Supplementary Material for ‘Inertio-elastic
instability of a vortex column’

1. Elastic Rayleigh Equation: the continuous spectra

The elastic Rayleigh equation as derived in the main text is given by,
D [r*PD¢] = r(m* — 1) P, (1.1)

where P = £2 —2m2EQ'2. In contrast to the inviscid Rayleigh operator which supports a
single continuous spectrum ranging over the base-state interval of angular velocities (Case
(1960);Roy & Subramanian (2014a);Roy & Subramanian (2014b)), the elastic Rayleigh
operator supports three distinct continuous spectra. The first of these is the original
inviscid continuous spectrum modified by elasticity. There exist in addition a pair of
continuous spectra associated with fore- and aft-travelling elastic shear waves in the az-
imuthal direction. On writing ¥2 — 2m?EQ? in (1.1) as (X +mQ'V2E)(X — mQ'V2E), it
is seen that these shear waves propagate at angular frequencies of +(mg’ )\/ﬁ relative
to the base-state angular frequency, m(r), at r. Unlike the finite- De continuous spectra
discussed in section 2 of the main text, these elastic-Rayleigh travelling-wave spectra arise
due to a balance of the inertial and elastic terms, and must therefore disappear for any
finite De. Thus, in the presence of any amount of relaxation, the original travelling-wave
CS-modes are no longer true eigenfunctions, and must instead be expressible in terms
of a superposition of finite De discrete modes. Aside from the obvious reduction in the
order of the equation, this again highlights the singular relation between the spectrum
of the elastic Rayleigh equation discussed below and the finite De spectrum, spectrum
associated with the viscoelastic Orr-Sommerfeld equation.

The elastic Rayleigh equation for arbitrary E belongs to the confluent Heun class with a
pair of regular singular points at the travelling wave locations given by ¥ 4+m/v/2E = 0,
and an irregular one at infinity (Slavyanov & Lay (2000)). The associated insolubility im-
plies that we only analyze the continuous spectra for small but finite E. The inertial terms
become arbitrarily small sufficiently close to the critical radius, defined by 3(r.) = 0, and
for any E however small, the effects of elasticity become comparable to those of inertia in
a boundary layer around r.. Thus, the elastic continuous spectra are analyzed below via
a matched asymptotic expansions approach which involves matching the leading-order
inviscid solutions, in regions away from 7., to those in an O(E%) interior elastic boundary
layer around the critical radius. The analysis of the continuous spectrum lends additional
insight into the structure of the unstable (discrete) mode described in detail in the next
section. The discrete mode mirrors the structure of the elastic CS-modes in the limit of
a vanishingly small growth rate.

To begin with, we summarize briefly the inviscid 2D CS-spectrum of the Rankine
vortex for E = 0 as found by Roy & Subramanian (2014), and referred to as the A;-family
therein. In light of the scalings used in section 2 of the main text, the non-dimensional
angular velocity profile for the Rankine vortex is given by Q(r) = H(1—r) + 5H(r—1),
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H(z) being the Heaviside function. For an azimuthal wavenumber m, the 2D CS-modes
span the angular frequency range (0, m€)y), and have a twin-vortex-sheet structure. The
vortex sheets are cylindrical, being threaded by axial lines, with one sheet located at
the edge of the core and the other at the critical radius in the irrotational exterior.
A given CS-mode rotates with the base-angular velocity corresponding to the critical
radius. Therefore, the radial velocity and axial vorticity eigenfunctions are of the form

[up(r;re), wy(r;re)] = [ﬁr(r;rc);wz(r;rc)]ei(mef‘”t) with w = Q(re), re = (m/w)%, and
Up(r;7e) =drm ! r <1, (1.2)
— ¢yl +02rm+1 l<r<re, (1.3)
1 1
= Z7Tm+1 r > Te, (14)
b (rire) = [ 29 500 — 1) = A@r)s(r — r0)] (1.5)
z 1 e) — (w 7771,) (& c ) .
where
1A [ 1
T [’"C T (9
iA(re) 1
Cl = 2 c TC — (17)
1 iA(re) .,
Coy = E + %Tc +1, (18)

(7" ) _ (QI/TC)[(m — 1) — w] ]
T 1)

(1.9)

The radial velocity eigenfunction itself is continuous at » = r., but the discontinuities
in slope at both » = 1 and r = 7, correspond to delta-function (vortex-sheet) contribu-
tions in the perturbation axial vorticity field. The first delta function is an artifact of
the kink in the base-state (Rankine) profile, and it is the amplitude of the second vortex
sheet, A(r.), that is of interest and that characterizes the 2D CS-spectrum. Note that
A(r.), and therefore ¢, equals zero when w = (m — 1), which corresponds to the regular
Kelvin mode with a critical radius given by rq = (m"il)%; the radial velocity in the
exterior now monotonically decays as 1/ r(m+1) There is a direct analogy between the
2D CS-spectra of plane Couette flow as found by Case (1960) and that of the Rankine
vortex summarized above. In both cases, the vorticity eigenfunctions are vortex-sheets
convected with the base-state flow - a single plane vortex sheet for Couette flow and
a pair of cylindrical sheets for the Rankine vortex. The crucial difference is the addi-
tional presence of the Kelvin mode above in the latter case. While the inviscid spectrum
for plane Couette flow (and other non-inflectional profiles) is purely continuous with the
amplitude of the vortex-sheet remaining non-zero over the entire range of wave speeds,
there exists a unique angular frequency, the Kelvin mode for a given m, for which the
vortex-sheet amplitude is zero for the case of the Rankine vortex.

For a Rankine vortex, the Kelvin mode, together with the 2D CS-modes, provide a
complete basis for an arbitrary axial vorticity field in two dimensions (Roy & Subrama-
nian 2014b). For almost any initial axial vorticity field, the linearized temporal evolution
(of the kinetic energy or other integral measures), for a Rankine vortex, is characterized
by a long-time algebraic decay characteristic of the inviscid continuous spectrum; the
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exception is an initial condition localized at the critical radius which excites the Kelvin
mode. In contrast, the absence of a regular discrete mode for non-compact Rankine-like
profiles, (the analog of the inviscid regular Kelvin mode is now a vorticity eigenfunction
with a Cauchy-principal-value singularity at the critical radius) implies that the temporal
evolution, for initial conditions localized at the critical radius, involves an intermediate
asymptotic regime characterized by an exponential decaying quasi-mode, the decay rate
being proportional to the (small) vorticity gradient at the critical radius. In the linearized
approximation, this exponential decay is followed by an algebraic decay, as for a Rankine
vortex; nonlinear effects, however, lead to a finite-amplitude tripolar structure (Balm-
forth et al. 2013; Schecter et al. 2000; Balmforth et al. 2001; Pradeep & Hussain 2006).

Returning to the Rankine vortex for small but finite E, we examine the solutions of
(1.1) separately in the outer region where r — r. ~ O(1), and in the inner region (the
elastic boundary layer) where r — r. ~ O(E%), before matching them to determine the
unknown coefficients in the respective domains. We assume the critical radius, r., to be
such that the elastic boundary layer lies an O(1) distance away from the edge of the
core (r = 1). The solutions in the outer regions, at leading order, are thus identical to
those given in (1.2)-(1.4) except that (1.3) and (1.4) are not valid right until r.. Likewise,
apart from the core contribution (the term proportional to §(r —1) in (1.5)), the vorticity
field is localized in the elastic boundary layer around r., although no longer a delta
function at this location. Thus, (1.3) is now valid in the range r > 1, (1. — ) > O(E%)
Whlle (1.4) is now valid in the range (r—r.) > O(E ) Note that since P = X2 —2m?2EQ?

n (1.1), the direct effect of elasticity enters the outer regions only at O(E). At O(E%),
the outer solutions still satisfy the inviscid Rayleigh equation, and the effects of elasticity
only enter via matching to the far-field forms of the elastic boundary layer solution. For
purposes of matching below, it is convenient to normalize the perturbation in the core
region, so that @, (r;r.) = r™~! for r < 1 instead of (1.2) (this being valid to all orders
in E). As a result, instead of (1.3) and (1.4), we have:

(0)
N 0. m-1, 1=c1") 1 )y me 1 1
s (rire) =7 A B () HO(B) > Lo — 1> O(E),
(1.10)
0, g0
dpa(rire) = 2222 LOE) 1 -1 > O(ED), (1.11)

Tm+1

for the irrotational radial velocity perturbation outside the core and outside the elastic
boundary layer. The choice of constant in (1.10) reflects consistency with the normalized
core perturbation at r = 1. Since one is looking for elastic generalizations of the A;

CS-modes, we also impose continuity of the radial velocity for » — 7., as seen from the
(0 (0)) (0)

outer region. This implies ¢; )rm EREpSm H) (1_C m+1 = G, (re; re), which also leads to the

relation between the two constants 1nvolved: C(O) go)( 2m 1)+ 1.

