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1. Introduction

This online supplement to Bierens (2014) contains the omitted proofs. Through-
out I will use the same notations as in Bierens (2014), as follows. The indicator
function is denoted by I(.), and N and Ny denote the sets of positive and non-
negative integers, respectively. The partial derivative to a parameter with index
k will be denoted by Vi, and Vy,, denotes the second partial derivatives to pa-
rameters with indices £ and m. To distinguish infinite dimensional parameters
from finite dimensional ones, the former are displayed in bold face. Following
Billingsley (1968), I will use the double-arrow ”=-" to indicate weak convergence
of sequences of random function in the metric space C[0,1] of continuous real
functions on [0, 1], endowed with the metric supy,<; | f(u) — g(u)|, and following
van der Vaart (1998), the wiggling arrow ”~” indicates weak convergence of a
sequence of random elements in a Hilbert space. Finally, the operator 7, applied
to an infinite sequence 8 = {6,,}>°_, replaces all the 6,,’s for m > n by zeros.

2. Proof of Lemma 2.1

Consider first the case that X is a single random variable, and (G, # 0, and
suppose that there exist a distribution function H on [0, 1] and coefficients a,
B. such that Hy(G(ap + (o X)) = H(G(aw + 5.X)) a.s. Obviously, this is only
possible if 8, # 0, with the same sign as ). Next, denote Z = «, + [£.X and
suppose that the distribution of Z has support R. Then

H(G(2)) = Ho(G(ap — cay + c.2)) for all z € R,



where ¢ = 3y/8, > 0. For 0 < u; < wug < 1,let z2; = G (uy), 22 = G '(uy). Then
under the quantile conditions H(uy) = Ho(u1) = w1, H(ug) =

)
H(uw) = Ho(G(ag — cax + c.z1)) = Ho(uy) = Ho(G(21)),
H(Ug) = H()(G(Oé() — CcOy + C.ZQ)) = Ho(Ug) = H()(G(ZQ))

hence by the strict monotonicity of Hy(G(z)),
Qg — COy + C.21 = 21, Qg — COy + C.29 = 29,

which implies ¢ = Gy/0, = 1 and oy = .

Consider now the case X = (X, X})' € R4, ¢ > 2, where X, € RI!. Let us
assume again that there exist an absolutely conditional distribution function H
and parameters o, and [, = (6*71, ;’2)/ € RP~! such that

Hy (G(Oéo + B X1 + 56,2X2)) =H (G(Oé* + B X1 + ﬁ,ngz)) a.s.

Moreover, suppose that the conditional distribution of X; given X, has support
R, and that §By; # 0. It follows from the previous argument and the quantile
restrictions that conditional on Xs, 8.1 = (o1 and

s + B, X2 = ag + f . X2 as. (2.1)

Assuming that F[X}X5] < oo, so that E[X5] is defined and Var(X5) is finite, (2.1)
implies that (8.2 — fo2) (X2 — E'[X5]) = 0 a.s., hence

(Bi2 = Bo2) Var (X2) (Br2 — Bo2) =0

Therefore, if Var(Xs) is nonsingular then 5, » = (2 so that by (2.1), a. = . The
lemma follows now from the fact that the nonsingularity of Var(X5) is implied by
the nonsingularity of Var(X).

3. Proof of Lemma 4.1

It follows from the mean value theorem and the choice of G as the logistic distri-
bution function that

G, X)01) = G(L, X)) < |(L, X (01 — o) [ sup G(a)(1 - G(2)
< 160 = Gaf (1 + [[XT[) /4
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whereas for §; = {6;m}2 4,1 =1,2,

sup |H(ul8,) — H(ulbs)| < jﬁ (h(ul6y) — h(u]62)]| du

0<u<1
= 0 (J > (bim — 62,m>2)
m=1
similar to Theorem 3.1. Hence

[H(G((1, X")61)|61) — H(G((1, X")6>)]62)]
< [H(G((1, X")01)]61) — H(G((1, X")62)[61)]
+ [H(G((1, X")62)]6:) — H(G((1, X")6>)|62)]

m=1

< H ([|61 = 0af|.(1 + | X][) /4] 61) + O (J > (b1m - 52,m)2)

The lemma under review follows now from the continuity of H (u|6;) in u.

4. Proof of Theorem 4.1

Let a > 0 be arbitrary. Then by condition (i) there exists an ny(a)) € N such that
Q(Eno(a)) 2 Q(éo) —Q, hence fOI‘ nny Z ng(Oé),

On(Ey) > Onl€nye) = On(Enyie) — QEnpe) + QE) —a
Q&%) — a — Ry(a), (4.1)

>
>

where R w
RN(a) = QN(éno(a)) - Q(ﬁno(a)) E:) 0.

The latter follows from Kolmogorov’s strong law of large numbers.

Denote Z.(¢) = {& € 2. : d(£,€°) > &}, so that the result of Theorem 4.1
reads:

~

A}im Priéy € E.(e)] = 0.

If Z.(c) = 0 then trivially, Pr[€y € Z.(¢)] = 0. Therefore, assume that Z,(c) # 0.
Then Z.(¢) is compact.!

!See for example the proof of Theorem I1.6 on page 290 in Bierens (2004).
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Next, observe that for each & € Z.(¢), supe_cz. ae. )<y f(Z:€.)—f(Z,€) isas.
non-negative and monotonic increasing in 7 € (0, 00), hence if E[f(Z,£)] > —oc0
then by condition (d) and (e) and the dominated convergence theorem,

lim &
nl0

sup f(Z7E*)_f(Z’E>

§.€E: d(€,.6)<n

= FE |[lim sup f(Z,€,)— f(Z,€)

MO ¢, €2 d(g. £)<n
Thus, for each & € =.(¢) for which E[f(Z,&)] > —oo we have

lim F
nl0

sup  f(Z,€.)
£.€5: d(€,.&)<n

= E[f(Z,€)] < sup Q&)

EE€E (e)

EE€E (e)

= Q&")- (Q(&O)— sup Q(ﬁ))-

Now choose a > 0 such that Q(£°) — SUPgez, () @(&) > 2c. Then there exists
an 7(&, a) > 0 such that

E sip f(Z,€)] < Q) - 2. (4.2)
£.€8: d(€..€)<n(§,2)
In the case E[f(Z,€)] = —oco it follows from condition (e) and the monotone
convergence theorem that
imE |  sup  f(ZE)
MO g€ dE, £)<n
= E[f(Z)] - lim E | f(Z) - sup f(Z,€.)
m—eo €.€5: d(€, £)<1/m |
=E[f(Z2)] - E |f(Z) - lim sup f(Z,€.)

MT0g, €8x d(€,,6)<1/m

= E[f(Zaé)] = —0%,



so that also in this case there exists an (€, &) > 0 such that (4.2) holds.
By the compactness of Z.(g) there exist a finite number of elements &, ..., €
of Z.(¢) such that

Ec(e) CUL{E, € B d(€,,€) <n(&, a)}.

Hence, denoting

9(2, &la) = sup f(z,€.),

£.€E: d(€,,6)<n(§,)
it follows from (4.2) that

€€Ec(e)

sup Qn(€) < max (Nzg EIOé)

S max <Nzg 5 &la) — [g(Z,€i|Oé)]>
+ max (E[g(Z,&[a)])
< Sy(a) +Q(&") — 20, (43)
where N
Sn(e) = max | Z} j&ila) — Elg(Z,€|a)]| = 0.

Note that by conditions (e) and (j), E[|g(Z, &;|a)|] < oo for i = 1,2, .., K, so that
the convergence result involved follows from Kolmogorov’s strong law of large
numbers. R

Combining ; (4.1) and (4.3), it follows now that £ € Ec(e) implies Q") —a—
Ry(a) < Qu(€y) < Sn(@) + Q(£°%) — 2o and thus Sy(a) + Ry(@) > a, so that

Pr[€y € Zc(c)] < Pr[Sy(q) + Ry(a) > a] — 0.

