Supplementary material on ’Dynamic Analysis of the UVMS: Effect of Disturbances,
Coupling, and Joint-Flexibility on End-Effector Positioning”

Appendix A: Equations of motion of the UVMS considering flexible joints
The equations of motion of the UVMS considering flexible joints are given by (30):

Mé+Cé+DE+G,=F,, (A1)
where the mass matrix M, is given as follows:

miy - Mp0
My=| (A2)

myq,1 * -+ M10,10
where all the non zero elements of M, are given as follows:

mp 1 = Myl + Mmau + My + Mygy + (my + my),
msy = gy, me | = _ygmv’

My = Mgy + My, + Myyy + (ml + mZ)s

Mmyp = —Zgmy,

Mmep = Xglmy,

m33 = Mmaw + My + Myay + (ml + I’I’IZ),

mys3 = ygmy,
mss3 = —Xgm,,
mp 4 = —2gh,
ms4 = ygh,,

my 4 = Jax + Jxxs
msg4 = —Jyy,
me4 = —Jxzs
mis = gy,
mss = —Xgih,y,
mys = _ny,

mss = Jay + Jyys

mes5 = _‘]yZa
mpe = —yginy,
mpye = Xgh,y,
mye = —Jxz
mse = _Jyz,

Me6 = Jaz + 1229
2 2 2 2
myg7 = Jl,a + Jl,a + lclml,au + 211102”12,au Ccos (CYZ(I)) + lcsz,au + l]mZ,au + JaZ + l]maZ

+my 2, + 21imyle cos (@a(0) + mply + Jy + Jo + By,



mg7 = Joa + lilcam) gy €08 (@2(8)) + [5mo 4 + limolea €08 (@ (1) + molly + T,
mrg = Joa + llcamy gy €08 (@2()) + Bymy gy + limalea o8 (@a(1)) + mal2y + J,
mgg = Jag + lgzmz,au + mzlf2 + Jo,

myg = Jai,

mio,10 = Ja.
The matrix C, is given as follows:

C1,1 o CL10

C10,1 - €10,10

where all the non-zero elements of C, are given below. It is to be noted that, the derivatives with
respect to time are given as ( )’ and for a compact representation of the matrix components, the
cosine and sine terms are represented as follows:

Cy = cos(p(1)), Sy = sin(¢(1)), Cyg = cos(0(2)), Sy = sin(B(r)), Cy = cos((1)), Sy = sin(y(1)),

cr1 = =p(0Cs TS yCo + ComS yxgv(D)CG + CyCymyyv(1)Co — CymyS 4y w(1)Cy
+ Cyma1S 48 48 (DC3 + Cy(my +m2)S 4 46 (1)Ca + CyMmauS S 48 (OC3 + Cym,S 4S 40 (HC
+ CyauS ¢S 48 (CG = Cyma Sy’ (NC; = Cy(my +m2)S g’ (NCG — CymimauS yi' (C;
= CymyS @' (1)C5 — CymyayS y¥' ()C; — p(£)Jx2S 6S $Co + p(1)JxyS ¢S yCo
+m,S ¢S 3 xV(1)Co + Cym,S 32,v(1)Co + myS ¢S y X, w(H)Co — m,,S ¢S yyew()Co
+ CyCym,zgw(t)Co — Cyma1 S off (1)Co — CyCymay S o8 (1)Co — C(my + my)S o (1)Co
= CyCy(my +m)S 68 (1)Co — CymMmauS 68 (1)Co — CyCyMmauS o8 (1)Co — CymyS o8 (1)C
— CyCymyS g8 ()Cy — CammyauS o8 ()Cy = CyCoyimauS o ()Co + ma1 S 3S 24 (C
+ (my +m)S ¢S 58 ()Co + MmauS 45 58" (VCoq + myS 4S 58" (NCq + MyauS S 3¢’ (1)Co
+ CyCymaiS ¢S ¢ (Cq + CyCy(my + m2)S ¢S 4 &' ()Cy + CyCoytmauS 68 4 &' (HCy
+ CyCymyauS 6 4’ (VCo — ma1S ¢S oS 4o (NCo — (1 +m2)S oS 4S L' ()Co ~ MinauS 6 ¢S 44’ (1)C
= m,S 68 ¢S JW ()Co — MyauS 6S ¢S §3 ()Cp — CyCymar Sy’ (HCo — CyCymy + m2)S ' (HCo
= CyCyMmanS g (1)Co — CyCymyS ' (1)Co — CyCymyauS 4t (1)Co = P(t)CyJxyS g
+ 1) (Jyz(CoS Sy — CyS g) + CoJay(S6S 5 + CoCyS ) + CyCym,S ¢S y¢'(1)Co
+ CoJ22(S0S g + CoCyS ) + g(1)(—=CaJyz(S6S ¢ + CoCpSy) + Jay(CpS g — CoS pSy) + Jyy(CyS g
= CoS ¢S y)) — myS gyev(t) — CymyS pxgw(t) + Cyma1S S ¢’ (1) + CymimauS 3 S y ' (1)
+ Cy(my + mp)S2S 4@ (1) + CymauS 28 o (1) + Cym, S 3S 50 (1) + CymyauS 58 50 (1)
= Cyma1S 68 y¢' (1) — Cy(my + m2)S oS y ¢’ () = CymMmauS 65 y @' (1) — Cymy S oS 4@’ (1)
= CymyauS ¢S y @' (1) = Cymy1 S oS g’ (1) — Cy(my + mp)S ¢S gt (1) = CytimauS oS ot (1)
= Cymy,S oS g’ (1) = CymyauS oS o' (1) + Coma1 S GS y ' (1) + Co(my + m)S Sy’ (1)
+ CymyS 28yt () + Cyimyau S 3S g/ (1),



CQ’

= p()JxS 3Cq — myS 5xv())Cy + CyCymarS 4 ()Cy + CyCy(my + m2)S 46 (HC;

+ CyCymimaS 48 (1)Cy + CyCym,S 46 ()Cj + CyCymyaS 48 (1)Cy — p()C5Cy T 1 Co

+ P()CyJxyS $Co — P()CJx2S 6S 45 4 Co + C3Cymyxv(1)Co + CymyS 6 4 yxv(1)Co

+ CyCym,S oS ¢y v(H)Co + m,S ¢S gy v(£)Cy — C;mvSwygv(t)Cg + Cypmy,S pxgw(1)Co

= Cym,S ¢S jyw()Co + CymyS ¢S yy,w(t)Co + CyCrumar S 48 (1)Co + CyCyp(my + m2)S 48 (1)Co
+ CyCoymmaS 48 (1)Cq + CyCoymyS 4 (1)Co + CyCoymyaS 48 (1)Co + Cyma1 S oS 3S 4 ()C

+ Cy(my +m)S ¢S 38 48 (1)Cg + CymmanS 65 3S 48 ()Cy + CymyS 65 38 48 (1)Co

— CymaS 48 56’ (1)Co = Cymy + m)S ¢S 3¢ (1)Co = CymmauS oS 58" (DCy — Cym,S 68 56’ (1)Co

- CwmvauSHSé¢’(t)C0 + Cymy1S S y @' (1)Cp + Cy(my + my)S 4S y¢'(H)Co + CymmauS ¢S y ¢ (1)Co
+ CymyS ¢S y ¢’ ()Co + CyimyauS ¢S 4@ (1)Co + Cyma1 Sy’ (NCo + Cy(my + m)S i’ (1)Cy

+ CyMumaS ¥’ (Co + Cym,S 30" (1)Cg + CymyaS 30’ (1)Cy + Cyma Sy’ (1)Co

+ Cy(my +m)S g (1)Cy + CytmauS gt (1)Co + CymyS 50’ (1)Cy + CymyaS yi’ (Co

— Cyma1S 68 4S g’ (NCy — Cyma1 S ¢S 48yt (1)Co — Cy(my + m2)S oS 4S ' (1)Co

= CyMmauS 68 ¢S ytf’ (1)Cp — CyimmauS 65 ¢S ' ()Cy — CymyS ¢S 48y’ (1)Co — Cym,S 68 ¢S y b’ (H)Cy
— CymyauS 68 68 ' (1)Co — CymiyauS ¢S S ' (1)Co + p()CyCyJxyS 4 + Cl(f)(cefyz(—cwcé