It may be shown that a balance between the inertial and elastic terms occurs at leading
1
order when r — r. ~ O(E?), and one therefore defines the boundary layer variable n =

ﬁ On using the expansion X(r) = —mQL(r —r.) — mQ’C’M ~ —mQL(2E)2n[1 +
g,/ (E) 2], the original relationship between the rad1al velocity and displacement, £(r) =

(it ) /% (1), takes the form 4, (n) = —imQLn[1 + 2 o ( )2n)€(n) in the boundary layer, to
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O(E), with §1(T) = (2E)2

1+ X (2F)29?%). To O(E

I

Nl=

(n). Further, P = (w—mQ(r))2—2m2E[Q/ (r)]? ~ 2m2EQ.*[n*—
), the governing equation, (1.1), then takes the form:

7
c

d% {re + (2E)2n)° l(?f -1)- SfE5] % = O(E), (1.12)

in terms of the re-scaled radial displacement, é (1), in the boundary layer. Here, we have
used that 2, = — 2, Q7 = 5 for a Rankine vortex. The form of (1.12) evidently suggests

a series expansion of the form () = £©)(n) + E2£M(5) + O(E), and one obtains the
following governing equations at O(1) and O(E%), respectively:

d| , de©
— -1 =0 1.13
0 [m | =0 (113)
d dEV | 3v2d| dE©®
) PR - " . (1.14)
dn dn re dn| " dn
The solution of (1.13) is given by:
O () = AQ 4 A )71 1.15
&% () 1 2 n|77 ) E ( )
implying a radial velocity in the boundary layer of the form:
-1
i () = —imQLn [Af” + AP n| 72 — ] , (1.16)

at leading order. The values n = 1 denote the locations of the travelling wave singular-
ities where the radial velocity is logarithmically divergent. This divergence is expected
since the Frobenius exponents associated with each of the regular singularities are both
0. The singularities divide the boundary layer into three regions, with the solution forms
in the individual regions may be written explicitly as:

_(0) [ 20 20, n—1
@) =n|AY + AP — < -1, 1.17
() =m |4 2 o5 (1.17)
- A I
@) =9 |A?D + AP ——T| —1<p<1, (1.18)
I L+n)]
- ) T
i) =n A + AP I >, (1.19)
i n+1]
where AZ(-O) = —imQéAl(.O). Note that we have chosen the same constant for the sin-

gular logarithmic solution in all three parts of the boundary layer with the logarithm
being real valued in each region (this being possible by suitable choice of the regular
constants). Such a choice is consistent with the purely inviscid case (E = 0) where, for
a general non-linear shear flow, the constant multiplying the logarithmically singular
Tollmein solution is the same across the critical level, and it is the jump in the constant
multiplying the regular solution that generates the inviscid CS-spectrum of the Rayleigh
equation (Balmforth & Morrison (1995a)). It will be seen below that the constants in
the two peripheral regions (flg,/l;o)) are constrained by matching, and an appropriate
choice can accommodate the differing slopes of the outer solutions on either side. The
regular constant in the central part of the boundary layer, at leading (A?”) and higher
orders, can be chosen independently, however, and this additional degree of freedom is
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crucial to the existence of additional continuous spectra for any finite E.

Using (1.15) in (1.14), and solving, gives:

W () = 4W
f (77) 1 + 77_’_1 Te 772_]_’

34" n—1, 3v240 1
AP 4222 piy - 2 1.20
2+ | | (1.20)

where the terms proportional to Agl) and Agl) denote the homogeneous solution. Al-
though not made explicit in (1.20), a distinction will again being made between solution
forms in the the three parts of the elastic boundary layer similar to that done at leading
order. The radial velocity in the elastic boundary layer, at O(E%)7 is given by:

; . A —1, 3240 1
A§1>+<A§1)+3 2| 3V : (1.21)

D (p) =
U =
r ) =n Vore ) T re  n*-l

where flgl) = —imQ’CAgl).

The matching requirement between the outer regions and the elastic boundary layer
may be stated as: lim,_,,_ U1 (157¢) = limy, o Up— () and lim, ., Uro(r;re) = limy o0 Urg- ()
to O(E%). As pointed out earlier, the only difference between the 2D inviscid spectra of
plane Couette flow and the Rankine vortex is the existence of a lone discrete mode - the
Kelvin mode - in the latter case. In order to discriminate between the generalizations of
the inviscid CS-modes and the Kelvin mode for non-zero E, one needs to carry out the
matching to O(E%). At O(1), the matching process ensures the continuity of the radial
velocity across the elastic boundary layer, and it is only at O(E%) that the two ends
of the elastic boundary layer (n — +00) sense the difference in the slopes of the outer
eigenfunctions, 4,1 (r;7.) and t,.o(r;r.), for r approaching r.. It is precisely this jump in
slope that differentiates the CS-modes from the Kelvin mode.

The far-field forms of the solutions in the peripheral regions of the elastic boundary
layer are given by:

N N 1 N A 3V2 -
lim @, (n) = A%y — 240 + B |24+ (Aﬁ@ - ;[A§O)>77 : (1.22)
c

n—too

where the neglected terms only affect the matching at O(E%). The above expressions are
to be matched to the limiting forms of the outer solutions obtained from (1.10) and (1.11)
in the limit r — 7. + (2E)27, which are given by:

0
A ) s B +1)(1— 1
B (r7) = i 7.) 4% <c§°><m—1>rz" 2—W>x/§n+c§”<r; [ HO),
(1.23)
o
1 2 1
Up(r;re) =Up(resre) + E? —\[(m+2)02 N+ —2 | +O(E). (1.24)
rett ret

Matching (1.22) and (1.23)-(1.24), at leading order, gives Ag =0 and Aéo) = *w

A consistent match of the constant term at O(E%) gives Agl) = cgl) = cgl) = 0. Matching
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the term proportional to 1 at O(E%) gives:

(0)
A 3v2 . - +1){d~
AP =32 40 ys <c§°><m—1>r;” —W) » (125)
- ,
3 (m=1)r2m + (m+1) r™ i, (rere) =1 m+1
= *EU (T('7TC)+\/7|: m+2 T‘gm 1 - T;’:n+2 ) (126)
A 3V2 . (m+1)v2
A} = r Ago)—T ¢, (1.27)
2m + 5
_ Mmm;rc), (1.28)

where the two boundary-layer constants are rewritten in terms of 4, (r¢;7.), the ampli-
tude of the radial velocity eigenfunction at the critical radius.