Finally, let =, be an arbitrary compact subset of = containing £° in its interior.
Then infgez =\E d(€,£%) =& > 0, hence Pr[ﬁN E\=Z. < Pr[d (£N,£0) >¢e] - 0if
plimy oo d(€ y, £%) = 0, so that the latter implies limy_..o Pr[€y € Ec] = 1. The

other way around, i.e., limy_ o Pr[£ N € E¢ = 1 implies plimy_,..d(& N,ﬁo) =0,
follows from the first part of Theorem 4.1.



5. Proof of Theorem 4.2

The case in Assumption 4.2(a) follows trivially from Theorem 4.1. In the case of
Assumption 4.2(b), denote

o= % (Q(ﬁo) 5| s 12,8 ) |
Then i
R 2 s J(7;:6) < Tw+ QE) — 20,
where ) ’
o ‘% Do w [Z.8)-F) sw [0 %0

~

Ty > a, hence limy .o, Pr[€y € E\Z,] = 0 and thus limy .., Pr[€y € Z]
Combined with Theorem 4.1, the latter implies that limy_,o Pr[d(&y, £°) > €] =
0.

It follows now similar to the proof of Theorem 4.1 that & ~ € E\Z, implies Ry (a)+
= 1.

6. Proof of Lemma 5.1

I will prove Lemma 5.1 via the following sub-lemmas. In each sub-lemma, m =
0,1,...,¢, and for each m, C,, € (0,00) is a generic constant depending on m and
the norm ||4]|,,.

Lemma 5.1(a). supy<,<; |h™(ul6)| < G,

Proof. Write )
_ f(ul8)
S S ST

where

f(ul6) =1+ \/ﬁiék cos (kmu)



and denote fO(ul8) = f(ul6), f™(u|6) = d™f(u|6)/(du)™ for m = 1,..., L.
Observe that for m =0,1,..., ¢

fM(u|6) = I(m=0)+ 21" i E™opem (kmu), (6.1)
where ¢, (z) = d™ c;s(x)/(dx)m,

hence
sup | (ul6)] < max(1,v27™||8]|m) (6.2)

0<u<l

Moreover,

hm(u|6) _ 2f(u|6)f(1)(u|6)

L+ 35006
1O (416 2f(u|6) f™(ul8) + foiof<1>(u|6)f<2>(u|¢s)
o) 1+372, 6

etcetera, and more generally,

p(m) (u|§) = > ko W S (u]8) f*) (u] 6) (6.3)

L+>70, 6

for m =0,1,2,...., ¢, where wy,, € Ny. Since obviously ||6]|x < [|6]],, for 0 < k <
m it follows therefore from (6.2) and (6.3) that

sup [ (u|6)] < > wim sup [fF(u]6)] sup |0 (ul6)]
0<u<1 0<u<1

0<u<1 —0

< (Zwk,m> max (1, 277" (]|6]],m)?)

< (Z wkm) (1 + 27T2m(“6||m>2) ,

which proves Lemma 5.1(a). W



Lemma 5.1(b). supy<,<; |Vih™ (u|6)] < Cp,.i™.

Proof. It follows from (6.1) that for i € N,

0. (ul8)

26, = V2(mi) ™ e (i), (6.4)

Vif ™ (u|6) =

Moreover, it follows from (6.3) that

((1 + Z%) )(u|6) ) = 26;h™ (u|6) + (1 + iéi) V;h™ (u|6)
k=1
= ﬂiwhm(ﬁ.i)mkcmk(i.ﬂu)f(k)(u\ﬁ)
k=0
+V/2 i Wi (1.8)* g (3.00) fF) (] 6),
k=0
so that

V:h™ (u|6) = V2 Zwkm 7.4)" F e (imw) ) (u] 6)

rryEa {2

+2 Zwkm(w.i)kck(i.ﬂu) FmR) (4] 8) — 28; ™) (u|6)} (6.5)

k=0
hence
VAP@S)]| < VIS i (7O (]8)] + 8]
k=0
$216,1 1B (u]6)]
< VEES wn (1O @8] + £ (ul6)])
k=0
2678 1) (u]6)

The result involved now follows straightforwardly from Lemma 5.1(a), (6.2), (6.4)
and (6.5). W



Lemma 5.1(c). supg<,<; |Vi, i, h™ (u|6)| < Cpp.ili5".

Proof. Tt follows straightforwardly from (6.5) that

1 m
Viii R (y]§) = ———— 4 27™ Wemd™ *iE e, 1 (i) g (ig.mu
i (u]6) 1+2211513{ ;k 1" VigCm—k (i1.mu)ck (ig.70)
+ 2™ Z wkmz’g”’kilfcm,k(z‘g.wu)ck(z’l W)
k=0

— 26;, Vi, B (u|6) — 26, V;, A™ (u6) — 2.1(31 = i2)h™ (u|6)}  (6.6)

It follows therefore similar to the proof of Lemma 5.1(b) that the result of Lemma
5.1(c) holds. W

Lemma 5.1(d). supgc,<; ‘h(m)(u|6*) — h(m)(u|6)| < Cp([|64=8]|m+1|6+—8][2,).

Proof. Tt follows trivially from (6.1) that
sup | £ (u]8.) — f (ul6)] < V2116, — 8l|m

0<u<1
and therefore by (6.1),
sup | £ (ul6.) F ) (u]é.) — F 0 (u]6) O (ul6))|

0<u<1
< sup |0 (ulé) — F P (ul8)]. sup [P (ul6.) — fE) (ul8)]
0<u<l1 0<u<l
+ sup [f®(ul6)| sup [f P (u]b.) - f0 (u]6)|
0<u<1 0<u<1

+ sup |f"(u]8)] sup [f®)(u]6.) — fO)(u]6)|
0<u<1

0<u<1 <
< 21|86 — 6| ||6 — 6]
+ V21" * max(1, V21" |6|[) |16 — 61lm—r
+ V2" max(1, V217|616 — 8]
< 21" (|[6. — 6][n)” + dn™ max(L, [18]]m)]|6. — 8]|m
< 47" max(L, [|8]m).([6+ — 8l[m + [|6. — &][7,)-
Moreover, it follows from (6.3) that
|A™ (u]6.) — ™ (u)8)]



<> @k sup [f(wl6,) FO(ul6.) — f 7 (u]6) F ) (ul6)]
k=0

0<u<1
5>

k=1

2= o] sup [1(ul9)
Furthermore,

>
k=1

< 6k = Okl + 2[6k]) - |62 — S1kl
k=1

_OO 2 o [oe)
< <Z|6*,k_5k|> +2<Z|5k|> <Z|5*,k—5k|>
= =1 =1
= |16, — 615 +2116]],.116. — 6]l
2
< [|6. = 6]l +2[|6]],,-[|6+ — 6]],,.- (6.7)

These inequalities together with the result of Lemma 5.1(a) prove Lemma 5.1(d).
|

Lemma 5.1(e). supg<,<; |Vih™ (u]61) — Vih™ (u]6s)| < Crni™.(|6, — 6]|m +
162 = 67,)

Proof. This result follows straightforwardly from (6.5) and a similar argument as
in the proof of Lemma 5.1(d). ®

Lemma 5.1(f). supg<,< ‘Vh@h(m)(ulé*) — Vh@h(m)(ulé)’ < Crp 75 ([|6 —
8l[m + (|6, — 8117,)-

Proof. Using (6.6), this result follows similar to the proof of Lemma 5.1(d). H

7. Proof of Lemma 6.1

Recall that by the first-order condition it follows that for & < n, Zjv:l Vit (En) =

0 whenever €, € EIt. Moreover, it follows from Assumptions 6.1(c) and 6.2 that
for any fixed K < n, and n — oo,

A~

Pr[(fn,la '“7271,[() € :IKnt] = PH<K) — 1.
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This implies that there exists a sequence K, converging to infinity with n such
that also lim,,_,» P,(K,) — 1. To see this, denote P, (K) = inf,,>, P, (K) and
note that for each K, P, (K) T 1 monotonically as n — oo, and for each n, P, (K)
is non-increasing in K. For m > 1, let n,, be the smallest n > m for which
P.(m) +m™2 > 1, for example. Obviously, n; = 1. Moreover, since P,(m) +
m=2 > P (m+ 1)+ (m+1)"2 we have n,1 > ny,. Now let K,,,, = m for
N <N < Nyyyy — 1. Then for all m € N,

Pr(E s s eng ) €ER 1> 1—m>,

Replacing m by a subsequence m,, of n and denoting K,, = K,,, ,, it follows that

Pr{(&n,l? "‘7€n,Kn)/ € EIII;Z] — L

Lemma 6.1 now follows straightforwardly from the latter result.

