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Supplementary material on ”Dynamic Analysis of the UVMS: Effect of Disturbances,
Coupling, and Joint-Flexibility on End-Effector Positioning”

Appendix A: Equations of motion of the UVMS considering flexible joints
The equations of motion of the UVMS considering flexible joints are given by (30):

Mvξ̇ + Cvξ + Dvξ + Gv = Fv, (A1)

where the mass matrix Mv is given as follows:

Mv =


m1,1 · · · m1,10
...

. . .
...

m10,1 · · · m10,10

 , (A2)

where all the non zero elements of Mv are given as follows:

m1,1 = ma1 + mmau + mv + mvau + (m1 + m2),

m5,1 = zgmv,m6,1 = −ygmv,

m2,2 = mmav + mv + mvav + (m1 + m2),

m4,2 = −zgmv,

m6,2 = xgmv,

m3,3 = mmaw + mv + mvaw + (m1 + m2),

m4,3 = ygmv,

m5,3 = −xgmv,

m2,4 = −zgmv,

m3,4 = ygmv,

m4,4 = Jax + Jxx,

m5,4 = −Jxy,

m6,4 = −Jxz,

m1,5 = zgmv,

m3,5 = −xgmv,

m4,5 = −Jxy,

m5,5 = Jay + Jyy,

m6,5 = −Jyz,

m1,6 = −ygmv,

m2,6 = xgmv,

m4,6 = −Jxz,

m5,6 = −Jyz,

m6,6 = Jaz + Jzz,

m7,7 = J1,a + J2,a + l2c1m1,au + 2l1lc2m2,au cos (α2(t)) + l2c2m2,au + l21m2,au + Ja2 + l21ma2

+ m1l2c1 + 2l1m2lc2 cos (α2(t)) + m2l2c2 + J1 + J2 + l21m2,
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m8,7 = J2,a + l1lc2m2,au cos (α2(t)) + l2c2m2,au + l1m2lc2 cos (α2(t)) + m2l2c2 + J2,

m7,8 = J2,a + l1lc2m2,au cos (α2(t)) + l2c2m2,au + l1m2lc2 cos (α2(t)) + m2l2c2 + J2,

m8,8 = J2,a + l2c2m2,au + m2l2c2 + J2,

m9,9 = Ja1,

m10,10 = Ja2.

The matrix Cv is given as follows:

Cv =


c1,1 · · · c1,10
...

. . .
...

c10,1 · · · c10,10

 , (A3)

where all the non-zero elements of Cv are given below. It is to be noted that, the derivatives with
respect to time are given as ( )’ and for a compact representation of the matrix components, the
cosine and sine terms are represented as follows:

Cφ = cos(φ(t)), S φ = sin(φ(t)), Cθ = cos(θ(t)), S θ = sin(θ(t)), Cψ = cos(ψ(t)), S ψ = sin(ψ(t)),

c1,1 = −p(t)CφJxzS ψC2
θ + CφmvS ψxgv(t)C2

θ + CφCψmvygv(t)C2
θ −CψmvS φygw(t)C2

θ

+ Cψma1S φS ψθ
′(t)C2

θ + Cψ(m1 + m2)S φS ψθ
′(t)C2

θ + CψmmauS φS ψθ
′(t)C2

θ + CψmvS φS ψθ
′(t)C2

θ

+ CψmvauS φS ψθ
′(t)C2

θ −Cψma1S ψψ
′(t)C2

θ −Cψ(m1 + m2)S ψψ
′(t)C2

θ −CψmmauS ψψ
′(t)C2

θ

−CψmvS ψψ
′(t)C2

θ −CψmvauS ψψ
′(t)C2

θ − p(t)JxzS θS φCθ + p(t)JxyS φS ψCθ

+ mvS θS φxgv(t)Cθ + CψmvS φzgv(t)Cθ + mvS φS ψxgw(t)Cθ − mvS θS ψygw(t)Cθ

+ CφCψmvzgw(t)Cθ −C2
ψma1S θθ

′(t)Cθ −CφCψma1S θθ
′(t)Cθ −C2

ψ(m1 + m2)S θθ
′(t)Cθ

−CφCψ(m1 + m2)S θθ
′(t)Cθ −C2

ψmmauS θθ
′(t)Cθ −CφCψmmauS θθ

′(t)Cθ −C2
ψmvS θθ

′(t)Cθ

−CφCψmvS θθ
′(t)Cθ −C2

ψmvauS θθ
′(t)Cθ −CφCψmvauS θθ

′(t)Cθ + ma1S φS 2
ψφ
′(t)Cθ

+ (m1 + m2)S φS 2
ψφ
′(t)Cθ + mmauS φS 2

ψφ
′(t)Cθ + mvS φS 2

ψφ
′(t)Cθ + mvauS φS 2

ψφ
′(t)Cθ

+ CφCψma1S θS ψφ
′(t)Cθ + CφCψ(m1 + m2)S θS ψφ

′(t)Cθ + CφCψmmauS θS ψφ
′(t)Cθ

+ CφCψmvauS θS ψφ
′(t)Cθ − ma1S θS φS 2

ψψ
′(t)Cθ − (m1 + m2)S θS φS 2

ψψ
′(t)Cθ − mmauS θS φS 2

ψψ
′(t)Cθ

− mvS θS φS 2
ψψ
′(t)Cθ − mvauS θS φS 2

ψψ
′(t)Cθ −CφCψma1S ψψ

′(t)Cθ −CφCψ(m1 + m2)S ψψ
′(t)Cθ

−CφCψmmauS ψψ
′(t)Cθ −CφCψmvS ψψ

′(t)Cθ −CφCψmvauS ψψ
′(t)Cθ − p(t)CφJxyS θ

+ r(t)(Jyz(CθS φS ψ −CφS θ) + CθJaz(S θS φ + CθCφS ψ) + CφCψmvS θS ψφ
′(t)Cθ

+ CθJzz(S θS φ + CθCφS ψ)) + q(t)(−CθJyz(S θS φ + CθCφS ψ) + Jay(CφS θ −CθS φS ψ) + Jyy(CφS θ

−CθS φS ψ)) − mvS 2
θygv(t) −CφmvS θxgw(t) + Cψma1S 2

θS φφ
′(t) + CφmmauS 2

θS ψψ
′(t)

+ Cψ(m1 + m2)S 2
θS φφ

′(t) + CψmmauS 2
θS φφ

′(t) + CψmvS 2
θS φφ

′(t) + CψmvauS 2
θS φφ

′(t)

−Cφma1S θS ψφ
′(t) −Cφ(m1 + m2)S θS ψφ

′(t) −CφmmauS θS ψφ
′(t) −CφmvS θS ψφ

′(t)

−CφmvauS θS ψφ
′(t) −Cψma1S θS φψ

′(t) −Cψ(m1 + m2)S θS φψ
′(t) −CψmmauS θS φψ

′(t)

−CψmvS θS φψ
′(t) −CψmvauS θS φψ

′(t) + Cφma1S 2
θS ψψ

′(t) + Cφ(m1 + m2)S 2
θS ψψ

′(t)

+ CφmvS 2
θS ψψ

′(t) + CφmvauS 2
θS ψψ

′(t),
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c2,1 = p(t)JxzS 2
φC

2
θ − mvS 2

φxgv(t)C2
θ + CφCψma1S φθ

′(t)C2
θ + CφCψ(m1 + m2)S φθ

′(t)C2
θ

+ CφCψmmauS φθ
′(t)C2

θ + CφCψmvS φθ
′(t)C2

θ + CφCψmvauS φθ
′(t)C2

θ − p(t)C2
φCψJxzCθ

+ p(t)CφJxyS φCθ − p(t)CφJxzS θS φS ψCθ + C2
φCψmvxgv(t)Cθ + CφmvS θS φS ψxgv(t)Cθ

+ CφCψmvS θS φygv(t)Cθ + mvS θS φygv(t)Cθ −C2
φmvS ψygv(t)Cθ + CφmvS φxgw(t)Cθ

−CψmvS θS 2
φygw(t)Cθ + CφmvS φS ψygw(t)Cθ + CφC2

ψma1S φθ
′(t)Cθ + CφC2

ψ(m1 + m2)S φθ
′(t)Cθ

+ CφC2
ψmmauS φθ

′(t)Cθ + CφC2
ψmvS φθ

′(t)Cθ + CφC2
ψmvauS φθ

′(t)Cθ + Cψma1S θS 2
φS ψθ

′(t)Cθ

+ Cψ(m1 + m2)S θS 2
φS ψθ

′(t)Cθ + CψmmauS θS 2
φS ψθ

′(t)Cθ + CψmvS θS 2
φS ψθ

′(t)Cθ

−Cψma1S θS 2
φφ
′(t)Cθ −Cψ(m1 + m2)S θS 2

φφ
′(t)Cθ −CψmmauS θS 2

φφ
′(t)Cθ −CψmvS θS 2

φφ
′(t)Cθ

−CψmvauS θS 2
φφ
′(t)Cθ + Cφma1S φS ψφ

′(t)Cθ + Cφ(m1 + m2)S φS ψφ
′(t)Cθ + CφmmauS φS ψφ

′(t)Cθ

+ CφmvS φS ψφ
′(t)Cθ + CφmvauS φS ψφ

′(t)Cθ + Cψma1S 2
φψ
′(t)Cθ + Cψ(m1 + m2)S 2

φψ
′(t)Cθ

+ CψmmauS 2
φψ
′(t)Cθ + CψmvS 2

φψ
′(t)Cθ + CψmvauS 2

φψ
′(t)Cθ + Cφma1S 2

ψψ
′(t)Cθ

+ Cφ(m1 + m2)S 2
ψψ
′(t)Cθ + CφmmauS 2

ψψ
′(t)Cθ + CφmvS 2

ψψ
′(t)Cθ + CφmvauS 2

ψψ
′(t)Cθ

−Cφma1S θS φS ψψ
′(t)Cθ −Cψma1S θS φS ψψ

′(t)Cθ −Cφ(m1 + m2)S θS φS ψψ
′(t)Cθ

−CφmmauS θS φS ψψ
′(t)Cθ −CψmmauS θS φS ψψ

′(t)Cθ −CφmvS θS φS ψψ
′(t)Cθ −CψmvS θS φS ψψ

′(t)Cθ

−CφmvauS θS φS ψψ
′(t)Cθ −CψmvauS θS φS ψψ

′(t)Cθ + p(t)CφCψJxyS φ + q(t)(CθJyz(−CψC2
φ

− S θS φS ψCφ + CθS 2
φ) − JayS φ(CθCφ −Cψ(m1 + m2)S θS φS ψψ

′(t)Cθ + CψmvauS θS 2
φS ψθ

′(t)Cθ

+ CψCφ + S θS φS ψ) − JyyS φ(CθCφ + CψCφ + S θS φS ψ)) + r(t)(CθJaz(CψC2
φ + S θS φS ψCφ −CθS 2