Having determined the constants above, the forms of the eigenfunction in the outer
1
regions, to O(E?), are given by:

(0) (0)
. m— 1-c . c
Ur1 (T; TC) = C(10)7‘ ! ( ! ) 5 Ur2 (T; Tc) = T7Z+1 s

T (1.29)

where cg and 02 ) have been defined in terms @iy (re; re) above. The form of the eigenfunc-

tion within the elastic boundary layer may be written down in the following piecewise
form:

- _4(0 n- 1 (1) 40 -1 2 —
Ur—(n) =4As >Pf.771n77 " 1 [A \/5 )Pf ( N R n<-1,
(1.30)
5 | (0 1-— n % 3 2(0 1- n o 2 _ _
ar(n) =n|A1+ A4, >Pf.ln1 77] +E n{ﬁrcAQ )Pf.<771nl_~_77 1 1<n<—1,
(1.31)
Ut (1) zfigo)Pf.nln n- 1 {A(l)JrA Opt, <77 In -1 2 >] n>1,
n+ 1 V2r n+1  n2-1
(1.32)

again to O(E%). Note that the terms linear in 7, at leading order and at O(E l) have
been combined into a single term, A7, in (1.31). While A" = ”T(TC’T“), and A{Y) in

the above expressions are given by (1.26) and (1.28), respectively, A; in (1.31) remains
arbitrary. The prefix Pf. in (1.30)-(1.32) denotes a principal-finite-part interpretation
(Gakhov 1990) which, as will be seen below, is required in interpreting the axial vorticity
field within the elastic boundary layer. The expressions (1.30)-(1.32), taken together with
the expressions for the constants involved, show that the CS-modes for small but finite
E involve two parameters. These may be taken as [, (1¢;7¢) — T¢ (mH)] and A, where
1/rm*1 is the normalized radial velocity associated with the Kelvin mode at 7 = ... The
first parameter, of course, already exists for E = 0, and is proportional to the amplitude
of the second vortex sheet, A(r.), used earlier for the description of the CS-modes for
E = 0(see (1.2)-(1.4)). The second parameter arises only for non-zero E and affects the
detailed structure of the (elastic) boundary layer vorticity field.

The finite-E generalization of the regular Kelvin mode may be obtained by taking r. =
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Teks cgo) =0, céo) = 1, as for the inviscid case above. This implies Aéo) =-1/ (21"2’,2“),

AU = AU = —(2m + 5)/(v2r™F2). In the outer region, one now has . (r;r) =
Gpa(r;re) = 1/r™T1 and within the boundary layer, (1.30)-(1.32) take the form:

_ 1 n—1 Eiy [ 3 < n—-1 2 j
Uypp— (n)=— Pf.nln - 2m+5)+=Pf.| nln——— < -1,
k—(n) T o ﬁr:?gt( )+5PEL 7 1 i) "
(1.33)
_ . 1 1—-n] 3Ezy 1—n 2
() =n |A;— Pfl Pf. (pln —— — —1 -1,
k()= | A= g e n1+n] 2v/2r7 (nn1+n -1 =
(1.34)
1
. 1 n—1 E2n | 3 n—1 2
. = Pf.l - 2m—+5)+=Pf.n( nl - 1,
Ukt (1) P e ﬁ%ﬂ( m+5)+5PEn{ 7 T ) 1
(1.35)

The above expressions suggest that the finite-E generalization of the regular Kelvin mode
is a one-parameter family of singular eigenfunctions, A; being the parameter, with sin-
gularities at r = ro, £ V2E (n = £1) for small E.

The above interpretation for finite E also becomes clear on consideration of the ax-
ial vorticity field associated with (1.30)-(1.32) (recall that the velocity field in the outer
regions is irrotational to O(E%)). For E = 0, the axial vorticity field is, of course, a
delta function at r = r.. For small but finite E, the vorticity field is still localized in
the elastic boundary layer which may be regarded as a vortex sheet on the scale of
the outer region. One may therefore discriminate between the 2D CS-modes and Kelvin
mode based on the strength of this equivalent vortex sheet, defined as the total vor-
ticity contained within the O(E%) boundary layer over a single wavelength in the az-
imuthal direction. For E <« 1, this integrated vorticity contribution is proportional to

SO (e rdr = (2B)E [ ()t (2E) .

Using the relation w, = (i/m)L(ri,), together with the small E expansion for the
radial velocity in the boundary layer, one obtains w,(n) = (2E)_1[1ZJ,(ZO) (n) + E%wgl)(n)]
where:

: 2~(0)
(0 ¢y — 1Te lr 1
wz () =— a7 (1.36)
ir, 1A )
=— Pf—2—+A0(n+1)—6(n—1)+8n+1)+8Mn-1)]|, (1.37)
m (n* = 1)
: 2-(0) - (0) 2~ (1)
- (1) _ i d“t, di, d“uy,
w3 (n) - \/567 e +3 d77> +7re | (1.38)
-2 (0) 2 4 2
) 2n(3n° —5) n—1 n—1, 2n(n*—4n°-1)
= 2 ] 2r( 1
e e G o ST e ) R (e R e
ire. » , A
+ AT+ D) =8+ DY+ ANE - D+ - DY, (139)

where P denotes a Cauchy-principal-value interpretation. The integrated boundary-layer



8

vorticity, for small E, may be written as:

(2E)* /_ Oowz(n)[rc+(2E)%n]dn (1.40)
_ 1 , OOUN}(O) % Oow(o) . oow(l)
= 57 [/_Oo O (n)dn + E (x/i/_ > (mndn + C/_oo ( (n)dn>}7 (1.41)
= — ﬂ = L ire , 21 (1) 1
- <2E>épf'/oo GE— D T Ay — A +O(E), (1.42)
I;C(A(1 — AV o(E?), (1.43)

where the Cauchy-principal-value interpretation implies that only the terms proportional
to A(i in (1.39) contribute. Physically, the contributions that are odd in 7 denote jet-like
structures, either localized at the travelling wave singularities (proportional to §'(n+1))
or non-local, within the elastic boundary layer, and their contribution to the outer ve-
locity field is negligibly small for E < 1. The second term in (1.42) is expected, and
denotes the strength of the elastic boundary layer, interpreted as an equivalent vortex
sheet, on the outer scale. This vortex-sheet contribution is present only for the CS-modes,
and vanishes for the Kelvin mode in which case A(l) Agl_) The first term in (1.42) is

larger, being O(E™ )7 but does not contribute to the outer velocity field owing to the
principal finite-part interpretation. Thus, the vortex-sheet contribution, proportional to
121(12 — flgl_), is the only relevant one as far as the induced velocity field in the outer region
is concerned, ensuring consistency with the inviscid scenario in the limit E — 0. In terms
of the vorticity field in the elastic boundary layer requiring a principal-finite-part inter-
pretation, the relation between the finite E CS-modes, and those for E = 0, is similar to
that between the three-dimensional CS-modes of a smooth vorticity profile and those of
a Rankine vortex (Roy & Subramanian (2014b)).

Having established in detail a connection between the solutions of the elastic Rayleigh
equation for small but finite E, and the original inviscid spectrum of the Rankine vor-
tex (including the Kelvin mode), we proceed towards an alternate intepretation of the
CS-eigenfunctions for non-zero E. As will be seen, this interpretation is more general in
that it is not reliant on E being small. The presence of two parameters, i, (r¢;r.)—1/rm+!
and A; in (1.29)-(1.32), implies the existence of a pair of continuous spectra for finite E,
in contrast to the single one for E = 0. It is convenient to regard each of these as corre-
sponding to a particular choice of Ay in (1.31), and therefore, as being parameterized by

Gy (re;7e) — 1 /71 alone. The natural choices are A; = E2 A( ) and A, = E? A( which
ensure the smooth connection of the regular solution across 77 =1 and —1, respectlvely.
For either choice, the absence of a kink ensures the absence of delta—function-like con-
tributions to the tangential velocity and axial vorticity fields at the relevant travelling
wave singularity. Of course, the finite-E eigenfunction is still singular owing to the loga-
rithmic terms in (1.30)-(1.32). From here onwards, the singularities at n = 1 and —1 will
be associated with the fast (or forward) and slow (or backward) shear wave, respectively,

for obvious reasons. The choice A; = flg{g implies that one only has a kink at the slow
shear wave. Since it is this kink that allows for singular eigenfunctions even as r. spans a
continuous interval, the interval of existence for this slow-shear-wave-spectrum (SSWS)
may be obtained by the requirement that the kink (the location of the slow shear wave
singularity) lie in the physical domain. The slow shear wave propagates with an angular

1

frequency of w = m[Q(r) + ' (r)(2E)2] = m[1/r? — 2(2E)= /73], which must then lie in
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the base-state range of angular frequencies (0,m). The shear wave frequency evidently
approaches zero for r — oo, while it equals m for r = r. with 1/r% —2(2E)%/r§’s = 1. For
small E this gives r.; = 1 — (2E)2, corresponding to an angular frequency of 1+ 2(2E)%.
So, the SSWS frequency interval is [0,m(1 + 2(2E)2)]. Analogous arguments for the
fast shear wave yield the frequency interval for the fast-shear-wave-spectrum (FSWS) as
[0,m(1 — 2(2E)2)] for small E. The SSWS and FSWS eigenfunctions differ in structure
only within the O(E%) boundary layer, where they are given by