8. Proof of Lemma 6.2

Recall that

Zn(u) = zn: L > Vefi(€0) ) mi(u)
\/N

where n = ny and

ne(u) = 27°V/2 cos(kmu). (8.1)
Obviously, Z,(u) is an a.s. continuous random function on [0, 1], or in other words,
Zn(u) is a random element of the space C[0, 1] of continuous functions on [0, 1]

endowed with the sup metric || f — g||sup = SUPg<y<; |f(1) — g(u)].
Now let

Zn(w) = (LN Z kaj(50)> ().

It follows from Assumptions 6.4 and 6.5 that

[e'S) N
E { sup ZN(u) — Z\n(U)H < V2 Z 27 E [|NTY? kafj(éo) ]
0<u<l k=Kn+1 j=1
00 N 2
< V2 Z 2% |E (N_1/22kaj(£0)>
k=Kn+1 =1

11



= V2 Y 2B E)?

k=K,+1
— 0 asn — oo,

because by Schwarz inequality and Assumption 6.5,

22 “VBI(vehie JZQ RJZQ’“E[(Wfl(EO))z] (8:2)

k=1
< 0Q.

Hence, Z,(u) = Z ~n(u)40,(1) uniformly in u € [0, 1]. Therefore, it suffices to show
that Z n converges weakly to a zero mean Gaussian process Z on [0, 1], denoted
by Z N=Z.

Note that by (8.2),

var(Zy(u)) = < 2 Rk f1(€ fcos(kmu))

k=1

< 2E (Z vk fu(€0) |>
= QZ Z 27k mE [| vk AE] Vm f1(€0>”
<233 27527 | B 1 (€0 E[Vm fi(€0)?

= (Z?’“ wﬁ&)]) < 0.

It is well-known (see for example Billingsley 1968) that Zy = Z holds if
and only if Zy(u) is tight and the finite distributions of Zy(u) converge to the
corresponding finite distributions of Z(u). As to the latter, we need to show that
for arbitrary points us, us, ..., up in [0, 1],

(Zn(w1), ooy Zn(ung)) > (Z(wr), ..., Z(uar)) (8.3)
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This is easy to verify for the case M = 2:
Zn(u) \ _ et (€ ( mk(u1) )
Z(up) VS i (u2)
kfj ))

V2 cos(kmuy
= kafjs)(\/iCOS(l{?ﬂ'UQ >>

)
)
S Zom )~ (0 ) (et ttears) )]

where the latter follows from the standard central limit theorem, with I'(uy, us)
defined in Lemma 6.2.

Tightness is a generalization of the notion of stochastic boundedness to random
functions, and since convergence in distribution implies stochastic boundedness,
it follows similarly that tightness is a necessary condition for weak convergence.
In particular, Zy is tight if for an arbitrary ¢ € (0, 1) there exists a compact set
K (¢) € C[0,1] such that infys1 Pr[Zy(.) € K(€)] > 1 —e.

As to the tightness of 7 ~(u), it suffices to show that for arbitrary ¢ > 0,

Sl-
||M8 HMZ

<.

Il
-
-

Dgg

T R
M= 1=

Sas
(

Il
—

NN ]
——

sup Zn(w) — Zy(up)| = £.0,(1), (8.4)

\ul —uz|§€, ul,me[o,l}

as then condition (8.3) of Theorem 8.2 in Billingsley (1968) holds.? This follows
easily from the fact that by (8.1) and the mean value theorem,

sup (1) = i (up)| < eV/2mk. 27"

Jur —uz|<e, u1,u2€[0,1]

so that by Assumptions 6.4 and 6.5,

E sup ZN(ul) — ZN(UQ)‘]
Jur —uz|<e, u1,uz€(0,1]
o) N

< NN f5(€°) sup |7 (u1) — e (u2)|
1 =1 |lur —u2|<e, ui,u2€0,1]

2Note that condition (8.2) of Theorem 8.2 in Billingsley (1968) follows from (8.3).
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S;\/E{(vkﬁ(é‘)))ﬂ sup () — )

|lur —u2|<e, ui,u2€(0,1]

< ev2r S k2Bl (€))7

< s\/ﬁnd > ka > k27 FE[(7rf1(€%))?] = £.0(1).

1 k=1

Finally, using the Cauchy-Schwarz and Liapounov inequalities and (8.1) it
follows that

sup [Pl ws)] < 2373 E[(VeAE)(Vahi(€)2 2"

0<u3 <1, 0<uz<1

< 233 \BUTAE) D BV fi (€)1 2
= 2 (Z 2_m\/E[(me1(§0))2]>
s o BV @)\ ()
- 2( zé;ﬂ ) (ZQ )
S 2BV €)Y (k)
=2 D27 (;2
— 2(%2—%[(%]“1(50))2]) iz—’f) < o0

where the latter inequality follows from Assumption 6.5.

9. Proof of Lemma 6.4 (Corrections)

Equation (A.4) in the printed version of the paper is incorrect. It should be:

B ®.B B! ®.Ch . _
! = kp = k2kp kip =k Zkn—p
Bk7n¢kBk7n < Cl (I)kBk,p C]I%nipq)ka’n—p ) .

k,n—p
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Similarly, the next equation after (A.4) should be

hmkﬁoo Ckn p(I)k:ka llmkﬂoo Ckn p<I>kC’kn —p

klim B;c,nq)kBk,n = < limy—oc By, (I)kka limy, .00 By pq)kck” —p )

10. Proof of Theorem 6.2: Continuation
To complete the proof of Theorem 6.2, it needs to be shown that

lm A, = A, (10.1)

n—oo

where for k > n, Ay, fo g (w)ag, (v) du, with ay,(u) defined in the proof of
Lemma 6.4. Moreover, recall from Lemma 6.4 and its proof that

1 1
lim lim [ agn(u)ag,(u)du= lim [ ap(u)a,(uw)du= A

n—oo k—oo 0 n—oo Jq

Also, recall from the proof of Lemma 6.4 that, with By, partitioned for k£ > n as
Bk,n = (Bk,p; Ck,nfp)7

. / 1 nlU
bI(CZ’ZL(U) B _Ck’n_pgpk(u)’ bg’zl( )=-Cy n,n— P‘Pn( u) = _Ck,n—p < gk:<n) ) )

where @ (u) = (n1(w), ..., nk(u)) with n(u) = 27%v/2 cos(kmu).
To prove (10.1), it will be shown first that

1 /
lim lim (b,ﬁ?i(u)—bﬁ(u)) <b,§2(u)—b§f%(u)> du = 0, (10.2)

n—oo k—oo 0

as follows. Partition ¢g(u) as gr(u) = (©n(u), @i _,,(u)"), so that

0
b@ (u) — b (u) = C} ( " )
n,n( ) k,n( ) k,n—p Spk—n(“)
It is easy to verify that fol i (u)pr , (u)du =272"®;_, where

1
(I)kfn = / Pk—n (U)SOkfn (u)’du,
0
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hence
1 /
po = [ (B0 =8 00) (20 0 du
0

@) Oni—
_ —2n n,n n,k—n
= 2 Cl/c,n—p ( Ok—nn (I)k'—n ) Ck,n—P

)

