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This document includes several details of calculations and methods used in the main text.

1. Discretisation of the amplitude equation in the frequency domain

We recall from the main text (Eq.(3.5) for f;, = f,) that we seek the equilibrium solution of
the amplitude equation

dB - PN
ﬁ’é}d—n =& (Bl +{d. fo}(¢s - B) = 0. (1.1)

The first step is to discretize it, in the frequency domain. For this purpose, let wg designates the
sampling frequency of the corresponding temporal signals, that are discretized using 2(N — 1)
(a power of two) uniformly distributed points between ¢+ = 0 and r = 7. In this manner, we
have in practice —w, < w < w, where w. = ws/2, and the positive part of this frequency
interval is discretized with N uniformly distributed points between w = 0 and w = w.. Namely,
the discrete set of positive frequencies writes w, = (n — 1)Aw for n = 1,2,...N and Aw =
we /(N —1). The discrete Fourier transforms varying over this interval are real-valued in w; =0
and wy = w,, but generally complex everywhere else; for instance, B(w) is discretized as
[B.1,Br2 +iBi2,.... By N—1 + iBi N—1, By n] which amounts to 2(N —2) +2 = 2(N - 1)
independent components in total. Only the variation over the set of positive frequencies is needed,
as the Fourier component of a real-valued signal at a negative frequency is the complex conjugate
of the one at the opposite frequency : B(—w) = B(w)*. With (1.1) discretized, the following
simple procedure is implemented in MATLAB:

Algorithm :

(i) Choose the values for N and w,., which sets the discretisation of the frequencies.

(i) Over the discrete set of frequencies, pre-compute once for all the determinitic fields f,,

q,d.
(iii)) Choose a value for ¢ (which sets the forcing amplitude).

(iv) Draw a white noise (|€(w)| = 1 Yw, but random phases uniformly distributed between 0
and 2r), for instance with the commands xi = exp(1li*2*pi*rand(1,N)), then
xi(1)=real(xi(1))/abs(real (xi(1))) and
xi(N)=real (xi(N))/abs(real (xi(N))).

(v) Find the B that solves r(B; ¢,&) = 0 where r(B; ¢,&) = §:[B] + {d, f,}(¢& — B), using
the nonlinear solver “fsolve”; the functional g,[B] is evaluated using the commands ~ifft”
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and "fft”.

(vi) Update the statistics on B, for instance its ensemble average, and, if not converged go back
to (iv).

Of course the convergence in terms of N and w, must be ensured.

2. The particular case of the NSE: discretisation of the amplitude equation in the
frequency domain

We recall from the main text that
0B .
{a,q}a— =$[B], and
T

N N (2.1)
. 0B s v s rpy . 0ld as[Bl}
{d,q}— ={a, fo}(ps — B) + §3[B] - ————.
07’2 0‘1’1
The equilibrium solution(s) of the assembled amplitude equation solves :

dB 0B aB
— = —++e(—=0&
dT1 (9T1 671 (2 2)

(@, B} _

A s oA A 0
§2[Bl + Ve, ({4, fo}(¢& — B) + §3[B] - a1, 0.

In the following, after re-expressing the nonlinear terms g, [B], §3[B] and 0., {d, 0> [B]}in (2.2)
as convolution integrals, we discretize them in the frequency domain. In this manner, we make
their dependency on the discrete set of éi (i =1,2,...,N) as explicit as possible. All the other,
linear, terms are simple to discretize.

2.1. Derivation of the convolution integral

We first develop:
20(F " i) . F " ) = VF " [da] 7' (6] + VF ' ) 7' [da]
= Vﬁa(p)e””dp/ ﬁ;,(s)e”tds+—/ Vﬁ;,(s)e‘”ds/ Gig(p)e'Pdp
471'2 —00 —0 471'2 —00 —00

T [T _
= m// 2C(d4(p), tip(s))e' P dpds
T ) 1 0 iwt
=302 ] 2CWa(w=5).dp(s))e" dwds

VT / " 2C (0 s>,ﬁb(s>>dsl ,

271 Jw

=F!

