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Abstract

This supplementary material contains (i) the explicit form of some variables (Section A), (ii)
discussion on the use of redundant moment conditions (Section B), (iii) the proofs of theorems in

the main part (Section C), and (iv) complete simulation results.



A On the form of ;"

The explicit form of Q;ll/ % is given by
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This form can be derived by applying a computational algorithm of Cholesky factorization to Qil =
I, — ﬁm tp, - A detailed derivation can be obtained upon request.

Using (A.1), we have

L dt(zif%> (i=1,.,N; t=2,...,T 1) (42)
* drx;r (t=1,...N; t=1T),
ut = dy (uit—%>:ktm+v;§ (it=1,.,N; t=2,..,T —1) (A.3)
" dpugr (i=1,..,N; t="T),
where
1
o Toit]
! T—t+1+1
d 1 1
ky = t = :o(T>, (A.4)
rT=tt2) Tt 1+ /T -1+ ot
Vigy1 + o+
vy = dy (Uz’t— Z’H%_H_l ZT>. (A.5)
T

On comparing the transformation matrix for forward orthogonal deviations (Arellano, 2003, p. 17)
and (A.1), we find that they have a somewhat similar structure. In fact, using z}, and v}, :L“jt and ujg
can be rewritten as

zh = bl + kg (i=1,...,N; t=2,...,T —1), (A.6)
ul = bl + kg (i=1,.,N; t=2,..,T—1), (A7)
where
T—t+1)(T—t 2T —t)+1+1
v = ( +1)( ) —=1- ( )1 il ~ <L (A.8)
(T—t+1+ )T —t+) r(T—t+1+ )T —t+ ;)

Note that when r is large, x and ut coincide with z}, and v}, respectively, for ¢t = 2,...,T — 1.
This corresponds to the fact that the GLS estimator is equivalent to the LSDV estimator when r
and/or T are (is) large!. Therefore, we expect that the relationship between the FOD and optimal

level GMM estimators is very similar to that between the LSDV and random effect GLS estimators.

! A similar observation is also made by Hahn, Kuersteiner and Cho (2004).



B On the use of redundant moment conditions

In this section, we investigate the effects of the redundant moment conditions, first, in a general
framework, and then, in the system GMM estimator.

B.1 General case

Let us consider the following two sets of moment conditions:

Elgy(xi,60)] = Elg1;(60)] =0, (B.1)
Pl 00] = | 7| Blgul6n)] = OBl (o)l (B2

where {x;}Y¥, are i.i.d. over i, 8y is a p x 1 true parameter vector, g;;,(60) and go;(6g) are m x 1
and (m + r) x 1 vectors, respectively, and A is a known nonrandom r x m matrix. We assume that
p < m. Note that (B.2) includes redundant moment conditions AE[g;;(89)] = 0, which are linear
combinations of (B.1).

The GMM estimators of these two sets of moment conditions are defined as

. R 1
0, = argemingl(O)’anl(B),

@, = argmin QQ(G)IW_lgz (0),
0

respectively, where g; = N1 Zf\il g;(0), 8, = Nt Zf\;l g5;(0), and W1, and W are weighting
matrices that converge in probability to the positive definite matrices, W11 and W, respectively.
Under regularity conditions, the asymptotic variances are given by

var(8)) = (G/Wi'GY) GIWIQu WG (GIW'G) !,
var(@y) = (GHLW'Gy)  GLW QW 'G, (GhW 'Gy)
— (GLC'W'CG)) ' GICWTIC,,C'WTICG, (GIC'WTICG,) ! (B.3)
where
9g1(6o) 085i(6o) Gy
G [ oo |0 06’ CG1=1 ag, |’
Wi W
Elg1;(00)g1:(00)'] = Quu, E[g5i(60)82:(80)'] = 2 = CQ1 C/, w:[ . 12]-
Wa1 Wy

We assume that W11 # €217 since the case with W11 = €47 is already discussed by Breusch, Qian,
Schmidt and Wyhowski (1999). R

We now reformulate the form of var(6s) to simplify the analysis. Let K be a non-singular matrix.
Then, var(02) can be written as

var(9y) = <G’10’K’ (KWK’)_IKCGl)_l

xG C'K' (KWK') ' KCQ,,C'K (KWK') ' KCG, (G’lc’K’ (KWK') ™ KCG1>_1 :

If we set
I 0
K= mo_ ,
[ ~Wu Wi L, ]
we have

| xe=| o Wiw
0 Way— Wy W Wy 0 Vi |’ A-WuyW ! |~
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Using these, we then have

G/C'K (KWK') 'KCG, = G/Wi!'Gi+G)(A-WyWi) Vil (A-Wyu WG
= G\W'Gi+ G/HG,

G} {C’K’ (KWK') ™" Kc} Q) {C’K’ (KWK') ™' Kc} G1 = G,WiQ WG, + G, WiQ HG,
+GHQ; W 'G1 + GIHQ HG,
where
H = (A-Wy W) V! (A- Wy W)
_ _ -1 _
= (A= WaWi!) (We - Wa W' W) (A - W W),
Substituting these expressions into (B.3), we have
Uar(ag) = [G&Wﬁl(}h + G'IHGl]*l
x [GIW'Q1 W' G + GIYW Q11 HG + GIHQ; W' Gy + GIHQ,1HG, |
x [GYW'Gy + G HG,] .

If 8 is a scalar, we have

var(al) = GllWﬁlQnWﬁlzGl = %7
(GYWi Gi) b
var(@y) = G/W'QuW!'G: + (G/W ' HG, + G’1H9121W1_11G1 +GIHQHG)) a1+ a,«z‘
(GIW'G1 + GIHG,) (b1 + by)
(B.4)

From this, we find that, depending on the relative magnitudes of a, and b,., or in other words, depending
on the structure of redundancy, A, and the weighting matrix, Wo; and Way, which appear in H,
we could have both cases ’U(M‘(ég) > var(al) and var(63) < var(f1). I H =0 or H = Wi, we
have var(/ég) = var(/él). This implies that using redundant moment conditions with a non-optimal
weighting matrix improves efficiency in some cases and worsens it in other cases. Which case happens
depends on the structure of redundancy and weighting matrix associated with the redundant moment
conditions.

B.2 Results for system model

In Section B.1, we showed that whether redundant moment conditions improve efficiency crucially
depends on the structure of moment conditions and weighting matrix. In this section, we demonstrate
that in the panel AR(1) cases, using redundant moment conditions improves efficiency if a suitable
weighting matrix is used.

Consider the following system (the model (13) in the body):
T

n

XT —ag}%—g

T=
Note that by changing the ordering, the moment conditions E(ZfZ’g;-r) = 0 can be reformulated as

-0,
E (Z}'u] AE [Zf Vyf ]



where

Ayi
7T = Ayir Ay

=1

Ay - Ayir—2 |

Note that F [Zg’ gﬂ = AF [Zfl' gﬂ = 0 are the redundant moment conditions, and the non-redundant

moment conditions for the models in levels are included in E Zfl' gj = 0. Additionally, note that

the nonrandom matrix A is endogenously determined in the model and we cannot control it.
Using these expressions, we can set

Elgi(co)] = E|Z"u| =0,
Elgy(ao)) = F[zi'u]] = AF [z:"!] =0,
where 8y = . Then, two GMM estimators are defined as
g = a’rgofningl(a)/wl_llg\l(a)v
i = agmingy(a) W gy(a),
o

where Wll and W are the consistent estimates of

lrrgl
Wi = FE [Zfl’Zfl] _|E Z/Z;] 0 ] ,

0 E [Z;illzldl]

0

Wi W12]
0 E[z'z!] EI[Z]'Z]]

Wi W

The explicit expressions of &g, and ag, are given in (15) and (17), respectively. We also consider
an alternative GMM estimator using redundant moment conditions but using a more flexible weighting
matrix. Specifically, we consider?

—~

o (k) = arg min gy () W (k) ™' ga(a),

where \/7\V(/<c) is a consistent estimate of

| Wi Wy
Wik) = [ Wi kW ] '

When x = 1, we have W(x) = W, and therefore, a},(1) = a%,. Otherwise, aj, (k) # 0%, To see
the effect of x, we numerically compare the variances of a%,, @, and @j,(x). For this, we need to
derive some expressions in (B.4).

First, note that

Yit = i+ wit (t=1,..,T)
2We also considered the case where W15 also changes such that
. Wi AW
Wik, A) = AWa1  kWas

However, since the result is very similar, we consider W (k) only.



Ty = w1 — cVpr (t=1,..,T —1)
zh = bl + kg = ke + (0ot + ki) wig—1 — becDar, (t=2,..,T—1)

zlp = drxgr = kr (i +wir—1)
where
0o .
. adr_ 5 Vit + oo+ O1U; 1—aod
Wit = Zoajvz‘,tj, Py = ¢y <1 - T(bitt) ,  UpT = bT—tvit T—t¢1 Gk 1, ;= T
J:
Using these, we have
t—1 &
Elyiszy] = UF [wiswig—1] = Y™ 78177”(12 (0<s<t<T-1),
2
1 g,
E [Ayisz] = (b + ki) B [Awiswg 1] = (bepy + k) o' 81 +Ua (1<s<t<T-1),
2
FE [Aylsx;}] = k‘TE [Awiswi;p_ﬂ = /fTaT_l_S 1 (_T:a (1 S s<T — 1),
—(1—a)e?
E(Ayir—jAyi) = E(wi—j —wi—j—1) (we — wi—1) = (1+a)vaj "
Then, we have
E [Z!u]
G’l = - |: 7dz ;o )
E[Z{"u]]
(bohg + ko) ]
YPrag
o2 oay o2 (bsths + k3)
. x| dir. +1| .
br_1a (br—1¢t—1 + kr—1)
T—1a7-2 i by |

S S : 20-12)
Wy = FE [Zillzil] = diag <2l17212a ~-'72’l]‘—17 1-|—OzIT_1) )

Wy = E[Z]'Z]] = diag(3], 25, ... 37 ),

0
0 0
B 0 —(1 - a)o? ag 0
Wi = | pgigy |- a |
L O ar_o
where
t—1 % 0121 + 0121
E (XZ» xit) = (12 Yrag_1, E (Ayiz3) = T+a (berhs + ki)
_ —(1 - a)o? _
E (AXZ 1Ayit) = (]__*_Oé)vat—Qv a = (at7 at 17 ey O 1)/ 9
Yo = Wios - vir), Ay = (Ayits s Ayir)',
sl = E(yly!) = oLt + <1_an> Vi, VY = {alil},

! = E(Ay'Ay")=D,,Zi{D},,

5



with D¢y being a ¢ x (¢ + 1) matrix that takes first differences.
The remaining expressions we need to derive are A and €2;;. However, since they are too compli-
cated to derive analytically, their values are computed by simulation. Specifically, we use

N*

* 1 1 Irgsl

1= N >z ulul'z
=1

For A, since E [Zf’gﬂ = AF [Zfll gﬂ can be seen as an expectation expression of multivariate

regression ZI'uj = A - Zfllgj + U; with F(U;) = 0, we compute as

AT = <N* > zZi'uf uI’Z?) (N* ZZfI'UZuI’Zfl> :
=1 =1

In the numerical studies, we compute 27, and A* as the average of 10 replications with N* =
25,000. We report the values of /var(a%,)/N, /var(a%,)/N, and \/var(@y(k))/N relative to

var(agy g)/N for the cases with a = 0.3,0.6,0.9, T' = 5, 10,20, N = 200, 02 =1, and 0,27 = 1. The
results are given in Figure 1.