= 86548 yCy + CoSy) = JayS o(CoCy — Cymy + m3)S S 4S y ' (1)Co + CymyauS oS 3S 48 () Co
+CyCy + 89S 4Sy) = JyyS o(CoCy + CyCy + S8 48 ) + r(t)(Coar(CyCy + S S 4S yCy — CoS y)
+ Col 1 (CyCy + S6S 4SyCy — CoS3) + Jy2S 4(CoCy + CyCy + S 9S 4S ) + p(1)JxyS S 3S

+ Cym,S S ézgv(t) = Cypm,S ¢S yz,v(1) + C4Cymy,S pxgw(t) + m,S gSéS pXW(t) — CyCym,,S gygw(t)
= myS S ¢S yyew(t) + CyCymyS oS yzw(1) — ComyS yzgw(t) — Cyma S 3S 48 (1)

= Cy(my +m)S 3S 4 (1) = CmmmauS 5S 48 (1) — Cym, S 5S 48 (1) — CmyauS §S 40 (1)

+ CyCyma1S 68 0 () + C4Cy(my +m2)S oS 40 () + CyCytimauS 6S 40 () + C4Cym, S ¢S 40 (1)
+ CyCymyauS oS 0 (1) + ma1 S oS 38 3¢ (1) + (my + m)S oS 5S4 ¢’ (1) + MinauS oS 3S 5 ¢’ (1)
+m,S oS 3S 3¢ (1) + MyawS oS 38 50 (1) + CoComa1 S o¢ (1) + C5Cl(my + my)S o (1)

+ CCyMmaS o' (1) + CoCom,S o' (1) + CoCmyaS o (1) + CyCymar S 3S ¢S y ' (1)

+ CyCy(my +m)S3S 4S8 4 (1) + CyCymmauS 38 4S 4 (1) + CyCym,S 38 4S 4/ (1)

+ CyCyma1S S y @' (1) + CyCy(my + m2)S 4S y ¢’ (£) + CyCymauS ¢S 4@’ (1) + CyCymy,S 48 y ' (1)
+ CyCymyauS ¢Sy’ (1) — M1 S 5S 5 Sy (1) — (my + mp)S S 38 G0/ (1) = minauS S 38 G0/ (1)
—mySESGS T (1) = myaS S 5S ju' (1) = CoChmay (1) = C3Cy(my + mo)y' (1)

= CoChmmantf (1) = CoComyY (1) = CoComyant’ (1) = 2C4CymarS oS S 4t/ (1)

—2C4Cy(my + mp)S oS 4S gt (1) — 2C4CyMmauS oS 4S g’ (£) — 2C4Cym, S ¢S 4S g (1)

— 2C5CyyanS 68 Sy’ () + CyCyyanS 28 48 y ¢’ (),



4
c31 = P()CyJxsS §Cq — CymyS yxgW(1)Cy + C3Cym & (1Cy + C3Cy(my + mp)8 ()Cy
+ CCymmut (NCy + C3Cymy (NCy + CCyumyan ()Cy + p(1)CyJyyCo
+ p()CyCyJxzS sCo — P()C5T2S 6S yCo — CyCymyS yxv(1)Co + ComyS oS 4 xv(1)Co
+ CymyS gygW(1)Co + C3CymyS gy V(1)Co + CymyS ¢S yyev(t)Co + Cym, x,w(1)Co
= CyCym,S ¢S gy w(1)Co — myS 3S yyew(t)Co — Cyma1 S 36 (1)Co — C(my + my)S 36 (1)Co
= CyMmaS 38 (1)Co — CymyS 36 (1)Co — CymyaS 38 (1)Cy + CyCyma1S S ¢S 4 ()C
+ CyCy(my +m)S S 48 48 ()Cq + CyCyimimanS oS 5 8 (DCy + CyCym,S ¢S 4S 48 (1)Co
= CyCyma1S oS 4 (1)Co — C4Cymy + m2)S oS 4 (1)Co — CyCymumauS S 9 ()Co
— CyCyimyayS ¢S ¢’ (1)Co + Cimalslﬁ(ls,(t)c@ + Cé(ml +my)S y @' (1)Cp + Cémmauswgbl(t)cé?
+ Cam,S y ¢ (1)Co + CamyauS 4 (Co — M1 S ¢Sy’ ()Co — (my +m)S 4S 30/ (1)Cy
= MumaS ¢S W (DCo — m,S 4S ji’ ()C = MyauS S G ()Cy + CyCyyma S gt (Co
+ CyCy(my + mp)S o' (HCq + CyCymmmayS o’ ()Co + CyCymyS gt (1)Co + CyCyimyayS gt (HCo
- Cémﬂseswwl(ﬂce — CyCymy1S oS ' (1)Cp — C;(ml +my)S oS y ' (HCo
— CommaS oSy (C = CyCyminauS oSy (1)Co — Cym,S oS y ' (DCy — C4Cym,S oSyt (Cy
— ComyauS Syt (1)Co = CyCymuanS oSyt ()Co = p(1)CyJxyS § = 1(1)(=Jyo(CoC
+8654SyCp = CySy) + CoCyJur(CoS g + CyCymmyaS oS ¢S 48 (1)Co — CyCym,S oS 3¢ (1)Co
+CyS = CySSy) + CoCylrs(CoS g + CyS g — CyS S ) + q(1)(=Jyy(CoCy + S S 4S 4 Cy
= CyCymy +m)S ¢Syt (VCoq — CyS 3) — Jay(CoCy + S 4(CyS 9S y — CyS p))
= C5CymyauSeS yW' (1) + CoCyJys(CoS g + CyS g — CpS S y)) + P()CyJxyS 65 Sy
+ CyCym,S ¢S yzgv(t) + myS 3 yzgv(t) — CymyS jxow(t) + CymyS oS 48 yxgw(D)
+ Cym,S oS gyow(t) — ComyS §S yygw(t) + C3CyumyS gzgw(t) + CymyS ¢S yzw()
= CyCyma1S 50 (1) — CyCh(my + my)S g (1) — CyCoymmaS 58 (1) — CyCymy,S 36 (1)
= CyClmyasS 50 (1) — Cyma1S S ¢S 48 (1) — Cy(my + m2)S oS ¢S y& (1) = CyiMmauS 6S ¢S 40’ (1)
= Cym,S oS ¢S 40 (1) = CymmyauS 6S ¢S 40 (1) + Cyma1 S 65 4S5 (1) + Co(my + m)S oS ¢S 3¢’ (1)
+ CymauS 65 ¢S ;@' (1) + CymyS 68 48 50 (1) + CyiyauS 65 ¢S ;¢ (1) = CyCymar S ¢S 3¢’ (1)
= CyCy(my + m)S ¢S 3¢’ (1) — CyCoymmanS 65 3¢ (1) — CyCymyS ¢S 3¢’ (1) — CyCoymyauS oS ¢’ (1)
+ CyCyma1S5S y¢' (1) + C3Cy(my + my)SeS 4’ (1) + CoCymmauS 5S y' (1) + C3Cum,S S 4 (1)
+ CoCymuanS Sy’ (1) = Cyma S 3S y ' (1) = Cy(my + mp)S 3S y' (1) = CymmauS 38 y ' (1)
= Cym,S 38y (1) — CymyauS 3S y ' (1) = Cyma1 S 5S ¢Sy (1) — Co(my + m)SGS S s/ (1)
= CyMinauS 58 ¢S W' (1) = Cym,S5S 4S 14 (1) = CymyauS 5S ¢Sy (1) + CyClymay S i (1)
+ CyCl(my +m)S g’ (1) + CyCommanS o (1) + C4CymyS g (1) + CyComyanS g/ (1)
+ Cyma1S oS 3S yt' (1) + Cy(my +m)S oS 3S yW' (1) + CymMimauS oS 3S y ' (1) + Cym, S oS 3 S yi (1)
+ CymyanS oS 5 Syt (1) = CoCymar S oS yi (1) = C3Cy(my +m)S oSy (1) = CyCymanS oS y (1)
— C3Cym,S oSy (1),



