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1 Boundary conditions in moving channels

We first establish the boundary conditions at the upper and lower moving walls. To do this we consider
the condition of conservation of particle number in the total system volume, denoted here by V. The
total particle number is given by

A1)
N = fdzr p(r, 1) = fdxf dz p(x,z,1) (S1)
% 0

where p(x, z, t) is any density field (tracer density or density of particles) that satisfies a generic conser-

vation equation
a b b t .
%+V-J(X,Z,I)=O (S2)

The condition dN/dt = 0 then gives

Ah(x, 1) hD - 9p(x, z, 1)
0 = fdx o p(x,h(x,t))%—fdxf(; dzT
h(x,t)
- f dxahg;’ D e, hx. 1) — f dx f dzV - j(x, 2, 1)
0
f dxah(x’t)p(x,h(x,t))— f j(r, 1) - ndSs. (S3)
ot oV

Here 0V denotes the surface of the volume V, n is the outward surface normal and dS is the element of
surface. We assume that the system is in such a state that the flux of particles through the surfaces at the
horizontal edges, in x = —Lnax/2 and that in x = +Lpy,x /2, vanish or are equal to one another, which is
the case with periodic boundary conditions as is performed in numerics. Here Ly, is the horizontal size
of the periodic simulation box.

The upper surface normal is given by

(=0h(x,1)/0x, 1)
Joh(x, 0/oxr + 1

Nl —pixn = (S4)

and dS = \/ (Oh(x, 1)/0x)? + 1 dx. The conservation of particle number can thus be written as

Oh(x, . .
f dX[ g; t)p(x, h(x, 1)) = (G062 8) * Bleopien = §06, 2,1 - ml=g) VOR(x,0)/0x)> +1[=0.  (S5)

The boundary condition above must hold for any configuration of the density field and thus should hold
at each point x on both the upper and lower surfaces. It should also hold for any functional form of the
interface h(x, t) which allows to split the terms into 2 boundary conditions

§06 20 - Moy NG, D07 + 1 - ahf;’ D e h(x,t) = 0 (S6)
jx,z,0)-nl,=g = 0. (S7)

Using the expression of the upper surface normal (S4), then gives the upper boundary condition as

Oh(x, 1) | _ Oh(x, 1)
ax J)C(-x, h(-x’ t)’ t) - at

Jo(x, h(x, 1), 1) = p(x, h(x, 1) =0 (S8)

that is reported in the main text.



2 Flow field calculations

Here we derive the expressions (1.17) and (1.18) from the main text used for the flow field within a
channel with a fluctuating interface h(x, f), when the embedded fluid is incompressible.

2.1 Notations

The flow field U = (u, v) satisfies the Stokes equations and local conservation of mass (incompressibility)

Pu  ’u _ _0OP

ayr ' ox2 T Ox

&y, Py 0P

0y? + ox2 — Oy (89)
u v _

ax + dy — 0

with boundary conditions valid at any boundaries:

(S10)

(U - Uyan) - t = =2D[t - o(U) - n],
(U-Uyan) - n=0

which correspond to partial slip on the tangential direction with slip length b, and no penetration on the
normal direction, respectively. The stress tensor o-(U) of the fluid is defined as

u u oy
== + =
oU) = ox 2 ("y "x) . (S11)
s %
y X 'y

The boundary conditions have to be verified at each boundary (upper and lower walls). The velocity
of the top wall/the boundary is Uyan(x,y = hA(x,1)) = (Uwallx, Uwally). And we will specify the values
of the components later on, because there is an important distinction to be made. Note that here Uy,
corresponds to the velocity of a wall atom at position (x,y = h(x, 1)).