From the figure, we first find that since the line for var(ag,)(dotted line) is below that for
var(a’g, )(dashed-dotted line) in all figures, we may conclude that var(ag,) < var(ag;). This im-
plies that using redundant moment conditions as in (16) improves efficiency. We also find that s has a
significant effect on the variance. When x > 1, using redundant moment conditions improves efficiency
over ag; where the redundant moment conditions are not used. As s becomes larger, var(ajhy(k))
gets close to var(ag;). This is because the relative effect of KkWap to W11 in W ! becomes minor
when & is large. However, when x < 1, the results are very sensitive to the value of k. Focusing on
the case of T'=5 and « = 0.3, if & is slightly smaller than 1, we have var(ajy(x)) < var(ag,). For
instance, when x = 0.7, var(@p,(0.7)) = 0.0564 < var(afpy (1)) = var(ag,) = 0.0572. However, as
gets smaller, var(ara(k)) becomes large, and we have var(ahy(k)) > var(ag,). For instance, when
k = 0.3, we have var(a},(0.3)) = 0.0732 > var(@py(1)) = var(at,) = 0.0572. This is because KWy
behaves dominantly in W~! compared with W1; when & is close to zero.

This indicates that, in terms of the choice for Wag, a%, is not the best choice since &%2(#5) can
have a smaller variance for some values of k. However, there are several reasons that motivate us to
use g,y First, the values of x that lead to efficiency gain are unknown. Second, there is a danger of
substantial efficiency loss when x < 1.

From this numerical exercise, we may conclude that using redundant moment conditions as in @,
improves efficiency over ag; where the redundant moment conditions are not used. In Theorem 2, we
show that this is also true when both N and T are large. However, it should be noted that this result
is specific to the AR(1) case and inconclusive in a more general model with exogenous variables.




T=5,0=0.3

T=10, a=0.3

T=20, 0=0.3

T=20, 0=0.6

Figure 1: Values of vvar(
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C Proof of Theorems

In this section, we provide the proofs of the lemmas and theorems given in the main context. Through-
out the appendix, we use C' as a generic constant.

Lemma Al. Under Assumptions 1 and 3, we obtain

[ 2 [ 1l-« _at73 1-a) ]
1+a 1+a 1+«
d2_d2mn |~ ) 1+a 1+a
(@) B2z = o |

t—3 ([ 1—« 2

| @ <1+a> T+a |
d2 d2
" Y11 B (2w 1) E(wi 1257 ) Y1
= 11—

E(w}, 1)+ E(wi 1252 ) Y11 E(z{fwi 1)

2
a 2 _o,(t—1)
(0) E(wi—1zi ) Y11 E(zg wi—1) = m
where wy is defined below (2), 282 = (Awg, ..., Aw;—1), E(wi—128) = o2(a*2,--- [ 1)/(1 + a),
B(w},_y) = 07/(1 —a?), and
2 2 ) (6 L2_2
Y1 = O, ((X —a—+ I)It_l + o, (1 — a) , (Cl)
L9 A
1 2—-a 2-a 2-a 2 -« 1
2—a 2—a 3-2a 3-—2« 3 —2a
2—a 3—2a 3—2a 4-—3a 4 —3«a
A = 2—a 3—2a 4—-3a 4- 3« 7
: (t—2)—(t—3)
| 2—a 3-2a 4-3a (t—=2)—(t—3)a (t—2)—(t—-3)a |
Li—2 = (1, .. ,1)/.

Proof of Lemma Al

d2,,d2/

(a): To derive the explicit expression of [E(z; z%

)71, let us define z;; as follows:

Aw;y
B 2 Aw;g
—Wit—1
' Awi,t—l
L _wivt_l .
—_ Dt
= Dw;,
where Wz(t*l) = (w0, ..., wj¢—1)". Then it follows that

[E(zuZl,)) ™

{]N)E(w(tfl)

W,

(tfl)/)f)/} -1

- ()"

0




1
E(z228) —E(zfwiz1) _ | Tu T
—E(z{ wi 1) E(wf; ) Yo To

where Y11, Y12, Yo1, and Yy are partitioned conformably, i.e., X1 is a (¢ —1) x (¢t — 1) matrix, Y19
and Y%, are (t — 1) x 1 vectors, and Yoo is a scalar. From the partitioned inverse formula, we obtain

-1
Y = |B@2) - Bz [Bw? )| Bl
After some algebra, we obtain
—1 -1
(B = [0l + Blwg s Ew? ) B )] (C:3)

Using the fact that (A +BCB/)"' = A~ — A™'B[C™! + B’A"!'B]"!B’A!, (C.3) can be expressed
as

Y11 B (28w 1) E(wi—1282) Y11
E(w}, 1)+ E(wi 1252 ) Y11 E(w; - 1257)

1
[E(thzzgsm)] =T - (C.4)

If Y11 can be expressed explicitly, the explicit form of [E(z$2z%)]~! is readily obtained since it is

straightforward to obtain the expectations in (C.4). To this end, we need to calculate f)_1 and
[E(w(.t_l)w(t_l)/)]_1 in (C.2). From Tanaka (1996), we have

7 7
-1 ... =1
0 -1

-1
Also, from Hamilton (1994, p.120), we have [E(Wz(t*l)wgtfl)/) = 0, 2L'L where

" Vi—aZ 0 0 -+ 0 0]
a1 0 - 0 0

L — 0 —a 1l - 0 0
0 0 0 - —a 1|

Thus, using these results, we can calculate Y317 as in (C.1) and hence, the explicit formula of
[E(z82282)]7! is obtained.
(b): Using (C.2), we get

YT, Y E(z%w; ,_
E(wl'7t_1Z§lt2/)T]_]_E(ZZ?’ZUi’t_]_) = [ E(wivt_lzg?/) 0 ] |: T;i T;i :| |: ( ZtOZ7t 1) :|
Ug(t - 1)
(14 a)?”

Lemma A2. Let us define wi—1 = (w141, ...,wN,t_l)' where w;; is defined below (2). Then, under
Assumptions 1, 2, and 3, we obtain

T-1

( ) 1 / Ml p 012)
a) — g W, Wi, — ————
NT1 P =17 N,T—oo 1 — a?’

T 2

1 o
b / Md2 _ p v
() NT1tZQWt1 t Wt 1N$j>m1—a27

T 2
]. ’ dl p U'U 1
— Miw, , 25 Zv .
(©) N7, ;W“ Wl b 2 Tt a




Proof of Lemma A2

(a): See Lemma C2 in Alvarez and Arellano (2003).
(b): Let r; denote the N x 1 vector of errors of the population linear projection of w;_; on ng:

W1 = Zf25t + 1 (C5)

where §; = [F(24229%)| "' E(z%?w; ;—1). Using Lemma A1, §; can be expressed as

5, = Y11 E (22w 1) Blwi) (C.6)
t — 1 1,t—1 . .
" E(w?, )+ E(wi-128) Y 11 E(zf2w; 1)

Further, note that
Y11 E(z8w; 1) ] _ [ Y Yoo ] [ E(z8w; 1) ]

Yo E(z8w; 1) Yo Yoo 0
(s -1 -]t () [ Ezfwie1)
= (D) [ ™wi] (D) 0
S
. 1 0 (l—a)
_ <1+a> . | (c.7)
1 1] (-a
L. _a =

Hence, from (C.5), (C.6), and (C.7), it follows that
rie = wig—1 — 2z Y11 Bz wi 1) Bty
' " s E(w}, 1)+ E(wi1252) Y11 E(z{w; 1)

wit—1 — wio + (1 —a){(t —2)wi -1 — (wir + - - +wir—2)}
1+«

= Wit—-1—

x E( 1t 1)
E(w?, ) + E(wi 128 Y1 E(2fwi 1)
0.2
(ﬁ) (ﬁ) (1 = a)(wio + - -+ + wip—1) + a(w;—1 + wio)]
o2 o2
<17a2) + (1+a)? (t B 1)
(14 a) (v + - +vi1) +wip

— () o . (C.8)

The last equality is due to the fact that (1 —a)(wi—1+ -+ +wip) = (Vig—1 + - + Vi1 + Wjo) — QW; 41
where v;; and wj; are defined below (1) and (2), and w;) = Z;’;O alv; _j. Since v 4_1, ..., Vi1, Wio in
(C.8) are mutually uncorrelated for each ¢ under Assumption 1, we obtain

14+« t—1)o; + 1
By = L Dovt = o (t) (=1, ), (C.9)
1+ (2) -1
Next, we consider the decomposition:
1 « 1 1 «
NT, > owiMPwi = NT; 4 ZW2—1Wt—1 " NT - ng—l(IN —-MP)wi
t=2
1 X
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The second equality is due to the fact that (Iy — M%)w;_ | = (Iy — MY2)(Z%68; 4 1) (see (C.5)).
For the first term, we have

N T
NTIZE Wi Wi_1) NleZE 1) (wiQ,t—l)~

For the second term, since the maximum eigenvalue of (Iy — M¢2) is equal to 1,

T
Z Md2 < ]\/'1T1 Z r:‘/rt Z Z Tit-

t2 t=2 21t2

Since E(r2) = O(1/t) as shown in (C.9), it follows that the second term of (C.10) is 7} ! 23:2 O(1/t) =
T%O(log T) — 0. Hence, as N,T — oo, it follows that

T 2
1 o

p
— M W] — ——.
NT; Zz =1 NT—oo 1 — a2

With regard to the proofs that the variances of (NT})~* ZZ;Q w)_ w1 and (NTy)~! ZZ;Q rjr; tend
to zero, see Alvarez and Arellano (2003).

c) Using the Slutsky theorem and E 22 By 952/(1 + «) and [E(w; t_lzdl 2 Py st +
it v ) 1t
N(T)—o0 N(T)—o0

«)?, the result follows.

Lemma A3. Let r1 and k] denote the third and fourth order cumulants of n;. Also, let d;y and

s (t > s) denote the diagonal elements of Md and Md respectively such that, for Mf = M;ﬂ,
did, < (s —1), and for M = M, did, < 1. Define n = (n1,...,nn). Then under Assumptions 1,
2, and 8, fort > s, we have

(a) cov(n'Min,n'Min) = E(d;ds)x} + 20, E[tr(M{M)]
{ (ki +200)(s — 1) if M{ =M

<
(k] + 207) it M¢ =M

o202
(b)  |eov(n'Miw,_1,n'Miw,_ )| < N (1 i (;72 :

Proof of Lemma A3

(a): The proof is analogous to Lemma C1 in Alvarez and Arellano (2003).
(b): Since var(n’Méw;_1) = U%E(wg_lMtdwt_l), we obtain

jcoo(nMiw, 11 Miw, )] < \Joar(rMiw, )y ear (M, 1)

= o2\/B(w_ Miw,_1)\/E(W,_Miw, )
2
v

o202
127\/E(Wt 1Wi—1) \/E A Weo1) = N<1_O7Z2 :

IN

The following Lemma is obtained in Alvarez and Arellano (2003).
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Lemma A4. Let Assumptions 1, 2, and 8 hold. Then, as N and T tend to infinity, we have

*/ 012; 1 - 1—af
(a) pp2 = (th Mt"t) = (1—&) N Ti(1 - «) Z t ]

t=1

(i) o]

T-1
1 4
(b) war ( E Xf'Min) — T if (logT)*/N — 0,

NT—oo 1 —a?’

1 * 1 * p 02 .
(¢) —= Z x; M;x; N,T——Zoo 1_7”6“2, if (logT)*/N — 0.