a1 = my(Cyzor(t) + Cpy 0 (1) + 25q(1)S ),

¢s1 = my(2,q(1)S 3, tan(6())(Cy(sec(8(2)) + 1) + 1) + Cyz,r(2)S 4 tan(B(2))(Cy(sec(6(1))
+ 1)+ 1) + CpyeSaS 48 (1) + CyyeS o8 (1) tan(B(1)) — Cyz,S 4 sec(0(2))¢’ (1)
— Cy2gS 49 (1) = CoCiye' (1) + 7S4S 40 (1) + oS 3¢ (1)),

ce.1 = My(2g9(1)S ¢ tan(B(1))(C sec(8(1)) + Cy — S 3) + Cyzr(1) tan(8(1))(C; sec(8(1))
+Cy — S?)) + CpyeS o0 (t) + CoCyyeS o9’ (1) + CpyeS 49 (1)
+ Cayet (1) tan(6(1)) — Cz sec((1))¢ (1) — ygS oS 36/ (1) + 28 53¢’ (1)),

12 = —1(CsCyJu,Ch — r(t)CyCyd 1, Ci + Cym,S yx,u(t)Ci

+ CyCymy,y u(t)C + Cym,S s x,w(t)Ch

+ (my +m)S ¢S 30 (NCy + MinayS 68 50 (Cy + myS 4S 36 (VCj + MyayS ¢S 36 (DC;

+ Cy(my +m)y (1DCq + Cymua ' (NCq + Comy' (Cq + Coymyay’ (NC

= r(O)CyJy;S $Co + m,S ¢S s xou()Cy + Cym,S 37,u(t)Co — Cymy,S 3 x,w(1)Cy

+m,8S S yx,w(t)Co + m,.S yz2eW(1)Co — Cy(my + m2)S ¢S 40 (1)Co — Cy(my + m2)S ¢S 60 (1)Cy

— CyMimayS 08 48 (1)Cg — CyMimayS oS 48 (1)Cy — Cymy,S S 48 (1)C — Cym, S 6S 48 (HCy

= CyimyaS 68 48 (1)Co — CymyayS oS 48/ (NCo + Cy(my + m2)S oS 3¢ ()Co + CymmayS 6S 3¢’ () Co
+ CymyS ¢S ;@' (1)Co + CyiyayS ¢S 3¢ (1)Co — Cy(my + m2)S 4S8 y @' (1)Co — CyMumayS 4 y ¢ (NCo
= Cym,S 48 y¢' (1)Co — CymyayS ¢Sy’ (1)Co — Co(my + m)S j4’ (1)Co — CymmayS 38’ (Co

= CymyS g/ (t)Co — CymuayS g’ (1)Cq + Cy(my + m)S S 4 Syt (1)Co + CyimayS 65 S ' (1) Co
+ CymyS g8 S W' (Co + CyiiyayS ¢S 4yt (1)Co + (1) TS 2 + 1(1)J 1, S}

+ 1(1)JxzS g — p(t)(=CyCyJx,Ch + CyJxyS sCo + JuS 5

+ JaxS g + JxxS 9) + @O(CyCydy,Ch + CyduyS sCo

+ CyJyyS sCo — JyuSa + JxyS g) — m,S aygu(t) — m,S gy w(?)

+ CyCy(my + my)S g’ (1) + CyCyimmayS 9@’ (1) + CyCyimy,S ¢ (1) + CyCyimyayS o’ (1)

+ (my +m2)S 35S 4S 4@ (1) + MinayS S 6S 4@ (1) + MyS S 4S 4 (1) + My S 5S 4S 4 ¢’ (1)

— CyCy(my +mp)S 20/ (1) — CyCymmayS 50 (1) — CyCym, S 20 (1) — CyCymyayS 20/ (2)

— (my + m2)S ¢S ¢Sy’ (1) — MmayS 6 ¢S y ¥’ (1) — MyS 68 4S Y’ (1) — MyayS 0S »S YW’ (1),



6

20 = =m,S 3xu(t)Cy + Cy(my + mp)S ¢S 48 (NCq + CyminayS ¢S 48 (NC5 + CymyS 4S 48 (NC

+ CytiyayS 48 40 ()C2 — 1(£)JS $Co — 1(1)J S 6 $Cg — 1(t)CyCyy TS 68 5Ca

= 1(1)J 25 68 4Co — F()CyCyd 1S oS yCo + 1(1)C3 0z S yCo + 1(1)C3J 1S 4 Co

+ CéCwmvxgu(t)Cg + Cyem,S 98 ¢S y x,u(t)Cy + CyCym,S ¢S 4y, u(t)Co + m,S ¢S 4y ,u(t)Co

= C3m,S yyou()Co + CyimyS ¢S 5x,w(1)Co — CyimyS ¢S y xgw(t)Co + myS 4y, w(t)Co

+ (my +m3)S oS 3S 36 (1)Co + MinayS 65 35 10 (1)Cy + My oS 3S 36 (1)Co + Myay S 6S 3S ;0 (N Co

+ CyCy(my +m))S 48 48 (1)Cy + CyCoytimayS 4S 48 (Cy + CyCym, S 4S 48 (1)Cy

— CyCy(my +m2)S 3¢ (1)Cy — CyCoyimayS 98 (£)Cog — CyCymyS 3¢ (1)Cp — CyCyytmiyayS 3¢’ (1)Co
— (my +m)S ¢S 38 y#' ()Co — MinayS 65 38 y ¢’ (VCo — MyS S 3S ¢ ()Co — My S 6S 3S y ' (1)Cop
+ Cy(my +m2)S S g (1)Co + CyCymy + m2)S oS g’ (1Cy + CoyimaS 48 o' (DCo

+ CymyS oS g’ ()Cy + CyCymyS oS g’ (1)Co + CiuayS oS i’ ()Cy + CyCyimuayS oS g’ ()Co

+ (my +my)S 3S g (VCo + MinayS 38 ' ()Co + myS 3S g ()Co + MyayS 3 g’ (H)C

— CyCy(my +m)S g ()Cy — CyCyimimayS g’ (NCy — CyCyim,S ' (1)Cp — CyCyyiyayS gt (HCo
= r(t)CyJy2S S + P()(=CoJxzS yCj + CoCy TS 6S 4Cy + J1yS 48 4 Cy

— CyJxySeSy + ColuxS s + ColuxS g + CozS6S g) + r()CyJyzS ¢Sy

+ q(1)(=CoJyS yCj + CoCyJy;S 68 4Cy — JyyS 48 yCy + CyJyyS oS

= CoJxyS g + ColysS oS s + JayS 9(CyS 9 s — CyS ) + CymyS S jzeu()

— Cym,S 48 yzgu(t) = CymyS oS 5x,w (1) + CyCymyS gxgw(t) + myS 3S ¢S y xgw(1)

+ CymyS ¢S yxgw(t) + CyCymyzgw(t) + myS ¢S S yzgw(t) + Co(my +my)S oS 36/ (1)

+ Cym,S oS 50/ (1) + CymyayS oS 16 (1) = Cy(my + m2)S§S 48 48 (1) = CymmayS S S 8’ (1)

— Cym,S3S ¢S yb (1) = CymyayS §S 4S y &' (1) + Co(my +m2)S3S 4S5’ (1) + CoMimayS S S 5.0 (1)
+ CymyS5S 48 58 (1) + ComyayS 3S 48 3¢ (1) = CyClmy + mp)S 4’ (1) = CyClmimayS o' (8)

— CyCym,S 3¢’ (1) — C4ClmyayS 3¢’ (1) — Cy(my + m)S oS 3S y ' (1) — CyimayS 65 35 y ¢’ (1)