The bottom wall is taken immobile and flat. We thus have n = (0,—1) (outwards normal) and
t = (1,0). Since the wall is impermeable, v(x,y = 0) = 0, and hence %(x, y =0) = 0. As a consequence
we find immediately the classical result at the bottom:

u(x,y = 0) = bo§e(x,y = 0) (S12)
vx,y=0)=0

2.2 Further simplifications: Lubrication approximation

Now we use the lubrication approximation to find the flow field in its approximate form. In general
we will consider that variations along the x axis are “slow” whilst those along y are fast. Formally
this can be expressed by taking non dimensional scales x - XL andy — $H and H/L = € < 1. As
a consequence (in non dimensional scales) 55 O(1) while ;O(l/ €). Since local conservation of mass
(incompressibility) in the bulk needs to be sat1sﬁed at first order (otherwise both flow fields are 0) we
have ‘9” = O( gv) and hence u/v = O(1/e). This is physically intuitive, the flow field in the vertical
dlrectlon is just a small correction compared to the dominant flow ﬁeld

Let’s now “list” all terms that we will need to compare. First, & &7 / = O(1/€?). Next, we need

the higher order terms to be related, so we have g% = O(— ) Then since v/u = O(e), we find

% /gi—g = O(e). And finally, using 9£/% = O(1/e), we find 22 /24 6},2 = O(1/e), such that the NS
equations simplify at highest order to
82_14 _ 9P
a2~ ox
_ _O0P
0= ~a (S13)
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These equations can be simply integrated, in the following order: P = P(x, ) as there is no dependence

on y of pressure at lowest order. Then u is integrated as u = = —(y?/ 2)5: o | B(x)y + C(x) and finally
v=D+(?/6)2L 6x2 - %/ 2)— - —y where B, C, D are to be determined, as well as P, from the boundary
conditions.

For the top wall, n ~ (——, 1) (outwards normal) and ¢ ~ (1, ‘9’1) at lowest order i 1n ~ ho/L = O(e).

Then we investigate the components of the stress tensor, when it is projected,

o) n=t(- (’)uah_’_l(a_u_'_@) (au Bv)a_h 8\/)
oxox 2\dy 0x 2\dy Ox)ox (S14)
g o o) ) (o o) Oy v on
ox0x 2\dy 0x) 2\0y ady Oox

It is clear that in all of these terms the highest order term is in fact only 3‘5 /2 hence the boundary
conditions at the top boundary sum up to

{u(y = h) = tnaix = ~bp3E(y = h) s15)

oh oh
v(y="h)—u(y = h)ﬁ = Uwally — Uwallx gy

2.3 What is the velocity of the wall particles?

We consider in the simulations that the boundary’s position obeys is h(x,t) = H + hgcos (kx — wt) =
H + hg cos (% (x = vyanf)). While this explicitly gives the position of the boundary it does not give the
expression for the velocity of the wall atoms, which is what is needed to specify the boundary conditions
via Uy,p. There are two possibilities. A first possibility would be that the wall atoms perform peristalsis
or pumping (1, 2), e.g. atoms do not move in average but jiggle vertically. There is no average mass
displacement in that case. This situation is quite common for phonons on carbon nanotubes (3) or
peristaltic waves of intestine walls (4) or in vasculature networks (5). In that case Uyay = (0, 9;:h). The
other possibility is that there is average mass displacement of wall atoms, but the atoms do not move
relative to one another. In that case, Uy, = (Vwai, 0). We will focus on peristalsis here.

2.4 Integration process to obtain the flow field

The boundary conditions thus obey

o fuy=0)= b (v =0)
tial slip: S16
partial slip {u(y = _thM(y " (S16)
non penetration: {v(y = -uly = h)g‘ = (S17)
vy=0)=0

which correspond respectively to partial slip on both walls, and non penetration boundary conditions.
The quantities by (respectively by,) indicate the slip lengths on the bottom (respectively top) walls.
Integrating for u yields

b (ZZ”+1) (ZZ”+1)%—(%"+%+1)£

h2
u(x,y,1) = 6Uo(x, 1)~
1255 14 (% +52)+1

= 6Uo(x, N f(h(x,1),y) (S18)

where Ug(x, 1) = % foh udy is the average flow field in the x direction. The expression for u is slightly
cumbersome but it has natural limits with limiting regimes of the slip lengths by and bj,. In particular, in
our case where by = by, = oo (perfect slip at both walls) we obtain (1.17) . Because of mass conservation

