self-similar growth of
Rayleigh—Taylor and Richtmyer—Meshkov instabilities. Phys. Rev. E 91, 043002.

PANTON, R. L. 2005 Incompressible Flow, 3rd edn. Hoboken, NJ: John Wiley & Sons.

Poprg, S. B. 2000 Turbulent Flows. Cambridge, UK: Cambridge University Press.

RiLeEy, K. F., HoBsoN, M. P. & PENCE, S. J. 2006 Mathematical Methods for Physics and
Engineering, 3rd edn. Cambridge, UK: Cambridge University Press.

Sacaut, P. & CamBoN, C. 2008 Homogeneous Turbulence Dynamics. Cambridge, UK:
Cambridge University Press.



	Appendix G
	Appendix H
	Appendix I
	Appendix J
	Appendix K
	Appendix L
	Preliminaries
	Equations of fluid motion
	Evolution of vorticity
	Evolution of enstrophy
	Averaging operators
	Reynolds averaging of the continuity equation
	Evolution of the mean momentum
	Evolution of the Reynolds stress tensor
	Evolution of MDTKE
	Computational considerations for MDTKE