Upr—(n) zﬁ(zo)Pf.nan:—i-E%n[Agl)—l—?)Aé())Pf.(nlnjn_l 2 >] n<—1, (1.44)

V2r, n+1 21
- p n—1 1 |a 3 . n—1 2
Ut (1) A(QO)Pf.nlnn_’_l|+E2n[Agl+) Jr\/irA(QO)Pf(n In P e n > —1, (1.45)
c
and
Upr—(N) :A(O>anlnl77_1|+Eé77{A(1)+3A@Pf (nlnln_l __? )] n <1, (1.46)
" 2 Covere U el - C
- p n—1 1| 3 . n—1 2

1

respectively, to O(E?2). The SSWS interval above extends outside the base-state interval
of angular frequencies, clearly implying that the modified semi-circle theorem stated ear-
lier doesn’t apply to the CS-modes. The equivalence of the CS-interval to the semi-circle
radius, for the purely inviscid case, is thus a coincidence. It is worth noting that the
expressions (1.44)-(1.47) are valid only when the elastic boundary layer is at a distance
away from the core that is much greater than O(v/'E). Strictly speaking, derivation of the
finite-E eigenfunctions for frequencies close to the upper end of the SSWS and FSWS
intervals requires application of the core boundary condition to a uniformly valid repre-
sentation constructed from both the outer and boundary layer solutions. This is a detail,
however, and can be done (Reddy (2015)).

The point that needs emphasis, with regard to the alternate interpretation above,
is its validity for arbitrary E. Although closed form expressions for the eigenfunctions,
belonging to the two continuous spectra, can no longer be obtained when E is not small,
the pair of travelling wave singularities still exist and satisfy w = m[Q(r) £ 20 (r)(2E)2].
The elastic boundary layer solution given in (1.15) must now be interpreted as a Frobenius
expansion in the vicinity of the relevant singular point. The FSWS spectrum corresponds
to the interval [0,m(1 — 2(2E)2)] for E < 1/8, and to [m(1 — 2(2E)2),0] for E > 1/8.
The SSWS spectrum continues to be given by [0, m(1 + 2(2E)z)] for finite E, although
there arises a degeneracy for E > 1/18 due to shear waves at a pair of radial locations
propagating with the same frequency. Figures 1 and 2 show the spectra, and a few
representative eigenfunctions, for the hyperbolic tangent vorticity profile defined as,

Z(r) = Zzo{l—tanh {r;a]}, (1.48)

determined numerically using a spectral method (cf. section 3 in the main text). Figure
3 shows a comparison between the numerical and analytical estimates for the upper (and
lower) bounds of the SSWS (and FSWS) intervals with E for this vorticity profile.

The close analogy of the Rankine vortex with plane Couette flow (Roy & Subramanian
(2014b)) allows one to identify the travelling-wave spectra in the latter case too. For the



10

0.04F 0.04

0.02 0.02f
3 0.00 == 3 0.00

-0.02 -0.02F
-0.04 -0.04f

0.0 0.5 1.0 15 -2 -1 0 1 2 3

wr [
(a) (b)

Figure 1: The elastic Rayleigh spectrum for the hyperbolic tangent vorticity profile (de-
fined in (1.48)) with d = 0.025 for (a) E = 0.1 and (b) E = 1; m = 2 and N = 1500.
In addition to the continuous spectrum, we see a pair of discrete modes for E = 0.1.
For the numerical calculation, the domain chosen is r € (0,7 ) with 7o, = 4a. Hence
the continuous spectrum eigenvalues lie between wp,;, and Wy, which can be found
analytically, using the expressions derived in the main text, and are marked on the plot.
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Figure 2: The radial displacement eigenfunctions for the CS-modes associated with the
hyperbolic tangent vorticity profile (defined in (1.48)); E = 0.1,m = 2 for (a), (c), (e);
E =1,m = 2 for (b), (d), (f). The wavespeeds are given by, w, = (a) 0.3, (¢) 0.8 and
(e) 1.2 for E = 0.1 and by w, = (b) —0.7, (d) 0.8 and (f) 2 for E = 1. The analytical
locations for the shear-wave singularities are marked as red (dashed) lines.
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Figure 3: Variation of the global (a) upper and (b) lower bounds of the continuous
spectrum with E, for the hyperbolic tangent vorticity profile (defined in (1.48)) with
d = 0.025. For SSWS, the lower bound is 0 while the upper bound is shown in (a). On
the other hand for the FSWS, for E < 0.145, the lower bound is 0 while the upper bound
is shown in (b). For FSWS, for E > 0.145, the lower bound is shown in (b) while the
upper bound is 0. In (b), the threshold E~ 0.145 is marked. Note that due to the bounded
domain the transition threshold for FSWS is different from that for an unbounded vortex
(E=1/8).

(dimensionless) base-state profile U(y) = y in the domain (0,1), the FSWS and SSWS
span the intervals [—(2E)z,1 — (2E)z] and [(2E)2,1 + (2E)2], both of which violate the
semi-circle theorem. Unlike the Rankine vortex, the linearity of the Couette profile implies
that the aforementioned spectral intervals remain valid for arbitrary E, and become
disjoint for E > 1/8. An analysis similar to that detailed above, but simpler, can be
carried out for plane Couette flow to obtain expressions for the singular eigenfunctions
corresponding to the fast and slow shear wave spectra in the limit E < 1. The outer
solutions, valid when |y — y.| > E? with Y being the critical level, are the well-known
Case eigenfunctions with the normal velocity given by 4, (y;y.) = sinh k(1 — y.) sinh ky
for 0 < y < y. and 4y (y; y.) = sinh ky.sinh k(1 —y) for y < y. < 1 (Case (1960)). Within
the elastic boundary layer, the SSWS eigenfunctions are given by:

~ —1 ~
iy (n) :Bng.nan?—&-(ZE)%nBl, n< -1, (1.49)

- ~ -1 1~
iy (1) =Bng.n1n|%|+(2E>5nBl+ > -1, (1.50)
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Figure 4: The elastic Rayleigh spectrum for plane Couette flow for (a) E = 0.1 and (b)
E=1;k=2and N = 1500.

and the FSWS eigenfunctions are given by:

_ 5 -1 14
iy (1) =ngf.nlmzﬁ|+<2E>ank <1, (1.51)
- A -1 PR
Uy (n) =B2Pfyln Z - 1+(2E)57731+ n>1, (1.52)

Here, n = (y — y.)/ (2E)% is the boundary layer variable, and the constants appear-
ing in (1.49)-(1.52) are By = — 3y (Ye; ye) With dy(ye; ye) = sinh kyesinh k(1 — y.) be-
ing the normal velocity at the critical level, and BH_ = —kcosh k(1 — y.)sinh ky. and
By_ = kcosh ky.sinh k(1 —1y.). Since the original inviscid spectrum is purely continuous,
the exceptional case of BH = 31,7 corresponding to the Kelvin mode for the Rankine
vortex above, does not arise. Figures 4 and 5 show the spectra, and a few representative
eigenfunctions, for plane Couette flow for E’s on either side of the overlap threshold (E
= 1/8), again determined using a spectral method (cf. next section).