we also have
o(h Uo) oh

Ox ot

(S19)



such that 86_[;{0 = —%(g—/t’ + Uy %). We can therefore express
8\/’ 6” an ah af(h(-xa t)’ }’)
— = —— = —|6—=—F(h(x,t 6Up(x,t) — ——= S20
By o ( o S(h(x,1),y) + 6Up(x, )ax ah (S20)

and integration and use of boundary conditions finally yield a general expression for v(x, y, f) that is quite
lengthy and that we do not report here. Again, for by = b, — oo, we obtain (1.18) .
Now what about the value of Uy(x, r)? With conservation of mass we obtain

hix=0 h 2 2
Uo(x,1) = Up(x = 0, l)% + zovwall [COS (fﬂ(x - Vwaul)) — COs (fﬂvwallt):| (S21)

but we are missing the boundary term Uyp(x = 0,f). To be coherent with our assumption that the
wall atoms do not move in average, namely of peristalsis, then it is natural to expect that there is no

pressure driven flow and hence that the average pressure drop has to vanish fOL g—idx = 0 (the aver-
age force on the fluid is 0) (2). Expanding fOL g—I;dx in powers of € we simply obtain at lowest or-
der that fOL Uo(x,t)dx = 0. After an easy integration we obtain that Up(x = 0,7) = vy and hence

h 2
Uo(x, 1) = Vyai 77 €OS (f”(x - Vwant))-



3 Long time transport coefficients for space and time varying diffusivity

In this section we derive the long time transport coeflicients for tracers in a bath of interacting particle
when we do not neglect the contribution of the mean density to the local diffusion coefficient.

Our starting point, as in the main paper, is to obtain the stationary density of particles p(x) in the
frame of reference where the wall is immobile, but now without neglecting the dependence of the diffu-
sion coeflicient D(p(x)) on density. The steady state flux of particles is obtained by assuming in (3.7) of
the main text that p(x, y) = p(x), such that

dp do!
7 =10 [~ 22 — 1y L

+ E(X)vwau) (522)

where we reversed the direction of vy, compared to the main text to obtain J > 0 and where we intro-
duced vy = Eo/kpTpo a characteristic interaction volume. For simplicity we also introduce f(x) such
that i(x) = H(1 + €f(x)) (in the frame of reference where the channel is fixed), and where fOL f(x)dx =0
by definition. To pursue the derivation we will need to obtain the expression of J at order €> as well
as that of p(x) = po + €p1(x) + ezpz(x). Notice, compared to the main text, that now we assume D(x)
depends on space as

1
D(x) = D(pg) + D' (po)(€p1(x) + €2 p2(x))) + D" (po)epi () + €02(0)))* + ... (S23)

In all of these cases note that the solutions p;(x) should still be periodic. We will also make use of the
conservation of mass

L L
j(; P()h(x)dx = fo (po + €p1(x) + €p2(xDH(1 + €f(x))dx = poLH (524)

that we can expand at all orders in € to yield (using the fact that f f(x)dx = 0),

L L
fo p1(x)dx =0, fo (p2(x) + p1(x)f(x)) dx = 0. (825)

In the following we will only need integrals fOL 02(x)dx, and not the expression of p(x), which means
we do not have to explicitly calculate p,(x) and rather we can simply express its integral with respect to
p1(x).

Now we also expand J = Jy + €J; + €2J,. Carefully expanding at all orders in €, we obtain

Jo = Hpovwan,
Ji = Hf(x)povwan — HDop'(x) — HugDopop] (x) + Hp1(X)Vyal,
Jo = Hf(0)p1(x)vwan — Hf(x)Dop’ (x) — Hf(x)voDopop’ (x) (S26)

—HD'(po)p1p(x) — HugD' (po)p1pop} (x) = HugDop1(x)p] (x)
—HDop5(x) = HugDopop5(x) + Hpz(X)Vall.

We can simplify these expressions by taking their averages over a period, and using periodicity and
conservation of mass, we find
Jo = Hpovwal,

Ji =0, (S27)
H L
5 ==20y [ s
0

where we recall that D = Do(1 + vopo).



