ONLINE APPENDIX
Applying predator-prey theory to modelling immune-mediated, within-host interspecific parasite interactions

Andy Fenton & Sarah E. Perkins
A1. Stability analyses of the single-species models
Here we present stability analyses of the single-species models, based on Models 1 and 2 from the main paper, and show how the different functional responses of the immune system affect the dynamics of the system.


When the infecting parasite is a microparasite there are always 2 equilibria, the trivial state (0, 0) and the persistence equilibrium (P*, I*), where P* and I* for each model are given in Table A2.  In all cases, the trivial state (0, 0) is unstable and we here will only consider stability of the persistence equilibria.  When the infecting parasite is a macroparasite, there is only one, persistence equilibrium, (P*, I*), again defined in Table A2.  

In all cases the Jacobian is given by:
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where the Ωs are the eigenvalues, and the Ji,j terms are given by 
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and are defined in Table A2 for each model variation.  Stability for each model was determined by evaluating the characteristic equation of the Jacobian, evaluated at the persistence equilibrium:
Ω2 + AΩ + B = 0

where the coefficients A and B are defined in Table A2.  According to the Routh-Hurwitz criteria, stability of the persistence equilibrium occurs if A and B are greater than 0.  Where a simple analytical solution is possible, the resulting stability criteria for each model are also presented in Table A2.
A2. Stability analyses of the co-infection models with cross-immunity 
Here we present stability analyses of the co-infection models with cross-immunity (Model 3 from the main paper). To illustrate the consequences of co-infecting parasites that potentially elicit immune responses with different functional responses, we assume there are 2 parasite species (P1 and P2), and P1 always elicits a Type 1 functional response, and P2 elicits either a Type 1, 2 or 3 functional response. Since cross-immunity is most likely to occur when there are high degrees of antigenic similarity, we assume such interactions will be rare between microparasites and macroparasites, and so restrict our analysis to microparasite-microparasite and macroparasite-macroparasite interactions.  Furthermore, since the basic models we examine have been well characterised in the ecological literature, for simplicity we only concentrate on the conditions for stability of coexistence equilibria (i.e., the conditions whereby the 2 parasite species can coexist).
A2.1 Microparasite-microparasite interactions

A2.1.1 Both species elicit a Type 1 functional response
Here the baseline model is:
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and there are 3 equilibria: the trivial solution (0, 0, 0), survival of P1 (P1*, 0, I1*) and survival of P2 (0, P2*, I2*), where:
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Note, there is no coexistence equilibrium, and so it is not possible for 2 microparasites to coexist when they both elicit Type 1 functional responses. The ‘winner’ between the two parasites is determined by the species with the greatest value of 
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A2.1.2 Species 1 elicits a Type 1 functional response and species 2 elicits a Type 2 functional response
This time there is a coexistence equilibrium, (P1*, P2*, I*) where:
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.  Clearly, for this state to be biologically feasible we need 
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The Jacobian of the system is:
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where the Ωs are the eigenvalues of the system. From the Jacobian we obtain the characteristic equation:

Ω3 + AΩ2 + BΩ + C = 0

from which, according to the Routh-Hurwitz criteria, stability occurs if A, B and C > 0 and AB – C > 0.

At the coexistence equilibrium, these coefficients are:
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For A > 0 we need 
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, which contradicts one of the earlier conditions for biological feasibility, and so the coexistence equilibrium is never stable. 
A2.1.3 Species 1 elicits a Type 1 functional response and species 2 elicits a Type 3 functional response
Here, the coexistence equilibrium, (P1*, P2*, I*) is given by:
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.  The Jacobian of the system is:
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At the coexistence equilibrium, the coefficients of the characteristic equation are complex terms.  However, they simplify to a single stability criterion: 
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; if this criterion holds then both parasite species coexist to the stable equilibrium defined above, otherwise P2 escapes regulation by the immune system and grow to potentially dangerous levels.  Therefore the presence of a microparasite that elicits a Type 3 functional response can facilitate the persistence of another microparasite that would otherwise exhibit unstable dynamics. 

A2.2 Macroparasite-macroparasite interactions

When P1 elicits a Type 1 functional response then the Jacobian of the system is:
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where the Ji,j terms are given by 
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and depend on the form of the immune system’s functional response elicited by P2 (see below)  In all cases there is 1 equilibrium, (P1*, P2*, I*), where:
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The equilibrium value of P2 depends on the nature of the functional response that it elicits (see below).