— CymyS oS 38y’ (1) = CymayS oS 3S y ¢’ (1) + C3Cy(my + m2)S oS 4 (1) + CCymMmimayS oS 4’ (1)
+ C3Cym,S oS 4 (1) + C3CymyayS 6S @' (1) — Cy(my + m)S oS 4 S G (1) = CyinayS 65 ¢S 30 (1)
— CymyS S 4S W' (1) = CymyayS oS 4 Sy (1) + CyCyp(my + m)S ¢S gt (1) + CyCypmMumayS oS i (1)
+ CyCym,S oS g’ (1) + CyCmmyayS oS o' (1) + Cy(my +m2)S S 5S yi (1) + CymimayS §S 3S y/' (1)
+ Cym,S§S 38y (1) + CymyaySgS 38y’ (1) — C3Cy(my + m)S g’ (1) — CyCymmayS ' (1)

= C3CymyS /' (1) = CaCymyayS y ' (1) + CyCymyayS ¢S y & (1)Co + CyCyMimayS oS o' (1)Co

+ CytmayS 6S 30 (1),



30 = =Cym,S 4 xu(t)Cy + Co(my + my)S 48 (NCq + CymmimayS 48 (NCq + Cym,S 8 (1Cy
+ CymyayS 68 ¢S 30 (1)Co + CymyayS 48 (1)Cg — r(t)CyJx,Co — H(1)CyJ0zS 6Co — r(1)C3Cy Tz oCo
= 1(t)CyJ 128 Co — H1)C3Cy TS §Co — r(1)CyJuzS ¢S 4 Co — r(1)C 1S ¢S 4 Co
— CyCym,S pxgu(t)Co + Cym,S oS yxou(t)Co + Cym,S gyou(t)Co + C3CymyS gyou(1)Co
+ CypmyS 48 yyou(t)Co + CsCym,S ¢S g x,w(t)Co + mvSéwagw(t)Cg + Com,y,w(H)Co
+ Cy(my +m3)S oS ¢S 30 (1)Co + CymmayS 65 45 0 (1)Cy + Cym,iS oS ¢S 36/ (H)Co
= Cy(my + mp)S 3S 48 (1)Cop — CymMumayS 4S 48 ()Co — CymyS 38 y & (1)Co — CymmyayS 3S 4 (1)C
— C3Cy(my + my)¢' (1)Cy = C3Cymmay@ (1)Co — C3Cymy ¢’ (1)Cp — C3Cymyayd’ (DCs
— Cy(my +m2)S 48 4S 4@ (1)Co — CyMimayS 6S 4S 4@ (1)Co — C 1, S 68 4S y ¢ (1)Co
+ CyCyy(my + mp)S o' (1)Cy + CyCy(my + my)S g (1)Co + CyCoymmayS ot (1)Co
+ CyCym,S g’ (1)Co + C3Cyum,S i’ (1)Co + CyCoymyayS g (1)Co + C5CyimyayS o' (1)Co
+ Cy(my +mp)S 48 W' (HCq + Cy(my + m2)S 4yt (DCy + CyiimayS 4S w8’ (£)C
+ Cyim,S 4S g’ (DCq + CymyS 4S ' (£)Co + CyyayS 68yt (£)Co + CyityayS 5 gt (1)Co
= r(1)CyCyJyzS 68 g — r()Jy2S 3S y + P()(CoCyJxsS 9C; + CouxCp — CyMuayS S 48 y ¢ (1)C
+ C3CymmayS o (1)Co + CoJxxCy + CoxzS 6Cy — CyduyS 68 4Cy + CoJxzS S 4 Cop
+ CyMimayS ¢Sy’ ()Co — JoyS 38 y) + q(1)(CoCyJy,S 4C; — CoJuyCy + CoJy,S 6Cy
+ CyJyyS oS 4Co + ColysS 4S yCy + JyyS 3S y + JayS (CCyS g + CyCy(my + m2)S ¢Sy’ (1)
+8 48 y)) + CyCymyS oS yzguu(t) + myS 3S yzgu(t) — CyCym,S 6S g xaw(t) — 2C4CymyS ¢S ¢S y ' (1)
— Cym,S 68 s xgw (1) + CymyS S yxgw(t) — myS 3 S yxgw(t) — Cym,S szgw(r)
+ CymyS oS yzgw(t) — (my + my)S oS ¢S 30 (1) = MimayS oS ¢S 30 (1) — M, S S ¢S 36/ (1)
— MyayS 68 68 30 (1) = CoCy(my + m2)S §S 8 (1) = CyCymmayS S 48 (1) — CyCym, S 5S 8 (1)
= CyCymyaS3S 48 (1) + Cy(my +m)S 4’ (1) + CymmaS 50 (1) + Cym, S 3’ (1)
+ CymyayS 3@ (1) + Co(my + my)SGS 50 (1) + CymmayS 5S 3¢’ (1) + C3m,S 5S4 ¢’ (1)
+ CymyayS S 38’ (1) — 2C4Cy(my + mp)S S Sy (1) = 2C4CyminaS S ¢S y @' (1)
= 2CyCymyayS 68 ¢S y ' (1) = C(my + m)S oS G’ (1) = CyminayS oS 30 (1) — CymyS oS g/ (1)
= Co(my + m)S ¢S ' (1) = CmmayS oS g (1) = Cam,S 6S 30/ (8) = CimynS oS 30 (1)
+ CyCyMmayS 35S S W' (£) + C4Cym, S 3S 58 gt (1) + CyCyiyay S 5S S y /' (£)
+ CyCymmayS ¢Sy’ (1) + CyCymyS 48 g (1) + CyCyymyayS ¢Sy’ (1) — Coymyay S ¢S 3 (1)
+ CyCy(my +m)S3S 4S W/ (1),

cap = —Coxgm,0' (1),

cs2 = my(Cyzgr(t) + xo(=(S 48 (N(Cy + 1S g + Cy tan(6(1))) + ¢’ (S 5 — CoCy))) — 2,q(1)S 4 sec(6(1))),
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co2 = my(Cyzg(=q(D)) sec(B(1)) — x,(6' (1)(CyS g + Cy tan(6(1) — S oS 3) + (Co + 1)CyS 4’ (1)) = 27 (1)S ),

13 = =Cop()(JuxS y + CoCydysS 4 + CyCylyy + ISy + JxzS S ) + Cog(t)(JayCyCos
— CoCydysS o + CyCylyy + JxySy — JyuS 68 y) + Ju,Cor(DS ¢S y + Jay C2Cyr(1)S 4 + Coxgm, S S yu(t)
— CyxgmyS gu(t) — Coygm,S ¢S yu(t) — CaCyym,S su(t) + Coxgm,S oS yv(t)

+ C3Cyxgm,S gv(t) — CoCyxgm,S yv(1) + Cozegmy,S yv(1) + CoCyCyzgmyu(t)

+ Codigt (DS y + Cod 11 (1)S 48y + C2CyJ (DS y — CoCyCpdy,r(D)

— CoMumawS 6S yS 46 () + C yhimawS 26 (1) + C2CyMumaS 4@’ (£) + ColimawS oS 58’ (2)

— CoCymma 8 (1) = (my + m)CoS 48 yS 40 (1) + (my + my)CyS 36 (1) + (my + ma)C5CyS ¢ (1)
— Cym,S 48 4 S 48 () + Cym, S50/ (t) + C3Cym,S y ¢’ () + Com,S ¢S ¢’ (1)

— ColyayS 68 4 S 46 (1) + CytyayS 20 (1) + C3Csyay,S 4@ (1) + CotiyaS 6S 4 (2)

— (my + mp)C5C40 (1) — CoCym @ (1) — CoCymyay 8 () — yom, S gv(t)