φ)

+ CθJzz(CψC2
φ + S θS φS ψCφ −CθS 2

φ) + JyzS φ(CθCφ + CψCφ + S θS φS ψ)) + p(t)JxyS θS 2
φS ψ

+ CψmvS θS 2
φzgv(t) −CφmvS φS ψzgv(t) + CφCψmvS φxgw(t) + mvS θS 2

φS ψxgw(t) −CφCψmvS θygw(t)

− mvS 2
θS φS ψygw(t) + CφCψmvS θS φzgw(t) −C2

φmvS ψzgw(t) −C2
ψma1S 2

θS φθ
′(t)

−C2
ψ(m1 + m2)S 2

θS φθ
′(t) −C2

ψmmauS 2
θS φθ

′(t) −C2
ψmvS 2

θS φθ
′(t) −C2

ψmvauS 2
θS φθ

′(t)

+ CφCψma1S θS ψθ
′(t) + CφCψ(m1 + m2)S θS ψθ

′(t) + CφCψmmauS θS ψθ
′(t) + CφCψmvS θS ψθ

′(t)

+ CφCψmvauS θS ψθ
′(t) + ma1S θS 2

φS 2
ψφ
′(t) + (m1 + m2)S θS 2

φS 2
ψφ
′(t) + mmauS θS 2

φS 2
ψφ
′(t)

+ mvS θS 2
φS 2

ψφ
′(t) + mvauS θS 2

φS 2
ψφ
′(t) + C2

φC
2
ψma1S θφ

′(t) + C2
φC

2
ψ(m1 + m2)S θφ

′(t)

+ C2
φC

2
ψmmauS θφ

′(t) + C2
φC

2
ψmvS θφ

′(t) + C2
φC

2
ψmvauS θφ

′(t) + CφCψma1S 2
θS φS ψφ

′(t)

+ CφCψ(m1 + m2)S 2
θS φS ψφ

′(t) + CφCψmmauS 2
θS φS ψφ

′(t) + CφCψmvS 2
θS φS ψφ

′(t)

+ CφCψma1S φS ψφ
′(t) + CφCψ(m1 + m2)S φS ψφ

′(t) + CφCψmmauS φS ψφ
′(t) + CφCψmvS φS ψφ

′(t)

+ CφCψmvauS φS ψφ
′(t) − ma1S 2

θS
2
φS 2

ψψ
′(t) − (m1 + m2)S 2

θS
2
φS 2

ψψ
′(t) − mmauS 2

θS
2
φS 2

ψψ
′(t)

− mvS 2
θS

2
φS 2

ψψ
′(t) − mvauS 2

θS
2
φS 2

ψψ
′(t) −C2

φC
2
ψma1ψ

′(t) −C2
φC

2
ψ(m1 + m2)ψ′(t)

−C2
φC

2
ψmmauψ

′(t) −C2
φC

2
ψmvψ

′(t) −C2
φC

2
ψmvauψ

′(t) − 2CφCψma1S θS φS ψψ
′(t)

− 2CφCψ(m1 + m2)S θS φS ψψ
′(t) − 2CφCψmmauS θS φS ψψ

′(t) − 2CφCψmvS θS φS ψψ
′(t)

− 2CφCψmvauS θS φS ψψ
′(t) + CφCψmvauS 2

θS φS ψφ
′(t),
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c3,1 = p(t)CφJxzS φC2
θ −CφmvS φxgv(t)C2

θ + C2
φCψma1θ

′(t)C2
θ + C2

φCψ(m1 + m2)θ′(t)C2
θ

+ C2
φCψmmauθ

′(t)C2
θ + C2

φCψmvθ
′(t)C2

θ + C2
φCψmvauθ

′(t)C2
θ + p(t)C2

φJxyCθ

+ p(t)CφCψJxzS φCθ − p(t)C2
φJxzS θS ψCθ −CφCψmvS φxgv(t)Cθ + C2

φmvS θS ψxgv(t)Cθ

+ CφmvS θygv(t)Cθ + C2
φCψmvS θygv(t)Cθ + CφmvS φS ψygv(t)Cθ + C2

φmvxgw(t)Cθ

−CφCψmvS θS φygw(t)Cθ − mvS 2
φS ψygw(t)Cθ −C2

ψma1S 2
φθ
′(t)Cθ −C2

ψ(m1 + m2)S 2
φθ
′(t)Cθ

−C2
ψmmauS 2

φθ
′(t)Cθ −C2

ψmvS 2
φθ
′(t)Cθ −C2

ψmvauS 2
φθ
′(t)Cθ + CφCψma1S θS φS ψθ

′(t)Cθ

+ CφCψ(m1 + m2)S θS φS ψθ
′(t)Cθ + CφCψmmauS θS φS ψθ

′(t)Cθ + CφCψmvS θS φS ψθ
′(t)Cθ

−CφCψma1S θS φφ
′(t)Cθ −CφCψ(m1 + m2)S θS φφ

′(t)Cθ −CφCψmmauS θS φφ
′(t)Cθ

−CφCψmvauS θS φφ
′(t)Cθ + C2

φma1S ψφ
′(t)Cθ + C2

φ(m1 + m2)S ψφ
′(t)Cθ + C2

φmmauS ψφ
′(t)Cθ

+ C2
φmvS ψφ

′(t)Cθ + C2
φmvauS ψφ

′(t)Cθ − ma1S φS 2
ψψ
′(t)Cθ − (m1 + m2)S φS 2

ψψ
′(t)Cθ

− mmauS φS 2
ψψ
′(t)Cθ − mvS φS 2

ψψ
′(t)Cθ − mvauS φS 2

ψψ
′(t)Cθ + CφCψma1S φψ

′(t)Cθ

+ CφCψ(m1 + m2)S φψ
′(t)Cθ + CφCψmmauS φψ

′(t)Cθ + CφCψmvS φψ
′(t)Cθ + CφCψmvauS φψ

′(t)Cθ

−C2
φma1S θS ψψ

′(t)Cθ −CφCψma1S θS ψψ
′(t)Cθ −C2

φ(m1 + m2)S θS ψψ
′(t)Cθ

−C2
φmmauS θS ψψ

′(t)Cθ −CφCψmmauS θS ψψ
′(t)Cθ −C2

φmvS θS ψψ
′(t)Cθ −CφCψmvS θS ψψ

′(t)Cθ

−C2
φmvauS θS ψψ

′(t)Cθ −CφCψmvauS θS ψψ
′(t)Cθ − p(t)CψJxyS 2

φ − r(t)(−Jyz(CθC2
φ

+ S θS φS ψCφ −CψS 2
φ) + CθCφJaz(CθS φ + CφCψmvauS θS φS ψθ

′(t)Cθ −CφCψmvS θS φφ
′(t)Cθ

+ CψS φ −CφS θS ψ) + CθCφJzz(CθS φ + CψS φ −CφS θS ψ)) + q(t)(−Jyy(CθC2
φ + S θS φS ψCφ

−CφCψ(m1 + m2)S θS ψψ
′(t)Cθ −CψS 2

φ) − Jay(CθC2
φ + S φ(CφS θS ψ −CψS φ))

−C2
φCψmvauS θS ψψ

′(t) + CθCφJyz(CθS φ + CψS φ −CφS θS ψ)) + p(t)CφJxyS θS φS ψ

+ CφCψmvS θS φzgv(t) + mvS 2
φS ψzgv(t) −CψmvS 2

φxgw(t) + CφmvS θS φS ψxgw(t)

+ CψmvS θS φygw(t) −CφmvS 2
θS ψygw(t) + C2

φCψmvS θzgw(t) + CφmvS φS ψzgw(t)

−CφC2
ψma1S 2

θθ
′(t) −CφC2

ψ(m1 + m2)S 2
θθ
′(t) −CφC2

ψmmauS 2
θθ
′(t) −CφC2

ψmvS 2
θθ
′(t)

−CφC2
ψmvauS 2

θθ
′(t) −Cψma1S θS φS ψθ

′(t) −Cψ(m1 + m2)S θS φS ψθ
′(t) −CψmmauS θS φS ψθ

′(t)

−CψmvS θS φS ψθ
′(t) −CψmvauS θS φS ψθ

′(t) + Cφma1S θS φS 2
ψφ
′(t) + Cφ(m1 + m2)S θS φS 2

ψφ
′(t)

+ CφmmauS θS φS 2
ψφ
′(t) + CφmvS θS φS 2

ψφ
′(t) + CφmvauS θS φS 2

ψφ
′(t) −CφC2

ψma1S θS φφ
′(t)

−CφC2
ψ(m1 + m2)S θS φφ

′(t) −CφC2
ψmmauS θS φφ

′(t) −CφC2
ψmvS θS φφ

′(t) −CφC2
ψmvauS θS φφ

′(t)

+ C2
φCψma1S 2

θS ψφ
′(t) + C2

φCψ(m1 + m2)S 2
θS ψφ

′(t) + C2
φCψmmauS 2

θS ψφ
′(t) + C2

φCψmvS 2
θS ψφ

′(t)

+ C2
φCψmvauS 2

θS ψφ
′(t) −Cψma1S 2

φS ψφ
′(t) −Cψ(m1 + m2)S 2

φS ψφ
′(t) −CψmmauS 2

φS ψφ
′(t)

−CψmvS 2
φS ψφ

′(t) −CψmvauS 2
φS ψφ

′(t) −Cφma1S 2
θS φS 2

ψψ
′(t) −Cφ(m1 + m2)S 2

θS φS 2
ψψ
′(t)