= 2 2710;:/ n,n— p(I)k HOZ n,n—p
where Cy_, ,_ is the matrix of the last k —n rows of Cy n—p, L.€.,
E[vn-kl,p—&-lfl (£0>] o E[vn+1,nfl (EO)]
Cz,n—p = .
ENVepn i€ -+ E[Viafi(€))]

Then for some constant ¢ > 0 and a sufficiently large n,

k—n n

:uk,'n — 272”22727” Z (E[Vn+m,sf1(€0)])2
s=p+1
k—n n
< 220302k m) Y (B[Vismaf(€0)]) (n+m) s
m=1 s=1
k—n n
< 2 29=2n,c n+1 CZZ n+msf1 )])Q(n—i—m)icsic
m=1 s=1
k n
< 2779 Q"Cn—l—lczz msflEO]) -
m=1 s=1
k n
< 27227 (4 1) 30N (| E[Vins fi(€0)]] mm/257/2)°
:lkszln 9
< 92 29-2n ne TL—|—1 (Z mfc/zsic/z |E[Vm,sfl<€o)]|>
m=1 s=1

where the second inequality is due to the easy inequality

max 272™(n +m)° < max 272 (n+2)°=2"2(n+1)°

for n > ¢.(2In(2))7' — 1.
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By part (a) of Assumption 6.6, Y .-, Z;’j:l(k:.m)’%TEHthﬁ(SO)H < 00,
hence for ¢ = 4 + 27,

oo

0o 2
. < 2 22 2n 4+27’ n+1 4427 <ZZ ]m —2— TE |v]mfl<£ )H)

j=1 m=1

= 0(27"(n+1)*) =0(1)

Thus, limy, s SUPg>,, fkn = 0, which proves (10.2).
By a similar argument it can be shown that

1 ’
- Wy Wy _
lim | (bk () b(u)) (bk (u) b(u)) du =0, (10.3)
where b,(cl) (u) = =By, px(u) and b(u) is defined in Lemma 6.3. It follows now from

(10.2), (10.3) and Theorem B.1 that

lim [ (apn(u) — an(w)) (ann(u) — an(u))du =0,

n—oo 0

which implies (10.1). This completes the proof of Theorem 6.2.

11. Proof of Lemma 6.5

First, note that

%Z (rfi &) (T 5 &) — (kaj(éo))(vmfj(ﬁo)))'
< %Z i £1E0) = TeHE] T SiE) = TS5 (€0)
b S 19k HEH T &) = Onli€)
T HE Wi 5€) = D€

1

<.
Il

17



S (Vi€ — Tm (€

< J + S (&) - i)
\
\

%Z(WJ (7)) J %Z(vmfy@ ) = Vmf5(€"))?

" T E)) J & S (e &)~ D)
Then with n;,(u) = 27%v/2 cos(kmu), and

dy = %Z (Z 27 (T fi(€,) — kaj(&o))Q)

we have

18



where the latter inequality follows from Schwarz inequality. Note that by As-
sumption 6.5,

2

Zz kL Z Tl (€9)? = 0,(1).

Therefore, it suffices to show that d; ~N = 0,(1), as follows. For arbitrary ¢ > 0,
Pr [dy = dy.I (I[€, —€lle < 2)] = Pr[I[€, —€lle <] =1
and
Eldy1 (€, —€lle<e)| <> 27
k=1

By Assumption 6.9 the latter can be made arbitrarily small. Tt follows now
straightforwardly that dy = = 0p(1).

sup  (Vrfi(§) — ka1(€0))2]

|l€—€°le<e

12. Proof of Theorem 6.5

Recall that for fixed s € N,
—~ ~ g
VN (5,%1 B Y A 5075) 9 N0, A) (12.1)

for some positive-definite s x s matrix Aj.
We can write

VN (h(ufﬂsgn ) — h(u\ﬂséo))
Zm 1\/_< M 50,m) V2 cos (mmu)

s 2
]' —I— Zm:l 671N,m

X (2 + zs: (ES\HN,m + 60,m> V2 cos (mwu))
BV (=) (o )

2
1 + anZI 671]\],771

h(u|m,6°)

19



o~

> VN <5nN,m - 5g,m> V2 cos (mmu)
=2
1 + an:l 6g,m

X (1 + i: So,mV2 cos (mwu))

St VN (Buvan = B0, ) bom
- L+ et

where the 0,(1) is uniform in u € [0, 1]. The latter equality follows from the fact

that by (12.1), 2%\ V/N[bnym — Som| = Op(1) and plimy e dpym = Gom for
m=12..s.

Denote 28 = /N (51 —do1, ...,/(S\q - 6075> . Using the notations k¢(u), 6 and
ws(u) in Theorem 6.5 we can write

h(u|m,6%) + 0p(1),

6&0:%ﬁ@mm&@—hwm$0:1+1%Z%myuwn

It is now easy to verify from (12.1) that ®,(u) is tight and converges weakly

to a zero-mean Gaussian process ®(u), similar to Lemma 6.2, with covariance

function 4
E[(I)s (Ul)q)s (UQ)] - mws (ul)'Asws(ul).

13. Proof of Theorem 6.6

Denote

5N(u) = 1+ ZgnN7m\/§cos (mmu) ,

m=1

Po(u) = 1+Z(50,m\/§cos(m7ru),
m=1
and recall that
hulbny) = Sw(w)?/ / B (v)dv,
0
1
ho(u) = h(ul6®) = do(u)?/ / do(v)2du
0

20



Next, let
Ta() = VN (dx(u) = do(u))
= % v'N (ZS\nNm - 60,m> V2 cos (mmu)
—V/N i 80.mV2 cos (mmu)

m=npy-+1

ny
- S VN (%m . 50,m> V2 cos (mmu) + o(1) (13.1)
m=1
where the o(1) term is uniform in u € [0, 1]. The latter follows from

S \/ﬁ i |6O,m|

m=ny-+1

\/Qe_N Z mt|8o.m| = o(1) (13.2)

n
N m=ny+1

VN i 60,m\/§cos (mmu)

m=ny-+1

for
ny o« N9, (13.3)

See Remark B.4 following Assumption 6.3 for (13.3).

First note that the functions T\N(u) are random elements of the Hilbert space
L2(0,1) = span({v/2 cos (mmu) }°_,).

According to Van der Vaart and Wellner (1996, Ch. 1.8) [VW hereafter],
Ty (u) is asymptotically finite-dimensional if for each 1,e > 0 there exists a finite
subset I C N such that

lim sup Pr [Z ( /0 P ()2 cos (i.mu) du>2 > n]

N—oo i€l

= lim sup Pr [NZ (/(S\HN,Z- — 50,1.)2 > 77] <e. (13.4)

N—o0 i€l

o~

2
Since by (12.1) N} . (&lm - 60,i> converges in distribution to a quadratic

form of zero-mean jointly normal random variables, (13.4) holds, hence fN(u) is
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asymptotically finite-dimensional. Then it follows from Lemma 1.8.1 in VW that
Tn(u) is asymptotically tight if for each m € N,

LN ~ 2
/ Tn(u)V2 cos (mmu) du = N <6nN7m - (50,m> I(m < ny) — 8 (m > ny)
0

is asymptotically tight, which also holds by (12.1). Moreover, by Lemma 1.8.2 in

VW, T\N(u) is then asymptotically measurable. It follows now from Prohorov’s
theorem [van der Vaart (1998, Th.18.12(ii))] that there exists a subsequence N;
and a tight random element 7' € L2(0, 1) such that

Ty,(w) = v/ @qu) — go(u)) ~ T(u) as j — oc. (13.5)

Moreover, since aNj( u) uniformly on [0, 1], it follows that

plim “ qu v)2dv = “ qbo )2dw.
j—o0

Next, consider the following sequence of random variables:

Jo do(v)*dv
fo Go(v)2dv — \/ [} Gy (v)2dv
Sia W—V

\/f0 Go(v)2d0 + \/ fi Dy, (02w
\/fo ¢o(v)?dv + \/fo S, ()2
IV (98, (0) = 60(0)) (9, (0) + 60(v) )
e W Jo éolw)2dv+ 1/ [ o, @)2@)
_ - I (VG (8, 0) — 60(0)) ) o
VN \/ Joy O, (v)2dv (\/ [} ¢o(v)2dv + \/ Jo Ox, (U)2dv>
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B 2 Jy \/7< (v) = do(v )) Po(v)dv
\/fo P, (v)2dv (\/fo ¢o(v)?2dv + \/fol aNJ_ (U)de)

Since by the continuous mapping theorem,
b (\/ﬁj <$NJ~ (v) — ¢0(U))>2 dv 0 [T (w)2dw
R W Jy dow)2dw + /[ b, @)2@) 2Jy ¢o Jrdv

and
2fo \/_< (v) = go(v )) ¢o(v)dv « fo o
\/fo P, (v)?dv (\/fo ¢o(v)2dv + \/fol aNj(U)QdU) fo ¢0 2dv

it follows that

V Jo @o(v)?dv d fo dv
\/ﬁ(\/fo ¢N de_l - fo ¢0 2d“

ﬁ( g ) /By ()~ o)
\/fo1 aNj (v)?dv \/f01 ¢o(v)2dv \/W
+v/N; ( m - 1) ﬂ

T(u) f() dU « QZS()(U)

VI ooae & % de VI dolw)dv
- ([ i) < (T - Vi [ Tyt

The latter follows from the condition that hg(u) is uniformly continuous and
positive on [0, 1], so that

Hence,

~

¢o(u) > 0 on [0, 1]. (13.6)
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Hence,

I
fO o (v 2dv/ Ve Vo do(v)2dv

Moreover, because aNj(u) L5 ¢o(u) uniformly on [0, 1], it follows from (13.6) that

Jim, P {p h<“3“w>¢% 0: o
JlirgloPr [/ \/h( R ¢NJ o = 1.
Thus
VA (i)~ Vo)
- ( /0 1 ho(v)dv> (T(u)—\/m OlT(v)mdv>
= Q(u), (13.7)
say.

To prove that T'(u) is zero-mean Gaussian, let

Y V/2 cos (mmu) Vi < 00, (13.8)
- Z

m=1

be an arbitrary function in L3(0,1), and let for s € N,

fs(u) = Z Y V2 cos (mmu)

m=1

It follows from (12.1), (13.1), (13.5) and the continuous mapping theorem that,
with ny, > s and wy = (71,...,7s)",

/0 T, (w) Z VN, ( ngm 50,m) Y

4, / du ~ N (0, w,Asw;) (13.9)



Moreover,
[ T [ s
W

hence L
/ T(w) f (u)du ~ N (o, lim w;ASwS)
0 S§— 00

Since T' € L2(0,1) with probability 1 it can be written as

E Em 2cos (mmu) E 6 < 00 a.s.,

m=1

so that
1 . S
/ T(u)fs(u)du = Z EmYm ~ N (0, w,Asws)
0 m=1

1 ()
/ T(u)f(u)du = Z EmYm ~ N (0, lim W Aswy)
0 S§—00

m=1

Therefore, by Lemma 1.8.3 in VW, the ¢,,’s are zero-mean jointly normal with
Var((e1, ...,&5)") = A for all s € N, so that T'(u) is zero-mean Gaussian process,

and so is the process Q(u) in (13.7).
Finally, note that by Theorem 1.8.4 in VW we can only replace IN; by N itself

if for all f € LZ(0,1) fo T (w) f(w)du - fol T(u) f (u)du, which by (13.1) and
(13.8) is equlvalent to

Z\/_ ny,m 6Om mHZSme

for all sequences {7y, }°_, satisfying > 72 < cc.
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14. Proof of Lemma 7.1

For the SNP Logit model in log-likelihood form without penalty function the
function f(Z, &) takes the form

f(Z,€) f(Z,(0,6))
Y In (H (G()N(’H)\(S)) +(1-Y)n (1 “H (G(f('e)\a)) :

where Z = (Y, X') and & = (0, §). Denote

X = (LX) = (X, Xs,...., X,).

With Vy indicating the derivative to the k-th parameter, the first derivatives
of f(Z,€) are

Tf(Z,€) = (Y ~H (G()}"e)w)) h (G(X"@)w)
H( (X0 )|5)CEEX?I( (X@)|5>)~
- (- (o) (ouxoe

CEO0-GXD) o
H( (XH)](S) (1 H( (X0)|6)>
_ (y —H (G(X'e)w)) h (G(f('e)w) $(G(X'0)]6) X, (14.1)

for k=1, ....,p, where

X

$(ul6) = H(u|6u8:1]2(u\6))’ (14.2)
and
Voinf(2,6) = (v —H(G(X0)5))
VnH (G(X'0)(5)
(o) 1~ A (exe ))
= (v = 1 (G(X'0)16) ) vm(G(X'0)]8)0(G(X'0)]6) (14.3)
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for m € N, where

U (ul6) = %_(uul?. (14.4)

14.1. Part (a) for k£ <p
It follows from (14.1) that for k =1,2,...,p,

Vif(2,8) =i f(Z,€°)

R

< {n(G(x0)l6) (o(G(X'0)16) - H(G(X'0)[8")) X

+h (GIX0)8) (9(G(X'0)[6") — $(G(X'00)]8")) X
( (G(Xe |5) ( XH)\(SO)) S(G(X'00)|6°) X,
( <G(X0 |50) - h( G(X"6y) |5°)) $(G(X'05)[6°) Xk}
( (G (X'6) |60> ( (X'6) |6>> h <G X'60) ]6°> (G(X"00)|6%) X,
( (G (X'6,) ]60) ( (X') |60)> h (G (X'6,) |60) S(G(X'0)[6°) X,
xh (G(X'0)[8°) (G(X'00)16") X, (14.5)

so that with

Ux = G(X'6) (14.6)
and 60 = 7,,6°,

\Vrf(Z,61,) — Ve[ (Z,€°))
< sup sup h(u|6) ‘gzﬁ (Ux|6°) — UX|60)|.maX(1,||X||)

5 Ao (M) 0<u<1

(1+2 sup h(ul6" )) ¢(Ux|6°) sup [h(ul6y,) — h(ul6")]. max(L, [|X]])

0<u<1 0<u<1

By Lemma 5.1 there exists a constant C' > 0 such that

sup | (u]6) — h(u|6%)] < C.[|6 — &°[]o. (14.7)

0<u<l1
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Moreover, note that for some constant C,

|6(ul8) — ¢(ul6”)]
|H (u]6%) (1 — H(ul&) — H(ul8) (1 — H(u|6))|

= (1l —u) H(u|8) (1 — H(u|8)) H(u|6%) (1 — H(ul6"))

< 2( sup  sup h(vl5)> H(ul6).6(ul8°) sup |h(v]6°) — h(v]6)|
5E€M(M) 0<v<1 0<v<1
< 2.C.¢(ul6).4(ul6°).]|6 — &°[[o

where the second inequality is due (14.7).
At this point I will now use Assumption 2.3, which together with part (d) of
Assumption 2.1 implies that

—2
sup ¢(u|6?) < (&nil h(u!éo)) < 00, (14.8)

0<u<l1

Moreover, by Lemma 5.1 there exists a d > 0 such that supyc,<; |h(u[6) —
h(u|6%)| < 0.5. infocy<1 h(u|6%) if ||6 — 6°||o < d, so that

0<u<1 0<u<l

sup p(uld) < (inf h(uya)>2

< ( inf1 (h(u|6) — h(u]6%)) + 05121 h(u|5o)>

0<u<

< ( inf h(u|6") — sup |h(u|6)—h(u|§0)|)_

0<u<1 0<u<1
—2
- 0
< 4 (Og}fﬂh(u\é )) < 00. (14.9)
Hence, there exist constants C' > 0 and d > 0 such that
sup |p(u|8) — ¢(ul6%)| < C.[|6 — &°|]o if |6 — &°[]o < d. (14.10)
0<u<1