Proof of Lemma A4
See Alvarez and Arellano (2003). W

Preliminary results

Before providing Lemma A5, we show some preliminary results. First, since 52 = o2 + O, (ﬁ) and

o2 = a + 0, (f) by expanding f( 02) = 02/0 = 7 around (U 02), we obtain

n
. or —o 1 1
Pert = v (m) =THO (m) (e

Furthermore, let k; and b; be estimates of ki and by where r is replaced with 7 (see (A.4) and (A.8)).
Then, applying the mean-value theorem to k2, b7, b;k; and d%, for t =2,...,T — 1, we have®

B = 840, () o0 B840,y ) 6o

~— 1 R N
btk‘t = btkt+0p <(T—t)) (T—’l“), &% = d%—l-Op (1) (T‘—T). (012)
Define the following variables:
= = —=d —=d ot d —d d
Jlit = wi_ 1Mdvtv :‘gt = W;—leVh B8 = Wi lMt n, =4 = V:STMt Vi, Ssp = VtTM vy,
:gt = VtTM?nv Egt = N/M?Vty :gt = N/Mg":: Egt = M’M‘Z’n- (C.13)
Also, note the following expressions*
x; = bixp 4 kixe = (bethy + k) Wit — beeeVer + kg, (t=2,.,T-1),
x5 = dpxp=dpp+ drwr_y,
X; = YWi 1 — cvyr, (t=1,..,T —1),

3These results can be derived as follows. Let 7 be the mean-value lying between ro = 072, /o2 and 7 and let us denote
k? and k7 as k7(7) and k7 (r), respectively. Then, we have

dk (r)

R = K0 = K (ro) +

(7= r0) b dki(r)  —[2r(T —t+1)(T —t)+2(T —t) + 1]
0), Where = [

dr (T —t+ 1) + 12[r(T — t) + 1]2

r=F

The expression is obtained by noting that 7 is a consistent estimator of ro. Other results are obtained in the same way.
“See Alvarez and Arellano (2003, p.1143). k; and b, are defined in (A.4) and (A.8), respectively. c; is defined below

(3).

12



- T vit o1V ~
vir = T = (Vur, -, Oner)'
—t
agr—t 1—a
(o Ct( T—t>’ o 1— o’
where p = (p1, ..., un)" with p; = 9;/(1 — a). Using (C.13), we have the followings
xMivy = PZ1 — s = Wiy, (t=2,...,T —1), (C.14)
x,Mdvi = Zy+ Sg = Woy, (t=2,.,T—1), (C.15)
XI’Mfut = 1/11552,5 + Q/)tE3t — CtE4t — CtEf}t = Wgt, (t = 2, ceey T — 1), (016)
XM, = Zo + Zz¢ + Eqp + Bor = Wy, (t=2,...,T—1). (C.17)
Then, using (A.6) and (A.7), we have
xMiu; = bWig + beky(Wor + W) + kW
= be(bethr + k)21t + ke (betoy + ki) Zor + ke (bpihy + k)23 — (brecks) Zay
—(b7ce)Zst — (beeeke)Zer + (k7) e + (beke)Zse + (k7)o
= huZ} + hauZS + - + hoE, (t=2,..,T—1) (C.18)
+/Md + 32 Md _ 72 C
and
X MIG = DWWy A+ bk (Way + W) + k2 W
= bWie + bk (Woy + W) + ki Wy
F(0F — bYWy + (beky — buke) Wy + (biky — beke) Wy + (k2 — k2)Wa,
= x/ Myt +nd, +mg, +md, +md,, (t=2,..,T —1) (C.20)
M = xf/Mbuj +mdy (C.21)
where®

md = O =)Wy, il = (bky — bik)Way, il = (biky — biky) W,

mgy = (& —k})Wy, @iy = (df — df)Wir,
hie = bylbitby k) =14+ 0 = hot = k(b + k) = O ( ———
1 = b(bey + ki) = 71 ) ot = ke(Dethe + k) = T—1)
1 1
hst = kt(bt¢t+kt):O<T_t>, h4t:_btctkt:O<T_t>a
1
h5t = —b?Ct =0 (1), h6t = _btctkt =0 <T’_t> ,
b = k=0 (— hee = ek = O
Tt - t m ) 8t — Utht — ﬁ 9

In what follows, we assume that expectations of fﬁ?t, (j =1,2,3,4) and fngT exist.

The following Lemma A5 is used to prove Lemma A6 below.

®Note that b = 14+ O(1/(T —t)), biks = O(1/(T —t)) and k = O(1/(T —t)?) (see (A.4) and (A.8)).
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Lemma AS5. Let Assumptions 1, 2 and 3 hold. Then, we have

(a) E(W2)=O(N)+0 <t;(Md)> +0 (W) ,
(b) E(W3)=O(N)+0 (tx(M

(©) E(W3)=0(N) +0 (tr(M ) o (LMY,
(d) E(W2)=O(N)+ 0 (te(M) ) +0 ({tr(Md)} )
(e) E(W,,) = O(N?), (k=1,2,3,4).

Proof of Lemma A5

(a)-(d): Let us denote Wy as Wiy = >, ¢mEme for k = 1,2,3,4 where
notational simplicity. Using the Cauchy-Schwartz inequality, we have

(t=2,...,T—1),
(t=2,...T—1),
(t=2,...,T—1),
(t=2,...,T—-1),

24 . is denoted as Z,,; for

E(Wth) Z Cm, CWQE(EmltEmzt

mi,m2
2
1/2]

[zrcm\

Hence, to derive the order of magnitude, we need to assess that of E(

be an expectation conditional on 1 and {v;_; }j’il Then, we obtain

mi,m2

Z2). Let By(-) =

S lemillems |\ BE2 00 E(E2y)

B(E}) = Elw,_{MIE,(vivy)Miw_1] = 02E(w,_Miw,_1) = O (N). (C.22)
E(E%t) E[Wt 1MtEt(VtVt)M§th =0 E(Wt 1MtWt 1) =O0(N), (C.23)
E(Egt) E[Wt 1MdE(7777 )Mfwt 1] = U2E(Wt 1MtWt 1) =O(N), (C.24)
T d I d
s - (20 o (5255)
T d r d\12
ety -0 () 4o (L), o2
o2 tr(MO) (42 + - - - 2, r(M¢
E(Z§,) = 0,E(VirM{¥r) = o} tr(M{) E(U5p) = frt )((;fl_j;)Q Tor) 0] <t151\_/1t)) ,
(C.27)
B(2%) = o2 B(W'M{p) = o207 tr(M{) = O (tx(M) ) (C.28)
B(24) = 2 B(W'M{p) = o202 (M) = O (tx(M) ) (C.29)
o El'Min)?) (202 + K tr(M]) + of[r(Mf)?]
L T L =0 ({r(M)}?). (C.30)

Note that tr(M¢) =t — 1 for d = d2 and tr(M{) = 1 for d = d1. The results for F(Z2,) can be
obtained as follows. Let my;; be the (i, j)th element of M¢. Then, the order of magnitude of E(Z2,)

becomes

E(23,)

Z Z Z Z E [myiyme ke By (Vi v} Oervgy )|
Z E mt 2B (Uil + Z Z E mt zJEt ir) B (v} Uit )]

i=k#j={

—

14
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+ Z Z E [(mt,iz’mt,jj + mfzj) [E: (@'tTU;})P]

i, j£L
< (MOE@viR) + ul(MI E@ ) Boi?) + { (M2 + te[(M)?]} [B@arv)

where we used the law of iterated expectation and the fact that tr(M¢) and tr[(M¢)?] are non-
stochastic. Since E(02,v:2), E(0iy), E(Uurv},) are O(1/(T —t)) and E(v;?) = O(1), the result
follows. Similarly, we can prove for the case of F(Z2,). Comblnlng the results (C.22) to (C.30) and
definitions of (C.14) to (C.17), we obtain the results.

(e): Using Wiy = >, cmZme, we have

4 — E = s =2 =
E(Wkt) - Cm1CmyCmg Cm4E(‘—‘m1t*—*m2t~m3t~—4m4t)
m1,Mm2,m3,mq

S Z Cm1CmaCmsCmy \/E m]_t‘_‘mgt \/E m3t‘—‘m4t
mi,m2,Mm3,maq
S Z cml Cm2 Cm36m4 [E<Ei’nt)]1/4 [E(E?ngt)]l/Zl [E(E;ln;;t)]l/ll [E(E;1n4t)]1/4

mi,Mm2,ms3,mq
4
_ [Dm - 1/4] |

Let us write =, as Sy = f’Mfg where f and g are wy_1, v¢, vi, m, or vi7. Then, from the
Cauchy-Schwarz inequality and x’ Ax < A\ (A)X'x with A\pez(A) being the largest eigenvalue of A,
we obtain

N 2 /N
B(Eh) = E|(E'Mig)'| < B|EMif) (M) < B (fo) 7
7=1

2
N N N N N N N
PIDIDIRACGH A AEDDDIRVEACGH ZZ

Mz

4 4
E <9j19j2>

11=1122=171=1 ]2:1 11=112=1
N N N

< ZE(2)]1/4Z[E(i)}1/4Z[E(gh ”42 (g5 )1
i1=1 ig=1 Jji=1 2=1

Since E(ff) and (g?) are O(1) under Assumption 2, it follows that E(Z2,) = O(N*) and therefore
E(WA,) = O(N'). m

The following lemma is used to derive the asymptotic properties of the level and system GMM
estimators.

Lemma AG6. Let Assumptions 1, 2, and 3 hold. Then, as N and T tend to infinity, we have

T 2
~ ~ log T’ logT 1
—FE +HM2at | = 7 Oy o g L
o) s (gxt “”) 1<1—a 1) O ) O\ T TO\UR )
T
®) B (z frfmfla:> ~ 0 logT).
t=2

T
1 ~ ~ ol .
(¢) war <m Xj’l\/lfzuzr> NI T —voﬂ if (logT)?/N — 0,
t=2 ’
(d) Z A+/Md1/\+ N 0';4;
\/NTl N,T—o00 2(1 4+ )’



T 2
A+/ A2 D Ty . 2
MEgF Nﬁm T if (logT)°/N — 0,

1
(e) NiTl

0.2

’\+/Md1/\+ p v
(/) NT1 th X N TS0 2(1+ a)

Proof of Lemma A6
(a), (b): From (C.20), we have

T
SHnpdat SHapdat o otngd ot
th Mju, = Z M, + x5 M4,
t=2
T-1 T-1
— -H d
= M{u Z [mu + gy +mey +mey | +xFMiuk +mé,. (C.31)
t=2 t=2

For the first term in (C.31), using (A.6) and (A.7), for t = 2,...,T — 1, after some algebra, we obtain

Ex/Mluf] = E [tr (MgEt(uj'X?"))} = tr(MY) E(ux))
_ —o2tr(M9%) [(r+1-a)pr—¢ —r(T —t)a’t -1+ qaf ‘ (C.32)

r(l—a)(T—t+1+1)(T-t+12)

Then, for M¢ = M% with tr(M%2) = t — 1, by changing the index to s = T — t, we obtain

T-1
1-— — —1
Elx}'M2u}t] = T Z (r+l-a)g—rsa’—lta
i= (s+1+7)(s+7)
Tzf (r+1—a)sgs —rs?a® — s(1 — a)
s=1 S+1+ )(S_‘_;)
Consequently, using (C.32) and
T—2 T-2 _
Z Os _ 91 N Z o™t
p (s+1+%)(s+%) r+l T—1+41 “s+4
Ti  ar (T -2)a"? +T*2 o (s(a— 1) + 1)
— s+1+ )(s+%) r+l T-1+1 & s+ ’
TZ2 1 o 1
— (s+1+7)(s+7) r+1 T-142%
2
d2 g T
EeqMiug) = 1T (1 —Ua> r+ 1
we obtain
T T-1
fe = S EOMPu) = S B MPu) + B M)
t=2 t=2
—o? l—a)(l—a’2)—r(1—a)(T —2)a’?
_ % Il (r+1-—o)d—a" %) —r( 1a)( Jot % o2
r(l—a) (1—a)(T—1+1)