+ (my + my)CoS ¢S 49’ (1),

23 = F(1)yS yCg = myS yzeu()Cy + CoCy(my + mp)d' (Cy + CoCymmand (1)C
+ CoCymyd' ()CG + CoCymyayd’ ()Cy + F(1)Cydy,Cp + 1(1)Cy Tz oCop
+ 1(t)CyJ S §Cy — r(t)CyJy,S oS §Cy — 1(1)CoJusS 38 4 C — 1(1)CJ 1S 4S 4 Co
+ Com, S g x,u(t)Cy + Cym,S g x,u(t)Cy — Cym,,S gy u(t)Cy + Com,S ¢S yy,u(t)Cy
+ Cym,S ¢S pzgu(1)Cy + Cym,S 9x,v(H)Cy — Cymy,S 38 y X, V(HCy + my,S 48y x, V() Cy
+ Cymyzv(Cy — Co(my +m2)S ¢S 48 (NCy — Cy(my +m2)S 4S 48 ()C — CoMimawS oS 48 (1)Cyy
— CyMmawS 68 40’ (DCys — Com,S ¢S 48 (1)Cy — Cym, S oS 38 ()Cs — CoyaS 4S o8 (1)Cy
— CyMyawS 6S 48 (DCy + Co(my + mp)S 48 ()C + CottimawS 48 ()Cy + Com,S 48 (1)C,
+ CoyawS 48 (1)Cy + Co(my + m2)S 4S 4S y @' ()C + CotimawS 6S S 4@ (1)Cy + Com,S S 45 y ¢ ()Cy
+ ComyawS 68 ¢Sy (VCy + r(1CoCydurS S + H(1)CoCyd 1S oS § + (DTS 5S ¢S
+ 1(1)J128 5S ¢Sy + F(1)xzS 6S 45y + q(1)(=JyyS yCy = CyJy,S oCo
+ CyJyyS6S §Cy + CoJysS 4S yCop + Jay(CyS S 5 — C4S y)Cy
— CoCylysS oSy — Jy2S 5SSy + Juy(CyCy + S8 4S ) + p(1)(JyyS 4 C;
— CyJxzS6Cs — CyJxyS oS 4Cy + CodxzS S yCy — CoCyJxzS oSy
—JuS 2S4Sy — Jux(CyCy + 84S 4S y) = Jux(CyCy + S6S 4 )
+m,S 98 3S yXgu(t) — CoCymyS oS Gygu(t) — myS 3S ¢S yygu(t) + CoCym,S oS 5 xv(1)
= Cym,S oS 5xgv(t) + myS 58 ¢S 4 xgv(t) + ComyS sy v(1) + myS oS ¢S yzev(1)
= CoCy(my + mp)S ¢S 40 (1) — CoCoyiimawS ¢S 48 (1) — CoCymmyS 4S 48 () — CoCyyaS 6S 48 (£)
— (my +my)S S 38y (1) = MinawS §S 38 y 0 (1) — myS5S 38 40 (1) — Mya S 5S 38 40 (1)

— Comy + m)S 5 (1) — ComumawS 3¢ (1) — Cgm,S 53¢’ (1) = Camyay S 3¢ (1),



¢33 = =Cy(mi +m)S 3¢’ (VCG — CommanS 98’ (NCG — CymyS 3¢ ()CG — CoimansS 9 (C
+ H(1)CyCyJ 1S 6S §Co + r(1)JwzS 3S yCo + r(1)J 128 3S yCo + Cymyxgu(t)Cy — CyCymyS S 4y,u(t)Co
= myS 38 yygut(1)Co + CyCym,S oS 3 xgv(1)Co + m,S 38 4 xv(1)Co + Cymyy v(1)Co
— Cj(my +my)S o8 (1)Cy — CyCy(my + m2)S o (1)Cg — CymMimawS 68 (1)Cog — CyCyMimanS o8 (1)Co
= C3m,S o (1)Cy — CyCymyS o8 (1)Co — CymyawS o8 (1)Co — CyCyimyayS 68 (1)Co
— (my + mp)S 4S 40 (t)Co — MinawS 4S 48 (t)Co — M, S 4S 40 (£)Co — MyaS 4S 48 (1)Co
= CyCy(my +mp)S 48" (1)Cy — CyCyimimawS ¢’ ()Co — CyCym,S 3¢’ (1)Cy — CypCyiyay S 3¢ (1)Co
+ Cy(my +m)S oS y ¢ (1)Co + CymimanS oSy’ (NCo + CymyS oS y ¢ (1)Co + CymyayS oS y ¢ (1)Co
= 1()C3CyJysS g — r()CyJxsS g — F()Cy ez S 6S ¢ — F(DCyJ 1S 6S ¢ — P(t)(CyJxyS oCy
+ 1(t)CyCyJuzS 68 $Co + CoCyJxsS 6S sC + JxzS 58 yCo + JxyS 48 yCop — CyJxzS 6S 4
+ Jax(CyS 4y — CyS ) + Jxx(CyS oSy — CyS ) + CoJx,S 35 )
+q(D)(CyJyyS oCy = CoCydy,S 65 ¢Cy = Jy1S 5S yCy + JyyS ¢S yCo
+ Jay(CsCyS g+ 84S y)Cs + CydysS S o + Jxy(CsS6S y — CyS 4)
= ColyzS 38 y) + r()CyJ S §S y + H(1)CyJ12S S y + r(1)Cy x2S 6S y
= r()CyJy,S ¢Sy — C(/,mvSéxgu(t) + CymyS 68 4 yxou(t) + Cymy,S oS sy ou(t) — ComySES 4y u(?)
+ CéCwmvS 02gut(t) + CymyS 38 yzou(t) — CyCymy,S ¢S yxgv(1) — Cymy,S ¢S yxv(1)
+ Cym,S 58S yxgv(t) — myS 3 yxov(t) — Cym,S 52gv(1) + ComyS S yzgv(1) + Cy(my + m2)S ¢S 46 (1)
+ CyMinawS 68 36 (1) + CymyS ¢S 56/ (1) + CymyayS oS 36/ (1) — Co(my + m)S 58 ¢S 4 (1)
— CyMimawS 38 48 40 (£) — Cym,S3S 48 40 (£) — CyiiyaS 38 4 48 (1),

43 = Xg(=my)(Cyr(t) + (1S o),

53 = —my(S 6(q(1)(xgS 4 tan(6(2))(Cy(sec(B(r)) + 1) + 1) — yg sec(6(1))) — Cypx,(sec(6(1)) + 1)¢’ (1))
+ Cyr(t)(x,S ¢ tan(B(1))(Cy(sec(6() + 1) + 1) + y,)),

c63 = my(q(1)(xgS » tan((1))(Cy(— sec(8(1))) — Cy + S 3) + Cyyy sec(B(t)) + r(H)(vS
— Cyx tan(8())(C; sec(8(1)) + Cy — S3)) + x40 (1)(Cy sec(8(1) — S 7)),
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c14 = =JoxCoS yw(t) = JuxS gv(1) — CoyemyS ¢S S 48 (1) + Cpygmy,S 3 (1) — CoChzgmyy (1)
+ C5CyygmyS y ' (1) + CoygmyS oS o' (1) + CoCyzgm,S oSy (1) + Co(—z)m,S ;S 4 (1)
+ CyCyzgm,S oS 40 (1) — CoCyzgm,S oS ¢ (1) + CoCyzgmyS yS ' (1) — CyCyzgm,S o’ (1)
= CoCyzgmyS ¢S 4S ' (1) + CoCyzgmyS ji' (1) + CyCyzm,S g (1) = C4Cyygm, 0 (1)
— Ty @(t)(CyS g — CoS yS 3) + CoCy(Cyw(t) + S (1)) — Jxo(Cou(t)(CoCpS
+80S4) + V(OS5 — C5C,Cy) + Cow(t)(CoCyS s + S0S )
= CoJxxS yw(t) = 24m,S §S 4 S 48’ (1) + 2gmy S 6S 4 S g’ (1) — Jxx S g¥(0),

24 = =CymyS 48 y 2ol (NCq — myS 5y,¢' (NCq + JaxS g(1)Co + T3S pv(1)Cop

= Cym,S oS 4ye8 (1)Cp — CyimyS ¢S 4y0 (1)Cy + CymyS yy o8 (VCo — myS 6S S 2,8 (1)Co

= CyCym,S 48 yzo0 ()Co + C3Cym,y ¢ (NCo + CymyS 68 4S 4y ()Co + CyCym,S 4240 (1)Co
+myS 68 38 yze® (NCy — CymyS ¢S 2o’ (1)Co — CyCym,S ¢S yz (1)Co — m,S 38 y 2t (Co
+ CyCymyS 2ot ()Co — CyCyJaxw(t) — CyCydW(t) = JuxS 6S 4S yw(t)

— JxxS S S yw(1) + Jo(Co(—CyCy — S S 48y Cy + CoS 3u(?)

