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TABLE 3

Cll - 18F + 30L
012 (- 6E + 30K)x2
C - 6F + 30 23
21 R
(]22 (- 6E + 301():;2
C31 (- 6E + BOK)x3
C I0x.x.J
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TABLE 4
- 6F + 30ng
(- 6E + 30K)x,
2
- 6F + 30x,J
(- 18E + 30x°T)x
)

30x2x3J

' 2
(- 6E + 30X21)X3
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TABLE 5

Fr11 [8BC - 24BH - 84GC + 180GH - 36r® GF + 60MC + 60 ? KC
- 180HM - 360r? GL - 180r* KF - 360x3 x3 KF]

(E;y2 + Eyp;) x, [8B2 - 132BG - 84CF + 144HF + 216G? + 216r? F? + 60LC
+ 60BM + 60r2 CJ + 60r2 BK - 180GM - 180HL - 360r? FL -

360r? GK - 180r* KE - 180r"* JF - 360x3 x2 KE - 360x3 x§ JF]

Eiia %2 [ - 108BF + 180GF + 180r2EF + 60BL + 60r?BJ - 180GL -
360r2 FK - 180r* JE - 360x% x3 JE]

Eyqg ¥, [ = 24BG + 108G% - 84FC + 144r% F? + 72FH + 36r> EG +
60LC - 60LH - 360r? KG + 60r? JC - 180r* JF ]

(Eza12 + Eppq) [ 324x% GF - 132x3 BF + 8BC + 360x3 r EF - 84x3 EC + 60x3
BL - 180x3 LG + 60x3 KC - 60x3 KH - 360x3 r KF - 360x3 r?
JG + 60x3 r? BJ + 60x3 r? CI - 180x3 r" JE - 180x3 r* FI ]

Ensp x, [144x% F2 + 8B2 - 108x% BE + 180r2 x3 E? + 60x3 BK -
180x2 KG - 360x3 r? FJ + 60x} r? BI - 180x} r* EIl '

Ein x5 [- 24BG + 108G2 + 144r2 F2 - 84FC + 72FH + 36r2 EG +
60LC - 60LH - 360r2 KG + 60r2 JC - 180r" JF]

(E3yp + Egp1) x,%X; [~ B4EC - 132BF + 324GF + 360r? EF + 60BL - 180LG +
60KC - 60KH - 360r2 KF - 360r? JG + 60r? BJ + 60r2 CI -
180r* JE - 180r" FI]

Bisa x3 [- 108x} BE + l44x3 F2 + 180x3 r? E? + 60x3 BK - 180x3
KG - 360x3 r? FJ + 60x3 r? BI - 180x3 r* EI]




.
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TABLE 6

F111 [- 14BC - 120CG + 90CM + 120r® CK - 30BH + 252GH - 270HM +
252r? GF - 540r? GL - 270r* FK - 18AF + 30AL - 18FD + 30DL -
12r? EC + 18r"* EF]

Fii12 + F121 x2 [~ 144CF + 120CL + 120r? CJ + 14B2 - 174BG + 90BM + 12012
BK + 198HF - 270HL + 288G> - 270GM + 180r% GE - 540r2 GK + 288r2
F? - 450r® FL - 270r* FJ - 270r"* KE - 12AF + 60AK - 6ED - 12r2
EB + 18r"* E? + 30DK]

Fi122 -6AF+x2 [- 144BF + 90BL + 120r? BJ + 234GF - 270GL + 216r2 EF
- 540r® FK - 270r" EF + 30AJ - 12EC + 30KC]

Fa1: x; [- 120CF + 90CL + 120r? CJ + 162HF - 270HL - 24GB + 135G2 +
36r? GE - 540r2 GK + 270r? F2 - 270r? FJ — 6AE + 30AK - 6ED + 30DK]

(lez + Fpu1) [14c3 - 132x% CE - 168x3 FB + 90x% BL + 120xz CK + 120x2 r?
BJ + 120x2 r? CI + 496xz GF + 126x2 EH - 270x% GL - 270x3 HK +
612x3 r? EF - 540x3 r? FK - 540x% r? GJ - 270x3 r? FI - 270X2 r?
EJ + 60x35 AJ - 6DF + 30x3 DJ - 6GC - 6r2 FB - 12AF - 12r2 CE -
6BH + 18CH + 36r% GF + 18r" EF]

Faa2 x» [14B? - 150x: BE + 90X2 BK + 120X2 r? BI + 126x2 GE - 270x3
GK + 130X2 F2 - 450x3 r? FJ + 342x3 r? E? - 270x3 r2 ET - 18AE
+ 30x3 AI - 6CF + 30x% CJ - 18r2 EB - 6GB + 18G2 + 36r? F2]