T-2

(r+1—a)sgs —rs?a® — s(1 — )
-2 (s+1+1)(s+1) }

T 1
(1~ _
( a)<r+1 T—1+7{>

s=1

16



o2 r
T
+1<1 a)r—i—l
—o? r+a 1 o2 T
= T a [T1<r+1 +O<T>>+O(logT)] + T (1 a> g

o2\ a
= -7 (1 _a> — +0ogT). (C.33)

Similarly, for M¢ = M¢!, we have
T—
o= Y BOME) =y B M) + B M ug)
= t=2

)_l

o2 T_2('r—|—1 a)ps —rsa® — 1+ « (og) r

B T(l—a); (s+1+1)(s+1) r+1

—0(1). (C.34)

l—«o

Next, we evaluate the remaining terms in (C.31). For the case of d = d2, using (C.11), (C.12) and
Lemma A5, we have

ZE(mu) - io(Tl_t)EW—r)w sz 0 (7 ) VEG- 7BV
T~

<
()l (5) o) o )

Similarly,

(]
&
/N

)
Sy
N—
A
(]
Q
A~
!
—_
~—
s
=)
2
s
&
I
Q
A~
2~
~——
-]

- _ tO(QlogT)JrO(\/T\/I%gT)
Sr < Yo () var=myana -0 () Sl (i) +o ()]
- oo (YTEL) Lo (1),
T-1

\/1N> zt:O <(T_1t)2> {O (\/JV) +0 (x/i) +O(t)]

VN VN
and
E(mf) < VEG—1)? E(WET)=0<\/1N) 0 (VN) +o(vT) +o)]



Hence, we have

T—

;_n

\/TlogT T
)+ E(m$}) + BE(m3;) + E(Mi7)| + E =O0(logT) + O | —=— +O<)C.35
> B() + B@g) + Bmg}) + BGd)| + E () = 0(og T) T 7 103
Therefore, from (C.31), (C.33) and (C.35), it follows that for M¢ = M%2,
T 2
i rd2 _ o « logT logT L
E(;xt M ut> = T1<1_a> [(r+1)+o< - >+o< — | +0 7|
Similarly, for the case of d = d1, we have
1 VN 1 1
> E(d) = O(m); O(T—t) +0 (57 >3/2>+O(<T—t>2>]
logT 1
= O(logT)+ O +0|(—=),
wen+o () +o(75)
= 1 N 1 log T
~dl\ L _
HE( ) = O<W>zt: 0 T_t>+0<T_t>] O(logT)—i—O(\/N),
= 1 1 1 log T 1
E(md) = of — 10 0 =0 O(—=
2 () (%) Z[ (=) o ()| o (%) o (%)
T—1 1 1
~d1 L =
> E (m4t) 0 (\/N) ;o <(T_t)2) [0 (\/N) +0(1)} o(1),
a1\ _ L _
E(md) = 0 <m 0 (VN)+o)] =0
Hence, we have
T
[E(mgl}) + E(md) + B(mdl) + E(Adl)} +E ( ) — O(log T). (C.36)
=2
Therefore, from (C.31), (C.34) and (C.36), it follows that for M¢ = M® it follows that
T
E (Zﬁj’Mfﬁj) = O(logT). (C.37)
=2
(c), (d): From (C.20) and (C.21), we obtain
=
A_,_, dA+ o +Inad,+ +n\gd ,,+
\/WZ Miu, = NT, th Miu; + NTle M7ur
1 = 1
M, + My, + My + my | + ——==mr. C.38
]Vjﬂ1 t:2[ 1t 2t 3t 4t:| \/m 5T ( )
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To begin with, we consider the first term in (C.38). Using (C.13), we can decompose

= =
HInNAdy+ =d =d —=d =d | —=d =d
x; Miu :7Zh1t: + hotZ5, + -+ hoZg) =27+ 25+ -+ =
\/m o t t Yt \/m t,Q( 1t 2t 9t) 1 2 9
where Hd \/— ZT ! hjt:?t. We show that only =¢ has a nonzero variance and others have zero

variances as N,T — oo, i.e., op(1).
Since E(viv¥|n,vi_1,vi_2,---) =0 fort > s and h?, =1 — O(1/(T — t)), using Lemma A2, for
the case M¢ = M%2, we obtain

4
2 / d2 Oy
E(w,_ {M{“w;_ _— .
(Wi M7 W) NT—o00 1 — a2

0_2 T—-1
—d2 v
var (:1 ) =
NT
iz
Similarly for M¢ = M%, we obtain
T-1 4

2
— g (o}
oo (3) = gy SN i

To complete the proof, we need to show that the variances of other terms tend to zero. We consider
in sequence from Z¢. Using hgy = O(1/(T — t)) and Lemma A2, for M¢ = M2 M| we obtain

_ / d
var( 2) = NT Zh (Wi_ 1 Mfw;_1) ijoo 0.

Since ha; = O(1/(T —t)), for M¢ = M% M using Lemma A3(b),

~—

2 T-1
o
‘UC”“< g)‘ < 7;1 2 3 E(wi_ Mfw;_1) + Z;h3th38|w”(wt Min, w,_Min)|

0_2 T-1 1
< LN RZE(W,_ M¢ O
= NT, 2 3B (Wi Miw; 1) Z; T_s

log T)?
_ o log >>_>O
T T—00

To show that var(Z4) — 0 and var(Z¢) — 0, we use an alternative expression. Using ;v =

Vi — Ve, h4tEfft + h5tEgt can be written as®,

=d —=d 7, =d 7. =d
hat=gy + hstZ5, = har=y; + hsi =

where hyy = —(biciky + b2), hsy = b7 and 22, = ¥V, M%¥p. To show var (\/— S h4t~4t> -0

and var ( INTT Zthzl h5t:5t> — 0, we follow Alvarez and Arellano (2003). Let x4 and x} denote the

third and fourth order cumulants of v;;. We have

1
( Zh4t~4t> = NTIUC””

_ d d
= aoNT T AINT

T-1 7+

Ttt

VIM(pr_yvi + - + ¢1VT—1)]

where
4 1 TZ_I h3, [¢2_var (ViMivy) + ¢2._,_var(ViMivii ) + - + ¢tvar(viMivy_)]
NN & (T —t)2

5See Alvarez and Arellano (2003, p.1144).
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_ 1 Z 4t¢T t[QU tr(Mt) + EZE(dtdt)] + h4t(¢T P B Qb%) tr(MfMg)aﬁ
NTy — (T — t)

and

T-2
2 [h4t¢T t— 1COU(VtMtvt+1vVt+1Mt+1Vt+1)

d _
GNT TNy (T—0(T—t-1)

hidtcov(ViM{vr_y, vip_ M§_ vr_1)
(T 1)

2T2
B NEZ; (T—t)(T—t—1) ' (T —1)

For the case of Mf = Mgﬂ, by noting that

h3 071k E(di Mive) . hi 3B (dy 1M§ivt)]

g o LK G2l ) ()] Gy b ) Mol
GONT S Ny £ (T — 1)

where h3, < 1 is used, and from (A64) and (A66) in Alvarez and Arellano (2003), we have ad%, =
O(logT/N) — 0. For the case of M¢ = M, using the fact that (b? < 1/(1 — «)? for all j, we have

T-1
a1 < 1 Z ¢%_t|203+’€2|+(¢%—t—1+"‘+¢%)03
ONT = NT, (T & t)Q

t=2

<

~ (1-a)PNT & (T—t)

20ty 1 Tzl ot 1 Tz_:lT—t—l o
(1 -a)? NTy & (T —t)? 1—a)2NT1 — (T —1)? NT)soo

For G?NI’ from the triangle inequality, the facts that \E(d;HM?Qvt)] < (t+j)o, and \E(dQHM‘tﬂvt)\ <
o, and h3, < 1,

2]/€3|0U t+1 T-1
af3r| < QNTI;T_t T T

T-2

2|kSloy 1 1 ‘T (logT)?
—|=0(—=>%) — 0

(1—a)2NT1tZ;T—t ; s ( N N,T—00

under the assumption of (log7T)?/N — 0 and

2]/€3|0U 1 1
lafhr] < QNTIZ:T_t Tt

(T
—1 (log T)?
Zs] _O< NT )N(mooo'

s=1

20k8o, 1 TZQ 1
(1—a)2 NIy =2 T —t

Thus, the variance of \/7 Zt 21 h4;=4, is shown to tend to zero.

With regard to \/N—Tl Zt:; h5i=4,, following Alvarez and Arellano (2003), we decompose as follows:

(o

T-1

— - 1
Z hs= 5t> =N e <Z histVir M VtT) = binr + binr
=2
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T-1
ONT = NTy Z hStUar VtTMt vir),

2 - - _ ~  _ ~
e = NT, Z Z hsthsscov(Vig MV, Vi MIv,r).

s s>t

b

For the case of Mg = MfQ, by noting that

T—1
1 ~
bONT < — NT ZUCLT(V;TMg2VtT)
=2

where h2, < 1 is used, and (A75) in Alvarez and Arellano (2003), we have bd%,, = O(1/N) — 0. For
the case of Md Mfl, using”

_ ~ 1
UG/T(V;TMglvtT) = O <('I'—t)2> ,

we have bdL, = O(1/NT) — 0. Next, we consider the term b%y.. For the case of M{ = M2, using
|hst||hss| < 1 and (A77) in Alvarez and Arellano (2003), we obtain

2 o Al ol rd2e (log T)?
b7l < ZZ |cov(Vip M Vir, Vi rMVer) | = O ( —— | =0
NTy palet N
under the assumption of (logT)%/N — 0. Similarly, for the case of M{ = MZ we have
’blNT < NT1 Z Z |cou( VtTM vir, STM VsT)\

s s>t

< NT1 Z Z \/var tTMdlvtT)\/Uar(v MAV )

s s>t
2 1 1 (logT)?
S — —_ = — 0.
- NTy S O<T—t)zt:O<T—$> O< NT N(T)—>ooO

Thus, the variance of \/7 Zt 21 h5t~5t is shown to tend to zero.

Next, we turn to consider Z¢. Since qb? < 1/(1 — )? for all j, we obtain

N _ 3+ -+ PR o2 tr(MY)
B MY — o2 tr(MY Tt v t ‘
(VtT tVtT) Oy tr( t) (T — t)2 (1 — 04)2 (T — t)’ (C 39)
lcov (¥} M, ¥, M) < 021/ B M)\ B M ). (C.40)

Using (C.39), (C.40), het = O(1/(T —t)), and triangular inequality, for the case of M¢ = M%, we
obtain

2 T-1
0- ~ ~
‘UCLT‘ (Eg)‘ < N—;l h2, E(Vir M%P%7) + g E ‘hﬁth(;sCOU(VtTMt n, Ve M%) )‘
t=2 t>s

2 T-1 2 d2 d2

o o5 tr(M77) ( ) tr(Mg9)
_n h2 v t heth

< N7 < T —t)(1 - a)? ZZ’ 6th6s| T—s

t= t>s

"This can be proved in the same way as (A73) in Alvarez and Arellano (2003).
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Q

= () * NleZ (& 3/2>O<<T—€>3/2>
< 0(& +$;0(Tit>;o<Tl_s):o(aOgNT)2>.

Thus if we assume that (logT)?/N — 0, var(242) — 0. Similarly, for the case of M, we obtain

N, T—00
02 T—-1
‘var( g“)’ < N%l h2, E(V, M3 ) + ZZ’thhﬁscov(vtTM n, V. My ))
t=2 t>s
2 T-1 2 dl dl dl
o o tr(M;) tr(M7PY)  [tr(ME)
< he heth L $
NT1tZQ T —p(l-a2  NTY Z;‘“ 6S’\/T—t \/T—s
T—1

Q

- Nit:2 <(T1 > NleZ < 3/2>O<(T—18)3/2>
< ovr) m o) 2o () o (7).