It follows now straightforwardly that

max |Vif(Z,€,.,) — Vif(Z,€")] < C.max(L, [|X]]).[[€; — &[0

1<k<p

if |12 — €°])o < d. (14.11)
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14.2. Part (a) for k > p

Next, it will be shown that, without the need for Assumption 2.3,

sup sup  sup |, (ul6)] < oo (14.12)
meN§cAg(M) 0<u<l

and that there exists a constant C' > 0 such that for all m € N,

SUp [t (u]6) — 1 (u|6°)] < C.[[6 — 8o (14.13)

0<u<1

It follows then straightforwardly from (14.3), (14.12) and (14.13), similar to
(14.11), that there exist constants C' > 0 and d > 0 such that

sup |Vormf(Z,€5) = Vpsmf(Z,€°)] < C.max(1, ||X]]).|€, — €llo
if ||€5 — €°l]o < d. (14.14)

To prove (14.12), observe from the easy equality

Fuhluls) = ol BT ) Benlm) gy, D)
that
! <1 +25k> o H(l8)
_ \/—sm mmu) 25 sin( m—|— k’ )mu)
+ Z Sl (k #m Smi( 53?“’ +6m (u— H(u|6))
m/=sin(mm( makSID((M + K)m(l —u
= —(-)™V2 ( Zé ! (m+)k)<7r )
- . k51n((m—k)7T(1 —u))
Z‘Sk (k#m)(—1) (m—k)m
—I—(Sm( H(ul6)) (14.15)
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hence

UmH (ulb) 2 {\/ﬁsin (mmu) N iéksin((m + k)mu)

u 1Y, 62 mmu P (m+ k)ru

(m —k)ru

+ i Sl (k 2 mySnlm = Rmw) | 6mH<Z|‘S) } (14.16)

and

VmH(ul6) 2 o =sin(mm(1 —u))
l—u 14,62 {_(_1) V2 mr(1l — u)
B i 5k<_1)m+ksin((m + Ek)m(1 —u))

(m+k)m(1 —u)

k=1
> ;.S —k)r(1 —u))
B ] _ym psin((m
k=1
PR (71 - H(“|6)> } (14.17)
1—u
Adding these two expressions up and taking absolute values yield
VmH (u|d VmH (u|d
nlule) = [F=E P
52V2+ 4550 8] + [Om (H (u]8)/u + (1 — H(u|6))/(1 — u))
N 142026
22\/§ + 4 5 [0k] + 2[0m] supg<,<; A(ul6)
N L+ 2006 ’

which implies (14.12).

Similarly, it is not hard to verify from (14.15) that there exists a constant
C > 0 such that (14.13) holds for all m € N.

14.3. Part (b)

Part (b) of Lemma 7.1 follows trivially from (14.1), (14.3) and

E[Y|X] = H(G(X'6,)|6°) a.s.
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14.4. Part (c)
It follows from (14.1) and (14.3) that in general

max B |(Vif(Z,6))"] < sw h(u8") E |o(G(X'0)[8°) max(1, ]| X] )]

1<k<p 0<u<l

wp B | (Vpinf(Z,€9)°] < sup sup  sup [urn(uld)|E |9(G(X'00)[6")?]

meEN §€Ag(M) 0<u<l
so that by Assumption 2.3 and its implication (14.8),
sup B (Ve (2.69)"] < C.E fmax(1, || X|])] < o0
S

for some constant C' > 0.

15. Proof of Lemma 7.2

15.1. Part (a)
The second derivatives \/jm f(Z,€) for k,m =1,2,...,p are
Ve f(Z.€) = (Y —H (G(X'e)w)) h (G()E"e)\a)
G"(X'0) = =
(G()?/e)w) (1 —H (G(}?/@)w)) i

H
- (Y ~H (G()N(’H)|6)> h (G()N(’H)\é)2

X

G(X'0)

x(H = )(1%(?(5('9)6»)2

«Q
™
=
>




Using the function ¢(u|é) in (14.2) and the fact that for the logistic distribution
function G(z), G'(z) = G(z)(1 — G(z)) and G"(z) = G(z)(1 — G(z))(1 — 2G(x)),

we can write

Vimf(Z,§)

:{( ( |5)) ( Xe|6) (1 - 2G(X'0))p(G(X'0)|6)

_< ( |5>)h( Xe|5) (X"e)w)?(1-2H(G(}?’9)|5))
h(1

+ (Y - H (GX0)18) ) bV (G(X'0)|6) o(G(X'0)|6)G(X'0)

—h( (X&)\é) H(G(X ’9)|6)G’(X9)}Xk o kom=1, . p (15.1)

Recall from (14.10) that there exist constants C' > 0 and d > 0 such that

sup

sup [6(G(X'6)18) — o(G(X'0)8")| < €18 — 6"l if 16— 6"} < .

Moreover, note that

u(l —u)¢' (u|6°) = (1 — 2u)p(ul6°) — h(u|6°)(1 — 2H (u|6°)).¢(u|6°)?,
so that
|[dp(G(2)[6°)/de| = G(2)(1 - G())|¢'(G(x)|6%)]
< B(G(2)]8°) + h(G(2)|6%)p(G(x)|6%).

Therefore, by (14.8) and the mean value theorem, with mean value 6.,
6(GX0)]8") — B(G(X'6y)[6")

< (¢<G<X"e*>|6°> T sup h<u|6°>.¢<G<)?e*>|6°>2)

0<u<1
x max(1, [|X]]).|[0 — o]

< C.max(L, ||X]]).]|0 — 6o]] (15.2)

for some constant C.
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Furthermore, by Lemma 5.1 and the mean value theorem, with C' a generic

constant,

‘G (X'0) — G(X'0)| <

)G’ (X'0) — G'(X'8,)| <

‘h (G(X"e)w) —h ( (X'6,) |50) <

'h (G()N(’H)|6)2 _h <G(X 00)|50)2 <

(c(x0)6) - H (G(X6)]8")| <

)h“) (G()?'e)w) —p® (G()}"eo)wo) <
where the latter follows from

sup sup h

6 (M) 0<u<l

C.max(L, [|X[]).]|6 = ol
C.max(L, || X]]).]|6 — ol
C. max(L, [|X[]).[|0 — o[ + C-||6 — 8°llo
C. max(L, [|X[]).[|0 — o[ + C-||6 — 8°]lo
C.max(1, || X]).]|0 — 6o|| + C.||6 — 8°||o
C. max(L, [|X[]).]|0 — bol| + C.[|6 — 8°||x

) (u|6) < oo (15.3)

due to Lemma 5.1 and the choice £ = 2 in Assumption 7.1, and

sup |h(1) (u6) — h(l)(u|60)| < C.6 - 60||1.

0<u<1i

It follows now easily that for k,m = 1,2, .., p, and some constant C' > 0,

| Vkm f(Za 5) - Vk,mf(ZJ EO)| < C. maX(L ||X||3)||E - €0||1 (154)

if ||€ — €°||; is sufficiently small.