The CS-modes arising from the multiple continuous spectra above, together with a
possibly finite number of discrete modes, must form a complete basis for the independent
fields required to completely characterize an initial state in the limit Re, De — oo. For
the Rankine vortex, as governed by the elastic Rayleigh equation, these may be taken as
the radial velocity field and the two components of the polymeric force field, V - a; since
the radial component of the normal stress, a,,, does not enter in the elastic Rayleigh
limit, one may equivalently consider the radial velocity field and the stress components
arp and agg. One therefore needs (at least) three continuous spectra in order to represent
an arbitrary initial condition. The analysis detailed above, in choosing a continuous
solution across r = r.(n = 0), does not account for the third spectrum needed. This
is the Doppler spectrum corresponding to w = Q(r.). Now, the Frobenius exponents
for r = r, for the radial displacement field, are 0 and 1, and there is no singularity at
r = re.(n = 0), as is also evident from the elastic boundary layer solutions above (see
(1.15) above). However, in a manner similar to inviscid plane Couette flow (Case (1960)),
one nevertheless requires CS-modes with a singularity at » = r. to generate a complete
basis. The Doppler spectrum eigenfunctions, for finite E, with De — oo, may be generated
by different choices of one of the two regular solutions on either side of r = r. (the one
corresponding to a Frobenius exponent of 0). On including the effects of relaxation,
r = 1. becomes a singular point. The functional form of the CS-modes has been obtained
earlier (Graham (1998)). For large but finite De, these modes, arising from the solution of
a fourth-order ODE, will be valid in an inner layer of O(De™!) (with De™" < VE), and
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Figure 5: The wall-normal displacement eigenfunctions for plane Couette flow for the
CS-modes; E = 0.1,k = 2 for (a), (c), (e); E=1,k =2 for (b), (d), (f). The wavespeeds
are given by ¢, = (a) —0.8, (c¢) 0.1 and (e) 1.2 for E = 0.1 and by ¢, = (b) —2, (d) 0.5
and (f) 2 for E = 1. The analytical locations for the fast and/or slow travelling-wave
singularities are marked as red (dashed) lines.

will transition to the elastic Rayleigh Doppler-spectrum eigenfunctions on scales much
larger than O(De™!).

2. Details of the analysis for the LHS problem

The approach used in section 3.2 of the main text, may be validated by the exactly
soluble LHS problem - that governed solely by the LHS of (3.2) of the main text for the
Rankine profile. The governing equation for the LHS problem is:

D [r* {(w —mQ)* — 2m*EQ"?} D¢] =0 (2.1)
with Q@ = 1/r%, Q' = —2/r® and the boundary conditions:
=1, (2.2)
r=1
_ )2
d§ _ (m—1) (w—m) 7 (23)
drilr=1+ (w—m)% —8m?E

£ =0,

as r — oQ.
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As will be seen below, the eigenvalue expression obtained from the LHS problem agrees
with the complete problem to O(gvE).

The solution of (2.1) may be readily written as,
/OO d,r/

. P
/OO dT'/ ?
L TP
where P(r) = (w—mQ(r))?—2m2EQ’ (r)?, defined in the main text. (2.5) satisfies the first

and third boundary conditions above by construction. Applying the remaining boundary
condition (2.3), leads to the following dispersion relation, valid for arbitrary E:
dr’

D(w,m;E)—lJr(ml)(wm)?/loor,SP(r/)O (2.6)

= (2.5)

A Nyquist method, following Balmforth (1998), can be used establish the presence of an
unstable mode (not shown).

2.1. Small-E expansion of the exact solution

Next, we analyze (2.6) to obtain the scaling for the growth rate in the limit of small E.
(2.6), explicitly written out after evaluation of the integral in closed form, takes the form

B — (m—1)f* _ _ _ _
D(w,m;E) =1+ O =)0 — 1) (78 —170) {mi(n2 — n3)log(1 —m1) + n2(ns — m) log(1 — n2)+
n3(m — n2) log(1 —n3)} =0, (2.7)

where f =m/w — 1 and n; 2,3 are the roots of the cubic: n(n—1— f)2 —8(1+ f)*E = 0.
The exact expressions for 7; 2 3 are omitted for brevity. We make the a priori assumption
of f <« 1 but do not specify its smallness relative to E; implying that the unstable mode
exists in the vicinity of the core. As already argued in section 7?7, this is a reasonable
assumption since the balance between elastic and inertial terms in P occurs when w—m ~
O(\/]T]) Expanding the exact expressions of 71 » 3 for small values of E and f, one obtains,

m =1+ 2V2E — 4E + 10vV2E*2 — 64E2 + f (1 +VOE — 5v2E¥/2 4 64E2 + .. )

VE  15E%/2 )
+fA ——=+ —GAEZ .. +..., 2.8
! ( 22 22 (28)
7o = 8E + 1282 — 128 fE? 4+ 128 f?E% + .. ., (2.9)

s =1 — 2v2E — 4E — 10v/2E%/2 — 64E% + f (1 — VOE + 5V2E%2 4 64E? + .. )
E 15E%/2
+£? ( vE

22 22

Substituting the above expansions in (2.7), again expanding for small E, yields the asymp-
totic expansion for f. The corresponding expression for w is found to be,

Y 1-VE {x/é 4o (VE-S) {2\/§ — 16VE + 4V8E — 128E3/? log(32E) — 64(3 + 4m)E3/2}]

—64E2+...>+... (2.10)

(2.11)
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It is evident that f = m/w — 1 ~ O(VE) < 1, ensuring self-consistency. The above
expression highlights the transcendentally small nature of the growth rate; specifically

_ 1 (T
w; = 2567 E%e” ™1 (\/g 6) in the limit £ < 1. Note that in contrast to the growth rate,
the correction to the leading order wave speed has an algebraic scaling, 1 —w, ~ O(\/E),
consistent with the initial scaling arguments in section 3.2 of the main text.

2.2. Matched Asymptotics Expansions approach
Here we give the details for the solution of the LHS problem using using the matched
asymptotics expansions approach. The answer obtained to O(E%fﬁ\/%) matches ex-
actly with that obtained from the exact solution (2.11 above). This serves to validate
use of the technique for the full problem for which an exact solution is not available. We
assume the following double expansion for the eigenvalue for £ < 1 and g < 1:

ﬁ:1—\/E|:\/§+9{C0+Cl\/E+C2E+...}+O(g2):| (2.12)

m

As will be seen, the transcendental scaling for g naturally emerges in this approach, im-
plying that (2.12) conforms to the exponential asymptotics ansatz; the transcendentally
small terms of O(g) in this expansion are important since they determine the growth rate
at leading order. The boundary layer structure is the same as that of the full problem,
and has been discussed in detail in the main text.

2.2.1. Outer region- r —1 ~0(1)

One expands P for small E as,
P
- =50+ \/17351 + ESs + O(g\FE), (2.13)

where Sp = (1 — %)2, S =—-2v8 (1 — %2) and S =8 (1 — %G) This implies an expan-
sion for the radial displacement of the form,

) =B () + B2 ¢l (r) + B> &' (r) + O(E*?) + O(gVE). (2.14)

From section 3.1, we see that the RHS of (??) enters at all orders in the outer region.
Thus, the outer region solutions of the full problem and LHS problem differ at all orders.
For the LHS problem, at O(E),

d [ sqds]
dr [T 5074 | =0 (219)
. . Bo
with & — 0 for r — oo, which gives & (r) = rZ—1)
At O(E*/?),
d [ def]_d [ 5, d&
dr [r S | = a5 ar | (210

2v/2B, 4V2By + B
with &' — 0 for » — oo, which gives ¢F'(r) = (r;C 1(;2 \{;2 0_+1) -

At O(E?),
d [ .. deF d deF1 d del
a {7’35 52] -2 {F’Slgl] _a [raszj;j} , (2.17)

dr O dr dr dr

2 2 22 2 42
with &8 — 0 for 7 — oo, which gives, &8 (r) = 3280 0B, + 2V25, +3 By + 428, + B,

32— 1)8 ' (12— 1)? 21
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termined by matching to the outer boundary-layer solution.

. The B;’s in the above expressions are integration constants, which are de-

2.2.2. Outer boundary layer - —1 ~ VE

In terms of the rescaled coordinate z = (r — 1)/vE, the LHS problem in the outer
boundary layer takes the form:

d dge|
- {Q - } =0, (2.18)
where Q, for small E, is expanded as,

Q= Qy+ VEQ: +EQ, + E¥?Q3 + O(E?) + O(gVE), (2.19)
with Qy = 4x(z — 2v2), Q1 = —12V2x(z — 2v2), Qo = 2%(2® — 4v2zx — 24) and
Q3 = 23(88 — x?). For the displacement, we assume the expansion,

£°(x) = VEE () + B (2) + B2 €3 (x)+

E?log(32E) &3, (z) + E* £5(2) + O(E*/?) + O(gVE). (2.20)

The log(32E) term in (2.20) is necessitated by the log term in the outer region solution
at E? viz. &F.