−CφmmauS 2
θS φS 2

ψψ
′(t) −CφmvS 2

θS φS 2
ψψ
′(t) −CφmvauS 2

θS φS 2
ψψ
′(t) + CφC2

ψma1S φψ
′(t)

+ CφC2
ψ(m1 + m2)S φψ

′(t) + CφC2
ψmmauS φψ

′(t) + CφC2
ψmvS φψ

′(t) + CφC2
ψmvauS φψ

′(t)

+ Cψma1S θS 2
φS ψψ

′(t) + Cψ(m1 + m2)S θS 2
φS ψψ

′(t) + CψmmauS θS 2
φS ψψ

′(t) + CψmvS θS 2
φS ψψ

′(t)

+ CψmvauS θS 2
φS ψψ

′(t) −C2
φCψma1S θS ψψ

′(t) −C2
φCψ(m1 + m2)S θS ψψ

′(t) −C2
φCψmmauS θS ψψ

′(t)

−C2
φCψmvS θS ψψ

′(t),
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c4,1 = mv(Cφzgr(t) + Cθygθ
′(t) + zgq(t)S φ),

c5,1 = mv(zgq(t)S 2
φ tan(θ(t))(Cφ(sec(θ(t)) + 1) + 1) + Cφzgr(t)S φ tan(θ(t))(Cφ(sec(θ(t))

+ 1) + 1) + CφygS θS φθ
′(t) + CφygS φθ

′(t) tan(θ(t)) −CφzgS φ sec(θ(t))φ′(t)

−CφzgS φφ
′(t) −CθC2

φygφ
′(t) + ygS θS φθ

′(t) + ygS 2
φφ
′(t)),

c6,1 = mv(zgq(t)S φ tan(θ(t))(C2
φ sec(θ(t)) + Cφ − S 2

φ) + Cφzgr(t) tan(θ(t))(C2
φ sec(θ(t))

+ Cφ − S 2
φ) + CφygS θθ

′(t) + CθCφygS φφ
′(t) + CφygS φφ

′(t)

+ C2
φygθ

′(t) tan(θ(t)) −C2
φzg sec(θ(t))φ′(t) − ygS θS 2

φθ
′(t) + zgS 2

φφ
′(t)),

c1,2 = −r(t)CφCψJazC2
θ − r(t)CφCψJzzC2

θ + CφmvS ψxgu(t)C2
θ

+ CφCψmvygu(t)C2
θ + CψmvS φxgw(t)C2

θ

+ (m1 + m2)S φS 2
ψθ
′(t)C2

θ + mmavS φS 2
ψθ
′(t)C2

θ + mvS φS 2
ψθ
′(t)C2

θ + mvavS φS 2
ψθ
′(t)C2

θ

+ C2
ψ(m1 + m2)ψ′(t)C2

θ + C2
ψmmavψ

′(t)C2
θ + C2

ψmvψ
′(t)C2

θ + C2
ψmvavψ

′(t)C2
θ

− r(t)CψJyzS φCθ + mvS θS φxgu(t)Cθ + CψmvS φzgu(t)Cθ −CψmvS φxgw(t)Cθ

+ mvS θS ψxgw(t)Cθ + mvS ψzgw(t)Cθ −Cφ(m1 + m2)S θS ψθ
′(t)Cθ −Cψ(m1 + m2)S θS ψθ

′(t)Cθ

−CφmmavS θS ψθ
′(t)Cθ −CψmmavS θS ψθ

′(t)Cθ −CφmvS θS ψθ
′(t)Cθ −CψmvS θS ψθ

′(t)Cθ

−CφmvavS θS ψθ
′(t)Cθ −CψmvavS θS ψθ

′(t)Cθ + Cφ(m1 + m2)S θS 2
ψφ
′(t)Cθ + CφmmavS θS 2

ψφ
′(t)Cθ

+ CφmvS θS 2
ψφ
′(t)Cθ + CφmvavS θS 2

ψφ
′(t)Cθ −Cψ(m1 + m2)S φS ψφ

′(t)Cθ −CψmmavS φS ψφ
′(t)Cθ

−CψmvS φS ψφ
′(t)Cθ −CψmvavS φS ψφ

′(t)Cθ −Cφ(m1 + m2)S 2
ψψ
′(t)Cθ −CφmmavS 2

ψψ
′(t)Cθ

−CφmvS 2
ψψ
′(t)Cθ −CφmvavS 2

ψψ
′(t)Cθ + Cψ(m1 + m2)S θS φS ψψ

′(t)Cθ + CψmmavS θS φS ψψ
′(t)Cθ

+ CψmvS θS φS ψψ
′(t)Cθ + CψmvavS θS φS ψψ

′(t)Cθ + r(t)JazS 2
θ + r(t)JzzS 2

θ

+ r(t)JxzS θ − p(t)(−CφCψJxzC2
θ + CψJxyS φCθ + JxzS 2

θ

+ JaxS θ + JxxS θ) + q(t)(CφCψJyzC2
θ + CψJayS φCθ

+ CψJyyS φCθ − JyzS 2
θ + JxyS θ) − mvS 2

θygu(t) − mvS θygw(t)

+ CφCψ(m1 + m2)S θφ
′(t) + CφCψmmavS θφ

′(t) + CφCψmvS θφ
′(t) + CφCψmvavS θφ

′(t)

+ (m1 + m2)S 2
θS φS ψφ

′(t) + mmavS 2
θS φS ψφ

′(t) + mvS 2
θS φS ψφ

′(t) + mvavS 2
θS φS ψφ

′(t)

−CφCψ(m1 + m2)S 2
θψ
′(t) −CφCψmmavS 2

θψ
′(t) −CφCψmvS 2

θψ
′(t) −CφCψmvavS 2

θψ
′(t)

− (m1 + m2)S θS φS ψψ
′(t) − mmavS θS φS ψψ

′(t) − mvS θS φS ψψ
′(t) − mvavS θS φS ψψ

′(t),
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c2,2 = −mvS 2
φxgu(t)C2

θ + Cφ(m1 + m2)S φS ψθ
′(t)C2

θ + CφmmavS φS ψθ
′(t)C2

θ + CφmvS φS ψθ
′(t)C2

θ

+ CφmvavS φS ψθ
′(t)C2

θ − r(t)JxzS φCθ − r(t)JazS θS φCθ − r(t)CφCψJazS θS φCθ

− r(t)JzzS θS φCθ − r(t)CφCψJzzS θS φCθ + r(t)C2
φJazS ψCθ + r(t)C2

φJzzS ψCθ

+ C2
φCψmvxgu(t)Cθ + CφmvS θS φS ψxgu(t)Cθ + CφCψmvS θS φygu(t)Cθ + mvS θS φygu(t)Cθ

−C2
φmvS ψygu(t)Cθ + CψmvS θS 2

φxgw(t)Cθ −CφmvS φS ψxgw(t)Cθ + mvS φygw(t)Cθ

+ (m1 + m2)S θS 2
φS 2

ψθ
′(t)Cθ + mmavS θS 2

φS 2
ψθ
′(t)Cθ + mvS θS 2

φS 2
ψθ
′(t)Cθ + mvavS θS 2

φS 2
ψθ
′(t)Cθ

+ CφCψ(m1 + m2)S φS ψθ
′(t)Cθ + CφCψmmavS φS ψθ

′(t)Cθ + CφCψmvS φS ψθ
′(t)Cθ

−CφCψ(m1 + m2)S φφ
′(t)Cθ −CφCψmmavS φφ

′(t)Cθ −CφCψmvS φφ
′(t)Cθ −CφCψmvavS φφ

′(t)Cθ

− (m1 + m2)S θS 2
φS ψφ

′(t)Cθ − mmavS θS 2
φS ψφ

′(t)Cθ − mvS θS 2
φS ψφ

′(t)Cθ − mvavS θS 2
φS ψφ

′(t)Cθ

+ C2
ψ(m1 + m2)S θS φψ

′(t)Cθ + CφCψ(m1 + m2)S θS φψ
′(t)Cθ + C2

ψmmavS θS φψ
′(t)Cθ

+ C2
ψmvS θS φψ

′(t)Cθ + CφCψmvS θS φψ
′(t)Cθ + C2

ψmvavS θS φψ
′(t)Cθ + CφCψmvavS θS φψ

′(t)Cθ

+ (m1 + m2)S 2
φS ψψ

′(t)Cθ + mmavS 2
φS ψψ

′(t)Cθ + mvS 2
φS ψψ

′(t)Cθ + mvavS 2
φS ψψ

′(t)Cθ

−CφCψ(m1 + m2)S ψψ
′(t)Cθ −CφCψmmavS ψψ

′(t)Cθ −CφCψmvS ψψ
′(t)Cθ −CφCψmvavS ψψ

′(t)Cθ

− r(t)CψJyzS θS 2
φ + p(t)(−CθJxzS ψC2

φ + CθCψJxzS θS φCφ + JxyS φS ψCφ

−CψJxyS θS 2
φ + CθJaxS φ + CθJxxS φ + CθJxzS θS φ) + r(t)CφJyzS φS ψ

+ q(t)(−CθJyzS ψC2
φ + CθCψJyzS θS φCφ − JyyS φS ψCφ + CψJyyS θS 2

φ

−CθJxyS φ + CθJyzS θS φ + JayS φ(CψS θS φ −CφS ψ)) + CψmvS θS 2
φzgu(t)

−CφmvS φS ψzgu(t) −CψmvS θS 2
φxgw(t) + CφCψmvS θxgw(t) + mvS 2

θS φS ψxgw(t)

+ CφmvS φS ψxgw(t) + CφCψmvzgw(t) + mvS θS φS ψzgw(t) + Cφ(m1 + m2)S θS 2
ψθ
′(t)

+ CφmvS θS 2
ψθ
′(t) + CφmvavS θS 2

ψθ
′(t) −Cψ(m1 + m2)S 2

θS φS ψθ
′(t) −CψmmavS 2

θS φS ψθ
′(t)