Thus, var(Zd') — 0 for the case of M{ = M{!.
N(T)—oo

Using hyy = O(1/(T — t)?), we obtain

=d\ _ 2 a2, d2
var( ) = Nﬂ;hwvar uM Vt)+NZ;h7th7scov(uM £ W ME*v)

O'ZUQT !

< “ h tr(M$2) + —— hrthrsy/tr(M32)y /tr(M%2)

< NT12§5 ey tr(M2)
2 T
olo t Vi

< N

S AT 2 O<<T > Nle§O< >0(<T—t>2>

< o(5)an X (T’it>20<fl-s>=0<“o?f)2)

where o7 = var(u;). If we assume that (log T)?/N — 0, var(=Z4?) NI 0. Similarly, for the case of
,T—00
M{ = M
— 2
var (:?1> = Z h7tvar I Mflvt) + NT, Z Z h7th7scov(u'Mtdlvt, u’Mgﬂvs)
t t>s
2 2 T-1
< h2 tr(MJY) + —— hrih \/t Mdl\/t 1Y )
= Z?tf +NT1 Z;n?s r( r(
o202 11
<

v t20(@;)4)+Nf;;;o(@_z)2)o<@iﬂg)
<o) o () ol o (B ) e

Using hg; = O(1/(T — ) for M¢ = M@, we obtain

—_ 1 — * 2 * *
var ( d2> = N7, Z h2var(WM®vi) + NT, Z Z hgthgscov(pW M2y, W/ M%2v?)
=2

t t>s
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T R+ 3 et
< ZENCRZ (M) + hgthgsy/ tr(IM92)y/tr (M%)
NT t=2 NT1 t>s
o202 171 t C Vi NG
v
< Nn t:20<(T—t)2)+NT1¥§O(T—1E>O<T—3)

o) ol T () o ()

Thus under the condition (logT)%/N — 0, var(2¢?) — 0. Similarly, for the case of M{ = M?t,

N, T—oc0

=

=d d dl_ x dl_ x

var ( 81) = T Z h2war (WM& v} szshgthgscov WMy M)
0202 -1

iy a )
= NT, Z hiy tr (Mg NT1 Zzhsthss\/tr My \/tr M
t=2 t>s

2 2 T-1

Q

- o) e T 0 (o)
< o(5) s 2o (rm) Lo (=) o (57 ) s

Thus, var(Z%2) — 0 for the case of M{ = M¢t.

N, T—oc0

Using ho; = O(1/(T — t)?) and Lemma A3, for M{ = M%, we obtain

1
var (”32> = N7 Z h,var(W/'MPn) + Z Z hothgscov(uW M{n, ' M)
t=2 t>s

< wn %0 (@ o) +NC;1 xolam)o(a)

For the case of Mg = Mg”,

var (Egl> = NT1 tg h,var( (WMn) + ﬁ Z Z hothgscov(p'M{ ' n, ' M )

= J\%%O(( : ) NTZZO< >O<<T—18>2>

t>s
= 0 1 — 0
N NT ) N(T) 500

For the second term in (C.38), by using (A.2), (A.3) and Lemma A2, A3, we obtain

var (X;'MTuT> — 0.

1
NTy N(T) =00

To complete the proof, we show that var (\/]\lf—Tl ZT 21 ﬁzgt) =0, (k=1,...,4) and var (\/]\lf—Tlﬁng)
0. For k=1,2,3,4,

1 T-1 1 T—1 1
m = T — Op | =—— | W,
NT VT (tZQ mkt> NT U ((r T) Z p (T — t) kt)

t=
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1 = 1 !
< P—r)d - .
< NT Er—r) E{t_2 O, (T—t) Wkt}

From the Cauchy-Schwarz inequality,

1
{ZO< >W’“} > (T AW Wi

t1,t2,t3,ta

: {ZO< —tllT—t2)> VG, Wi,) }{ZO< —t31T—t4)> (ngtswgm)}
< {20 (tay) ot b o () ot

4
- {ZO <(T1_t)) [E(W,;a)]l/‘*} .

t

4
Since E(W}}) = O(N*) as in Lemma A5, we have E {Zthz Oy (%) Wkt} = O(N*(log T)*). Hence,
for k=1,2,3,4

NTI var (TZ ) NTlo (;) O(N?*(log T)*) = O (W) 0

Finally, we have

1 1 . C ~ C =
var (\/m gT> = e (Op(1)(F = r)Wyr) < N—TIE [((F—r)* W] < NT EF —r)4/EW)
1 1 9 1
= o(yz)o(x) o =o(z) o
Thus, we obtain the results.
(e), (f): Using (A.6), we have
T _
doxIMERT = ) OxIMERS + MR
t=2
T-1 T_lAA
t=2 =2
T-1 T-1
= > bixiMix; + bekex, MY + Z k2x;Mix; + dixpMb-xr
t=2 =2
T—1 T—1
+ ) (07 — b)x;Mfx; + 2 (ke — bike)xiMx;
t=2 t=2

T—1
+ >k} — kDX Mix, + (43 — d3)xp Mgxr.
t=2

(C.41)
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For the first term in (C.41), since b7 = 1 — O(1/(T — t)), it follows that

2
Z b2 */Md2 * D Oy
NT tNT—oo 1 — a2’

1 T—1 0_2
b2 *lMdl * i) v .
NT, ; P X e 2(1 + @)

With regard to the second term, we obtain

T-1 T
2
N E */Md = — E(w' Md _ p
NT ;btkt (x; Myx¢) NT, ;btktwt (wi_ 1 Miw, I)N,T——>>000

from Lemma A2 and bky; = O(1/(T —t)). For the third term, from Lemma A6 and kZ = O(1/(T —
t)?), it is shown to converge in probability to zero. For the fourth term, since E(w/._ M%wz_1)/N =
O(1), for M = M2 M4 | we obtain

d2 , J d?
—F M
NT; (xrM7x7) = NT1

For the fifth term, using (C.12), we have

(U tr(M%) + E(wh_ M&wrp_ 1)) — 0.

N, T—oc0

1 -1 logT

72 2N/ nxd
—E by — b )x.Mix; = O ——— | = 0.
N11t2(t t) (i p(TdN)

The remaining terms can be proved in the same way as the fifth term.

Lemma A7. Let Assumptions 1, 2, and 8 hold. Then, as both N and T tend to infinity, provided
that T/N — ¢, 0 < ¢ < o0,

1 d2 p 727 1
(a) NleXtM YT 2 \I—a )’

0.2
o £ (oumat]) -1 () i

T
1 Iapdl 7y
M — L
(c) wvar («/NTl v QX'f ¢ ut) NT—o0 2(1 4 a)’

1 co? 1 \? o2
d Md2 p -n v
(d) NleXt CX T e \Toa) T1oa

Proof of Lemma A7

(a): Remember that x,M¢{u; can be decomposed as (C.17). In these terms, only 22, has nonzero
mean which is given by

B(25,) = B (tx(Minn')) = o2 tx(My). (C.42)
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Hence, for Mf = MfQ,

T 2

T
1 co 1
E(xjM%? — N EELZ — 2 .
tz; (M) NTlt; (9t)N,T%02 1—a

1

. : 1 T = 1 T = 1 T = 1 T =
Using Lemmas A2 and A3, the variances of 7 Y ieo Zot, NI Y ieo Zat, NI Y teo Zr7t, and NI > i Zot
are shown to tend to zero as follows:

T
1 _ 1
var (NTl E Hgt> = N2T12 E var(w,_;M%v,) N2T2 E E cov(w,_ 1 M%Pv, w'_ M%PZv,)
t= t=2 s t>s
= E E( M2 — 0,
N2T12t - (WeaMPwes) o2

[I]

T T
1 1
<N Z t)‘ < N2T22@ar (' MPw;1) + NQTQE:E :‘COUUM Wi 1, MW, 1)
=2

1t2 s t>s

~+

- N2T2 ZEwt IMPwi) + N2T2 > leov(n™MPwiy, "M Pw 1)

1 =2 s t>s
0.2
< E( M — 0,
= N?Tf; (Wi M7 we1) NT2XS:§ T N(T) o0
1 & 1
(32 = gl S 2SS i A
1 t—9 1 4—9 s t>s
_ % XT:E (ViMPv,) = 77 ZT:tr(MdQ) — 0
NQTft < TN T ) S
1 <& 1«
o (NT1 Zggt> - WZWT(W’M%) * N2T2 2 2 couln™MiEn, M)
=92 s t>s
- [ (d}dy)r] + 208 tr(Md)]
v g
N2T2 S [ s)Ry + 204E(U(Md2Md2))}
s t>s
1 T
< T2t -1) (t—1)( 20, o 0.

(b): Since tr(M¢!) = 1, using (C.42), we obtain

T 2
O'
E<§ x;M;“ut> T (1 )
t=2

(c): We use the decomposition (C.17). Only 2%, has non-zero variance:

<mz ) = NT1 Zvar (wi_ M) NTl ZZCOU (W, My, wl_ Mvy)

s t>s
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2 T u ol
_ M Wi_1 v
NT1 t )

2 N(T) oo 21 + @)

The variances of 23}, 22! and Z¢} tend to zero as follows:

T T
1 = 1 I\ rdl 2 I\ rdl I rdl
r| —— =: = — var(n My wi_1) + —— cov(n My w1, Mg wg_
(Wz ) o 3 o) m;; M w1, M, )
2 T
o
= 7N1’7F1 > B(wi M{'wy +—N7’jl > Ewi MM w, 1)
t=2 s t>s
o202 o202
= T 1) — 0
s0+a) a0+a) "W a0
where last convergence is obtained from Lemma A3(c) and
wi MM W, (w2 /N)(Z{VZS /N (2 " we—1 /N)
N (Zdllzdl/N)(ZdllZgl/N)

BE(wi 128 E(z8 28 B(w; s—128) + Op(1/V/N)
[E(zi1)2][E(281)?] + 0y(1/V/N)

T <£N>-

t s t>s
or d1 o202 & d1
/ v
- %ZE(VtMt Vi) = NT;Y Ztr(Mt )Njo(),
t=2 t=2
T T
var [ S0E ) = o S (M) + TS cov(n M .M )
N = N = N 7 5
T
- b [E(d’dt)nuza‘*tr(mg“)}
NTl t=2 ! !
4 dl dl
o Z;[ o)kl + 202 B(tr (M M ))} L

where we used Lemma A3 and the fact that

202:1/N] [pretiat) + 0, (vA)|
(ZZE INYZZEIN)  Bl(0)2)E(24)?) + 0, (1/vN)

a2(t—s—1)(1 _ Oé)2 1
- . +0, ()

tr (MflMgﬂ) -

and

did; =

1 (VELGRAY) o B0, (1VE) <1)
N(z{'zZ{' IN)(ZIZEIN) N B4 Bl(4)2] + 0, (1/VN) - UAN)Y
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Thus, we get
1 ol
Mdl SN v
v <\/NT ;Xt ! ut) NT—oc 2(1+a)

(d), (e): We decompose as follows:

2 1

d =d =d | =d

xMix; = <1_a> S3¢ + <1_a> ot T =10t

where =4, and =¢, are defined in (C.13) and Z{,, = w,_;M%w; ;. The result is obtained from

E(“St) =0, E(‘—‘9t) = 0’72, tT(Mf)/(l — «a) and Lemma A2.
[ |

Proof of Theorem 1

(a), (b), (c): (a)is proved in Alvarez and Arellano (2003). (b) and (c) can be proved by noting that

(NT)"' Y, %7 M, NTL> 0 while (NT)~' 3, %, "M%, is bounded in probability as N,T — oo
T—00

(see Lemma A6).
(d): See Alvarez and Arellano (2003).
(e): Using (C.33), (C.35) and Lemma A6, (C.38) can be rewritten as

T T-1

1 S+ pd2a+ Hr2 / d2. *
x, Mi“u; — = w,_MPv; + o,(1
mt:2 t t t \/ﬁ NT1 g t—1 t t p( )
T—1 T—
v d *
= Wi_1Vy Zwt 1(In = Mtz)Vt + op(1).
=2 =2

Since the second term is shown to be 0,(1), using the same argument as that of Alvarez and Arellano

(2003), we obtain

T—-1
1 ot pd2+ Kr2 d ol
Mg+ — 4, 0,—7v .
VNT; &7 N TN v\ 0T

Hence, using Lemma A6, it follows that

1 — -
(o 3wt
t=2

N

! YosMPE - 2 4 A (0,1 a?)