2.3)

from which it comes immediately that :

FlC(F " g, 7' lap])] = ;/—Z/MC(ﬁa(w—s),ﬁb(s))ds. (2.4)



2.2. Discretisation of the convolution integral

Let w, designates the sampling frequency of the temporal signals, such that we have in practice
—w, < w < we where w, = wy /2. Over this set of frequencies, the integrand in (2.4) is defined
if and only if we have both —w, < s < w. and w — w, < 5 < W+ w.. From now on considering
only positive frequencies, i.e 0 < w < w,, the integrand is then defined if and only if

W—w: <5< we. (2.5)

Thereby

/ " Clia(@ = 8. iy (5))ds ~ / Y Cla(w - s). ity (5))ds

—We

0 o (2.6)
- [ cliaw=9.anenass [ Cliao-s).n6)as
w—we 0
The first of the two terms of the sum in (2.6) is transformed as
0 We—w
[ Claa-sinonas= [ Cliao s spin(-s)ds
w-we 0 (2.7)

- /Wm Clia(w +5), &5, (5))ds,
0

where we used that @i, (~s) = @} (s) arising from the fact that all temporal signals are real-valued.
The second of the two terms of the sum in (2.6) is transformed according to

/ " Clia(w - $). iy (s))ds

0
=/wC(ﬁa(w—s),iib(s))ds+/wf Cliiy(w—5), dip(s))ds
o o (2.8)
=/ C(l’ia(w—s),ﬁb(s))ds+/ C@;, (s —w),lip(s))ds
0 w

:/wc:(ﬁa(w—s),ﬁb(s))ds+/ww C(@%(5), iy (s + w))ds.
0 0

In this manner, only the knowledge of @, and @, over positives frequencies is required. Overall,

/ Y Clita(w - 5). iy (5))ds =
W= . 2.9)

/wC(ﬁa(w—s),ﬁb(s))ds+/wc_ C(ﬁa(w+s),ﬁ;;(s))+C(ﬁ’;(s),ﬁb(s+w))ds.
0 0

Let us now discretize (2.9). As said in the previous section, positive frequencies are discretized
using N uniformly distributed points between w = 0 and w = w, (w. the cut-off frequency).
Namely, the discrete set of positive frequencies writes w, = (n — 1)Aw for n = 1,2, ...N and
Aw = w¢ /(N — 1). Eventually, the discrete version of expression (2.4) reads

FCF " [aa], 7" [@))] =

\/T n N+l-n
~ A N+l ~ A N ~
T Z5ZC(ua,n—k+1,ub,k)+ Z ST C@, g lipnik—1) + Clanek—1, 1, )] |
k=1 =1

(2.10)

where we used for instance #,(w, — sg) = d,(Aw(n — 1 —k + 1)) = @4 p—g+1. The scalar 6;
is a quadrature coefficient where i € [1, j] is a running index. In our computations, we used the
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trapezoidal method such that

we/QIN=1)) ifi=1
§1=0, and 6/ ={w./(N-1) ifl<i<j, for j>1. @.11)
w /N -1) ifi=j

2.3. Discretisation of the amplitude equation

Discretisation of ,[B] :

Using (2.10), the functional §[B] = —{d,F [C(F ' [&].F " [@])]} with 4; = B§ is
discretized as :

N+1-n
8on = ZBn k+1 Br®ni + Z Bk-1B} Bk, (2.12)
k=1 k=1
with
VT e s .
®nk = _2_62{‘111’ C(qn—k+15 qk)}’ 1 < k < n,
\/’L (2.13)
T —nygAa A A X
En = =—03 1 Mdn, C@nek1,40)}, 1 <kSN+1-n.
The sums in (2.12) can also be written in matrix form :
@1131 0 é] EIIBI E]NBN é){
nBI=| L : (2.14)
©inBy ... OnnBi|[By| [EniBy 0 ||By
Discretisation of 3., {d, @i,[B]} = {4, 0,i,[B]} :
Since
A a3 A Fa aA9 4 3 ~
@[ B) = R (gz[B] - %q) : (2.15)
{d.q}
where we recall that {d, §,[B]} = §2[B], expression (2.12) results in the following discretisation
for the field i, [B]:
m N+1-m
= BujaiBidmj+ D Buajo1 By, (2.16)
j=1 j=1
with
5 VT . .
dyn; =R, —5% C(Gm-j+1.4;) — mjm|
7 (2.17)
7 T - A Ak A
hj = Rm _76}\“—1 mC(qm+j—1’qj) = Bmjdm|