+ Co((CyCy + 1)S6S s — C3S (1) = (S6S 4(CoCyS s + S6S )

+ Cy(CyS g — CuS 3S )W) + Jxy(S y(CoCy + CyCy + S 48 4S yut)

—(CySeS s — CySy)(S yv(t) + Cyw(t))) — C4CymyS oS 4,0 (1) — myS S 38 yye (1)

= Cym,S ¢S 5 2e0 (1) + CymyS 38 48 yzg0 (1) — CymyS 3S 4S5 2o (1) + CyCoym,,S 2o (1)

+ Cym,S ¢S 3S yze¢ (1) — CoCymyS oS y 2o (1) + CymyS ¢S S 520 (1) = CyCym,S oS gzgW (1)
— Cym,S§S 38 yzoW' (1) + CoCymyS y 2ot (1),

34 = =Cym,S yze0 (NCq — Cym,S 4ye¢ (NCq + CyJuxv(t)Co + CyJ(1)Co

- CémvS 0yt (Co — CypCym,S gy 0 (1)Cy — m,S 48 yy,0' (1)Cy — Cym,S oS ¢S§,zg9'(t)C9

+ CymyS 58S y 2o (1)Co — CyCymyS 4y d' (1)Co + ComyS oS yyod (1)Co + C3Cymyze¢ (1)Co

+ CymyS 68 ¢S yzg®' (1)Cy — CyCoymyS o2’ (1)Cop — CyCym,S gzl (1)Cy — CymyS ¢S 2 (1)Co
= CymyS 48 yzgll (DCq + CyJaxS gw(t) + CyJxxS gw(t) — CpJaxS 6S yw(1)

= CyJxxS6S yw(t) + Jxo(CoCy(CoS g + CyS y — CyS 6S yu(t) + CoCy((C4Cy

+ 1S4+ SgSy)v(t) — (CoCy — 1)CyS S 4 + (CyS

+CoS S WD) + Ty (CoCy + S 4(CyS 9 y — CyS p)u(t) = (C4CyS g

+ 848 )8 gv(1) + Cyw(t))) + Cym, S oS 5yo0 (1) — CymyS 3S ¢S yy e () + m,S ¢S ¢S 32,6 (1)

+ CyCymyS5S y 2ot (1) = CoymyS Gz (1) — CoymyS5S 52o0 () + 2C4CymyS oS ¢S y 2o (1)

+ Cym,S oS szl (1) + CymyS oS 5z (1) — CyCymyS 58S ¢S yzgl' (1) = CoCymyS ¢S yzglf (1),

Ca44 = C¢ny(—l"(l)) + CQJXZQI([) - nyq(t)qu,
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Cs54 = —q(1)S o(=Jax sec(8(D) + JxyS 5 tan(B())(Cy(sec(d(1) + 1) + 1) — Jy sec(6(2)))

— Cyr(t)(Jax + JxyS 4 tan(B(H)(Cy(sec(8(D) + 1) + 1) + Jyx) + CylryS 4 sec(0(t))¢’ (£)

+ CyJyS o8’ (1) + CyJxsS 6S 4 () + CyJxsS o (1) tan(6(1)) — CoCipJia (1)

+ TS 68 0 () + TS 3¢ (0),

co4 = q(1)(Jax Cy 5ec(8(1)) + JxyS ¢ tan((1))(C(— sec(B(t))) — Cy + S 3)
+ Cy T sec(B(1))) + r()(JaxS ¢ — CoJyy tan(@(0))(Cy sec(6(1)) + Cy — S 3)
+ JxS ) + CpdiS o8 (£) + CoCypdssS 38’ (1) + CpJisS 50 (2)
+ CyJxy sec(0D)¢' (1) + CyJ o (D) tan(0(1)) — JyS 50" (1) — TS 6S 36 (1),

Ci5 = Jay(M(l)(C¢S9 - C@S¢S¢) + C9C¢,(C¢w(t) + S¢V([))) + nggmngS(,,ngH'(t)

€2,

W

= Cyxgm,S 38 (1) — C5Cyxam,S 4 (1) — CoxgmyS oS o' (1) — CoCzem,S o (1)

+ C5CyzgmyS S 48 (1) = CoCyCyzgm,S o (1) — CoCuzgmy Sy (1) + CozgmyS S o' (1)

+ CoCyCyzgmyS oS 4 (1) — Cpzgm,S oSy’ (1) + Cyzgmy,S 5S ¢’ (1) — CozgmyS oS 3 4 (1)
— CyzgmyS oS g0’ (1) + Cyzgm,S 3 S gt (1) + CaCyxem 0 (1) + Jyy (u(t)(CyS g — CS yS 4)

+ CoCy(Cyw(t) + S g0(1))) + C2(=Cy)Jy,S yu(t) — CoJy,S ¢S pu(t)

+ CpJyyS yw(t) = CoJy,S oS yw(t) — C2Cydy,S yw(t) + C3CyCpJy,v(1)

— CoCyCypzem,S ' (1) + JyyS gv(t) — Jy, S gv(0),

= Jy2S Ju(t)Cy + CyCymyS 42,8 (1)Cy + myS gxe¢’ (NCq — C3Cydyu(1)Co

— CyJysS 6S 4S yuu(t)Cy — JxyS p(1)Co + CyCydy,S S p(1)Co + Jy,S oS sv(1)Co

= C3JyS yW()Cy — CyJy,S oS sw(1)Coq + CJyS ¢S yw(1)Co + CymyS oS X8 (1)Co

+ CymyS oS gxo0 (1)Co — Cym,S yxg (1Co + CyCym,S 4240 (1)Co + CymyS 6S 3S 42,8 (1)Co
— C3Cymyxy¢ (1)Co — Cym,S ¢S ¢S yxod' (NCo — CymyS ¢S 5248 (1)Co + Cym,S 48 yze8' (1 Co
+ CymyS 5z ()Co + CymyS 5z (1)Co — CymyS ¢S ¢S yzgW’ ()Co — CymyS oS ¢S 4z (1)C
~ JayS $(CyCy + CyCy

+ 508 4 u(t) = JyyS §(CoCy + CyCy + S S 45 yut)

+ CyCyxyw(t) — CyCydy,S gw(t) = Jy,S 58 S yw(t) + JiyS 6S 4 yw(t)

+ Jag(CyS S 5 = CyS y)(S () + Cow(t)) + Jyy(CyS S 4 — CS y)(S 41(£)

+ Cyw (D) + CyCymyS oS yxo8 (1) + myS 3S 3S yx,8 (1) — ComyS5S 2,6 (1)

+ CyCym,S 68 420 (1) + myS oS 3S 52,8 (1) + C3Cym,S gz (1) + CoCymyS 58 S yze#' (1)

+ CyCym,S 48 y 2o (1) = myS §S 3S j2gl' (1) = CoCormyzgl () — 2C4Cym,S ¢S ¢S 4zl (1),
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c35 = Cyly,S gu()Cq + C3Cymyze0 (NC; + ComyS 5o (1)Cq + CyCydy,S yu(1)Co