VNT &7 70 0 NT | Ve
or
= -1 i
INT (Gro — o) — < M2t L2 1—a?).
1(ar2 — ) (NTl ;xt ' NT, N’T—_ZOON’(O, a )

The result is obtained by approximating the second term as follows:

T—1 -1
1 i pd2 Lo T Q logT log T VT
— M —— = —/—=(1 — — .
(Nﬂ;xt 23 N N( +a)r+1+0p — +0, ~ +0, ~
where Lemma A6(a) and (e) are used.
(f): Using (C.34), (C.36), Lemma A6 and (C.38), we have the following convergence result:

T T-1
1 i gdl et KL 1 / d1
[ E X, M4“ar — = S w, MV +o0,(1
VNT, &= £ T NT, VNT, = 1MV +op(1)
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T—

._\

E(wi— lzzt 1 d1
zi gy + op(
E[( d]_) /NTl — ; it Yt p
N N( )
N, T—oc0
The first equality comes from
1 — 1
h :dl _ 1 19 / Mdl * 1
mz 121 NT; 2 [ + <T—t>] wi  Mp vy +0p(1)
=
d1
= T 2 wi_ 1 M{'vy 4+ 0,(1).

Thus, using Lemma A6(f), we obtain

T -1 T
1 St Al o+ o dl/\+ HL1 d
— g M E My 0,2(1
(NTI t:2Xt P :2X VNTy NzT—><>°N( 21+ a))

or

T-1 -1
ST~ 1 ZA ~
NTl(aLl — Oz) — < X;/HM;”X;_> AL1 — N(O,Q(l -+ a)) .

NTI N,T*)OO

The result is obtained by noting that the second term is 0,(1) as follows:

1 o i logT
A+/Md1/\+ L1 = 0O -5 0
(NTl ; Xt Ve Xt ) VNT} P (W) N,T—00

where Lemma A6 (b) and (f) are used.

Proof of Theorem 2

(a), (b): Using the Lemma 2 in Alvarez and Arellano (2003) and Lemma A6, consistency is obtained
by noting that (NT)~1 3, (xf/Mivi + %M} NTi> 0 while (NT)~' 37, (x'Mix; + % MIx;) is
—00

)

bounded in probability as N,T" — oco.
(c): From the proof of Theorem 1, we obtain

T-1
1 Z M P a2 o+ HF2 + [L2 2 Z /
y———d X V +X M ) I = W, _ V>|< + o 1
mt:1< t t t t+1 t+1 t+1 \/m \/mtz? t—1Vt p( )
4 4
N 0, ).
N,T—00 1—a?

Also, using Lemma A6 and Lemma C1 of Alvarez and Arellano (2003), we obtain

1 (= d 202
*/ 7\ gl SsHaxd2o+ P v
E x; Mix; + E X, MPx —— .
NT, el 7T I NTSee 1 - a?

Therefore,

T (
pr2 + pr2)
VNT (G2 — @) — "l 4 N(0,1-0a?).

1 Ml T otigd2ot) NT—oo
NT, ( XM+ Y, %M Xt)
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Consequently, the result follows from

\/;(“’FQJF”LQ) (1—a2> (uF2+ML2>+o(1)
- 3 T P
NTO ( 1 XM + S, X MRS ) 20y NTy

R () ()

where Lemma A6(a) and Lemma 2 of Alvarez and Arellano (2003) are used.
(d): We have the following convergence result:

T—1
1 Il /\+/ dl ~+ MF2+,UL1
/NT]_ ;:1:( t t t +1 t+19t+1 /NT]_

T /
E(w“ lzflt) d2 * d ol 5 — 3«
\/NT12< Elz2)?] > Vt+0p(1)NﬁwN<0’1—a2< 2 ))

Also, using Lemma A6(f) and Lemma C1 of Alvarez and Arellano (2003), we have

1 ZX*IMX ZA+/Md1 BN o 3—«
NTl =1 t e N,T—o00 1—a2 2 '

Therefore,
#(
[F2 + pL1) 25— 3
VT @51 — o) = —— 2 w00 -a2022),
o (S + L) o

Then the result follows from

g 2 ) (20 -0?)\ (pr2tp
Ny (Zt L XM+ Y, % MR, ) <02(3—a)> < iile> orll)

= — ]€<w>+0<%>+%(1).

Proof of Theorem 3

(a): The result is obtained from Lemma A7 and Slutsky theorem.
b): Consistency is obtained by noting that (NT)~* Y, x,M%u, -2 0 while (NT)"'S, x,M%x,
¢ XV U o ¢ XVt
, 4 —00

is bounded in probability as N,T — oo(Lemma A7).
(c): Using Lemma A7 and applying the central limit theorem, we have

1
M7y, — - 75 My, 1o, (1
VNT, &0 TN, JNT, 4 V1V op(1)

E(w;— 1zzt o
fd 1 0 b .
E[( dl /]\[111 Z Zzlt Vit + Op N,T——ZOON ’ 2(1 + Oé)

t=2 i=1

Then, we obtain

;T -1
(NTl ZXth1Xt>

t=2

3 i
Z tut—\/NiT1 o N (0.2(1+a))
2 ’
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or

non

T—1 -1
1 %
VNTL (@ — o) — —E 'MH Ll 0,2(1 .
1@z — ) (NTl 2 XVl Xy NT, Nj,_)oo/\/( ,2(1+ o))

Under the assumption T/N — ¢, the result is obtained from

T—1 -1
1 pnon 2L +a)) pron T (2(1+a)
Mdl Ll — L1 1) =
(NT1 D% Xt) VNT; o2 ) JNT o) =\yg 75 )"

t=2

where Lemma A7(b) and (e) are used.

Proof of Theorem 4

(a): The result is obtained from Lemma 2 in Alvarez and Arellano (2003), Lemma A7 and Slutsky
theorem.
(b): Consistency is obtained by noting that (NT)~! Y, (x;'MLivi + x;Mdlu,) N—> 0 while

T—o00
(NT)™' S, (xMix; + xiM@x,) is bounded in probability as N,T — oo(Lemma 2 in Alvarez and
Arellano (2003) and Lemma A7).

(c): We have

. d1 pr2 + 17y

2 < Miv; %M}y - 20

T-1 d2 ! 4

wzt L\ Wi—1Z3 ) ) d1 d Oy 5 — 3a
1) — .
(Wt 1+ El(z2)?] t) Vi + op( )N,T%ooN<071—O[2< 5

Also,

Tz:lx*'Mx +ZX Méx AN % 3—a
NT1 P = t t N,T—oo \ 1 — a2 2 '

t=2
Therefore
s s+ 43 ’s
VT (@5 - a) - < bW (0, (1- oz2)(3530;)> .
NT1 (Zt L xy Mx; +Zt o X M7“x ) oo (B—a)

Then, the result follows from

non )

T (r2 + 1S
NT1 (Et X tXt +Zt 2Xth1Xt>

where Lemma A7 is used.

T

I
|
e
N
[\
w2
L1+
Rlp
N——
—
|
3
+
“@Q
E
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Table Al: Mean

a=0.3 a=0.6 a=09
estimator T N r=02 r=1 r=5 r=02 r=1 r=5 r=02 r=1 r=5
F2 5 200 0.290 0.283 0.278 0.578 0.562 0.534 0.699 0.490 0.399
L2* 5 200 0.301 0.306 0.319 0.598 0.612 0.655 0.910 0.951 0.976
L2 5 200 0.300 0.307 0.332 0.597 0.612 0.677 0.904 0.946 0.979
raren 5 200 0.302 0.314 0.367 0.599 0.621 0.706 0.912 0.960 0.988
L1 5 200 0.301 0.304 0.307 0.601 0.609 0.626 0.911 0.947 0.956
L1 5 200 0.300 0.304 0.316 0.598 0.609 0.651 0.895 0.932 0.970
Lirer 5 200 0.303 0.313 0.354 0.602 0.622 0.686 0.914 0.961 0.988
52 5 200 0.297 0.299 0.305 0.593 0.603 0.622 0.897 0.933 0.959
S2 5 200 0.296 0.299 0.312 0.591 0.601 0.644 0.889 0.933 0.973
S2mon 5 200 0.298 0.309 0.359 0.595 0.615 0.696 0.902 0.952 0.986
S1* 5 200 0.295 0.295 0.294 0.592 0.596  0.593 0.890 0.908 0.898
S1 5 200 0.295 0.294 0.299 0.590 0.595 0.616 0.878 0.914 0.956
S1men 5 200 0.297 0.305 0.342 0.595 0.613 0.677 0.898 0.946 0.984
SY s* 5 200 0.300 0.302 0.308 0.595 0.603 0.611 0.886 0.905 0.899
SY S 5 200 0.300 0.303 0.310 0.595 0.603 0.626 0.882 0.914 0.957
F2 10 200 0.290 0.289 0.288 0.583 0.575 0.569 0.794 0.724 0.695
L2* 10 200 0.301 0.304 0.308 0.603 0.611 0.622 0.917 0.947 0.965
L2 10 200 0.301 0.305 0.318 0.603 0.615 0.661 0.917 0.959 0.988
Larer 10 200 0.307 0.338 0.454 0.610 0.651 0.776 0.924 0.966 0.991
L1 10 200 0.300 0.302 0.303 0.601 0.605 0.605 0.910 0.926 0.926
L1 10 200 0.299 0.303 0.308 0.600 0.606  0.625 0.903 0.943 0.980
Limen 10 200 0.303 0.318 0.378 0.606 0.633 0.722 0.920 0.961 0.989
S2* 10 200 0.296 0.297 0.299 0.596 0.597  0.599 0.904 0.927 0.940
S2 10 200 0.296 0.297 0.301 0.595 0.598 0.617 0.899 0.942 0.983
S2mnen 10 200 0.300 0.321 0.411 0.603 0.636  0.749 0.916 0.960 0.989
S1* 10 200 0.294 0.294 0.294 0.590 0.587 0.581 0.873 0.858 0.832
S1 10 200 0.294 0.294 0.295 0.590 0.587 0.588 0.870 0.898 0.959
S1men 10 200 0.295 0.303 0.338 0.594 0.610 0.676 0.896 0.943 0.982
SY S* 10 200 0.298 0.299 0.298 0.598 0.596  0.592 0.883 0.865 0.836
SY S 10 200 0.298 0.299 0.299 0.598 0.597  0.596 0.880 0.899 0.958
F2 20 200 0.292 0.291  0.290 0.587 0.584 0.583 0.848 0.831 0.826
L2" 20 200 0.301 0.302 0.302 0.603 0.605 0.607 0.916 0.932 0.942
L2 20 200 0.301 0.304 0.313 0.604 0.611 0.639 0.922 0.961  0.990
ranen 20 200 0.315 0.368 0.542 0.621 0.686 0.829 0.933 0.971  0.993
L1 20 200 0.301 0.300 0.300 0.601 0.600 0.600 0.907 0.910 0.909
L1 20 200 0.301 0.301  0.306 0.601 0.603 0.615 0.910 0.941 0.981
Limen 20 200 0.305 0.317 0.379 0.608 0.635 0.727 0.925 0.962 0.989
52 20 200 0.297 0.297 0.296 0.596 0.595 0.595 0.901 0.909 0.914
S2 20 200 0.296 0.297 0.299 0.596 0.596 0.603 0.896 0.927 0.979
S2mon 20 200 0.305 0.338 0.465 0.609 0.657 0.786 0.923 0.965 0.991
S1* 20 200 0.295 0.294 0.293 0.591 0.588 0.587 0.867 0.854 0.848
S1 20 200 0.295 0.294 0.294 0.591 0.588 0.590 0.866 0.872 0.932
S1men 20 200 0.296 0.301 0.328 0.594 0.604 0.652 0.890 0.929 0.976
SY S* 20 200 0.295 0.294 0.294 0.592 0.588 0.588 0.868 0.854 0.848
SY S 20 200 0.295 0.294 0.295 0.592 0.589  0.590 0.867 0.872 0.932