−CψmvS 2
θS φS ψθ

′(t) −CψmvavS 2
θS φS ψθ

′(t) + Cφ(m1 + m2)S 2
θS φS 2

ψφ
′(t) + CφmmavS 2

θS φS 2
ψφ
′(t)

+ CφmvS 2
θS φS 2

ψφ
′(t) + CφmvavS 2

θS φS 2
ψφ
′(t) −CφC2

ψ(m1 + m2)S φφ
′(t) −CφC2

ψmmavS φφ
′(t)

−CφC2
ψmvS φφ

′(t) −CφC2
ψmvavS φφ

′(t) −Cψ(m1 + m2)S θS 2
φS ψφ

′(t) −CψmmavS θS 2
φS ψφ

′(t)

−CψmvS θS 2
φS ψφ

′(t) −CψmvavS θS 2
φS ψφ

′(t) + C2
φCψ(m1 + m2)S θS ψφ

′(t) + C2
φCψmmavS θS ψφ

′(t)

+ C2
φCψmvS θS ψφ

′(t) + C2
φCψmvavS θS ψφ

′(t) −Cφ(m1 + m2)S θS φS 2
ψψ
′(t) −CφmmavS θS φS 2

ψψ
′(t)

−CφmvS θS φS 2
ψψ
′(t) −CφmvavS θS φS 2

ψψ
′(t) + CφC2

ψ(m1 + m2)S θS φψ
′(t) + CφC2

ψmmavS θS φψ
′(t)

+ CφC2
ψmvS θS φψ

′(t) + CφC2
ψmvavS θS φψ

′(t) + Cψ(m1 + m2)S 2
θS

2
φS ψψ

′(t) + CψmmavS 2
θS

2
φS ψψ

′(t)

+ CψmvS 2
θS

2
φS ψψ

′(t) + CψmvavS 2
θS

2
φS ψψ

′(t) −C2
φCψ(m1 + m2)S ψψ

′(t) −C2
φCψmmavS ψψ

′(t)

−C2
φCψmvS ψψ

′(t) −C2
φCψmvavS ψψ

′(t) + CφCψmvavS φS ψθ
′(t)Cθ + CφCψmmavS θS φψ

′(t)Cθ

+ CφmmavS θS 2
ψθ
′(t),



7

c3,2 = −CφmvS φxgu(t)C2
θ + C2

φ(m1 + m2)S ψθ
′(t)C2

θ + C2
φmmavS ψθ

′(t)C2
θ + C2

φmvS ψθ
′(t)C2

θ

+ CφmvavS θS φS 2
ψθ
′(t)Cθ + C2

φmvavS ψθ
′(t)C2

θ − r(t)CφJxzCθ − r(t)CφJazS θCθ − r(t)C2
φCψJazS θCθ

− r(t)CφJzzS θCθ − r(t)C2
φCψJzzS θCθ − r(t)CφJazS φS ψCθ − r(t)CφJzzS φS ψCθ

−CφCψmvS φxgu(t)Cθ + C2
φmvS θS ψxgu(t)Cθ + CφmvS θygu(t)Cθ + C2

φCψmvS θygu(t)Cθ

+ CφmvS φS ψygu(t)Cθ + CφCψmvS θS φxgw(t)Cθ + mvS 2
φS ψxgw(t)Cθ + Cφmvygw(t)Cθ

+ Cφ(m1 + m2)S θS φS 2
ψθ
′(t)Cθ + CφmmavS θS φS 2

ψθ
′(t)Cθ + CφmvS θS φS 2

ψθ
′(t)Cθ

−Cψ(m1 + m2)S 2
φS ψθ

′(t)Cθ −CψmmavS 2
φS ψθ

′(t)Cθ −CψmvS 2
φS ψθ

′(t)Cθ −CψmvavS 2
φS ψθ

′(t)Cθ

−C2
φCψ(m1 + m2)φ′(t)Cθ −C2

φCψmmavφ
′(t)Cθ −C2

φCψmvφ
′(t)Cθ −C2

φCψmvavφ
′(t)Cθ

−Cφ(m1 + m2)S θS φS ψφ
′(t)Cθ −CφmmavS θS φS ψφ

′(t)Cθ −CφmvS θS φS ψφ
′(t)Cθ

+ CφC2
ψ(m1 + m2)S θψ

′(t)Cθ + C2
φCψ(m1 + m2)S θψ

′(t)Cθ + CφC2
ψmmavS θψ

′(t)Cθ

+ CφC2
ψmvS θψ

′(t)Cθ + C2
φCψmvS θψ

′(t)Cθ + CφC2
ψmvavS θψ

′(t)Cθ + C2
φCψmvavS θψ

′(t)Cθ

+ Cφ(m1 + m2)S φS ψψ
′(t)Cθ + Cψ(m1 + m2)S φS ψψ

′(t)Cθ + CφmmavS φS ψψ
′(t)Cθ

+ CφmvS φS ψψ
′(t)Cθ + CψmvS φS ψψ

′(t)Cθ + CφmvavS φS ψψ
′(t)Cθ + CψmvavS φS ψψ

′(t)Cθ

− r(t)CφCψJyzS θS φ − r(t)JyzS 2
φS ψ + p(t)(CθCψJxzS θC2

φ + CθJaxCφ −CφmvavS θS φS ψφ
′(t)Cθ

+ C2
φCψmmavS θψ

′(t)Cθ + CθJxxCφ + CθJxzS θCφ −CψJxyS θS φCφ + CθJxzS φS ψCφ

+ CψmmavS φS ψψ
′(t)Cθ − JxyS 2

φS ψ) + q(t)(CθCψJyzS θC2
φ −CθJxyCφ + CθJyzS θCφ

+ CψJyyS θS φCφ + CθJyzS φS ψCφ + JyyS 2
φS ψ + JayS φ(CφCψS θ + CφCψ(m1 + m2)S φS ψψ

′(t)

+ S φS ψ)) + CφCψmvS θS φzgu(t) + mvS 2
φS ψzgu(t) −CφCψmvS θS φxgw(t) − 2CφCψmvS θS φS ψφ

′(t)

−CψmvS θS φxgw(t) + CφmvS 2
θS ψxgw(t) − mvS 2

φS ψxgw(t) −CψmvS φzgw(t)

+ CφmvS θS ψzgw(t) − (m1 + m2)S θS φS 2
ψθ
′(t) − mmavS θS φS 2

ψθ
′(t) − mvS θS φS 2

ψθ
′(t)

− mvavS θS φS 2
ψθ
′(t) −CφCψ(m1 + m2)S 2

θS ψθ
′(t) −CφCψmmavS 2

θS ψθ
′(t) −CφCψmvS 2

θS ψθ
′(t)

−CφCψmvavS 2
θS ψθ

′(t) + C2
ψ(m1 + m2)S 2

φφ
′(t) + C2

ψmmavS 2
φφ
′(t) + C2

ψmvS 2
φφ
′(t)

+ C2
ψmvavS 2

φφ
′(t) + C2

φ(m1 + m2)S 2
θS

2
ψφ
′(t) + C2

φmmavS 2
θS

2
ψφ
′(t) + C2

φmvS 2
θS

2
ψφ
′(t)

+ C2
φmvavS 2

θS
2
ψφ
′(t) − 2CφCψ(m1 + m2)S θS φS ψφ

′(t) − 2CφCψmmavS θS φS ψφ
′(t)

− 2CφCψmvavS θS φS ψφ
′(t) −C2

ψ(m1 + m2)S θS 2
φψ
′(t) −C2

ψmmavS θS 2
φψ
′(t) −C2

ψmvS θS 2
φψ
′(t)

−C2
φ(m1 + m2)S θS 2

ψψ
′(t) −C2

φmmavS θS 2
ψψ
′(t) −C2

φmvS θS 2
ψψ
′(t) −C2

φmvavS θS 2
ψψ
′(t)

+ CφCψmmavS 2
θS φS ψψ

′(t) + CφCψmvS 2
θS φS ψψ

′(t) + CφCψmvavS 2
θS φS ψψ

′(t)

+ CφCψmmavS φS ψψ
′(t) + CφCψmvS φS ψψ

′(t) + CφCψmvavS φS ψψ
′(t) −C2

ψmvavS θS 2
φψ
′(t)

+ CφCψ(m1 + m2)S 2
θS φS ψψ

′(t),

c4,2 = −Cθxgmvθ
′(t),

c5,2 = mv(Cφzgr(t) + xg(−(S φθ
′(t)((Cφ + 1)S θ + Cφ tan(θ(t))) + φ′(t)(S 2

φ −CθC2
φ))) − zgq(t)S φ sec(θ(t))),
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c6,2 = mv(Cφzg(−q(t)) sec(θ(t)) − xg(θ′(t)(CφS θ + C2
φ tan(θ(t)) − S θS 2

φ) + (Cθ + 1)CφS φφ
′(t)) − zgr(t)S φ),

c1,3 = −Cθp(t)(JaxS ψ + CθCψJxzS φ + CψCφJxy + JxxS ψ + JxzS θS ψ) + Cθq(t)(JayCψCφ

−CθCψJyzS φ + CψCφJyy + JxyS ψ − JyzS θS ψ) + JazCθr(t)S θS ψ + JazC2
θCψr(t)S φ + CθxgmvS ψS φu(t)

−CφxgmvS θu(t) −CθygmvS θS ψu(t) −C2
θCψygmvS φu(t) + CθxgmvS θS ψv(t)

+ C2
θCψxgmvS φv(t) −CθCψxgmvS φv(t) + CθzgmvS ψv(t) + CθCψCφzgmvu(t)

+ CθJxzr(t)S ψ + CθJzzr(t)S θS ψ + C2
θCψJzzr(t)S φ −CθCψCφJyzr(t)

−CθmmawS θS ψS φθ
′(t) + CφmmawS 2

θθ
′(t) + C2

θCφmmawS ψφ
′(t) + CθmmawS θS φφ

′(t)

−C2
θCψmmawθ

′(t) − (m1 + m2)CθS θS ψS φθ
′(t) + (m1 + m2)CφS 2

θθ
′(t) + (m1 + m2)C2

θCφS ψφ
′(t)

−CθmvS θS ψS φθ
′(t) + CφmvS 2

θθ
′(t) + C2

θCφmvS ψφ
′(t) + CθmvS θS φφ

′(t)