We can obtain the analytical expression for p;(x) by solving the equation for J; before doing the
average,
J1 =0 = Hf(x)povwan — HDG P (x) + Hp1 (X)vyal, (528)

which does not change compared to the main text and is simply

*

T;e*)z (sin(kox) — Pe* cos(ko)). (S29)

p1(X) = po
Notice that compared to the solution of the main text some signs are reversed that correspond to the
reversal of vy,.
Finally, we can insert the expression for p;(x) to obtain the expression of the flux at second order

H_ , (* , e 1
J = HpoVwan — ZDO , dxf(x)p1(x) = Hpovwan | 1 — 1) (S30)

The subsequent step is to analyze equation (3.14) of the main manuscript, on the marginal density
pu(x, 1) to find the tracer, in the frame of reference where the wall is fixed

6ptr Jdln h(x7 t) EO ptr(x’ [) aﬁ] )
+ o | = VwallPtr | -

aptr(x9t) _ a _
B 0x Pu 0x kgT po Ox

ot ox

(Do(ﬁ) (S31)

Notice that compared to (3.14) we have reversed the sign of vy,.
Now we will first recast the above equation with easier notations

aptr(xe t) — 8

9 ( D) Opu(x, 1) 9 1n h(x) Fp(x

3 = D(x)pu(x, 1) + D(x)vo pu(x, t)—) — vpul(x, t)) (S32)
X Ox Ox

ot ox

where D(x) contains all the spatial dependence of the diffusion coefficient induced by the locally varying
density and we abbreviate v = vy

Now recall that

%) | o Dop(n 2D
Ox ox

is the integrated longitudinal flux of the steady state local density. We can then recast (S32) again into

J = h(x) (D(x) - p(x)v) (S33)

aptr(xe t) _ i
ot ox (D )

Opu(x, 1) 0 1In h(x)p(x)
. D(x)pu(x, 1) . SR

To obtain the long time diffusion and drift of this equation, we finally need to put it under the form used
in Ref. (6)

Pulx, t)) : (834)

Opy(x,t 0 (o
ptra(t ) p (5 (k(X)pu(x, 1)) — u(x) pue(x, t))- (S35)
We see immediately that x(x) = D(x) and
0D(x) J 0 In(p(x)h(x)) 1 OD(x)p(x)h(x)
= D = .
u(x) Oox - p(x)h(x) + D) ox p(xX)h(x) (J - ox ) (536)
We now can use exact results for one dimensional systems in Ref. (6), which give
L
Ve = ——— (837)
j(; dxl.(x)
and .
L? [ dxD(x)1,(x)*1_(x)
Deg = , (S38)

Ly dxt, P
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where

1 +OO J
L(x) = ———er09”f‘ e T dy’ (S39)
K(x) x
and symmetrically
1 X i
I(x)= @e—m) f e dx’ (S40)
with .
T(x) = f ) g (S41)
0 K(x)

Notice that the above integrals indeed converge because the average direction of the drift is towards the
right (u is positive). In the case where the drift is reversed, one would simply have to swap integral
bounds in the definitions of I, (x) and I_(x).

Our aim is noe the drift is w to simplify the above expressions for Vg and Deg. We start by simpli-
fying the expressions for /,(x) and /_(x). Notice that

= [ e 14 PPN
0

D(x")p(x"Yh(x") ) ox’ (S42)
_ 1n(D(x)p(x)h(x))+ f J o
D(0)p(0)r(0)) ~ Jo D(x")p(x)h(x")
and therefore we can simplify
1 D(x)p(x)h(x) ( f x dx’ )
I.(x) = J - -
=5 DOm0 P\ Jy "pennen )
>, D0)p(0)h(0) f dx" )
dy ————— -J
fx * D) P ( o h(p(x D)
X d.x’
:p(X)h(X) exp (Jf f)x
o h(x)p(x")D(x") (S43)

f“’ dx’; ex (—Jf)C/ dx )

o T repnp@) TP\ Jy hp(e)DG)
1 x dx’