and where we defined Umj = Oumj/{@m,Gm} and By j = Epj/{@m, §m}. The fields ij and ilmj

verify {§m, dmj} = {Gm, hmj} = 0, implying {§,, &>, } = O; therefore, each Fourier component
generated at second order (i.e O(¢€,)) is orthogonal to the Fourier component of the optimal linear
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solution at the same frequency. The partial derivative of i, ,, with respect to 7; follows directly

from (2.16):
n n
a‘1'1ii2,n = (a‘rl En—k+l)ékjnk + Z Bn—k+1 (671Bk)d\nk
k=1 k=1
N+l-n N+l-n
+ (a‘rl B\n+k—l)ézﬁnk + Z Bn+k—l(aﬂ BZ)ﬁnk
k=1 k=1

Since (?Tlﬁ = $,[B]/{d, §}, we can again use (2.12) and

m N+l-m
a‘rle = ZBm—jHBja'mj + Z Bm+j—1Bj',ij-
J=1 J=1

Evaluating (2.19)inm =n—-k+1,m =n+k — 1 and m = k yields, respectively:

n—k+1 N -n+k

0 Bp_is1 = By k—ju2Bjay_ge1,j + Z B+ jBBn-k+1,js
j=1 Jj=1
n+k—1 N-n—k+2
Oz, Buik-1 = Z Buik-jBjnik-1,j + Z Buiksj—2BBnrk-1,j,
j=1 j=1
and
k N+l-k
D* _ D* * % * *
0, By, _ZBk—j+lBjakj+ Z By j-1BiBy;
J=1 J=1

(2.18)

(2.19)

(2.20)

2.21)

(2.22)

After injecting (2.20),(2.21) and (2.22) in (2.18), and projecting on the adjoint, we end up on

n n—k+1 N-n+k
{dn’ a‘rlﬁZ,n} = Z Bk Z Bn—k—j+Zngnkj + Bn—k+jB;7—{nkj
k=1 Jj=1 j=1
n k N+1-k
+ Z B+ Z Br—j1BjLukj + Z By j-1B; Ik
=1 = =
N+l-n n+k—1 N-n—k+2
+ Z By Z Buik—jB Kk + Z Bpik+j-2B Lk
k=1 = =1
N+l-n N+1-k
N o A A N
+ B ZBk—j+lBjM"kj+ Z Bk+j—leN"kj s
k=1 = i=

(2.23)
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where we defined the following third-order tensors

A

gnkaanfkﬂ,j{dmdn,k}, I1<j<n-k+1, 1<k<n
(}{nkaﬁn—kﬂ,j{[in» An,k}; 1 <j<N_n+k, 1<k<n
Tk = il dni}, 1<j<k, 1<k<n
Jnkj = Brjldnduiy, 1<j<N+1-k 1<k<n
‘ . 2.24
7<nkj=an+k—1,j{dn7hn,k}, 1<j<n+k_1, I<k<N+1-n ( )
Lokj = Brsk-r,j{@nbni}y, 1<j<N-n-k+2, 1<k<N+l-n
Mnkj:a']ij{dna’\nk} lgjgk’ I<k<N+l-n
nk/ Bkj{aiu nk} 1<J<N+1_k, 1<k<N+1_n
Discretisation of $3[B] :
We recall that
&[Bl = —{a,F [2c(F " @], 7' [42D)]}. (2.25)
Using again (2.10) leads to the following discretisation
(F 2C(F ], 7' @) ]n =
\/_ N+l-n
Z(S C(@1 n—ks+1,02,1) + Z A [C(@] g @2 pik—1) + C(d 1 nsr—1.85 )] | -
k=1 k=1
(2.26)
In addition, using (2.16) and @ ; = B;§;, we can further express
N+1-k
C(@1 pots1,02k) = C| Buoks1§n- k+1,ZBk jr1Bidy + Z Bysj1 B hk,
J=1 J=1
(2.27)
k N+1-k
= Bp_k+1 ZBk—jHBjC (ﬁn—kn,dkj) + Z Bysj-1B5C (ﬁn—kn,hkj) ,
j=1 7=
as well as
n+k—1 N-n—k+2
C(@] ;2 nek-1) = C| B gy, Z Bk Bjdpsi-1,j + Z Brsksj-2Bihnii-1,j
J= J=1
n+k—1 N-n—k+2
=B}, Z Byik-jB;C (@Z,dn+k—1,j) + Z Bpik+j-2B;C (C?Z,hmk—l,j) ,
=1 j=1

