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The additional material to the paper ”Wave pattern formation in
a fluid annulus with a radially — vibrating inner cylinder” by T.S.
Krasnopolskaya and G.J.F. van Heijst

Appendix B. An extended analysis of the non-axisymmetric resonant
case, including secondary modes

Here we will take into account the existence of the secondary modes. Therefore, we
approximate the free surface displacement by the expression
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Besides the resonance modes, in (B.1) account is taken of secondary modes, which are
excited due to the nonlinear coupling of the vibrational modes and to the direct non-
resonant excitation. So for the general case we seek the functions (g%, Con and (5, in
the following form (see also Miles, 1984c):
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for the dominant modes and
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for the secondary modes, where A, ¢; and m are as before in (3.55) - (3.56); the vari-
ables pa(1), g2(71), Asa(m1), Bsn(71), Con(71) (b = 0,2n) are slowly varying dimensionless
amplitudes of the dominant and the secondary modes.

For free-surface vibrations of the form (B.1), it can be assumed that the velocity
potential ¢; contains the terms
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Using average over the surface z = 0 values of the terms of the nonlinear boundary
condition (3.61) instead of the linear condition (3.11a) the potential ¢y can be written

in the form:
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The potential ¢ has the same form as in (3.59). Substitution of ¢ and ¢, in to the
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kinematic boundary condition (3.61) gives a possibility to express the amplitudes of ¢;
in the following way:
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Where 710, 711 and D are given in (3.63), and

Ra Il i Ra 9
Mon = —-—[kon/ Xm.Xnanm?’d?'—knm/ X0hXsmTdr],
Ry

"y
T Ra f ; 5 Ry .
Mapp = m[anhknm -/1;1 Xan thmXﬂmrdr - knm, ‘/Rl Xzﬂhxnmrdr
2 e 2 1
+2n f X2n hxnm_dr];
R,y r

Ra ] ' R
5 knm / XohXnmXnmTdr — kop f Xon X2, rdr];
Rl R1

I

T Rz , i R: 5
Lonh = ———[kannkn / rdr — ki, / rdr
Inh = 2N2 N2n a [ 2n h m . in hxnanm nh i X?n thm

Ra 1
+2n? [ X2n hX 2 m—dr]; (B9)
R, r
Yon = [kon tanh(kord)]™%; Yan b = [kon p tanh(kap, nd)]) ™1
Ra 5 Ra Ra 1
Kon = 201k [ xon(umrdr = B [ xorirdr +1 [ xonimzar);
Jﬁ\' N Rl Rl Rl r
Ra Ra
_ TY1072nhk 2 ro\2 2 2
Konn = MIknle XZnh(Xnm) rdr — knm/I XZ!nthmrdr
Ry 1
+n2/ Xan h X2 —dr]. (B 10)
Ry r
From the dynamic boundary condition (3.64), in the same way as before, we also get
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Asnn = m 3 (Banh + Qa2nn)(p3 — 43);
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and derive the following evolution equations:
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Here &, 3, 52, 03, A1 are the same constant coefficients as in (3.65). Other constants
are the following:
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Ssh = 110Manh + 5715 Soznh + 4720 h Lozns; Ran = y10Mon + Yon(Lon + Ron);
Rsh = moManh + Y2nh(Lan s + Ronn);

T Rz 3 T R 2
Sor = ——/ X0h XnmTdr; Sonk = ——/ X2n h XnmTdT;
NgmNOh R1 nm " 2Nr%mN2nh Ry WEXrim

Ra R,
m i ' F _
B [knmk‘or;/ thxnmxnzr’dr+'rml‘rnhlf XonXamrdr];
NZ.. Nop R,

1

Rz RQ
T ] 4 -1 -
Ronn = m[knmk%h le X2n hXnmXnmrdr + 710172n1h /-Rl inhximf'd‘-"
Ra 1
+ 2132/ X2n hxim—d?’]. (Bl6)
Ry r

For the single dominant mode with amplitudes p; and ¢, the system (B.13) has a
solution corresponding to harmonic vibrations (ie. dps/dr = 0 and dgs/dm = 0) for
which
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Thus, the difference between the secondary modes model and the resonant modes model
consists of: (I) a change in the amplitude of parametric excitation at the value of 84 which
is conditioned by the direct excitation of the mean level oscillations and the axisymmetric
waves and then by the energy transformation from them into the cross-waves; (I1) a
change in the coefficient of nonlinearity of the system, when A, depends on indirect
excitation of the mean level variations and axisymmetric modes 5 and non-symmetric
modes 92, . This coefficient can influence to the stability of the resonant cross-wave,
as was shown by Becker and Miles (1991). However, the value of 84 may be negligibly
small by the same ”geometrical” reason as for the value of (go(t).