Next, observe that for kK =1,...,p and m € N,

Vermf(2.6) = (Y —H(GX0)6)) v h (GX0)8)

X

G'(X'0) %

H (G()N(’Q)|6> (1 —H (G()N(’H)|6))

- (Y —H (G(f('e)w)) T H (G(f('e)ya)

3The inequality (15.3) is one of the reasons why £ = 2 is needed in Assumption 7.1.
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G'(X') (1 —2H (G()Z'e)w))
H (G(X/9)|6)2 (1 ~H (G()?/e)|5>)2

—h (G(X"e)w) G'(X'0) 7 H (G()?'e)w)
1

T (cw00) (1— i [c@oR))
which can be written as
Vk,p+mf(Z é)
- (Y —H ( |5)) G(X'0)6)(G(X'0)|6)G (X'0) X,
(Y H(G(Xe )|6 ) G(X'0)|6)p(G(X'0)|6)?
<1—2H <G (X'6) |5))
—h (G(X'0)[8) $n(G(X'0)|6)6(G(X'6)|6) X (15.5)

where 1,,(u|6) is defined in (14.4).
To prove that for k =1,2,...,p and m € N,

| Vimip [(Z,€) = Vimipf (Z,€°)] < Comax(1, || X|[°).||€ = €l (15.6)

if ||& — &°||; is sufficiently small, it suffices to show that for some constant C,
[Um(G(X'0)18) = ¥m(G(X0)|6°) < C16 = 6°]lo (15.7)
[Um(G(X'0)[8") — i (G(X'00)[6°) < C.max(L,||X]]).[[0 — 6ol (15.8)

as all the other inequalities involved have already been derived.
It follows straightforwardly from (14.16) and (14.17) that

<
<

H — I H (u]8°

sup sup |Vm ('UJ’(S) Vm (u|6 )| < C.H(S—(SOHO,
meN 0<u<l U

d mH (u]8°
sup sup u (V—(M)N < C.||6°]1 < oo,
meN 0<u<1 du U

m 8) — 7 H (u|6°
sup sup |V (u| ) 4 <u| )| SCH(S—(SOHO,
meN 0<u<1 1—-u

d mH (u]6°

sup sup (1= ) |41 (L) < 0] < o
meN 0<u<1 du 1—-u
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hence

sup sup |¢m(u\6) U (w6 < C.||16 — 8o, (15.9)
meN 0<u
sup sup u(l—u) (u|6’) < oo. (15.10)
meN 0<u<1

Clearly, (15.9) implies (15.7), and by the mean value theorem, (15.10) implies
(15.8).

Finally, for k,m € N we have
Vpikoimf (2,€) = (¥ —H(G(X'0)5))
VimH (G()N(’H)|6)
H (G(X'fe)w) (1 _H
— (v - (G(x0)s)) (1-2H (G(X0)s))
ViH (G(X'0)|6) 7 H (G(X'0)|5)

i (c(xX0)s) (11 (aX0)s))

X

X

which can be written as
Vptkpimf(Z, 5)

(v~ 1 (ct5018) st

~(v-u(c X@]é) (1-20(c Xeya)) Uu(G(X0)|8)m(G(X0)]0)
H( Xeya) (1 H(GX9|5)) G(X'0)[8)bm(G(X'0)|6)

1—

(15.11)
where H(ul6)
Vkm u
mk(u|6) = — .
Y x(ul6) u(l —u)
I will show that
sup sup  sup |Ypm(u|d)| < oo, (15.12)
kmeN §cA1 (M) 0<u<l
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sup  Sup [Vpm(u|6) — Wi m(u|6®)] < C.||6 — 8°|)o, (15.13)
k,meN 0<u<l

u(l = w)thy n (ul6) = Vrmh(ul) — (1 = 2u)thpm(uld),  (15.14)

so that _ _
Yk (G(X'0)]6) = ¥ (G(X'0)[6°)] < C.[|6 — 6o

and by the mean value theorem,
Y b (G(X'0)]6°) — o (G(X'0)|6%)| < C.max(1, || X|]).]|0 — bol-
It follows then easily that

| Vothprm [(Z,€) = Vprprmf(Z,€°)| < C.max(L, || X|]).||€ — €°lo.  (15.15)

To prove (15.12)-(15.14), observe from (14.15) that for k # m,

1 [e.e]
Ok I H(u|6) + 3 (1 + Z 5,2) Vkm H(ul6)

_,sin((m + /:);u) B
e ()
B maSIn((m 4+ k) (1 — u))
= —2(-1) CEL — bm V7 H(ul6)
Hence
Vk,mH(u|6) — 2
u 143772, 6
sin((m + k)mu)
{2 I (1 (m6) + 018
and
Vk,mH(uw) — 2
1—u 147,62

e Sin((m + k)(1 = u))
(m + F)x(1 — u)

x{_%_n -—u@xwmww>+wAuw»}
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so that

_ Ve H (ulb)  —26n (i (u]6) + P (ul6))
Vi so(u]6) = wi—u) S S (15.16)
2 sin((m + k)mu) L agsin((m + E)w(1 —u))
* L+, 67 {2 (m+ k)mu (=1) (m+k)m(l —u) }

Similarly, for £ = m we have

VmmH (u|6) 2
u DY
y {sm(?mWU) t1- H(uls) 26mva(u|6)}
2mru U u
and
Vm,mH(u|6) o 2
l—u 1+ Dol 67
_sin@mr(l—w) L+ 1—H(uls) 26mva(u|6)
2mm(1 — u) 1—u 1—u
hence
H 2
Yoo (]8) = L (010) _ (1517)

w(l—u) 143762
) {sin(2m7ru) sin@ma(l—w) | 1- H(ul§) H(u$) 25m¢m<u|5)}

The results (15.12)-(15.14) follow now straightforwardly from (15.16) and (15.17).
Combining (15.4), (15.6) and (15.15), part (a) of Lemma 7.2 follows.

2mmu 2mm(1 — u) 1—u

15.2. Part (b)
Part (b) of Lemma 7.2 follows trivially from (15.1), (15.5) and (15.11).

15.3. Part (c)

Using the function ¢(u|6°) in (14.2), the notation (14.6), and the fact that for

the logistic distribution function G(z), G'(z) = G(z)(1 — G(z)) and G"(z) =

G(z)(1 — G(z))(1 — 2G(x)), it is not hard to verify that for k,m = 1,2, ..., p,

h (Ux|6°)° (Ux(1 - Ux))? < <
0 0 Xk:Xm

H (Ux|6°) (1 - H (Ux|6%))

E[Vumf(Z,€")|X] = -
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Hence, the matrix B,,, takes the form B, , = —B, where

P H (Ux|8°) (1- H (Ux]6%)) \ X XX

which is a.s. finite.

To prove that Ep is nonsingular, suppose that there exists a nonzero vector
v = (70,7}) € R x RP~! such that v'B,y = 0. Obviously, this is only possible if
Y2 4+ 29 X + (74 X)? = 0 a.s.,* hence v X = —7p a.s. and thus | Var(X)y, = 0.
Since by part (c) of Assumption 2.1, Var(X) is nonsingular, it follows that v; = 0,
hence vy = 0, which contradicts v # 0. Thus, Ep is nonsingular.

Recall from (14.1) that for k£ = 1,2, .., p,

Vif(Z,€°) = (Y —-H (UX|6O)) h (UX’(SO) o (Ux|6°) X,
hence for k,m =1,2, ..., p,
E [V f(Z,8°) Im [(Z,€°)|X]
—F [(Y — H (Ux|6°) 2‘ X} h (Ux]6°)° ¢(Ux|6°)2 X, X0
H (Ux|6°) (1 - H (Ux|6°)) b (Ux|6°)" ¢(Ux|6°)2 X, X,
2

h(Ux|8°) (Ux(1-Ux))? < <
T H (0I5 (L= H (0x18%) "

so that V, = —B,,, where V, is the variance matrix of (/1 f(Z,£°), ..., v, f(Z,€°))".
Also, it is not hard to verify that for k =1,...,p and m € N,

E[hpimf(Z,€°)|X] = —h (Ux|6°) ¢ (Ux|6°)(Ux |6°) X, (15.18)
and for k,m € N,
BVpirpinf(Z,€°)|X] = —H (Ux|6°) (1 - H (Ux|6"))
XU (Ux |6°) b (Ux )| 6°). (15.19)

whereas by (14.1) and (14.3),

E [Vf(Z,€°) Vpim F(Z.€")|X] = h (Ux|6°) %m(Ux|6°)p(Ux|6°) X,

4See for example Lemma 3.1 in Bierens (2004).
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for k=1,...,p and m € N, and

E [Vpirf(Z,€°) Vpim [(Z,€°)|X] = H (Ux|6°) (1 - H (Ux|6°))
X (Ux|6°)¢hm(Ux |6°)
for k,m € N. Hence,
Vo =—DB,, foralln € N,

where V,, is defined in Theorem 6.2.
To show that V,, is nonsingular, suppose first that V1, is singular. Since it
has already been verified that V,, is nonsingular, singularity of V,; implies that

V1 f(Z, ¢%) is a.s. a linear combination of (v71f(Z,£°), ..., Vpf(Z, €M)
(Y -H (UX’(SO)) 1 (Ux|6°)p(Ux|6°)
= (Y — H (Ux|6°)) h (Ux|6°) (Ux|6°) X"y ass.
for some v € RP, hence

VIH(UX|6O) B ¢1(UX|60> 5,
UX(l - Ux)h(UX|60) o h(Ux|5O) = X'v as.