= C3Jy,8 oS yu(t)Cy — CyJuyv(1)Co + CyJy,S gv(1)Co + C5CyJy,S gv(1)Co
+ CyJyzS ¢S yv(1)Co — CyCyJyzS oS gW(1)Co — TS 38 yw(1)Co + CymyS gx,8 (1)Co
+ CyCym,S gxg (1)Co + myS ¢S y X8 (1)Co — CymyS 328 (1)Co + CyCymyS oS ¢S yzo8 (1)Co
+ CyCymyS yxo¢ (1)Co — CamyS oS yxg¢ (1)Co — CyCym,S ¢S 329 ()Co + CymyS y 2o (1Co
= myS ¢Sy zgW ()Co + CyCym,S 7o’ ()Co — CymyS S y 2ot ()Co — CyCym,S oS yzotf’ (Co
+ Jay(C4CyS o + S 4S y)(S g¥(1) + Cow(1)) = (CoCy + S¢S ¢S yCy
= CyS Pu(®) + Jyy(CoCyS g + S 45 4 )(S pv(1) + Cyw(1)) — (CoC;
+ 86548y Cy = CyS Pu(t)) — CyJyyS gw(t) + CyJysS oS gw(t) — CyJysS 58 yw(1)
+ CyJyyS oS yw(t) — Cym,S oS 5,0 (1) + CymyS 3S ¢S y x0 () — CyCoymyS 5z (1)
— Cym,S g8 ¢S 420 (1) + CymyS oS ¢S 2o (1) = CyCym,S ¢S y2o8' (1) + CoCumyS S yze#' (1)
= Cym,S 38 yzed' (1) = CymyS 3S ¢Syl (1) + CyCoumyS gz (1) + CymyS ¢S 38 y 2y (1)
= C5Cym,S ¢S gzl (1),

c45 = r()(JayCy + Cydyy — Jy,S ) + CgJyZQ’(t) + 2gm,S gu(t) — xgm, S gw(t) + Jxy(=p(D))S 4,

Cs5.5 = —p(1)S y(—Jax 5€C(6(1)) + JxyS 4 tan(6())(Cy(sec(8(1)) + 1) + 1) — Jxx sec(6(t)))
+ 1(1)(S 4 5ec(8(1))((Co(Cy + 1) + Cy) tan(8(1))(JayCy + CypJyy — Jy1S 4)
— Jxz) + Cydyy) = JayCyS 4 5€c(0(1)) (1) — JayCyS 5/ (1)
+ Cyzem,S ju(t) tan(0(0)) + Cypzgm,S ju(t) tan(6(1)) sec(8(1) — Cypxom,S jw(z) tan(6(r))
— CyJyyS 5 5c(O(D)@ (1) — CydyyS 50 (1) + CydysS oS 38 (1) + CyJy,S 46/ (£) tan(6(2))
= CoClJyud (1) + 2gm,S su(t) tan(0(1)) — xgm,S sw(r) tan(6(1) + yom.,S sw(r) sec(6(1))
= Cyxgm,S gw(t) tan(6(1)) sec(6(1)) — zgmyS yv(t) sec(0(1)) + JyzS oS o6 (1) + Jy,S 3¢ (1),

c5 = P(D)(JaxCy sec(B(1)) + JyyS ¢ tan(8(1))(Cy(— sec(8(1)) — Cy + S 3) + CyJxx sec(6(1)))
+ r(t)(% tan(6(1))(C3(2 sec(d(r) + 1) + 2Cy — S5 = 1)(JayCy + Cpdyy — Jy2S )
+ CyJxa(— sec(0(1)) = JxyS §) — JayCa sec(OD)P (1) + JuyS 38 (1) + Cypzem,S yu(t) tan(6(t))
+ Cyzem,S gu(t) tan(0(1)) sec(6(1)) — Cyxgm,S yw(t) tan(6(1)) — Cxgm,S yw(1) tan(6(1)) sec(6(r))
+ Cpyem,w(r) sec(6(r)) — Cpzemyv(t) sec(0(t)) + CypJy,S o8 (£) + CoCypJysS o8 (1) + CpJy,S o' (1)
= CJyy sec(B(t)¢' (1) + CyJy, 0 (1) tan(0(D)) + zg(—m,)S ju(t) tan(6(1)) + xgm,S jw(z) tan(6(r))
+ JyyS3¢' (1) = Jy2S S 36 (1),
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16 = CydyS yu()C5 = CyCyd 1 ()C5 + Cyd S sw(t)Ch — Cyyem,S S 48 (1)C3

+m,S 48 5x,0' (Cq + Cymyxgl (NCq + CymyS yy ol (VCj + T ;28 oS pu(1)Co

+ TS yw(t)Co + J 11 48 yw(1)Co — Cpxgm, S oS 48 ()Cy — Cyxgm,S S 48 (HCy

+ Cym,S gy, (1)Cy + CyCymyS 6y (1)Co — ygmyS 3S 3¢’ (1)Co — Cyxgm, S 4S 3 (1)Co

— CyCyygm,S oS 4’ (1)Cq + CymyS oS xo¢ (1)Co — Cypxgm, S ji (1)Co + Cym,S oS ¢S yx' (1)Co

+1m,S ¢S S 5yl (1)Cy + CoCymyS yy (1)Co + Jur(Co(S 6S 4 + CoCyS y)u(t) + (S

— C2C,CoIo(1) + Co(CoCyS g + S S WD) + J S 2v(t) + TS gv(2)

— Jy2((CyS g = CoS yS p)u(t) + CoCy(S 9 (1) + Cyw(1))) — CyyemyS S 3’ (1)

+ CoCymmyS gxg' (1) + myS 5S4 4 Xg' (1) + CyimyS ¢S yy o' (1) = Cy Coxem, S g’ (1)

— Xy oS yS g (1) = CyemyS 5S y' (1) + CymyS oS gyed (1),

26 = =TS gu()Cq + ComyS ¢S yxo8 (NCq — CyCym,S 4y 0 (1C
+ C3CyJu(1)Co + CyJ 138 68 4 yu(1)Co — TS 9(1)Cy — CyCy 1S oS pv(1)Cop
= 1128 98 gv(1)Co + C3J 1,8 y(1)Co + CyJ 1S 6S sw(1)Cyg — CJ 1S S yw(1)Co
+myS ¢S 38 5,0 ()Cy + CyCymyS ¢S yxo8 (1)Co — CyClmyS 4y,8 (1)Co — CymyS oS 3 yye (1)Co
= CyCym,S 42,0 (1)Co — m,S 68 3S yxg 8 (NCo + CymyS 6S 5ye¢ (1)Co — CymyS ¢S yyed' (N Co
+ Cym,S ¢S yxgf' (1)Co + CyCym,S oS yxgt (1Co + myS 38 yxotf’ (1)Co — CyCym,S yxgty (1)Co
-Cym,S 3;)’g¢/(f)ce - Cym,S é)’glﬂ,(l‘)co + Cym,S 98 ¢S yy ' ()Co + CymyS ¢S 48 yy o' (1)Co
+ CyCydxgw(t) + CyCyd 1S gw(1) + J12S 38 4S yW(t) + JxzS 6S 4S yw(t)
+ Jus(Co(CyCy + S48 48 yCy — CoS Du(t) — Co((CyCy + 1)S ¢S
= C3S V(1) + (S6S ¢(CoCyS g + S oS y) + Co(CyS g — CoS 4S y))W(1))
+ Jyi(S §(CoCy + CyCy + S S 4S y)u(®) — (CyS S g — CS 3 )(S pv(1)
+ Cyw(1))) + CymyS S 3 x,0 (1) = Cym, S 3S 4 yx0 (1) + CymyS 5S 4y, 0 (1)
= CyCymyS ¢S 430 (1) + CymyS 3S ¢S 5 Xo @' (1) — C4ComyS gxo¢ (1) — CyimyS ¢S 35 yxe ' (1)
+ C5Cym,S oS yxod (1) — myS oS 5S4 yed' (1) = C3C5m,S gyed (1) = CoCymyS5S 48 yyed' (1)
= CyCym,S 48 yy ot (1) — CymyS S ¢Sy xg' (1) + CyCmyS oS yx W' (1) + Cym,S 58 38 y X/’ (1)
= CCym,S yxg (1) + mySgS 3 Ty’ (1) + CoComuy oW (1) + 2C4CymyS 68 ¢S yy ol (1),