Fiiy x3 [- 120CF + 90CL + 120r2 CJ + 162HF - 270HL - 24GB + 144G2 -

540r* GK + 36r% GE + 270r® F2 - 270r2 FJ - 6AE + 30AK - 6ED - 30DK]

(F312 + F3p1)x3xs [- 132CE - 168FB + 90BL + 120r? BJ + 120r2 CI + 450GF +
126EH - 270GL - 270HK + 612r2 EF - 540r2 FK - 450r2 GJ - 270r2 FI
- 270r? EJ + 60AJ + 30DJ + 90KC + 36EG]

F322 x3 x3[- 150BE + 90BK + 120r? BI + 126GE - 270GK + 144F2 - 540r2
FJ + 306r? EZ - 270r* EI + 30AI + 30CJ + 36EF — 6AE]
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TABLE 7

[4{:2 ~ 24CH + 3602 + 36r2G2:|_

- 24GC + 36GH + 36r2GPz'

Xz.

x. |- 24GC + 36GH + 36r2GF]

-
x, [8BC - 24GC ~ 24BH + 72GH + 72r2GIE'

2

%3

~ 24BG - 24FC + 36G> + 36FH + 36r2GE + 361-232:‘

2

xsz[- 24BG - 24FC + 36G> + 36FH + 36r2F2 + 36r2GE]

xé [432 - 24GB + 36G% + 36r2F2]

xg |:- 24BF + 36GF + 361-2131?:]

xgxq[} 24BF + 36GF + 36r2E%]

- 24GC + 36CH + 36:291?]

—

- 24GB - 24FC + 36G° + 36FH + 36r2CE + 36r2F2:|

PR NN

— 24BF + 36GF + 36rZEF:|

[4(;2 - 24x§CF + 36x§r2]i‘2 + 36x§G2:|

2 2 2 2 2
xz[%BC - 24x2CE - ZészF + 72x2r EF + 72x2G%]
2 2 2 o 2 2.2 2.2
X, l}l-B - ZészE + 36x2r E” + 36x2F;|

_
x. |- 24FC + 36:2F% + 36(;2:’

x. |- 24BF - 24CE + 72r’EF + 72@1]

2
2
gx — 24BE + 36r2E2 + 36}3‘2:’
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XB[- 24GC + 36GH + 351-2@57’

24FC + 36FH + 36G> + 36r’F2

2]
|
)
=
w=)
(]
I

+ 36r2GE]

x. |- 24BF + 36GF + 36r2E1~j

x. |- 24FC + 36r2F% + 36G2:|

2%3|"
x§x3 — 24CE - 24BF + 72r’EF + 72@{!
X%, |- 24BE + 36r°E” + 36F2]

[4C2 - Zﬁxch + 361:2}%172 + 36}%6‘2:!

N T W 2.2 2]

xz[%BC - 24XBBF 24x3CE + 72r x3EF + 72K3G%J
2 2 Z 222 2.2
X, l:éB 24XBBE + 361 x3E + 36x3F]
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TABLE 8

-
|24B = 24AG + 3044 + 28D - 24GD + 30D - 6r2FC + 30r2CL

+ 4c% - 24CH + 36H% - 12r2GB + 36r2G%}

xz[i 24AF + 60AL — 18DF + 30DL + 12BC — 30GC + 30CM — 6r2CE

+ 30r2CK - 18r2BF + 30r2BL - 24BH + 72GH + ?ZrzGé}

2 g

I}AB - 6AG + xg(— 18CF + 30CL - 6AE + 30AK + 6B“ - 6r”BE

+ 30r’BK - 308G + 366 + 36r2F2i]

xz[} 124F + 30AL - 12DF + 30DL - 306C + 30r’CK + 6BH + 36GH
+ 36r2GF - 6r28%]

E—6AG - 6r2BG - 6HC + xg[— 6AE — 6DE + 60AK + 30KD - 42CF
+ 30CL + 30r2CJ - 186B + 30r2BK + 36HF + 3662 + 36r2GE
+ 36r°F - 6rzBEi]

xz{} 124F - 6r°BF - 6GC + x; (30CK + 30AJ = 30BF + 30r°BJ

+ 36GF + 36Erj]

Xq {:— 12AF - 12DF + 30AL + 30DL + 301‘21((1 - 30GC + 6BH +

+ 36GH + 36r°GF - 6r2F%]

XyXq [— 6AE - 6DE + 30AK + 30DK - 42CF + 30CL + 30AK + 30r2CJ

+ BOrZBK - 18BG + 36HF + 36G2 + 36r2GE + 36r2F2 = 36rZBE

x3[} 6AF + x2(~ 6EC + 30KC + 30AJ — 30BF + 30r°BJ + 36GF

+-36r2Eﬁﬂ
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~ 306C + 30rCK + 6BH