−CθmvawS θS ψS φθ
′(t) + CφmvawS 2

θθ
′(t) + C2

θCφmvawS ψφ
′(t) + CθmvawS θS φφ

′(t)

− (m1 + m2)C2
θCψθ

′(t) −C2
θCψmvθ

′(t) −C2
θCψmvawθ

′(t) − ygmvS θv(t)

+ (m1 + m2)CθS θS φφ
′(t),

c2,3 = r(t)JyzS ψC2
φ − mvS ψzgu(t)C2

φ + CθCψ(m1 + m2)φ′(t)C2
φ + CθCψmmawφ

′(t)C2
φ

+ CθCψmvφ
′(t)C2

φ + CθCψmvawφ
′(t)C2

φ + r(t)CψJxzCφ + r(t)CψJazS θCφ

+ r(t)CψJzzS θCφ − r(t)CψJyzS θS φCφ − r(t)CθJazS φS ψCφ − r(t)CθJzzS φS ψCφ

+ CθmvS φxgu(t)Cφ + CψmvS φxgu(t)Cφ −CψmvS θygu(t)Cφ + CθmvS φS ψygu(t)Cφ

+ CψmvS θS φzgu(t)Cφ + CψmvS θxgv(t)Cφ −CθmvS φS ψxgv(t)Cφ + mvS φS ψxgv(t)Cφ

+ Cψmvzgv(t)Cφ −Cθ(m1 + m2)S θS φθ
′(t)Cφ −Cψ(m1 + m2)S θS φθ

′(t)Cφ −CθmmawS θS φθ
′(t)Cφ

−CψmmawS θS φθ
′(t)Cφ −CθmvS θS φθ

′(t)Cφ −CψmvS θS φθ
′(t)Cφ −CθmvawS θS φθ

′(t)Cφ

−CψmvawS θS φθ
′(t)Cφ + Cθ(m1 + m2)S ψθ

′(t)Cφ + CθmmawS ψθ
′(t)Cφ + CθmvS ψθ

′(t)Cφ

+ CθmvawS ψθ
′(t)Cφ + Cθ(m1 + m2)S θS φS ψφ

′(t)Cφ + CθmmawS θS φS ψφ
′(t)Cφ + CθmvS θS φS ψφ

′(t)Cφ

+ CθmvawS θS φS ψφ
′(t)Cφ + r(t)CθCψJazS θS 2

φ + r(t)CθCψJzzS θS 2
φ + r(t)JazS 2

θS φS ψ

+ r(t)JzzS 2
θS φS ψ + r(t)JxzS θS φS ψ + q(t)(−JyyS ψC2

φ −CψJyzS θCφ

+ CψJyyS θS φCφ + CθJyzS φS ψCφ + Jay(CψS θS φ −CφS ψ)Cφ

−CθCψJyzS θS 2
φ − JyzS 2

θS φS ψ + Jxy(CφCψ + S θS φS ψ)) + p(t)(JxyS ψC2
φ

−CψJxzS θCφ −CψJxyS θS φCφ + CθJxzS φS ψCφ −CθCψJxzS θS 2
φ

− JxzS 2
θS φS ψ − Jax(CφCψ + S θS φS ψ) − Jxx(CφCψ + S θS φS ψ))

+ mvS θS 2
φS ψxgu(t) −CθCψmvS θS 2

φygu(t) − mvS 2
θS φS ψygu(t) + CθCψmvS θS 2

φxgv(t)

−CψmvS θS 2
φxgv(t) + mvS 2

θS φS ψxgv(t) + CθmvS φygv(t) + mvS θS φS ψzgv(t)

−CθCψ(m1 + m2)S θS φθ
′(t) −CθCψmmawS θS φθ

′(t) −CθCψmvS θS φθ
′(t) −CθCψmvawS θS φθ

′(t)

− (m1 + m2)S 2
θS

2
φS ψθ

′(t) − mmawS 2
θS

2
φS ψθ

′(t) − mvS 2
θS

2
φS ψθ

′(t) − mvawS 2
θS

2
φS ψθ

′(t)

−C2
θ (m1 + m2)S 2

φφ
′(t) −C2

θmmawS 2
φφ
′(t) −C2

θmvS 2
φφ
′(t) −C2

θmvawS 2
φφ
′(t),
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c3,3 = −Cφ(m1 + m2)S φφ
′(t)C2

θ −CφmmawS φφ
′(t)C2

θ −CφmvS φφ
′(t)C2

θ −CφmvawS φφ
′(t)C2

θ

+ r(t)CφCψJzzS θS φCθ + r(t)JazS 2
φS ψCθ + r(t)JzzS 2

φS ψCθ + C2
φmvxgu(t)Cθ −CφCψmvS θS φygu(t)Cθ

− mvS 2
φS ψygu(t)Cθ + CφCψmvS θS φxgv(t)Cθ + mvS 2

φS ψxgv(t)Cθ + Cφmvygv(t)Cθ

−C2
φ(m1 + m2)S θθ

′(t)Cθ −CφCψ(m1 + m2)S θθ
′(t)Cθ −C2

φmmawS θθ
′(t)Cθ −CφCψmmawS θθ

′(t)Cθ

−C2
φmvS θθ

′(t)Cθ −CφCψmvS θθ
′(t)Cθ −C2

φmvawS θθ
′(t)Cθ −CφCψmvawS θθ

′(t)Cθ

− (m1 + m2)S φS ψθ
′(t)Cθ − mmawS φS ψθ

′(t)Cθ − mvS φS ψθ
′(t)Cθ − mvawS φS ψθ

′(t)Cθ

−CφCψ(m1 + m2)S φφ
′(t)Cθ −CφCψmmawS φφ

′(t)Cθ −CφCψmvS φφ
′(t)Cθ −CφCψmvawS φφ

′(t)Cθ

+ C2
φ(m1 + m2)S θS ψφ

′(t)Cθ + C2
φmmawS θS ψφ

′(t)Cθ + C2
φmvS θS ψφ

′(t)Cθ + C2
φmvawS θS ψφ

′(t)Cθ

− r(t)C2
φCψJyzS θ − r(t)CψJxzS φ − r(t)CψJazS θS φ − r(t)CψJzzS θS φ − p(t)(CψJxyS θC2

φ

+ r(t)CφCψJazS θS φCθ + CθCψJxzS θS φCφ + JxzS 2
θS ψCφ + JxyS φS ψCφ −CψJxzS θS φ

+ Jax(CφS θS ψ −CψS φ) + Jxx(CφS θS ψ −CψS φ) + CθJxzS 2
φS ψ)

+ q(t)(CψJyyS θC2
φ −CθCψJyzS θS φCφ − JyzS 2

θS ψCφ + JyyS φS ψCφ

+ Jay(CφCψS θ + S φS ψ)Cφ + CψJyzS θS φ + Jxy(CφS θS ψ −CψS φ)

−CθJyzS 2
φS ψ) + r(t)CφJazS 2

θS ψ + r(t)CφJzzS 2
θS ψ + r(t)CφJxzS θS ψ

− r(t)CφJyzS φS ψ −CψmvS 2
φxgu(t) + CφmvS θS φS ψxgu(t) + CψmvS θS φygu(t) −CφmvS 2

θS ψygu(t)

+ C2
φCψmvS θzgu(t) + CφmvS φS ψzgu(t) −CφCψmvS θS φxgv(t) −CψmvS θS φxgv(t)

+ CφmvS 2
θS ψxgv(t) − mvS 2

φS ψxgv(t) −CψmvS φzgv(t) + CφmvS θS ψzgv(t) + Cψ(m1 + m2)S θS 2
φθ
′(t)

+ CψmmawS θS 2
φθ
′(t) + CψmvS θS 2

φθ
′(t) + CψmvawS θS 2

φθ
′(t) −Cφ(m1 + m2)S 2

θS φS ψθ
′(t)

−CφmmawS 2
θS φS ψθ

′(t) −CφmvS 2
θS φS ψθ

′(t) −CφmvawS 2
θS φS ψθ

′(t),

c4,3 = xg(−mv)(Cφr(t) + q(t)S φ),

c5,3 = −mv(S φ(q(t)(xgS φ tan(θ(t))(Cφ(sec(θ(t)) + 1) + 1) − yg sec(θ(t))) −Cφxg(sec(θ(t)) + 1)φ′(t))

+ Cφr(t)(xgS φ tan(θ(t))(Cφ(sec(θ(t)) + 1) + 1) + yg)),

c6,3 = mv(q(t)(xgS φ tan(θ(t))(C2
φ(− sec(θ(t))) −Cφ + S 2

φ) + Cφyg sec(θ(t))) + r(t)(ygS φ

−Cφxg tan(θ(t))(C2
φ sec(θ(t)) + Cφ − S 2

φ)) + xgφ
′(t)(C2

φ sec(θ(t)) − S 2
φ)),
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c1,4 = −JaxCθS ψw(t) − JaxS θv(t) −CθygmvS θS ψS φθ
′(t) + CφygmvS 2

θθ
′(t) −C2

θC
2
ψzgmvψ

′(t)

+ C2
θCφygmvS ψφ

′(t) + CθygmvS θS φφ
′(t) + CθCψzgmvS θS ψθ

′(t) + C2
θ (−zg)mvS 2

ψS φθ
′(t)

+ CθCφzgmvS θS ψθ
′(t) −CθCφzgmvS θS 2

ψφ
′(t) + CθCψzgmvS ψS φφ

′(t) −CψCφzgmvS θφ
′(t)

−CθCψzgmvS θS ψS φψ
′(t) + CθCφzgmvS 2

ψψ
′(t) + CψCφzgmvS 2

θψ
′(t) −C2

θCψygmvθ
′(t)

− Jxy(u(t)(CφS θ −CθS ψS φ) + CθCψ(Cφw(t) + S φv(t))) − Jxz(Cθu(t)(CθCφS ψ

+ S θS φ) + v(t)(S 2
θ −C2

θCψCφ) + Cθw(t)(CθCψS φ + S θS ψ))