Note: F2, L2, L1, S2, S1, SYS* and SY S denote arz, @r2, Qri, &s2, As1, Qgys, and Qsys, respectively. L2%,
L1*, S2*, S1* denote ai,, Q51, Q&e, Q%1, respectively. L2™°" L[17°" S§27°" S1™°" denote ats”, ari”, ass”, as”,
respectively. r = 072] /o2
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Table A2: Standard deviation

a=0.3 a=0.6 a=09
estimator T N r=02 r=1 r=5 r=02 r=1 r=5 r=02 r=1 r=5
F2 5 200 0.069 0.090 0.110 0.100 0.148 0.186 0.306 0.414 0.439
L2" 5 200 0.061 0.077 0.101 0.066 0.086 0.118 0.073 0.067 0.051
L2 5 200 0.062 0.079 0.107 0.067 0.090 0.126 0.097 0.097 0.073
L2arer 5 200 0.062 0.085 0.139 0.067 0.088 0.138 0.072 0.065 0.042
L1” 5 200 0.073 0.091 0.117 0.083 0.113 0.165 0.104 0.131  0.177
L1 5 200 0.074 0.091 0.117 0.084 0.113 0.155 0.142 0.182 0.148
Lirer 5 200 0.068 0.080 0.123 0.076 0.090 0.144 0.090 0.088 0.051
52 5 200 0.056 0.070  0.095 0.064 0.084 0.118 0.069 0.068 0.061
S2 5 200 0.056 0.072 0.098 0.065 0.088 0.125 0.086 0.097 0.078
S2mon 5 200 0.055 0.073 0.115 0.063 0.082 0.117 0.067 0.061 0.042
S1* 5 200 0.062 0.078 0.103 0.076 0.105 0.150 0.094 0.117 0.156
S1 5 200 0.062 0.079 0.103 0.077 0.106  0.147 0.115 0.131 0.122
S1men 5 200 0.060 0.072 0.102 0.072 0.087 0.113 0.082 0.072 0.049
SY s* 5 200 0.056 0.063 0.072 0.065 0.078 0.108 0.085 0.107 0.149
SY S 5 200 0.056 0.064 0.073 0.065 0.079 0.111 0.093 0.116  0.107
F2 10 200 0.033 0.038 0.042 0.041 0.049 0.055 0.086 0.117 0.125
L2* 10 200 0.033 0.037 0.041 0.035 0.041 0.049 0.028 0.026 0.024
L2 10 200 0.034 0.038 0.046 0.037 0.045 0.065 0.035 0.029 0.018
Larer 10 200 0.034 0.047 0.082 0.036 0.049 0.062 0.027 0.023 0.014
L1 10 200 0.045 0.049 0.055 0.053 0.063 0.076 0.065 0.085 0.105
L1 10 200 0.045 0.050 0.054 0.055 0.063 0.077 0.071 0.065 0.046
Linen 10 200 0.041 0.044 0.061 0.046 0.048 0.062 0.046 0.034 0.020
S2* 10 200 0.030 0.034 0.040 0.033 0.038 0.048 0.030 0.030 0.033
S2 10 200 0.030 0.035 0.042 0.034 0.041 0.056 0.040 0.040 0.025
S2mon 10 200 0.030 0.038 0.068 0.033 0.043 0.059 0.027 0.022 0.014
S1* 10 200 0.033 0.039 0.043 0.039 0.047 0.056 0.053 0.074 0.096
S1 10 200 0.034 0.039 0.044 0.040 0.048 0.057 0.066 0.082 0.062
S1men 10 200 0.033 0.037 0.046 0.038 0.041 0.054 0.043 0.035 0.021
SY S* 10 200 0.031 0.033 0.036 0.034 0.037 0.046 0.044 0.066 0.092
SY S 10 200 0.032 0.033 0.036 0.034 0.037 0.047 0.051 0.072 0.060
F2 20 200 0.020 0.021 0.021 0.021 0.023 0.023 0.030 0.036 0.038
L2* 20 200 0.020 0.020 0.021 0.019 0.021 0.023 0.015 0.017 0.017
L2 20 200 0.021 0.022 0.024 0.020 0.024 0.032 0.020 0.019 0.009
Lamen 20 200 0.022 0.034 0.062 0.021 0.032 0.039 0.014 0.011  0.006
L1~ 20 200 0.029 0.030 0.032 0.034 0.038 0.039 0.045 0.056 0.063
L1 20 200 0.030 0.030 0.031 0.035 0.038 0.037 0.045 0.043 0.026
Linen 20 200 0.027 0.028 0.039 0.030 0.032 0.041 0.029 0.021 0.012
S2* 20 200 0.019 0.020 0.021 0.018 0.021 0.022 0.016 0.019 0.020
S2 20 200 0.019 0.020 0.021 0.019 0.022 0.024 0.023 0.028 0.017
S2men 20 200 0.019 0.025 0.051 0.018 0.027 0.039 0.015 0.012 0.006
S1* 20 200 0.021 0.022 0.022 0.021 0.024 0.024 0.027 0.032 0.037
S1 20 200 0.021 0.022 0.022 0.022 0.024 0.024 0.031 0.040 0.048
S1men 20 200 0.020 0.021 0.025 0.021 0.023 0.028 0.023 0.021 0.013
SY s* 20 200 0.021 0.022 0.022 0.021 0.023 0.024 0.027 0.032 0.036
SY S 20 200 0.021 0.022 0.022 0.022 0.024 0.024 0.031 0.040 0.048

See note to Table A.1.
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Table A3: RMSE

a=0.3 a=0.6 a=09
estimator T N r=02 r=1 r=5 r=02 r=1 r=5 r=02 r=1 r=5
F2 5 200 0.069 0.091 0.112 0.102 0.153 0.197 0.366 0.583 0.666
L2" 5 200 0.061 0.078 0.103 0.066 0.087 0.131 0.074 0.085 0.091
L2 5 200 0.062 0.080 0.112 0.067 0.091 0.148 0.098 0.108 0.108
anen 5 200 0.062 0.086 0.154 0.067 0.091 0.174 0.073 0.088 0.098
L1” 5 200 0.073 0.091 0.117 0.083 0.113 0.167 0.105 0.140 0.186
L1 5 200 0.074 0.091 0.119 0.084 0.113 0.163 0.142 0.184 0.163
Lirer 5 200 0.068 0.081 0.134 0.076 0.093 0.168 0.091 0.107 0.101
52 5 200 0.056 0.070  0.095 0.064 0.084 0.120 0.069 0.075 0.085
S2 5 200 0.056 0.072 0.099 0.066 0.088 0.132 0.086 0.102 0.107
S2mon 5 200 0.055 0.074 0.129 0.063 0.083 0.151 0.067 0.080 0.096
S1* 5 200 0.062 0.078 0.103 0.076 0.105 0.151 0.094 0.117 0.156
S1 5 200 0.062 0.079 0.103 0.077 0.106 0.148 0.117 0.132 0.135
S1men 5 200 0.060 0.072 0.110 0.072 0.088 0.137 0.082 0.086 0.097
SY s* 5 200 0.056 0.063 0.072 0.065 0.078 0.109 0.086 0.107 0.149
SY S 5 200 0.056 0.064 0.074 0.065 0.079 0.114 0.095 0.117 0.121
F2 10 200 0.034 0.040 0.044 0.045 0.055 0.063 0.137 0.212 0.240
L2* 10 200 0.033 0.037 0.042 0.035 0.042 0.054 0.033 0.053 0.069
L2 10 200 0.034 0.039 0.049 0.037 0.047 0.089 0.039 0.066  0.090
Larer 10 200 0.035 0.060 0.175 0.038 0.071  0.187 0.036 0.069 0.092
L1 10 200 0.045 0.049 0.055 0.053 0.063 0.076 0.065 0.089 0.108
L1 10 200 0.045 0.050 0.055 0.055 0.063 0.081 0.071 0.078 0.092
Linen 10 200 0.041 0.047 0.099 0.046 0.059 0.137 0.050 0.070  0.091
S2* 10 200 0.030 0.035 0.040 0.033 0.038 0.048 0.030 0.040 0.052
S2 10 200 0.030 0.035 0.042 0.034 0.041 0.059 0.040 0.058 0.086
S2mon 10 200 0.030 0.043 0.130 0.033 0.056  0.160 0.032 0.064 0.090
S1* 10 200 0.034 0.039 0.044 0.041 0.049 0.059 0.059 0.086 0.118
S1 10 200 0.034 0.039 0.044 0.042 0.050 0.058 0.073 0.082 0.085
S1men 10 200 0.033 0.037  0.060 0.038 0.042 0.093 0.043 0.055 0.085
SY S* 10 200 0.032 0.033 0.036 0.034 0.037 0.047 0.047 0.075 0.112
SY S 10 200 0.032 0.033 0.036 0.035 0.037 0.047 0.054 0.072 0.083
F2 20 200 0.022 0.023 0.023 0.025 0.028 0.029 0.060 0.078 0.084
L2* 20 200 0.020 0.020 0.021 0.019 0.022 0.024 0.022 0.036  0.045
L2 20 200 0.021 0.022 0.027 0.020 0.026  0.050 0.030 0.064 0.091
Lamen 20 200 0.026 0.076  0.250 0.030 0.092 0.233 0.036 0.072 0.093
L1~ 20 200 0.029 0.030 0.032 0.034 0.038 0.039 0.045 0.057 0.063
L1 20 200 0.030 0.030 0.032 0.035 0.038 0.040 0.046 0.060 0.085
Limen 20 200 0.027 0.033 0.088 0.031 0.047 0.133 0.038 0.065 0.090
S2* 20 200 0.019 0.020 0.021 0.018 0.021 0.023 0.016 0.021 0.025
S2 20 200 0.019 0.021 0.021 0.019 0.022 0.024 0.023 0.039 0.081
S2men 20 200 0.019 0.045 0.172 0.020 0.063 0.190 0.027 0.066 0.091
S1* 20 200 0.021 0.022 0.023 0.023 0.027 0.027 0.042 0.057 0.064
S1 20 200 0.021 0.023 0.023 0.023 0.027  0.027 0.046 0.049 0.057
S1men 20 200 0.021 0.021  0.037 0.022 0.023 0.059 0.025 0.036 0.077
SY Ss* 20 200 0.021 0.022 0.023 0.023 0.026  0.027 0.042 0.056 0.064
SY S 20 200 0.021 0.022 0.023 0.023 0.026 0.026 0.045 0.049 0.057