+ 18GH + 36r2GF + 18GH — 6r2B€}

_E-GAG - 61°GB - 6HC + x, (- 6AE - 6ED + 60AK + 30KD

— 42CF + 30CL + 30r’CJ - 18GB + 30r2BK + 36HF + 36G2

+ 36r°GE + 36r’F - 6rzBEi]

le}-IZAF - 6x”BF - 6GC + x§(3OCK + 30AJ - 30BF + 30r“BJ

+ 36GF + 36r2EFi]

2

[?AB ~ 6AG + 2BD - 6DG - 6r’CF + 4c” + x%(— 6AE + 30AK

— 6DE + 30DK - J6CF + 30r°CJ + 12CB + 36C% + 36r2F2i]

xz[— 24AF - 6DF + 12BC - 6r20E

- 18:”BF - 18GC + x,(60A

+ 30DJ - 48CE + 30r’CI - 12BF + 30CK + 30r2BJ + 72GF

+ 72r2EFi}

|:2AB + xg{— 18CF - 24AE + 6B°

~ lSrZBE) + xg[BOCJ + 30AI

- 30BE + 30r’BI + 36F + 36r2E2i]

x2x3[} 6AE + 30AK - 6ED + 30DK - 35CF + 30r

207 + 366% + 36r2F2]

XB[} 6AF - 6r’BF - 6CG + x4 (60AJ + 30DJ ~ 48CE + 30CK +

2

+ 30r2CI - 6BF + 30r°BJ + 72GF + 72r2E§]

XZXS[} 12EA - GrZBE - 6CF + x%

+ 36F% + 36r2E2i}

(30C3 + 30AT - 24BE + 30r’BI
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64t U Qo xS[} 12AF + 30AL - 12ED + 30LD + 30r’KC - 30GC + 6BH
2 2

+ 36GH + 36r GF - 6r"BF
64r’u’ Q 5, xsxz[} 6E(A + D) + 30DK + 60AK - 42CF + 30CL + 30r°BK

+ 30r23C - 18BG - 4B% + 36HF + 36G% + 36r2GE + 36r°F>

- GrzBE:I
64202 2 2 2

mUT Q)44 Xg|- BAF + x){30RC + 30AJ - 30BF + 30r"BJ + 36CF + 36r “EF)
sun, 2 | 2 2 2.3
u? Q. x,x,[- 6BA + 30AK - 6ED + 30DK - 36CF + 30r°CJ + 36C° + 36r'F
2 s 2 2
64T°U" Qyy, X[~ 6AF - 6CG - 6rBF + %, (60AJ + 30DJ - 48CE + 30CK
2 o 2

+ 30r°CI - 6BF + 30rBJ + 72GF + 72r°EF)

64m2u® Q %,%,|- 12AE - 6r2BE - 6CF + x2(30CJ + 30AT - 24BE + 30r’BI
233 %253 2
+ 36F% + 36r2E2]|
2.2 2 2., 2 '
64T U Qqqy (2B - 6G) (A + D) — 6r°CF + 4C° + x3[— 6AE — 6DE + 30AK
2 2 2.2

+ 30DK - 36CF + 30r°CJ + 12GB + 36G~ + 36r°F f]
64n 1’ Qyy, xz{} 124F - 6DF + 12BC ~ 6GC - 6r’CE - 61 BF + x; (60A7

+ 30DJ - 48CE + 30CK + 30r’CI - 12BF + 30r’BJ + 36GF + 72r2EFi}
64202 - [%AB = Br2hB.+ xi[— 6CF + BOX§CJ P 3OX§AI + 682 - 6r2BE

kD 2 2 2.2 2 2.2
- 30x3BE + 30X3r BI - 36X3F + 36?c3r E ]]
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We begin by considering the evaluation of the first term of the integral

(42) over ¢, for i = 2 and i = 3, starting with Ex2x3H2 and Ex2x3H3. Since

the coefficient B is independent of ¢, we simply multiply H2 and H3 by x2x3,

transform from (xl,xz,x3) to the corresponding cylindrical coordinate

%
system (xl,r, ¢) and integrate over ¢ from O to 2 to obtain

1

z (e - (0) (0)
B JO x2X3H2d¢ = B e | 32f3 XlAll + 8f1 Kl(A13 + A31) + €

(0) _ (0) (0)
{8x1f3 (All_ 5A22 + 2A33) + léfl xl(Al3 + A31) 8f2 X1A23
0
+8:0x 4 - 8x il L+ 3 -—~—-—fi0)f§0)
1 131 L idE am 64T
2
2 X
r 68 1
12xllog [Ez—]] + T Xl + 8X1 i 2] (51)
1 oy
and
= 4" y (0) (0) (0)
B [0 x2X3H3d¢ =B il 32f2 X1A33 + 8fl Xl(A12 + A21) + € 8f2 X1
< (0) (0)
(All + ZAZZ 5A33) + 16fl xl(A12 + AZl) + 8f1 X1A2l
5. Sl % a8t 8T 64T g . 2
4{1 o Xl]
x2
68 ik
2y 52
Ty R T 2 (*4)
l -x
B i
in which the asymptotic forms of the coefficients ﬁ, E, . . . for small

r(r = O(Rb)<< 1) have been used. The latter terms of each expression arise

from those contributions to Hi which are products of derivatives of the

= rcosd and x, = rsind.