−CθJxxS ψw(t) − zgmvS 2
θS ψS φφ

′(t) + zgmvS θS ψS φψ
′(t) − JxxS θv(t),

c2,4 = −CφmvS φS ψzgθ
′(t)C2

θ − mvS 2
φygφ

′(t)C2
θ + JaxS φv(t)Cθ + JxxS φv(t)Cθ

−CφmvS θS φygθ
′(t)Cθ −CψmvS θS φygθ

′(t)Cθ + CφmvS ψygθ
′(t)Cθ − mvS θS 2

φS 2
ψzgθ

′(t)Cθ

−CφCψmvS φS ψzgθ
′(t)Cθ + C2

φCψmvygφ
′(t)Cθ + CφmvS θS φS ψygφ

′(t)Cθ + CφCψmvS φzgφ
′(t)Cθ

+ mvS θS 2
φS ψzgφ

′(t)Cθ −C2
ψmvS θS φzgψ

′(t)Cθ −CφCψmvS θS φzgψ
′(t)Cθ − mvS 2

φS ψzgψ
′(t)Cθ

+ CφCψmvS ψzgψ
′(t)Cθ −CφCψJaxw(t) −CφCψJxxw(t) − JaxS θS φS ψw(t)

− JxxS θS φS ψw(t) + Jxz(Cθ(−CψC2
φ − S θS φS ψCφ + CθS 2

φ)u(t)

+ Cθ((CφCψ + 1)S θS φ −C2
φS ψ)v(t) − (S θS φ(CθCψS φ + S θS ψ)

+ Cφ(CψS θ −CθS φS ψ))w(t)) + Jxy(S φ(CθCφ + CψCφ + S θS φS ψ)u(t)

− (CψS θS φ −CφS ψ)(S φv(t) + Cφw(t))) −CφCψmvS θS φygθ
′(t) − mvS 2

θS
2
φS ψygθ

′(t)

−CφmvS θS 2
ψzgθ

′(t) + CψmvS 2
θS φS ψzgθ

′(t) −CφmvS 2
θS φS 2

ψzgφ
′(t) + CφC2

ψmvS φzgφ
′(t)

+ CψmvS θS 2
φS ψzgφ

′(t) −C2
φCψmvS θS ψzgφ

′(t) + CφmvS θS φS 2
ψzgψ

′(t) −CφC2
ψmvS θS φzgψ

′(t)

−CψmvS 2
θS

2
φS ψzgψ

′(t) + C2
φCψmvS ψzgψ

′(t),

c3,4 = −C2
φmvS ψzgθ

′(t)C2
θ −CφmvS φygφ

′(t)C2
θ + CφJaxv(t)Cθ + CφJxxv(t)Cθ

−C2
φmvS θygθ

′(t)Cθ −CφCψmvS θygθ
′(t)Cθ − mvS φS ψygθ

′(t)Cθ −CφmvS θS φS 2
ψzgθ

′(t)Cθ

+ CψmvS 2
φS ψzgθ

′(t)Cθ −CφCψmvS φygφ
′(t)Cθ + C2

φmvS θS ψygφ
′(t)Cθ + C2

φCψmvzgφ
′(t)Cθ

+ CφmvS θS φS ψzgφ
′(t)Cθ −CφC2

ψmvS θzgψ
′(t)Cθ −C2

φCψmvS θzgψ
′(t)Cθ −CφmvS φS ψzgψ

′(t)Cθ

−CψmvS φS ψzgψ
′(t)Cθ + CψJaxS φw(t) + CψJxxS φw(t) −CφJaxS θS ψw(t)

−CφJxxS θS ψw(t) + Jxz(CθCφ(CθS φ + CψS φ −CφS θS ψ)u(t) + CθCφ((CφCψ

+ 1)S θ + S φS ψ)v(t) − ((CθCφ − 1)CψS θS φ + (CφS 2
θ

+ CθS 2
φ)S ψ)w(t)) + Jxy((CθC2

φ + S φ(CφS θS ψ −CψS φ))u(t) − (CφCψS θ

+ S φS ψ)(S φv(t) + Cφw(t))) + CψmvS θS 2
φygθ

′(t) −CφmvS 2
θS φS ψygθ

′(t) + mvS θS φS 2
ψzgθ

′(t)

+ CφCψmvS 2
θS ψzgθ

′(t) −C2
ψmvS 2

φzgφ
′(t) −C2

φmvS 2
θS

2
ψzgφ

′(t) + 2CφCψmvS θS φS ψzgφ
′(t)

+ C2
ψmvS θS 2

φzgψ
′(t) + C2

φmvS θS 2
ψzgψ

′(t) −CφCψmvS 2
θS φS ψzgψ

′(t) −CφCψmvS φS ψzgψ
′(t),

c4,4 = CφJxy(−r(t)) + CθJxzθ
′(t) − Jxyq(t)S φ,
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c5,4 = −q(t)S φ(−Jax sec(θ(t)) + JxyS φ tan(θ(t))(Cφ(sec(θ(t)) + 1) + 1) − Jxx sec(θ(t)))

−Cφr(t)(Jax + JxyS φ tan(θ(t))(Cφ(sec(θ(t)) + 1) + 1) + Jxx) + CφJxyS φ sec(θ(t))φ′(t)

+ CφJxyS φφ
′(t) + CφJxzS θS φθ

′(t) + CφJxzS φθ
′(t) tan(θ(t)) −CθC2

φJxzφ
′(t)

+ JxzS θS φθ
′(t) + JxzS 2

φφ
′(t),

c6,4 = q(t)(JaxCφ sec(θ(t)) + JxyS φ tan(θ(t))(C2
φ(− sec(θ(t))) −Cφ + S 2

φ)

+ CφJxx sec(θ(t))) + r(t)(JaxS φ −CφJxy tan(θ(t))(C2
φ sec(θ(t)) + Cφ − S 2

φ)

+ JxxS φ) + CφJxzS θθ
′(t) + CθCφJxzS φφ

′(t) + CφJxzS φφ
′(t)

+ C2
φJxy sec(θ(t))φ′(t) + C2

φJxzθ
′(t) tan(θ(t)) − JxyS 2

φφ
′(t) − JxzS θS 2

φθ
′(t),

c1,5 = Jay(u(t)(CφS θ −CθS ψS φ) + CθCψ(Cφw(t) + S φv(t))) + CθxgmvS θS ψS φθ
′(t)

−CφxgmvS 2
θθ
′(t) −C2

θCφxgmvS ψφ
′(t) −CθxgmvS θS φφ

′(t) −CθC2
ψzgmvS θθ

′(t)

+ C2
θCψzgmvS ψS φθ

′(t) −CθCψCφzgmvS θθ
′(t) −C2

θCψzgmvS ψψ
′(t) + CθzgmvS 2

ψS φφ
′(t)

+ CθCψCφzgmvS θS ψφ
′(t) −CφzgmvS θS ψφ

′(t) + CψzgmvS 2
θS φφ

′(t) −CθzgmvS θS 2
ψS φψ

′(t)

−CψzgmvS θS φψ
′(t) + CφzgmvS 2

θS ψψ
′(t) + C2

θCψxgmvθ
′(t) + Jyy(u(t)(CφS θ −CθS ψS φ)

+ CθCψ(Cφw(t) + S φv(t))) + C2
θ (−Cφ)JyzS ψu(t) −CθJyzS θS φu(t)

+ CθJxyS ψw(t) −CθJyzS θS ψw(t) −C2
θCψJyzS φw(t) + C2

θCψCφJyzv(t)

−CθCψCφzgmvS ψψ
′(t) + JxyS θv(t) − JyzS 2

θv(t),

c2,5 = JyzS 2
φu(t)C2

θ + CφCψmvS φzgθ
′(t)C2

θ + mvS 2
φxgφ

′(t)C2
θ −C2

φCψJyzu(t)Cθ

−CφJyzS θS φS ψu(t)Cθ − JxyS φv(t)Cθ + CφCψJyzS θS φv(t)Cθ + JyzS θS φv(t)Cθ

−C2
φJyzS ψv(t)Cθ −CψJyzS θS 2

φw(t)Cθ + CφJyzS φS ψw(t)Cθ + CφmvS θS φxgθ
′(t)Cθ

+ CψmvS θS φxgθ
′(t)Cθ −CφmvS ψxgθ

′(t)Cθ + CφC2
ψmvS φzgθ

′(t)Cθ + CψmvS θS 2
φS ψzgθ

′(t)Cθ

−C2
φCψmvxgφ

′(t)Cθ −CφmvS θS φS ψxgφ
′(t)Cθ −CψmvS θS 2

φzgφ
′(t)Cθ + CφmvS φS ψzgφ

′(t)Cθ

+ CψmvS 2
φzgψ

′(t)Cθ + CφmvS 2
ψzgψ

′(t)Cθ −CφmvS θS φS ψzgψ
′(t)Cθ −CψmvS θS φS ψzgψ

′(t)Cθ

− JayS φ(CθCφ + CψCφ

+ S θS φS ψ)u(t) − JyyS φ(CθCφ + CψCφ + S θS φS ψ)u(t)

+ CφCψJxyw(t) −CφCψJyzS θw(t) − JyzS 2
θS φS ψw(t) + JxyS θS φS ψw(t)

+ Jay(CψS θS φ −CφS ψ)(S φv(t) + Cφw(t)) + Jyy(CψS θS φ −CφS ψ)(S φv(t)

+ Cφw(t)) + CφCψmvS θS φxgθ
′(t) + mvS 2

θS
2
φS ψxgθ

′(t) −C2
ψmvS 2

θS φzgθ
′(t)

+ CφCψmvS θS ψzgθ
′(t) + mvS θS 2

φS 2
ψzgφ

′(t) + C2
φC

2
ψmvS θzgφ

′(t) + CφCψmvS 2
θS φS ψzgφ

′(t)

+ CφCψmvS φS ψzgφ
′(t) − mvS 2

θS
2
φS 2

ψzgψ
′(t) −C2

φC
2
ψmvzgψ

′(t) − 2CφCψmvS θS φS ψzgψ
′(t),
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c3,5 = CφJyzS φu(t)C2
θ + C2