= gPhtgexp (Jfo h(x’)p(x’)D(x’)) %

R A e R A )|
PIT o maenpGenpen) ~ P\ ) mepenpany )|

Finally, notice that fooo W’t)l)(ﬂ’) — 400 since all of the functions A(x), p(x) and D(x) are all positive

and periodic. We therefore obtain, since J > 0 (since we reversed the sign of vy in this entire section),

p(X)h(x)
—

L(x) = + (S44)

The term /..(x) is thus proportional to the steady state density.
On the other hand we have

’

1 * dx’ AR * dx”
I_(x) = WCXP (—J‘fo m) Ioo dx’h(x")p(x") exp (‘Ibfo h(x")p(x")D(x") )’

(S45)
which does not simplify as easily as 7, (x).
We can now turn to simplifying V.g. It is obtained via (S37) and (S44)
LJ J
Vet = (546)

§ dxhop  PoH
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which is clearly a result that can be argued from physical grounds. Naturally, the flux of particles
J = poHVeg, is the mean velocity multiplied by the average density. This result can be written using
(S30) as

V. 1 ¢ ! (S47)
- =V -,
eff wall 21+ (Pe*)2
which means that going back to the rest frame of the fluid we find
2
€ 1
Veff = Vwall = —————- 548
eff = Vwall 3 1 B (548)

We now make progress on the calculation of Deg. From (S38) and our expanded expression for /.. (x)

we obtain . .
JL2 [ dx D)p* (0 ()1-(x)  J [ dx D(x)p*(x)h*(x)I-(x)

Deg = (S49)
[y dx pO0R(oP LipoHY
We must make more progress on I_(x) to obtain a more explicit result. Let
Rz — (850)
— h(x)p(x)D(x)’

R(x) is not periodic however we can split it up between a periodic and a non periodic part by defining

L X
R = ! f R(x)dx and r(x) = f (R(X") = R)dx’ (S51)
L Jy 0
such that .
f dx’'R(x") = r(x) + Rx. (S52)
0

The function r(x) is now clearly periodic. Now we use
X

J _ _
I_(x)% exp (—r(x) - Rx) f dx'h(x")p(x') exp (r(x') + Rx')

= exp (—r(x) - Ex) i f:_nLl)L dx'h(x")p(x") exp (”(X,) + EX')

= exp(-r(x) - Rx) i f o dx'h(x")p(x") exp (r(x') + R’ = (n + 1)L))
n=0 v*

(o9

= exp(-r(x) - Rx) f " dx'h(x")p(x') exp (r(x') + Rx) Z ¢ R+ DL
* n=0

x+L
= exp (—r(x) - Ex) L dx'h(x")p(x") exp (r(x') + I_?x’) GXMET

L
- exp(ﬁﬁ exp (—r(x) - Ex) j(; dx'h(x + x")p(x + x’) exp (r(x +x')+R(x + x’))

1
exp(RL) — 1

L
f dx'h(x + x)p(x + x') exp (r(x +x) = r(x) + I_Qx/) . (S53)
0

We can now go back to Deg,

fOL dx fOL dx' h(x)p(x)h(x + x")p(x + x") exp (r(x +x')—r(x) — I_Qx’)
Deg = J = . (854)
Lp}H3(exp(RL) — 1)




We must now expand D.g with respect to €. Before moving on, we observe that

— 1 (f Ver  poH
R = — | =L £ 4
Lfo D(x) p(Oh(x)

o

Vwall e (Pe™) 2
—_—_——— + —

Do [ 2 1+ (Pe*)? (&0 + ep2 =)

Pezfn (1+€Ry) (S55)

where we used any formal analysis software to obtain the systematic expansion of 1/(D(x)p(x)h(x)) with
respect to € and then its integral and introduced

o = D’(po)po and €5 = D" (po)p}
D(po) “ 2D(po)

It is thus clear that r(x) is of order € at least, and we can write

rx) = el f " (f(x’) L0 Do) oy 0(e))
Dy Jo £0 Dy

Pe
T+ P
= ery(x) + O(€?).
In what follows, we show that it is sufficient to work at order O(€) on r(x) to obtain the relevant results.
Using this O(€) approximation on r; we obtain