Next, write Ux = G(ag + o1 X1 + ()2 X2) and 55'7 = 71 + 12X1 + 14 Xs, and
recall from Assumption 2.1 that X; has support R, conditional on X5. Therefore,
we may take the partial derivatives to Xi:

Ux /0X, = Ux(1 = Ux)Bo1, 0X'v/0X1 = 7s.

Then
o v1H(Ux|68°)
Bo.1 (Ux(1 - Ux)h(Ux|6))°
x ((1 = 2Ux) h(Ux|8°) + Ux(1 — Ux)h™M (Ux|6°))
CUy(1 - Uy) 4 — U)o

Ux (1 — Ux)h(Ux|8°)
vih(Ux|8")  1H(Ux|8") (1 - 2Ux)
h(Ux|6%) Ux (1 — Ux)h(Ux|8°)

W (Ux|6°) 71 H(Ux|8")
- h(Ux|6°)?
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Thus, the singularity of V,,, implies that for all u € [0, 1],
ve _ vih(ulé’)  iH(u]8") (1 —2u) AW (u|6°) 71 H(u|6°)
Box  hé6®)  uw(l—uwh(u&®) h(u|6°)2
Taking the derivative to u yields:
vihW(u]8®) — 71h(u]s”)
h(ul8%) — h(uls’)?
_Wih@8) (1 —2u) i H(ul6)
u(1 — u)h(u|6°) u(1 — u)h(u|6°)
V1H (u]6%) (1 - 2u)
(u(l = u))?h(ul6")?
V1H (u]6%) (1 - 2u)
(u(l — u))?h(ul6")?
h® (|8°) 71 H(u]8”) 1D (u]8”) 71 h(ul8")

7 (ul6°)

(1 — 2u) h(u|8°)

w(1 — u)h™M (u|6°)

h(u|6°)? h(u|6°)?
h (u]6°) 71 H (ul6°)
2 h" (u]6°
* OTRE (ul&)

hence

0
0 = vlh(l)(u‘gﬂ)_mh(l)w’g%

h(u|6%)
Vih(ul8®) (1 —2u) V1 H(ul8")
- u(l —u) 2 u(l —u)
ViH(ul8’) (1 —2u)" 71 H (u]é”) (1= 2u), ) o0
WP - whls) )
HO@|) 1 Hul6’)  hO(u]6’) v, hu]s”)
h(u6%) h(ul8°)
(1) (]6°)2 ul&°
ol ’i?ug;)f( &) (15.20)
Now observe from (14.16) and (14.17) that
i Ve H(l8) ) o ho|s?) b h(0[6°)

ulo u(l —u) 1+ Y0 62, LA 3 ok
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whereas by Theorem 3.1,

2 (14322, 80xV2cos (kmu)) v/2 cos (mmu)
Vmh(ul6”) = S 01 ~ 52 )
+ 2 k100
h(u|6%).60.m
1+ 001 Ok
14> 5Ok\/§cos k7ru
MOus?) — —al vl kebo V2 sin (K
(ul67) T+ 5, 02 WZ 06V 2sin (kru)
hV(u|6”)
VimhW(u|6’) = ——=5—5260m
e L+ 8
7> 00 kborv/2sin (k)
L+ 3002, 60k
(1 +> ey 60,k\/§cos (lmru)) )
- 5 my2sin (mmu)
1+ 2021 60k
14> 50k\/_cos k:7ru
R (u]6°) = —2( h=1 7r k280 V2 cos (kmu)
L+ 3002 6 Z ’
o (7> hey kbokV/2sin (lmu))
L+, 60k

—2v/2 cos (mmu)

(the latter result is the other reason why we need ¢ = 2 in Assumption 7.1) so

that

h(0]6°) 0
lim <7, h(u]8°) = 22 — 260,m%
ul0 1 k=1 6O,k

31+ > he1 03k

lim AW (u]6%) = 0
ul0

llm VmhP(ul6®) = 0

0y _
lﬁrolh J(u|6®) = 0

Letting © — 0 in (15.20) it follows now that

o i H@|8Y) (i H (u]87) 0 - 1
0 = 211%1 u(l —u) —Hi?ol u(l —u) Vih(ul8') leiﬁ)lu(l—u)
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h(0[6°) h(0/6°)
= 42 — 2V260 | — s
1+ > he1 O3k

V31T > he1 03k

h(0]6°) . 1
2—V2)op1———" Xlim———
r(2-v2) T 0 o u(l —u)’

which is impossible. Consequently, V,,;; is nonsingular.
Along the same lines it can be shown that for all m € N the variance matrix

of (V1f(Z,£%),....0pf(Z,£€%), Vpimf(Z,£%)) is nonsingular.
Next, suppose that for some m € N, V,,1,,, is nonsingular but V,,1,,1 is singular,

S0 that Vpymi1f(Z,&") is a.s. alinear combination of (/1 f(Z, &%), ..., Vprm[(Z, €°))":

(Y — H (Ux|6°)) i1 (Ux|6°)p(Ux|6%) )
= (Y — H (Ux|6°)) h (Ux|6°) $(Ux|6°) X"y

+3 M (Y = H (Ux|6°)) i (Ux[6°)(Ux[6°) aus.

k=1

for some v € R? and a nonzero vector A = (A, ..., A\p,)’ € R™, so that

Y1 (Ux[6°) =Y " Neahi(Ux[6%) = h (Ux|6°) X'y as.

k=1

Note that if A = 0 then the variance matrix of (71 f(Z,€°), ..., Vpf(Z, €°), Vpimi1
f(Z,€")) is singular, which is not true.

Replacing the operator 571 in (15.20) by (Vm+1 — 2 _pey AV it follows now
similar to the previous case that the singularity of V),;,,+1 implies

e menth(u]8°) = 3T A 7k B(u]6°)

Boa h(u]6°)

(e h<1><u|50>) (vm+1H<u|6°> Y IPR H<u|6°>)
u(l —u) h(u|8°) h(u|6°)

which contradicts Assumption 7.2. Thus, V1,41 is nonsingular. By induction it
follows now that V}, is nonsingular for all n € N, and so is B,,,, = —V,.
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15.4. Part (d)

Part (d) of Lemma 7.2 follows trivially from the nonsingularity of By k+p-

References

Bierens, H.J. (2004) Introduction to the Mathematical and Statistical Founda-
tions of Econometrics. Cambridge University Press.

Bierens, H.J. (2014) Consistency and asymptotic normality of sieve ML esti-
mators under low-level conditions. Forthcoming in Econometric Theory.’

Billingsley, P. (1968) Convergence of Probability Measures. John Wiley.

van der Vaart, A.W. (1998) Asymptotic Statistics. Cambridge University
Press.

van der Vaart, AW. & J.A Wellner (1996) Weak Convergence and Empirical
Processes. Springer.

5The accepted version of this paper is downloadable from
http://econ.la.psu.edu/~hbierens/SNPMODELS.PDF

43