φCψmvzgθ
′(t)C2

θ + CφmvS φxgφ
′(t)C2

θ + CφCψJyzS φu(t)Cθ

−C2
φJyzS θS ψu(t)Cθ −CφJxyv(t)Cθ + CφJyzS θv(t)Cθ + C2

φCψJyzS θv(t)Cθ

+ CφJyzS φS ψv(t)Cθ −CφCψJyzS θS φw(t)Cθ − JyzS 2
φS ψw(t)Cθ + C2

φmvS θxgθ
′(t)Cθ

+ CφCψmvS θxgθ
′(t)Cθ + mvS φS ψxgθ

′(t)Cθ −C2
ψmvS 2

φzgθ
′(t)Cθ + CφCψmvS θS φS ψzgθ

′(t)Cθ

+ CφCψmvS φxgφ
′(t)Cθ −C2

φmvS θS ψxgφ
′(t)Cθ −CφCψmvS θS φzgφ

′(t)Cθ + C2
φmvS ψzgφ

′(t)Cθ

− mvS φS 2
ψzgψ

′(t)Cθ + CφCψmvS φzgψ
′(t)Cθ −C2

φmvS θS ψzgψ
′(t)Cθ −CφCψmvS θS ψzgψ

′(t)Cθ

+ Jay((CφCψS θ + S φS ψ)(S φv(t) + Cφw(t)) − (CθC2
φ + S θS φS ψCφ

−CψS 2
φ)u(t)) + Jyy((CφCψS θ + S φS ψ)(S φv(t) + Cφw(t)) − (CθC2

φ

+ S θS φS ψCφ −CψS 2
φ)u(t)) −CψJxyS φw(t) + CψJyzS θS φw(t) −CφJyzS 2

θS ψw(t)

+ CφJxyS θS ψw(t) −CψmvS θS 2
φxgθ

′(t) + CφmvS 2
θS φS ψxgθ

′(t) −CφC2
ψmvS 2

θzgθ
′(t)

−CψmvS θS φS ψzgθ
′(t) + CφmvS θS φS 2

ψzgφ
′(t) −CφC2

ψmvS θS φzgφ
′(t) + C2

φCψmvS 2
θS ψzgφ

′(t)

−CψmvS 2
φS ψzgφ

′(t) −CφmvS 2
θS φS 2

ψzgψ
′(t) + CφC2

ψmvS φzgψ
′(t) + CψmvS θS 2

φS ψzgψ
′(t)

−C2
φCψmvS θS ψzgψ

′(t),

c4,5 = r(t)(JayCφ + CφJyy − JyzS φ) + CθJyzθ
′(t) + zgmvS φu(t) − xgmvS φw(t) + Jxy(−p(t))S φ,

c5,5 = −p(t)S φ(−Jax sec(θ(t)) + JxyS φ tan(θ(t))(Cφ(sec(θ(t)) + 1) + 1) − Jxx sec(θ(t)))

+ r(t)(S φ sec(θ(t))((Cθ(Cφ + 1) + Cφ) tan(θ(t))(JayCφ + CφJyy − JyzS φ)

− Jxz) + CφJxy) − JayCφS φ sec(θ(t))φ′(t) − JayCφS φφ
′(t)

+ CφzgmvS 2
φu(t) tan(θ(t)) + CφzgmvS 2

φu(t) tan(θ(t)) sec(θ(t)) −CφxgmvS 2
φw(t) tan(θ(t))

−CφJyyS φ sec(θ(t))φ′(t) −CφJyyS φφ
′(t) + CφJyzS θS φθ

′(t) + CφJyzS φθ
′(t) tan(θ(t))

−CθC2
φJyzφ

′(t) + zgmvS 2
φu(t) tan(θ(t)) − xgmvS 2

φw(t) tan(θ(t)) + ygmvS φw(t) sec(θ(t))

−CφxgmvS 2
φw(t) tan(θ(t)) sec(θ(t)) − zgmvS φv(t) sec(θ(t)) + JyzS θS φθ

′(t) + JyzS 2
φφ
′(t),

c6,5 = p(t)(JaxCφ sec(θ(t)) + JxyS φ tan(θ(t))(C2
φ(− sec(θ(t))) −Cφ + S 2

φ) + CφJxx sec(θ(t)))

+ r(t)(
1
2

tan(θ(t))(C2
φ(2 sec(θ(t)) + 1) + 2Cφ − S 2

φ − 1)(JayCφ + CφJyy − JyzS φ)

+ CφJxz(− sec(θ(t))) − JxyS φ) − JayC2
φ sec(θ(t))φ′(t) + JayS 2

φφ
′(t) + CφzgmvS φu(t) tan(θ(t))

+ C2
φzgmvS φu(t) tan(θ(t)) sec(θ(t)) −CφxgmvS φw(t) tan(θ(t)) −C2

φxgmvS φw(t) tan(θ(t)) sec(θ(t))

+ Cφygmvw(t) sec(θ(t)) −Cφzgmvv(t) sec(θ(t)) + CφJyzS θθ
′(t) + CθCφJyzS φφ

′(t) + CφJyzS φφ
′(t)

−C2
φJyy sec(θ(t))φ′(t) + C2

φJyzθ
′(t) tan(θ(t)) + zg(−mv)S 3

φu(t) tan(θ(t)) + xgmvS 3
φw(t) tan(θ(t))

+ JyyS 2
φφ
′(t) − JyzS θS 2

φθ
′(t),
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c1,6 = CφJzzS ψu(t)C2
θ −CψCφJzzv(t)C2

θ + CψJzzS φw(t)C2
θ −CψygmvS ψS φθ

′(t)C2
θ

+ mvS φS 2
ψxgθ

′(t)C2
θ + C2

ψmvxgψ
′(t)C2

θ + CψmvS ψygψ
′(t)C2

θ + JzzS θS φu(t)Cθ

+ JxzS ψw(t)Cθ + JzzS θS ψw(t)Cθ −CφxgmvS θS ψθ
′(t)Cθ −CψxgmvS θS ψθ

′(t)Cθ

+ C2
ψmvS θygθ

′(t)Cθ + CφCψmvS θygθ
′(t)Cθ − ygmvS 2

ψS φφ
′(t)Cθ −CψxgmvS ψS φφ

′(t)Cθ

−CψCφygmvS θS ψφ
′(t)Cθ + CφmvS θS 2

ψxgφ
′(t)Cθ −CφxgmvS 2

ψψ
′(t)Cθ + CψmvS θS φS ψxgψ

′(t)Cθ

+ mvS θS φS 2
ψygψ

′(t)Cθ + CφCψmvS ψygψ
′(t)Cθ + Jaz(Cθ(S θS φ + CθCφS ψ)u(t) + (S 2

θ

−C2
θCψCφ)v(t) + Cθ(CθCψS φ + S θS ψ)w(t)) + JzzS 2

θv(t) + JxzS θv(t)

− Jyz((CφS θ −CθS ψS φ)u(t) + CθCψ(S φv(t) + Cφw(t))) −CψygmvS 2
θS φφ

′(t)

+ CφCψmvS θxgφ
′(t) + mvS 2

θS φS ψxgφ
′(t) + CφmvS θS ψygφ

′(t) −CψCφxgmvS 2
θψ
′(t)

− xgmvS θS ψS φψ
′(t) −CφygmvS 2

θS ψψ
′(t) + CψmvS θS φygψ

′(t),

c2,6 = −JzzS 2
φu(t)C2

θ + CφmvS φS ψxgθ
′(t)C2

θ −CφCψmvS φygθ
′(t)C2

θ

+ C2
φCψJzzu(t)Cθ + CφJzzS θS φS ψu(t)Cθ − JxzS φv(t)Cθ −CφCψJzzS θS φv(t)Cθ

− JzzS θS φv(t)Cθ + C2
φJzzS ψv(t)Cθ + CψJzzS θS 2

φw(t)Cθ −CφJzzS φS ψw(t)Cθ

+ mvS θS 2
φS 2

ψxgθ
′(t)Cθ + CφCψmvS φS ψxgθ

′(t)Cθ −CφC2
ψmvS φygθ

′(t)Cθ −CψmvS θS 2
φS ψygθ

′(t)Cθ

−CφCψmvS φxgφ
′(t)Cθ − mvS θS 2

φS ψxgφ
′(t)Cθ + CψmvS θS 2

φygφ
′(t)Cθ −CφmvS φS ψygφ

′(t)Cθ

+ C2
ψmvS θS φxgψ

′(t)Cθ + CφCψmvS θS φxgψ
′(t)Cθ + mvS 2

φS ψxgψ
′(t)Cθ −CφCψmvS ψxgψ

′(t)Cθ

−CψmvS 2
φygψ

′(t)Cθ −CφmvS 2
ψygψ

′(t)Cθ + CφmvS θS φS ψygψ
′(t)Cθ + CψmvS θS φS ψygψ

′(t)Cθ

+ CφCψJxzw(t) + CφCψJzzS θw(t) + JzzS 2
θS φS ψw(t) + JxzS θS φS ψw(t)

+ Jaz(Cθ(CψC2
φ + S θS φS ψCφ −CθS 2

φ)u(t) −Cθ((CφCψ + 1)S θS φ

−C2
φS ψ)v(t) + (S θS φ(CθCψS φ + S θS ψ) + Cφ(CψS θ −CθS φS ψ))w(t))

+ Jyz(S φ(CθCφ + CψCφ + S θS φS ψ)u(t) − (CψS θS φ −CφS ψ)(S φv(t)

+ Cφw(t))) + CφmvS θS 2
ψxgθ

′(t) −CψmvS 2
θS φS ψxgθ

′(t) + C2
ψmvS 2

θS φygθ
′(t)

−CφCψmvS θS ψygθ
′(t) + CφmvS 2

θS φS 2
ψxgφ

′(t) −CφC2
ψmvS φxgφ

′(t) −CψmvS θS 2
φS ψxgφ

′(t)

+ C2
φCψmvS θS ψxgφ

′(t) − mvS θS 2
φS 2

ψygφ
′(t) −C2

φC
2
ψmvS θygφ

′(t) −CφCψmvS 2
θS φS ψygφ

′(t)

−CφCψmvS φS ψygφ
′(t) −CφmvS θS φS 2

ψxgψ
′(t) + CφC2

ψmvS θS φxgψ
′(t) + CψmvS 2

θS
2
φS ψxgψ

′(t)