L L
Deg = / — f dx f dx’ h(x)p(x)h(x + x")p(x + x') exp(eri(x + x') — ery(x) + Rx').
LpiH3(exp(RL) — 1) Jo 0
(S58)

Let I(x,x') = h(x)p(x)h(x + x")p(x + x")exp(eri(x + x') — eri(x) + Rx’) be the integrand, and we now
expand it to order €,
I(x,x') = H(1+ef())(1+ef(x+x))(po + €p1(x) + €p2(x0))po + €p1(x + x') + E€pa(x + 1)

2
X exp(ﬁx’)(l +e(ri(x+x") —r1(x) + %(rl (x+x)—n (x))z). (S59)

(S56)

(S57)

(—2(1 + ep)Pe* sin(x/L)? + (ep(Pe*)? — 1) sin(2ﬂx/L)) + O(€)

Before expanding more, to make progress we will already remove all the terms that integrate to O,
keeping in mind that

0= fL dxf(x+a) = fL dxpi(x+a) = fL dx(o1(x + O f(x+a) + pax+ @) (S60)
for any a as well a5 the identity 0 O
f " (g0 - gx + @) = 0, (S61)
for any periodic function g, and in particular for r1(x).
LS f(x + ) + pr(X)p1(x + X) + p1(X)po f(x + x') + p1(x + x")po f(x)
+(f(0)po + f(x + x)po + p1(x) + p1(x + X)) (r1(x + x') = r1(x))
+%(r1 (x4 x) -1 (x))z])

I(x,x') = H? exp(l_?x’)(p(z) + €

= H? exp(ﬁxv(pé +é [péf(x)f(x +X) + p1(N)p1(x + X)) + p1(X)po f(x + X') + pi1(x + X o f(x)
+(f(0)po + p1(x) ri(x + x') = (f(x + X )po + p1(x + X" )ri(x)
+%<r1 (+x)-r <x>>2])

HpGexp(Rx') (1 + €1 (x,x')). (S62)
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This approach eliminates the appearance of the function p,(x). In addition, we find that all terms in the
expansion of ry(x) appear at order €2 in I(x, x’) and therefore we indeed only need the order 1 terms in

r(x).

J 1 dx’ |, dx'I(x,x")
Deiy = —+ 2f0 fo . (S63)
poH R POH (exp(RL) - 1)
We recall that 5
J € 1
v _ = 1= — S64
ooH eff = Vwall ( 21+ (Pe*)z) ( )
and R = VB—Z‘)“ (1 + €2R2) such that
Deff = D() (l - €2R2 - 3 1+ (Pe*)2) Vwalle f dx’ f dx’ I(x X ) (565)

Carrying on the integrals with the use of an automated software for example, it is quite straightforward
to show

€23Pe? — 1 — (Pe*)2€2 + (1 + Pe?)(Pe*)? [ep + €
= po[14€ (Pe* e}, + (1 + Ped)(Pe*)? [ep + ep.] (566)
2 1+ (Pe*)z)(l + Pe?)
where we recall that 5
D' (po)po D" (po)pg
= ———"— and = — S67
= Do "™ P2 2Dy (567

In this compact form notice that we recover the limit where D.g is given by (3.19) of the main text when
the diffusion coefficient is assumed to be uniform in space, namely when ep = 0 and ep = 0.

In summary we found that the effective drift is not changed by a varying diffusion coefficient in this
context. Likely the largest contribution to the effective diffusion coefficient is that proportional to ep,
such that (S66) can be approximated by

D nD (1+62 3Pe? - 1 . €2 (Pe*)? )
fF = Do —_— eEp——mm—m—= | .
) 2 (1+(Pe))(1+Ped) 21+ (Pe*)
In our simulations, at most ep ~ 0.1 which yields negligible corrections numerically. Notice that, based
on a general perturbation theory that derives the long-time diffusion coefficient with spatiotemporal vary-
ing local drift and diffusivity, we can recover the same results found here. The details of this perturbation
theory will be published elsewhere.

(S68)
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