14
36 = =CyJrzS yu()Cq + C3m,S yxo8 (NCy — C3Cymyy o8 (1)Cq — CyCyd S yu(1)Co
+ C3J,28 oS yu(t)Co — CyJx(1)Co — Cyd 1S gv(1)Cog — C3CyJ 1S gv(1)Co
= CyJ12S S yv(1)Co + CyCyJ 1S 6S sw(1)Co + J 1S 38 yw(1)Co + CymyS S 48 ;x40 (1)Co
= Cym,S 38 yxof (NCy + CymyS 5yo0 (1)Co — CyCymyxo¢ (1)Co — Cym,S 6S ¢S yxo#' (1 Co
+ CyCymyS oS 4y (1)Co — CamyS yy ot (1)Co + CyCym,S gxolf’ (1)Co + C5CymyS oxgif’ (1)Co
+ CymyS ¢S yx ol ()Co + CymyS 4 yxgt’ ()Co + myS ¢S 4yt (Co — CyCymyS sy W' (Co
+ CmyS oS yy W' (NCy + CyCymyS ¢S yy ol ()Co — Cy xS gw(t) = CyJ 1S 6S gw (1)
+ Cyd S 1S yw(t) + CyJsS 68 yw(t) — Jag(CoCy(CyS 5 + CyS g — CyS oS y)ul?)
+ CoCy((CyCy + 1S g + S S y)v(1) = (CoCy — 1)CyS S 4
+(CySy + CoS S WD) + Jy,(CoCl + S (CyS 6S y — CyS ) ()
= (CyCySg+ S¢S y)(S gv(t) + Cow(t))) — m,S oS ¢S jx0 () — CyCymyS 5S yx0' (1)
+ CyCym,S 5y,0 (1) — % sin(26(t)) sin(2¢(1)) sin(2y (1)), y 8 (1) + Cym,S S S 4y (1)
+ CymyS 5,0 (1) + CaymyS S x¢' (1) — 2C4CymyS 6 48 y o (1) — CymyS oS 4S 5y’ (1)
+ CyCym,S oS 3y (1) — C3CyumyS 5S yyed' (1) + CymmyS 3S yyo @ (1) = Cym,S oS jxgi (1)
— CymyS oS yxg (1) + CyCymyS 35S ¢S yxgl (1) + CyCym,S S yxg’ (1) + CymyS S 48 5y (1)
= CyCym,S gyl (1) = Cym,S S 3S y et (1) + C3CymyS oS yy o' (1),

Ca6 = q(l)(]ayC¢ + C¢Jyy - JyZSq)) — JCob' (1) + C¢ngvu(t) - C¢xgmvw(t)
+ CyJxy(=p(t)) — CoJ .0/ (1),

56 = —Cop(D)(Jax + JxyS ¢ tan(@(1))(Cy(sec((1) + 1) + 1) + Jxx) + q(1)(S 4 sec(B1)((Co(Cy + 1)
+ Cyp) an(0(1))(JayCyp + Cpdyy = JyuS 6) — Jxz) + Codxy) — JuzCS oS 40’ (1)
= Ju2CyS o8 (1) tan(8(1)) + JuzCoCip¢)' (1) — JazS 68 8 (1) = JzS 3¢’ (1)
+ CizgmyS gu(t) tan(6(1)) + Cyzgm,S su(t) tan(6(t)) + Czgm,S su(f) tan(6(t)) sec(8(1))
-C éxgmvS pw(D) tan(6(1)) — Cyxom,, S yw(t) tan(6(1)) + Cé(—xg)mvS sw(2) tan(6(1)) sec(6(1))
— Cpygmow(t) + Cyzem (1) + CpJy,S 5 5ec(@(t)G (1) + CpdysS 3¢ (2) — Cd 1S oS 46 (1)
= CyJ 1S 40 (1) tan(0(0)) + CoCypT 120 (1) — J12S 6 4 (1) = J12S 3 (8),
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c66 = P(O(JaxS ¢ — CoJyy tan(0(0))(C; sec(B(t)) + Cy = S3) + JexS 9)

+ q(t)(% tan(0(1))(C(2 sec(@(®) + 1) + 2C4 = S5 = D(JayCy + Cylyy = Jy2S 4)

+ CyJxa(— sec(0(1)) = JxyS 6) = JazCyS 66 (1) = JuzCoCyS ' (1)

= JaCyS 49 (1) — T C30 (1) tan(0(0)) + JuzS 65 36/ () — Cyzgm,S Su(t) tan(6(1))

+ Cyxgm, S w(t) tan(8(1)) + Cyzgm,u(?) tan(0(0)) + C;yzgm,u(t) tan(6(1)) sec(6(t))

— Cyxgmyw(t) tan(8(1)) + C,(—xg)m,w(7) tan(6(1)) sec(O(1)) — CpJ 7S o8 (1) = CoCyJ 1S o' (1)
= CyJ S o' (£) + CJy, sec(B(0) (1) = C3J .0 (1) an(6(t)) + ygm,S gw(t) — zgm,S s¥(1)

— Jy2S5¢' (D) + J2S oS 56/ (1),

c77 = =211l (my a0 + mp)ay(t) sin(aa (1)),

c18 = =211l (M n + M) (1) sin(aa(2)).
The D, matrix is given as follows.

dii -+ dio
D,=| + .. 1 | (A4)

dio,1 -+ dio10

where all the non-zero elements of D, are:

1
dl,l = szpquVuab + Cus

1
drp = EpApCdVvab +C,,

1
d3z = EpApCdeab +Cy,

dys = pA,Calp(t) + C,,
dss = pA,Callq() + C,,
dss = pA,Calir(t) + C,,
dr7 = pA,Calla(t) + Cy,,
dsg = pA,Caliay(t) + Co,.
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Now, the vector G, is given as follows:

gsin(6(1)) (m, — pV.)
g cos(6(1)) sin(¢(1)) (Vs — m,)
g cos(8(1)) cos(¢(1)) (Vs — m,)
2 cos(B(1) (2 Sin(@(1)) = yg cOS($(1))) my, + p (v cOS(B(1)) — 25 sin(p(1))) V)

gmy (COS(H(I)) cos(¢())x, + Sin(ﬁ(t))zg) = 8PV (cos(6(1) cos(¢(N)xp, + sin((1)zp) |

gpV; (cos(8(1)) sin(¢(2))xp, + sin(6(1))yy,) — gm, (005(9(1)) sin(¢p(2))xg + Sin(ﬁ’(f))yg)
Loy sin (a1(8)) (m1 — goVim,1)
(ma — gpVip) (sin (a1 () [ + sin (a1 (t) + a2(1)) lc2)
0
0

The force vector F, is given as follows:

%anddeu |M - Uul + CuUu + fu
30Cad, U, U, =V + C U, + [y + fu
%pcddvlva |UW - W| + CWUW + fVW + fW

Tp
F, = Ta
Tr
T
Ly

—f1 +T131 —T1

—fz +Tﬁ2 — T2

(A5)

(A6)

Now, by substituting the coupling torques 7; and 7; given by (18)-(19), and the dynamic friction
torques f; and f, given by (21)-(22) into (A6) reveals the following form of F:

%T[p |Lt - Uul CdUud\% + fu + CuUu
ffv ::];/v:' 1%((2251/ ::_‘P |V - UV| Cddvlv) Uv
vw wT 3 wTpP w —Uy| Cadyl,) Uy,
Tp
Tq
F, = T ,
INCIE: Cjéll(l)
T (55) + ¢;8)(1)

I (61) + T8 — (ﬁ - 1)(FC + e_V87”:w1|HFS) _ Cjéll(t)

—T(82) + 142 — ( 2 _ 1) (Fc + e "Bl Fg) = ¢;0y(0)

e p

(AT)

where f,, and f,,, are the lift forces (acting along the j- and k-axis, respectively) given by (28)-(29),
0] = Nr_lﬁl —ay,0p = Nr‘l,Bg — ap, and I'(61) and I'(6,) are given by (19)-(20).