At O(E'/?),
{ dgo] =0 (2.21)
= £5(z) = Gio + Gi1 log (:E?/i) . (2.22)
At O(E),
d | d dgg
. [Qo dac} =i {Q1 dx] ’ (2.23)
= £7(x) = Go1 + Gi1log (a:—?/i) . (2.24)

Note that at both O(E'/?) and O(E) one obtains the same governing equation since
Qo and Q; have an identical dependence on z (to within a multiplicative constant). At

O(E*?),
Lof]-2fd) -2l e
= €9(x) = Gas + Guz log (“j@ - gf (m 2+ - m) . (226)
At O(E? log(32E)),
% [Qodjil} =0, (2.27)

= &5 (2) = Gas + Gizlog (36_;\/§> - (2.28)
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At O(E?),

d aeg]  d dés dey d€g
e [Qo daﬂ =i {91 d; + Q2 dxl + Qs da(j (2.29)
= &5(x) = Gaz + Gislog (:z:?/i) + 3v/2G5 log <x$2\@>
32 G11 32
—3G10 <x+m2\/§> _ﬁ <$2ﬁ+m—2\/§)
Gio [ (z—2v?2)? 160v/2
+23 <2+6\/§(:c—2\/§) —64log(a:—2\/§) %)
(2.30)

The G;;’s in the above expressions are integration constants, which are determined by
matching to the far-field and inner boundary-layer solutions.

2.2.3. Inner boundary layer - r — 1 ~ O(g\VE)

Introducing the inner boundary layer coordinate, y = (r — 1)/gvE with g, E < 1 and
the inner boundary layer displacement as £(r) = £'(y), we have:
d de’ ER(m? —1) .
= [R 3 ] _ER(m — 1) (2.31)
dy | dy (1+ gvEy)?

with R = (1 4+ gvEy)?P/(m?gE), which is further expanded as,

R = Ro + VER; + ERy + E¥210g(32E) R0 + E¥/?Ra; + O(E?), (2.32)

where Ro = 4v2(co — 2y), R1 = 4v2(c1 + 6v2y), Ra = 4v2c2, R3o = 4v2c30 and
R31 = 4v/2c31, where the 32 is retained in the log term in (2.32) for convenience. The
boundary conditions are given by,

Ey=0)=1 (2.33)
‘ 2 (2 — E 5 (3 —9 2. ) p3/2

Cff (y _ O) — (m— 1)@{\/5 B ﬂclzx/ﬁ N V2(2 36082) B V2 (3 006122 + cBean) B
Yy Co c e s

2 (2.34)

V2¢30E3/? log(32E) n }
2 e

¢4 (y) can thus be expanded as,

€'(y) = & (y) + VEEi(y) + E&(y) + E¥2 € (y)
+ E?log(32E) &l (y) + E* &4 (y) + O(E*?) + O(gVE), (2.35)

where the leading order radial displacement is now O(1). Importantly, as already argued
in the main text, the RHS in (2.31) is transcendentally small (on account of g), and
may therefore be neglected to all algebraic orders considered below. Thus, at O(1), one
obtains,

Finally, at O(1) we obtain,

d d€6
el — 2.
M [Ro dy] 0, (2.36)
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. dgt
with &)(y = 0) =1 and d§0 (y = 0) = 0, which gives
Y

&(y) =1. (2.37)
At O(E'/?) we obtain,
d gt
- = 2.
4]
with & (y =0) = 0 and dei (y=0)= M, which gives,
dy co
, (m—1) (co - 2y>
1 =— 1 . 2.39
1(y) AT (2.39)
At O(E) we obtain,
d [, dg)  d [ de
all = 2.4
i [ =3 [ (2:40)
with & = 0 and @ = *w’ which gives,
dy g
Py B c—2y\ (m-1) 11
5 (y) = —3(m — 1) log < p ) 5 (V2¢1 + 6co) ol (2.41)

At O(E*/?) we obtain,

d [ dg]  d [ dg] d [, de
- = —— S — 2.42
dy [RO dy] dy [Rl dy) "y [y ) (242)
with & = 0 and s = V2(m - 1)§Cl — COCQ), which gives,
dy €0
, co— 2y (m—1) 1 1
Hy) = —9v2(m — 1)1 - 2 N
E(y) = —9v2(m — 1) og( - ) 7 (ca +6v2¢; + 36¢0) i
(m—1) , { 1 1 }
+ +3v (2 — = 5 (- 2.43
2\/5 (Cl \[( )CO) (CO — 2y)2 cg ( )
At O(E?log(32E)) we obtain,
d 3 d dgi
- = _— 2.44
i [P = ) 24
. i 2m —1
with &4, = 0 and a0 _ V2(m - )630, which gives,
dy 5
. (m —1) { 1 1 }
i — — =, 2.45
oY) 7 Y\ w—2 o (2.45)
At O(E?) we obtain,
d d€iy d dgs dg; dg;
il S 2.4
dy [RO dy } dy {Rl ay "y TRy ) (2.46)
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, ded 2(m —1)(c —2 2
with £;; = 0 and 541 = — V2(m = 1)(cf I Cocrc2 + 6063), which gives,
Y o

: = —-954(m —1)lo =2 7(m—1)c c c c 1 —l
€ (y) = —54( 1)1g( - > 7 {3+6ﬁ2+54(1+3\@o)}{00_2y CO}

(m—1) ) 1 1
+ 52 {2¢a2(c1 + 3\/560) + 9\[2(61 + 3%2)00) } {(00—211)2 _ C%}
(m—1) 1 1
~ 3 (c1 +3v/(2)co)? {(c02y)3 - 03} : (2.47)

2.2.4. Matching

With the inner and outer boundary layer solutions, and the solution in the outer re-
gion, in place, we proceed to derive the necessary constants via matching. To begin with,
we expand the far-field solution for small values of r — 1 by writing it in terms of the
outer boundary layer coordinate as r = 1 + v/Ex, which leads to the following limiting
forms:

Eel ~ \/E% (1 - 2E“T +0 (x2)> : (2.48)

4+/2 E
E3/2¢F o E&%JJ\FBO <1 _ QO (m2)> +

\/E\fxljo (1 —~VEz+0 (:62)) ) (2.49)

EZ¢L ~ pe/2B2 4\/5251 +32Bo (1 - ‘/QEJ; +0 (x2)> +

2v2B; + 208,
B2/ (\_ Ee 0 () +

VBB (1 - \WE% +0 ($2))> +

3x3

8B, E? (log VE + log 2z + log (1 + \/Eg) — 2log <1 + \/E:U)) . (2.50)
Next, the outer boundary layer solution needs to be expanded both for large and small
x. The large and small z limiting forms are needed for matching with the limiting forms

of the outer region and inner boundary layer, respectively. For > 1 we obtain the
following limiting forms,

& ~ Gao + Gio (é@ +0 (;)) , (2.51)

&) ~ Go1 + 611 <_2x\/§ +0 (;)) ) (2.52)



20

2
&9 ~ Gaa + 2G10 + Gio <J+O( )) *glo%

—G1o <16‘f <x2>> : (2.53)

1
€9 ~ (—2\/5913 —12Gy5 — 16V2G1, + 64910) . + (923 +2G11 — 10\/5910)

1
+ ( 3G10 — 911 NG
In the limit ¢ <« = < 1, one needs to account for the multi-valuedness of the logarithm in
the log(x — 2v/2) term (see (2.22)). Here, 2 = 21/2 denotes the singularity of the forward
travelling shear wave in the limit of neutral stability. For = crossing 2v/2 along the real
axis, there is an ambiguity in the sign of the phase jump associated with the logarithm,
an aspect familiar from inviscid hydrodynamic stability (Drazin & Reid 1981). The res-
olution lies in recognizing that the singularity associated with the unstable mode must
lie in the complex plane, so that z = 2v/2 — ie (e > 0), even if the displacement from
the real axis (€) is transcendentally small. This resolves the sign of the phase jump; the
logarithmic term is now log(xz — 2v/2 + i€), which leads to a phase jump of im in the
limit x < 1. With this in place, one obtains the following small-z forms for the outer
boundary layer solutions:

+ 4g10) z — 32v2Gologz + O (;) . (2.54)