*
As before, x 3

2
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disturbance velocity field with itself. On the other hand, the first terms
result from contributions to Hi which are products of derivatives of the
undisturbed velocity field with derivatives of the disturbance field.

The similar terms of (55) and (60) !involving (A + XEE)HE’ and (A +
xgﬁ)Hz are evaluated next for integration with respect to ¢. Here, we -
simply integrate H2 and H, over ¢, since A is independent of ¢ and xzﬁ is

3 2

asymptotically smaller than A and so neglected. The result is

— 1 r '
o, ) fio)fgo) 12x, (2 oy lex, 32 xi
JO (B FE R dpru & ==t 7 Lok all - 2)' R I
L | &'y \ 1)
and ' (53)
r Al
m _ fio)féoj r123:1 (2 ) 1ex, 3 xi
J (A + x;B)H,dd v A e 57— log ol B il 5
0 x 4{1 - x%) r r© |1-x
R \ l 4 L lJ_J
again valid for small r = O(Rb) << 1. (54)

We now turn to evaluation of the surface integrals of equation (42) fori=2
andi=2. We proceed by evaluating the integrands at r==R(xl)-<<l, converting
to the more convenient cylindrical coordinate system, and integrating with
respect to ¢. After a considerable algebraic effort, it may finally be shown

x2 Rz(x

rn 27 z(ﬁ2 = ﬁ3) 1 1)_
Rsing t. dd = f Rcosd t.dd N - Fogl ———5=1 {585)
0 ik 0 L 64T R(xl) 4[1 _.Xi]
JZﬂ 2m l6(n2 + n3) X R (xl)

td¢=f x, t,dd Vv log (56)
0 173 0 172 64m R(xl) 4[1 _ xi]

The terms involving the undisturbed component of the 0(1l) velocity field
produce contributions which are 0(1l) or smaller, and have hence been neg-
lected in the equations (55) and (56).

In order to evaluate the torque from équation (42) for 1 = 2 and i = 3,

we use the asymptotic evaluations of the various integral terms (51-56), the



.
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-
definitions of Fi from equation (27), and the asymptotic (small r) forms

for the coefficients B and A from table 2
_ 2xl
B’\J—E-'FO(]_)
r

2
N
, 2
4(1 - xl]

An - xllog

(1)

3 equations

Hence, combining all of these expressions, we obtain Gél) and G

(52 and (53).
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Thg functions hi(Bl, ¢l, Wy w3)

h S(Sinﬁl cosz¢l = mz][coszel sin¢1 cos¢l) + (sinzﬁl sin¢l cos¢l]

; . 2 : 2 ; 2
[51n81 sin¢, - sind; cos ¢l] + El[?[51n81 cos hy - wz)
(- sin28 sinp, cos¢, + 5cos2 sing, cosp, - 2sind, coso.)
1 1 1 i 1 1 1 1
+ 2sin28 sin¢, cosd [Sine sin2¢ - sinb cosz¢ j
1 i 1 1 1 1 1

2 .
- Z(Sine cosel sin¢l cos¢l - w3]cose sin ¢1 - smzel

1

cos¢l sin¢(sin81 c052¢I - wz] il - é% [sinel c052¢1 - wzi]

3 2 . . .
h2 = Jom sin 81 51n¢1 cos¢1(51n61 cosel 51n¢1 cos¢l = w3}

h3 8[— sinel cosf; sing, cos¢; + m3]sin¢l coscb1 + Zsinzﬁl sin¢1.
cos¢l(sin81 cosel sin¢l cos¢1] + el{%(sinel'cosei sin¢1 c05¢l
. wB](sinzel sin¢l cos¢l +'2c03281 sin¢1 cos¢1 # 5sin¢1 cos¢1]
+ 231n281 sin¢l cos¢1(23in81 cosel sin¢l cos¢1) + sinzel sin¢l
cos¢1(sin81 cosf; sing; cﬁs¢l o= w3] + Z[Sinel cosz¢l - mz]

2 d : i
cosel cos ¢l + 2 it (51nel cosel sln¢l cos¢1 - w3i]

[ S i)
h4 327 Sin 61 singy cos¢l[sinel cos ¢1 mz]