−C2
φCψmvS ψxgψ

′(t) + mvS 2
θS

2
φS 2

ψygψ
′(t) + C2

φC
2
ψmvygψ

′(t) + 2CφCψmvS θS φS ψygψ
′(t),
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c3,6 = −CφJzzS φu(t)C2
θ + C2

φmvS ψxgθ
′(t)C2

θ −C2
φCψmvygθ

′(t)C2
θ −CφCψJzzS φu(t)Cθ

+ C2
φJzzS θS ψu(t)Cθ −CφJxzv(t)Cθ −CφJzzS θv(t)Cθ −C2

φCψJzzS θv(t)Cθ

−CφJzzS φS ψv(t)Cθ + CφCψJzzS θS φw(t)Cθ + JzzS 2
φS ψw(t)Cθ + CφmvS θS φS 2

ψxgθ
′(t)Cθ

−CψmvS 2
φS ψxgθ

′(t)Cθ + C2
ψmvS 2

φygθ
′(t)Cθ −C2

φCψmvxgφ
′(t)Cθ −CφmvS θS φS ψxgφ

′(t)Cθ

+ CφCψmvS θS φygφ
′(t)Cθ −C2

φmvS ψygφ
′(t)Cθ + CφC2

ψmvS θxgψ
′(t)Cθ + C2

φCψmvS θxgψ
′(t)Cθ

+ CφmvS φS ψxgψ
′(t)Cθ + CψmvS φS ψxgψ

′(t)Cθ + mvS φS 2
ψygψ

′(t)Cθ −CφCψmvS φygψ
′(t)Cθ

+ C2
φmvS θS ψygψ

′(t)Cθ + CφCψmvS θS ψygψ
′(t)Cθ −CψJxzS φw(t) −CψJzzS θS φw(t)

+ CφJzzS 2
θS ψw(t) + CφJxzS θS ψw(t) − Jaz(CθCφ(CθS φ + CψS φ −CφS θS ψ)u(t)

+ CθCφ((CφCψ + 1)S θ + S φS ψ)v(t) − ((CθCφ − 1)CψS θS φ

+ (CφS 2
θ + CθS 2

φ)S ψ)w(t)) + Jyz((CθC2
φ + S φ(CφS θS ψ −CψS φ))u(t)

− (CφCψS θ + S φS ψ)(S φv(t) + Cφw(t))) − mvS θS φS 2
ψxgθ

′(t) −CφCψmvS 2
θS ψxgθ

′(t)

+ CφC2
ψmvS 2

θygθ
′(t) −

1
8

sin(2θ(t)) sin(2φ(t)) sin(2ψ(t))mvygθ
′(t) + CψmvS θS φS ψygθ

′(t)

+ C2
ψmvS 2

φxgφ
′(t) + C2

φmvS 2
θS

2
ψxgφ

′(t) − 2CφCψmvS θS φS ψxgφ
′(t) −CφmvS θS φS 2

ψygφ
′(t)

+ CφC2
ψmvS θS φygφ

′(t) −C2
φCψmvS 2

θS ψygφ
′(t) + CψmvS 2

φS ψygφ
′(t) −C2

ψmvS θS 2
φxgψ

′(t)

−C2
φmvS θS 2

ψxgψ
′(t) + CφCψmvS 2

θS φS ψxgψ
′(t) + CφCψmvS φS ψxgψ

′(t) + CφmvS 2
θS φS 2

ψygψ
′(t)

−CφC2
ψmvS φygψ

′(t) −CψmvS θS 2
φS ψygψ

′(t) + C2
φCψmvS θS ψygψ

′(t),

c4,6 = q(t)(JayCφ + CφJyy − JyzS φ) − JazCθθ
′(t) + Cφzgmvu(t) −Cφxgmvw(t)

+ CφJxy(−p(t)) −CθJzzθ
′(t),

c5,6 = −Cφp(t)(Jax + JxyS φ tan(θ(t))(Cφ(sec(θ(t)) + 1) + 1) + Jxx) + q(t)(S φ sec(θ(t))((Cθ(Cφ + 1)

+ Cφ) tan(θ(t))(JayCφ + CφJyy − JyzS φ) − Jxz) + CφJxy) − JazCφS θS φθ
′(t)

− JazCφS φθ
′(t) tan(θ(t)) + JazCθC2

φφ
′(t) − JazS θS φθ

′(t) − JazS 2
φφ
′(t)

+ C2
φzgmvS φu(t) tan(θ(t)) + CφzgmvS φu(t) tan(θ(t)) + C2

φzgmvS φu(t) tan(θ(t)) sec(θ(t))

−C2
φxgmvS φw(t) tan(θ(t)) −CφxgmvS φw(t) tan(θ(t)) + C2

φ(−xg)mvS φw(t) tan(θ(t)) sec(θ(t))

−Cφygmvw(t) + Cφzgmvv(t) + CφJyzS φ sec(θ(t))φ′(t) + CφJyzS φφ
′(t) −CφJzzS θS φθ

′(t)

−CφJzzS φθ
′(t) tan(θ(t)) + CθC2

φJzzφ
′(t) − JzzS θS φθ

′(t) − JzzS 2
φφ
′(t),
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c6,6 = p(t)(JaxS φ −CφJxy tan(θ(t))(C2
φ sec(θ(t)) + Cφ − S 2

φ) + JxxS φ)

+ q(t)(
1
2

tan(θ(t))(C2
φ(2 sec(θ(t)) + 1) + 2Cφ − S 2

φ − 1)(JayCφ + CφJyy − JyzS φ)

+ CφJxz(− sec(θ(t))) − JxyS φ) − JazCφS θθ
′(t) − JazCθCφS φφ

′(t)

− JazCφS φφ
′(t) − JazC2

φθ
′(t) tan(θ(t)) + JazS θS 2

φθ
′(t) −CφzgmvS 2

φu(t) tan(θ(t))

+ CφxgmvS 2
φw(t) tan(θ(t)) + C2

φzgmvu(t) tan(θ(t)) + C3
φzgmvu(t) tan(θ(t)) sec(θ(t))

−C2
φxgmvw(t) tan(θ(t)) + C3

φ(−xg)mvw(t) tan(θ(t)) sec(θ(t)) −CφJzzS θθ
′(t) −CθCφJzzS φφ

′(t)

−CφJzzS φφ
′(t) + C2

φJyz sec(θ(t))φ′(t) −C2
φJzzθ

′(t) tan(θ(t)) + ygmvS φw(t) − zgmvS φv(t)

− JyzS 2
φφ
′(t) + JzzS θS 2

φθ
′(t),

c7,7 = −2l1lc2(m2,au + m2)α′2(t) sin(α2(t)),

c7,8 = −2l1lc2(m2,au + m2)α′1(t) sin(α2(t)).

The Dv matrix is given as follows.

Dv =


d1,1 · · · d1,10
...

. . .
...

d10,1 · · · d10,10

 , (A4)

where all the non-zero elements of Dv are:

d1,1 =
1
2
ρApuCdvuab + Cu,

d2,2 =
1
2
ρApCdvvab + Cv,

d3,3 =
1
2
ρApCdvwab + Cw,

d4,4 = ρApCdl3v p(t) + Cp,

d5,5 = ρApCdl3vq(t) + Cq,

d6,6 = ρApCdl3vr(t) + Cr,

d7,7 = ρApCdl3vα
′
1(t) + Cα1 ,

d8,8 = ρApCdl3vα
′
2(t) + Cα2 .
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Now, the vector Gv is given as follows:

Gv =



g sin(θ(t)) (mv − ρVs)
g cos(θ(t)) sin(φ(t)) (ρVs − mv)
g cos(θ(t)) cos(φ(t)) (ρVs − mv)

g cos(θ(t))
((

zg sin(φ(t)) − yg cos(φ(t))
)

mv + ρ (yb cos(φ(t)) − zb sin(φ(t))) Vs

)
gmv

(
cos(θ(t)) cos(φ(t))xg + sin(θ(t))zg

)
− gρVs (cos(θ(t)) cos(φ(t))xb + sin(θ(t))zb)

gρVs (cos(θ(t)) sin(φ(t))xb + sin(θ(t))yb) − gmv

(
cos(θ(t)) sin(φ(t))xg + sin(θ(t))yg

)
lc1 sin (α1(t))

(
m1 − gρVm,1

)(
m2 − gρVm,2

)
(sin (α1(t)) l1 + sin (α1(t) + α2(t)) lc2)

0
0



. (A5)

The force vector Fv is given as follows:

Fv =



1
8πρCdd2

v Uu |u − Uu| + CuUu + fu
1
2ρCddvlvUv |Uv − v| + CvUv + fv + fvv

1
2ρCddvlvUw |Uw − w| + CwUw + fvw + fw

τp
τq
τr
τ1
τ2

− f1 + τβ1 − τ1
− f2 + τβ2 − τ2


. (A6)

Now, by substituting the coupling torques τ1 and τ1 given by (18)-(19), and the dynamic friction
torques f1 and f2 given by (21)-(22) into (A6) reveals the following form of Fv:

Fv =



1
8πρ |u − Uu|CdUud2

v + fu + CuUu

fv + fvv + 1
2 (2Cv + ρ |v − Uv|Cddvlv) Uv

fvw + fw + 1
2 (2Cw + ρ |w − Uw|Cddvlv) Uw

τp
τq
τr

Γ (δ1) + c jδ
′
1(t)

Γ (δ2) + c jδ
′
2(t)

−Γ (δ1) + τβ1 −

(
2

e−λβ
′
1 +1
− 1

) (
FC + e−vs−µ=|β′1|

µ

FS

)
− c jδ

′
1(t)

−Γ (δ2) + τβ2 −

(
2

e−λβ
′
2 +1
− 1

) (
FC + e−vs−µ|β′2|

µ

FS

)
− c jδ

′
2(t)



, (A7)

where fvv and fvw are the lift forces (acting along the j- and k-axis, respectively) given by (28)-(29),
δ1 = N−1

r β1 − α1, δ2 = N−1
r β2 − α2, and Γ(δ1) and Γ(δ2) are given by (19)-(20).