A2.2.1 Both species elicit a Type 1 functional response
The equilibrium value of P2 is:
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and the remaining terms in the Jacobian are:
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At the coexistence equilibrium, the coefficients of the characteristic equation are:
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Since A, B and C are all greater than 0, the system is stable, and two macroparasites that elicit Type 1 functional responses can always coexist.
A2.2.2 Species 1 elicits a Type 1 functional response and species 2 elicits either a Type 2 or a Type 3 functional response
When P2 elicits a Type 2 functional response, its equilibrium value is:
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and the remaining terms in the Jacobian are:
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When P2 elicits a Type 3 functional response, its equilibrium value is:
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and the remaining terms in the Jacobian are:
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In both cases the coefficients of the characteristic equations are complex terms, but they simplify to the same, single criterion for stability:
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Therefore stable coexistence of two macroparasites, when one elicits either a Type 2 or Type 3 functional response, occurs providing the combined rate of immune stimulation is sufficiently high to compensate the rate of decay of the immune response over the duration of its ‘handling time’ for P2.
A3. Stability analysis of the co-infection model with antagonistic immune responses
Here we present stability analyses of the co-infection models with antagonistic immune responses (Model 4 from the main paper).  First we explore the single-species model for a microparasite which elicits Type 1, 2 or 3 functional responses by the immune system, before presenting analysis of a 2-species model where both parasites elicit a Type 1 functional response.
A3.1 Single species microparasite model

A3.1.1 Parasite elicits a Type 1 functional response

The baseline model is:
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There are 2 equilibria, the trivial solution (0, 0) and the persistence equilibrium (P*, I*) where 
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.  So, for the persistence equilibrium to be biologically feasible we require 
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; that is, the maximum rate of loss of the parasite through the action of the immune system must exceed the parasites replication rate, in order to prevent it escaping regulation and growing exponentially.  The Jacobian of the system evaluated at the persistence equilibrium is:
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and the coefficients of the characteristic equation are 
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 in order for stability of the persistence equilibrium; this criterion defines the solid line in Fig. 4 in the main paper.
A3.1.2 Parasite elicits a Type 2 functional response

Beside the trivial state (0, 0), there is a persistence equilibrium, (P*, I*), where:
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.  The Jacobian of the system is:
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and the coefficients of the characteristic equation are:



[image: image43.wmf]2

*

*

*

*

*

*

2

*

2

*

*

)

1

(

))

2

1

(

)

1

(

(

)

1

(

hP

K

hP

I

I

hP

K

P

eI

B

hP

h

K

e

P

I

A

b

b

b

b

b

b

+

+

-

+

=

÷

÷

ø

ö

ç

ç

è

æ

+

-

=


Solving for A, B > 0 show that stability of the persistence equilibrium occurs if:
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which defines the dashed line in Fig. 4.  
A3.1.3 Parasite elicits a Type 3 functional response

The persistence equilibrium is given by 
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 and P* is the solution to the expression
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and the coefficients of the characteristic equation are:
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Solving for A, B > 0 show that stability of the persistence equilibrium occurs if:
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which defines the dotted line in Fig. 4. 
A3.2 Co-infection model with antagonistic immune responses
Finally, we explore the stability of the coexistence equilibrium for the 2-species model with antagonistic immune responses (Model 4), where both parasite species elicit a Type 1 functional response by the immune response.  The coexistence equilibrium, (P1*, P2*, I1*, I2*), is defined by:
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The Jacobian of the system is:
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from which we obtain the characteristic equation:

Ω4 + AΩ3 + BΩ2 + CΩ + D = 0

where the coefficients are:
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For stability of the coexistence equilibrium, all 4 coefficients must be greater than 0, which is true if:
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Table A1.  Parameter definitions and baseline values.  Unless otherwise stated, parameter definitions and values apply to all models presented.
	Parameter
	Definition
	Baseline value

	
	
	Species 1
	Species 2

	ri
	Microparasite replication rate
	0.1
	0.05

	βi
	Parasite clearance rate by immune system
	0.05
	0.05

	hi
	Immune response “handling time”
	0†
	10

	ei
	Immune stimulation rate
	0.1
	0.1

	Γi
	Macroparasite infection rate (Model 2 only)
	0.1
	0.15

	δ
	Immune system decay rate
	0.01
	-*

	K
	Immune system “carrying capacity” (Model 3 only)
	10
	-*


† For the co-infection models presented, it is assumed species 1 always elicits a Type 1 functional response by the immune system and, hence, there is no handling time.
* These parameters are parasite species-independent.
Table A2.  Persistence equilibrium values (P* and I*), JP,P and JI,P terms for the Jacobian, coefficients A and B of the characteristic equation, and stability criteria for each single species model (microparasite or macroparasite, Type 1, 2 or 3 Functional Response)
	Model
	P*
	I*
	JP,P
	JI,P
	A
	B
	Stability criteria
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