& ~ Go (log 2v2 —logz + iﬂ') , (2.55)

&~ Ga1 + G (log 2v2 —logz + iw) , (2.56)

&9 ~ Gas + 10G10 + G1o (10g 2v/2 —logz + Z'7r) , (2.57)
€9 ~ Goz + Gi3 (log 2v2 — log z + iﬂ') , (2.58)

€9 ~ Gaz — 26v/2G10 + 10Gy1 + (g13 + 3\/§g12) (log 2v2 —logx + i7r>
~32v2G10 (log2v/2 + i) (2.59)

Finally, the inner boundary layer solution is expanded for large values of y and towards
this end, is written in terms of the outer boundary layer coordinate, y = x/g with a ~
O(1) and g < 1. The multi-valuedness of the logarithmic is again accounted for by noting
that the backward travelling shear-wave must lie at y = ¢o/2 — i€’ (¢/ > 0), which leads
to a logarithmic term of the form log(co — 2y — 2i€’) in (2.39) for instance. This in turn
leads to a phase jump of —im across y = ¢o/2. The large-y forms of the inner boundary
layer solutions are given by:

&~ 1, (2.60)

. m—1 2
o ———— (1 log (=) —logg —i 2.61
3 7 <ogar+ og(CO) 0gg 27r>, (2.61)
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) 2 . m—1 c1
5~—=3(m—1)(logz +lo ()—10 —zw)+<\/§+6>, 2.62

6~ ~30m 1) (loga-+10g (2) - togg (Va2 vo). oy
; 2 ) m—1 (ca c1

§3~—9\/§(m—1) log x + log —logg —im | + —— ——1—6\/58——1—36

% V2 Co 0
m—1 /(¢
Sy N
2V/2 <Co )

2
)

(2.63)

i m—1 C30
540 ~ WE’ (2-64)
(m—1)

V2¢
(m—1)
3v/2¢3

& (y) ~ —54(m —1) <loga: + log (02) —logg — z'ﬂ') + {ea1 4+ 6v/2¢o + 54(c1 + 3v/2¢0)}
0
(m—1)

2v/2¢2

{2¢2(e1 + 3vV2¢0) + 9V2(c1 +3v/(2)co)?} — (c1 43V (2)c0)®.

(2.65)

Having determined the appropriate limiting forms, we proceed to match the appropri-
ate terms. In matching (2.60-2.65) to (2.55-2.59), an inconsistency appears in that the
only term at O(1) is that from the inner boundary layer (&) in (2.60)), and there are
no terms for this to match on to, in the outer boundary layer solutions. The resolution
involves recognizing that one of the terms at O(\@)7 the one proportional to logg in
(2.61), jumps order to cancel the aforementioned O(1) contribution. This implies,

g=e @OVE, (2.66)

and confirms the transcendental smallness of g anticipated earlier. Owing to this tran-
scendental smallness, the logg term contributes at an algebraic order lower than the
nominal one at which it appears. Next, at O(v/E), we first match the log  terms in the
inner and outer boundary layer solutions ((2.61) and (2.55), respectively), to determine
the unknown constant (Gio) in the outer boundary layer solution as,
m—1

Gio = W (2.67)
The constant terms in the outer boundary layer (2.51) and the outer region (2.48) solu-
tions are matched to determine the unknown constant (Ga) in the outer boundary layer
solution as,

G20 = 0. (2.68)

Then we match the constant term in the inner boundary layer (2.61) and the outer
boundary layer solutions (2.55), to determine the leading order term in the eigenvalue
expansion (cg) as,

co = 4v2emT, (2.69)
Finally, matching the coefficient of the % term in the outer boundary layer (2.51) and

the outer region (2.48) solutions is used to determine the unknown constant (By) in the
outer region solution as,

By = —4(m —1). (2.70)
This completes the matching at O(v/E). For all higher orders, the matching thus proceeds
in the same sequence as above. For instance, at O(E), matching the log  term from the
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inner (2.62) and outer boundary layer solution (2.56) leads to,

Gi1 = 3(m —1). (2.71)
Next, matching the constant terms in the outer boundary layer (2.52) and the outer
region (2.49) solutions gives,

g21 = (m - 1) (272)
Matching the constant term in the inner boundary layer (2.62) and the outer boundary

layer solutions (2.56) gives,
6

¢y = —16em-T1. (2.73)

Finally, matching the % term in the outer boundary layer (2.52) and the outer region
(2.49) solutions gives,

B, =0. (2.74)

In a similar manner, one determines all unknown constants involved. The results are
summarized below:

g= efﬁ\/%,

co=4V2em T, ¢y = —16e7m T, ¢y = 827 1, 3 = (—656log (2) — 192 — 256i7) 7
m—1

Gao =0, Gio = ; Gar = (m—1), Gi1 = 3(m — 1),

V2
Gaas = %, G2 = 9\/§(m —1),
Goz = w —34log (2) (m — 1), Gi13 =0,

Bo = —4(m— 1), Bl = O, BQ =0.
(2.75)

As a result, one has the following asymptotic expression for the eigenvalue,

% ~1-VE|vB+ e (VES) {2\/§ — 16VE + 4V8E — 12832 log(32E) — 64(3 + 4i7r)E3/2}] :
(2.76)

which is the same as the expression as that obtained by direct expansion of the exact
solution, for small E, in (2.11).

3. Details of the matched asymptotic analysis for the inertio-elastic
instability
Here we give the details for the matched asymptotic analysis for the instability that is

described in section 3.2 of the main text, and governed by the full equation (3.2) in the
main text.

3.1. Outer region- r — 1 ~ O(1)

To begin with, we study the solution in the region where  — 1 ~ O(1). One obtains the
following equations at successive orders whose solutions are written alongside. At O(E),

[ 2,6

a1 3
{T 5o dr

- ] — So&lr(m* —1) =0, (3.1)
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Bo . Similarly, at O(E*/?),

with &" — 0 for r — oo, which gives &'(r) = P2 1)

d | 3 ﬁ F 2 __4d |3 ﬁ F 2
o [r So = So&ir(m*—1) = o r°Sy I + S1&5 r(m” — 1), (3.2)
2v/28B, B

with &F' — 0 for » — oo, which gives ¢f'(r) =

rmfl(TZ _ 1)2 T.mfl(T.2 _ 1) '

The B;’s in the above expressions are integration constants which will be determined
from matching considerations (see section 3.4). Using the expressions for &£ and &F
above, the solution in the outer region, to O(E?’/z)7 may be written as:

£F(r) = E— D0 +E3/2{ 2V25y b

m rm=1(r2 —1)2 + pmL(r2 — 1) } + O(EZ)- (3.3)

In the outer region solution (£F7), there are no signatures of the travelling shear-wave
singularities. Note that we do not consider the O(E?) and higher order contributions to
£F since they are not required to determine the growth rate at leading order, an insight
that is obtained from the solution of the LHS problem.

3.2. Outer boundary layer - r — 1 ~ O(V/E)

We now consider the outer boundary layer using the boundary layer coordinate x =
(r—1)/v/E. One obtains the following equations at successive orders whose solutions are
written alongside.

At O(E'/?) we obtain,

d d&g | _
m{go ]o (3.4)

dx

(3.5)

— 24/2
= £5(x) = Gio + Gi1log (q) .

In £§(x) above, and in the solutions at higher orders below, the forward and backward
travelling wave singularities correspond to z = 2v/2 and z = 0, respectively; the latter
location is the edge of the core, since transcendentally small terms are now neglected.

At O(E) we obtain,
d [, deg] _d [, dg
[Qo dw} = {Q1 dx] ) (3.6)

(3.7)

— 24/2
= £7(x) = Ga1 + Gi11log (q) .

Note that £{ is again the homogeneous solution since Q; has the same z-dependence as
Q. At O(E*?) we obtain,

d [ deg d [ deel  d [ dee
dr {QO dfxz] T iz [Ql dﬂ Tz [QQ dgﬂ = (m* = 1) Qo3 (3.8)
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_ 2 _
= sg(x)gmglzlog(x jﬁ>f}g(zf’;ﬂmzﬁ)gw(mzl)/x N2 tog () d

5 22— 3v2x 8v2
Gu(m—1) / <3(a: —2v2) * 3x(x — 2\/§)> log (z B 2\/5) du

— Gio(m? — 1) (*/3% _ ;Llog (”“" _jﬁ» . (3.9)

At O(E?) we obtain,

2ag]--

= &5(x) = Goz + Gizlog <a: _1,2\/?)