(2.28)



and eventually

k N+1-k
C(l1 k1,05 ,) =C Bn+k—]én+k—],ZBZ_J'.,.]B;d/tj + Z By, Bihy;
j=1 J=1
(2.29)
k N+1
= Buik ZB; j+lB C (qn+k 1s kj) Z k+j_1BjC (én+k—l,hzj) .
This results in the following discretisation for g3[B]:
N+1-k
ZBn k+1 ZBk ]+1B ﬂnk] + Z Bk+] IB Bnk]
k=1 Jj=1 Jj=1
N+l-n n+k—1 N-n—k+2
+ Z B} Z Byyk—jBiCuikj + Z Brskrj-2B; Dk j (2.30)
k=1 j=1 j=1
N+l-n k N+1-k
+ > Buct | D B Bi8uki + ) BijoBiais|
k=1 j=1 j=1
where we defined the following third-order tensors
T o
ﬂnkj = _géz‘{dna C(q’\n—k+l’dkj)}7 1< J <k, I<k<n
T A
Bukj = —£5Z{ﬁn,C(én-k+1,hk1)}, I<j<N+1-k 1<k<n
Vg
T X
Crkj = —£5,1<V+1_"{‘3n,C(@Z,dmk—l,j)}, 1<j<n+k-1, 1<k<N+l-n
Vg
T ~
Dokj = —£65§”*”{ﬁn,c@z,hn+k_1,j)}, I<j<N-n-k+2, 1<k<N+l-n
T
T N
Enkj = —£6§§“‘"{dmC(qn+k_1,dz,)}, 1<j<k 1<k<N+l-n
g
T ~
Fukj = —£6kN“‘”{dn,C(zim,l,h’,i,)}, I<j<N+l-k 1<k<N+l-n
g
(2.31)
As a summary, upon the choice of ¢ and f we are led to solve
r(B:$,8) =0, with
(B:¢.¢) 2.32)

r(B;¢,€) = 82[Bl + Ve, [v(9€ - B) + &:[B] - {d, 05,82} ,

where we defined y = {d, f,}. At the discrete level, this amounts to solving for a system of N
nonlinearly coupled equations for the N unknowns l?n n=1,2,..,N):

n =820+ Veo [Yn(9én — Bu) + 83,0 — {0, 07, l2,4}] =0, n=1,2,..,N, (2.33)

where 82, 83,, and {d,, 0,2, } are evaluated using respectively the simple sum (2.12) and the
double sums (2.30) and (2.23). This suggests the following procedure:

Algorithm :




(i) Choose the values for N and w,., which sets the discretisation of the frequencies.

(i) Over the discrete set of frequencies, pre-compute once for all the determinitic fields f,,
g, @, the scalar vy, and the tensors ©, &, A,8,C,D,8,.F,.G,H, 1,9, K, LMN.

(iii)) Choose a value for ¢ (which sets the forcing amplitude).

(iv) Draw randomly a white noise (|(w)| = 1 Yo, but random phases uniformly distributed
between 0 and 27).

(v) Solve the system (2.33) by means of a nonlinear solver, for instance fsolve on MATLAB.

(vi) Update the statistics on B, for instance its ensemble average, and, if not converged go back
to (iv).

Of course the convergence in terms of N and w, must be ensured.

3. The particular case of the NSE: numerical implementation

The linear and nonlinear NSE are solved for (u,u,p) by means of the Finite Element Method
with Taylor-Hood (P2, P2, P1) elements, respectively, after implementation of their weak form in
the software FreeFem++. The steady solution of the nonlinear NSE is found using the iterative
Newton—Raphson method, and the linear operators are built thanks to a sparse solver available in
FreeFem++. The optimal forcing structure f,, is found on the software MATLAB after discretizing
the integral expression for B and performing the lower-upper (LU) decomposition of the
resolvent operators to speed-up their application. Finally, DNS are performed in FreeFem++
by applying a time scheme based on the characteristic—-Galerkin method. We refer to Mantic-
Lugo & Gallaire (2016) for the validation of the codes with existing literature when possible and
for the mesh convergence analysis, since the same codes have been used.
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