4+ 3v301s log (x _;ﬂ> 361 (x 4 32) _Su ( 2 - Ni)

deg] d [ des] d [ deg
[Ql dﬂ [QQ dﬂ_da: [QB dﬂ+(m2_1)9153_2””(7"2‘1)9053+(m2—1)Qo£‘f,
(3.10)

x—2v2 V2 \z—2V2
Gio [ (z —2v2)? 160v/2
+\/§< - +6f( 2\/§>6410g(:c2\6)+z2ﬁ>
- (Gn —3910)(m2—1)/ 30 _32\(/% g (z)dx

22— 3v2x 8v2
+ (G = 3Gw)(m” 1) / (3(:1: “ov3) | Bam— 2@)) log <x - 2‘/5) de

— (G11 — 3G1o)(m? — 1) (h — él (x ;ﬁ>>

(m? = 1)Gax (”C; — V32— dlog (u - 2\/5))

+

W =

+

<%

(m? — 1)Go (1:22 + 2z — 4log (m — 2\/5))

1,3 _ x2
+ glO(m2 - 1) / 36(;582\[\/25) log (l’) dx

323 — 8222 32
_g10(m2_1)/< 6(x — 2v2) +3x<x_2\/§)>log (:U—?\/?) dr. (3.11)

3.3. Inner boundary layer - r — 1 ~ O(gVE)

Finally, we introduce an inner boundary layer in an exponentially small neighborhood of
the core, corresponding to O(1) values of the boundary layer coordinate y = (r—1)/gvE
with ¢, E <« 1. We have the following equations (and boundary conditions) and solutions
at successive orders.

At O(1) we obtain,

d [ de
= 12
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i

, d
with &)(y = 0) =1 and d§0 (y = 0) = 0, which gives
Y

o(y) = 1. (3.13)
At O(E'/?) we obtain,
d gt B
dy [RO dy] -0 o1y
with & (y = 0) =0 and ﬁ( =0)= V2(m —1) which gives
dy Co
iy (m—=1) co— 2y
et = - iog (222, 3.15

From the expression for ¢i(y) and the solutions at higher orders below, we see that
the singularity associated with the backward travelling shear-wave is now resolved, and
corresponds to y = ¢p/2 (z = gco/2), where ¢ still needs to be determined.

At O(E) we obtain,

d ded d dgt
— =—— 1
i ] =5 (316)
with & = 0 and % = fw, which gives,
0

§§(y)=—3(m—1)10g<c°;)2y>—(mz_l)(x/éclJcho){ ! —1}. (3.17)

co—2y ¢
3.4. Matching
With the inner, outer boundary layer and far-field solutions in place, we proceed to derive
the necessary constants via matching appropriate limiting forms of the solutions to each

other. First, we expand the outer region solutions for small values of » — 1, writing it in
terms of the outer boundary layer coordinate, z = (r — 1)/VE,

Eéﬁwxff; (1—”( —1)+O(z2)>, (3.18)

E3/2¢F NEZ (1 - Q(zm— 1O (x )) +

\/E\éifo (1 —mVEz + O (m2)) . (3.19)

Next, the outer boundary layer solution is expanded both for large and small x for match-
ing with the far-field and inner boundary layer, respectively. For x > 1,

0 ~ Gao + Gio (if +0 (x )) : (3.20)

§7 ~ Ga1 + G011 <M+O< )) (3.21)
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and

2
&9 ~ Gag + 2G10 + Gi2 (xf-i-O( )) —g10%

—G1o (W +O( )) + Gio(m? — 1) <—\§§x g{)

+2G100m? 1) (14 21 + 2+ log(2v2) (log(2v3) ~ log(in)) ), (3:22)

where Z; and Z, are real constants defined by the integrals,

z - / log(z — 2v/2) — log(x)d
2v2 T

z, (3.23)

ZZZ/Oo 2flogx—2flog2\/ (3.24)

V2 (x —2v2)
The integrals in the exact expression, (3.9), for £ appear to have a singularity when
taking the limit = > 1. To resolve this, we again recognize that the travelling wave
singularity must be displaced into the complex plane for an unstable mode and the
constant +y indicates this small but finite displacement. Note that the last term in (3.22)
when combined with the constant Gao (the first term), shows that &5 is independent of
the arbitrary constant v, which is only used as an intermediate step.

For gcp < v < 1,

& ~ G1o (log2v2 —logz +¢) (3.25)
€ ~ a1 + Gn (log2v2 —logz + ), (3.26)

&5 ~ Gag + 10G10 + G12 (log 2V2 —logz + ¢)

*gglo(m2 —1) (10g 2v2 —logz + qS)

Gro(m? — 1) @ +hz -z - Dos)o+ 1og<2x/§>>)

+Go(m? — 1) (2 log 2v2(®; + log 2v/2) — glog@\/i) 10g(i’y)> ,  (3.27)

where Z3 and Z, are real constants defined by the integrals

2v2
log(2v/2 — x) — log 24/2
23:/ 08(2V2 — 1) — log fda:, (3.28)
0 xr
and
2v2 .
Z, = / logz —log2v2 ) (3.29)
0 r—2V2

The inner boundary layer solution is written in terms of the outer boundary layer coor-
dinate, using y = /g, and then expanded for g < 1 (corresponding to y > 1) as,
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&~ 1,

) m—1 2
Ry § log (=) =1 / .
- (ogwog(%) ogg+¢), (3.30)

€~ —3(m—1) (10gx+10g ((i) —logg + ¢’> + mT_Ql <\/§z; +6) - (3.31)

At O(1), we note that the only term contributing is from the inner boundary layer.
Thus to achieve a consistent balance, a term from the eigenfunction at O(\@) must
contribute. This gives,

g=e mVE (3.32)

This implies that the log g term contributes at a lower order as opposed to the order in
which it appears in the inner-boundary layer expansion.

The growth rate only results at O(Ez). By looking at the lower order matching results,
it is evident that only the functional form of log (;v — 2\/§), and not log (x — 2\/5) —logz,
results in an imaginary part for the eigenvalue. Such a form only occurs at O(E?). This is
also evident in the calculation that is carried out for the LHS problem earlier. Thus, one
may directly carry out the matching procedure for the imaginary term at O(EQ) between
the inner and outer boundary layer solutions. The eigenvalue constant, c3, enters the
inner boundary layer solution at O(EQ) and writing c3 = c3, +ic3;, gives immediately an
expression for the growth rate (cs;):

8v/2

M = —32V21Gyo — %(WQ = 1)mGar — T( 2 = DnGo. (3.33)

V2¢

The RHS of (3.33) results from the limiting form of the outer boundary layer solution at
O(E?) (3.11). As noted earlier, only terms of the functional form log (z —2v/2) in (3.11)
contribute to the imaginary part and hence only these are considered when evaluating
the limiting form. The matching procedure is detailed in 2.2.4, and to O(E), yields the
following expressions for the various constants:

co = 4v2em T, ¢ = 16(m — 2)6%,
m—1

Goo=0, Gio=—=—, Ga1 =2m —1)(m —1), G11 =3(m —1),

20 10="7p" On ( )( ), G =3( )

By = —4(m — 1), By = 4V2(m — 1)(m — 3).

These are sufficient to find the growth rate at O(E?). Recall from section 3.3, that the
location of the backward travelling shear-wave is given by y = ¢/2 in terms of the inner
boundary layer coordinate. Using the expression for ¢y, we obtain the radial location of
the backward travelling shear wave as r = 1 + 2v/ 2E67<m1—1>\/%+ﬁ. The shear wave
is indeed a transcendentally small distance away from the vortex core, as anticipated by

the simplistic approach earlier.
Substituting the above results in the growth rate expression yields,

C3; = —4\2memT (32\/5-1— g(m2 -1)(@2m—-1)+ 8T\/i(m2 — 1)) , (3.34)
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which corresponds to an unstable mode.
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