See note to Table A.1.
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Table A4: Empirical size (standard errors obtained under large N and fixed T asymptotics)

a=0.3 a=0.6 a=09
estimator T N r=02 r=1 r=5 r=02 r=1 r=5 r=02 r=1 r=5
F2 5 200 0.052 0.053 0.055 0.067 0.070 0.077 0.151 0.217  0.222
L2* 5 200 0.050 0.047 0.064 0.050 0.055 0.082 0.047 0.168 0.293
L2 5 200 0.055 0.069 0.116 0.058 0.099 0.252 0.077 0.335 0.726
L2men 5 200 0.058 0.073 0.173 0.054 0.107 0.328 0.084 0.363 0.754
L1” 5 200 0.049 0.049 0.047 0.048 0.043 0.042 0.035 0.060 0.085
L1 5 200 0.052 0.054 0.069 0.054 0.077 0.149 0.054 0.220 0.580
Liner 5 200 0.057 0.060 0.139 0.060 0.082 0.273 0.058 0.237 0.669
52 5 200 0.054 0.057 0.055 0.060 0.066 0.083 0.062 0.265 0.573
S2 5 200 0.060 0.065 0.092 0.072 0.101  0.199 0.087 0.326 0.715
S2men 5 200 0.053 0.067 0.148 0.060 0.092 0.296 0.068 0.341 0.749
S1* 5 200 0.056 0.059 0.054 0.061 0.061  0.065 0.039 0.067 0.167
S1 5 200 0.058 0.063 0.067 0.068 0.089 0.130 0.090 0.215 0.566
S1men 5 200 0.058 0.058 0.111 0.059 0.068  0.227 0.047 0.210 0.655
SY s* 5 200 0.079 0.091 0.125 0.096 0.132 0.279 0.174 0.386 0.704
SY S 5 200 0.078 0.093 0.132 0.097 0.140 0.298 0.199 0.434 0.774
F2 10 200 0.056 0.062 0.071 0.081 0.081 0.094 0.258 0.407  0.460
L2* 10 200 0.052 0.054 0.065 0.061 0.052  0.090 0.108 0.344 0.541
L2 10 200 0.060 0.064 0.116 0.084 0.115 0.356 0.202 0.691 0.965
Laren 10 200 0.065 0.143 0.543 0.081 0.261 0.772 0.255 0.819 0.988
L1 10 200 0.055 0.047 0.056 0.049 0.041 0.054 0.048 0.053 0.048
L1 10 200 0.062 0.054 0.061 0.060 0.056 0.104 0.093 0.337 0.764
Limen 10 200 0.055 0.076  0.315 0.057 0.128 0.564 0.110 0.523 0.950
52" 10 200 0.055 0.052 0.057 0.059 0.047 0.063 0.082 0.301 0.489
S2 10 200 0.061 0.060 0.071 0.075 0.070 0.148 0.161 0.579 0.935
Samon 10 200 0.051 0.098 0.453 0.069 0.180 0.704 0.179 0.776  0.985
S1* 10 200 0.057 0.057 0.058 0.064 0.056 0.064 0.077 0.076  0.082
S1 10 200 0.061 0.062 0.063 0.066 0.057 0.075 0.145 0.289 0.681
S1men 10 200 0.054 0.057 0.174 0.059 0.059 0.373 0.053 0.355 0.918
SY S* 10 200 0.156 0.169 0.240 0.186 0.205 0.405 0.350 0.675 0.872
SY S 10 200 0.159 0.173  0.245 0.191 0.214 0.402 0.417 0.733 0.942
F2 20 200 0.071 0.068 0.069 0.096 0.114 0.115 0.428 0.545 0.562
L2" 20 200 0.059 0.048 0.050 0.046 0.057 0.063 0.192 0.437 0.630
L2 20 200 0.079 0.080 0.133 0.073 0.136  0.472 0.381 0.895 1.000
Lamer 20 200 0.118 0.589 0.985 0.197 0.772 0.997 0.654 0.994 1.000
L1 20 200 0.052 0.050 0.051 0.049 0.038 0.052 0.049 0.048 0.046
L1 20 200 0.066 0.056  0.064 0.066 0.050 0.075 0.064 0.255 0.815
Limen 20 200 0.055 0.098 0.602 0.062 0.213 0.879 0.183 0.798 1.000
S2* 20 200 0.056 0.052 0.051 0.054 0.061  0.060 0.067 0.132 0.189
S2 20 200 0.068 0.060 0.062 0.072 0.080 0.092 0.192 0.539 0.974
S2men 20 200 0.070 0.374 0.951 0.082 0.627 0.992 0.450 0.985 1.000
S1* 20 200 0.064 0.061 0.056 0.071 0.081 0.077 0.213 0.260 0.265
S1 20 200 0.068 0.064 0.061 0.078 0.088 0.071 0.243 0.230 0.509
S1men 20 200 0.060 0.054 0.244 0.060 0.057 0.543 0.068 0.352 0.988
SY Ss* 20 200 0.752 0.764 0.799 0.804 0.823 0.865 0.922 0.968 0.988
SY S 20 200 0.748 0.768 0.796 0.801 0.828 0.864 0.926 0.944 0.985

See note to Table A.1.
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Table A5: Empirical size (standard errors obtained under large N and large T' asymptotics)

a=0.3 a=0.6 a=09
estimator T N r=02 r=1 r=5 r=02 r=1 r=5 r=02 r=1 r=5
F2 5 200 0.268 0.399 0.481 0.525 0.673 0.732 0.783 0.865 0.894
L2* 5 200 0.213 0.340 0.453 0.327 0.474 0.663 0.551 0.599 0.680
L2 5 200 0.219 0.344 0.503 0.333 0.486 0.735 0.577 0.606 0.629
L1” 5 200 0.078 0.154 0.262 0.087 0.201  0.380 0.105 0.171  0.210
L1 5 200 0.083 0.160 0.268 0.089 0.196  0.407 0.133 0.124 0.089
Linen 5 200 0.060 0.112 0.334 0.058 0.110 0.386 0.071 0.073 0.045
S2* 5 200 0.166 0.282  0.406 0.313 0.449 0.626 0.554 0.633 0.737
S2 5 200 0.170 0.289 0.436 0.322 0.465 0.689 0.591 0.626  0.646
S1* 5 200 0.188 0.292 0.428 0.381 0.518 0.655 0.567 0.539 0.605
S1 5 200 0.198 0.304 0.432 0.392 0.532  0.680 0.624 0.622 0.598
Simen 5 200 0.173 0.265 0.461 0.348 0.455 0.692 0.552 0.570 0.605
F2 10 200 0.169 0.235 0.281 0.355 0.468 0.520 0.883 0.946 0.961
L2* 10 200 0.157 0.208 0.273 0.270 0.373 0.483 0.592 0.875 0.937
L2 10 200 0.163 0.227 0.347 0.306 0.426  0.693 0.634 0.885  0.790
L1 10 200 0.079 0.106  0.150 0.095 0.162 0.255 0.142 0.272 0.316
L1 10 200 0.083 0.110 0.147 0.105 0.163 0.281 0.123 0.172 0.315
Linen 10 200 0.061 0.086 0.485 0.051 0.132 0.717 0.046 0.131  0.299
S2* 10 200 0.118 0.179 0.242 0.240 0.308 0.404 0.503 0.720 0.839
S2 10 200 0.125 0.188 0.263 0.258 0.339 0.501 0.600 0.839 0.821
S1* 10 200 0.148 0.209 0.261 0.308 0.381 0.479 0.705 0.765 0.814
S1 10 200 0.150 0.209 0.264 0.311 0.384 0.474 0.748 0.786 0.752
S1men 10 200 0.138 0.176  0.440 0.271 0.333 0.752 0.610 0.765 0.828
F2 20 200 0.145 0.161 0.167 0.280 0.363 0.356 0.904 0.948 0.955
L2* 20 200 0.106 0.127 0.139 0.169 0.237 0.282 0.627 0.882 0.941
L2 20 200 0.134 0.158 0.258 0.214 0.337 0.671 0.743 0.977 0.903
L1 20 200 0.068 0.078 0.097 0.092 0.118 0.135 0.159 0.251  0.306
L1 20 200 0.077 0.087 0.094 0.101 0.122 0.140 0.152 0.363 0.806
Linen 20 200 0.052 0.101  0.732 0.057 0.213 0.949 0.084 0.452 0.981
52" 20 200 0.097 0.120 0.132 0.146 0.211 0.251 0.403 0.534 0.645
S2 20 200 0.108 0.126  0.139 0.172 0.243 0.286 0.548 0.807 0.971
S1* 20 200 0.112 0.137 0.149 0.227 0.299 0.317 0.778 0.847 0.864
S1 20 200 0.118 0.138 0.140 0.234 0.302 0.296 0.769 0.783 0.818
S1men 20 200 0.110 0.118 0.425 0.194 0.227 0.811 0.554 0.807 0.989

See note to Table A.1.
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Table A6: Theoretical values of GMM estimators

(a) Approximated p and asymptotic ¢

mean a=0.3 a=0.6 a=0.9

Estimator T N r=02 r=1 r=5 r=02 r=1 r=5 r=02 r=1 r=5
F2 20 200 0.294 0.294 0.294 0.592 0.592  0.592 0.891 0.891 0.891
L2* 20 200 0.298 0.299 0.300 0.596 0.598 0.599 0.893 0.896 0.899
Larer 20 200 0.312 0.357 0.514 0.615 0.664 0.795 0.915 0.947 0.982
L1* 20 200 0.300 0.300 0.300 0.599 0.599  0.599 0.891 0.891 0.891
Liren 20 200 0.304 0.319 0.393 0.608 0.640 0.800 0.938 1.090 1.850
S2* 20 200 0.304 0.304 0.303 0.606 0.605 0.604 0.908 0.907 0.906
S2men 20 200 0.306 0.330 0.427 0.608 0.635 0.729 0.908 0.931 0.969
S1* 20 200 0.295 0.295 0.295 0.593 0.593 0.593 0.891 0.891 0.891
S1men 20 200 0.296 0.300 0.319 0.595 0.600 0.627 0.893 0.900 0.936

(b) Exact u and asymptotic g

mean a=0.3 a=0.6 a=20.9

Estimator T N r=02 r=1 r=5 r=02 r=1 r=5 r=02 r=1 r=5
F2 20 200 0.295 0.295 0.295 0.595 0.595 0.595 0.897 0.897 0.897
L2" 20 200 0.300 0.301 0.301 0.599 0.600 0.602 0.900 0.902 0.905
Larer 20 200 0.312 0.357 0.514 0.615 0.664 0.795 0.915 0.947 0.982
L1” 20 200 0.300 0.300 0.300 0.599 0.600 0.600 0.898 0.900 0.903
Lirer 20 200 0.304 0.319 0.393 0.608 0.640 0.800 0.938 1.090 1.850
S2* 20 200 0.298 0.298 0.298 0.597 0.598  0.598 0.899 0.900 0.901
S2nen 20 200 0.306 0.330 0.427 0.608 0.635 0.729 0.908 0.931 0.969
S1* 20 200 0.296 0.296  0.296 0.596 0.596  0.596 0.897 0.897  0.898
S1men 20 200 0.297 0.301 0.320 0.597 0.602 0.629 0.899 0.906 0.943

(¢) Approximate p and simulated ¢

mean a=0.3 a=0.6 a=0.9

Estimator T N r=02 r=1 r=5 r=02 r=1 r=5 r=02 r=1 r=5
F2 20 200 0.288 0.287 0.286 0.578 0.573 0.571 0.730 0.670 0.648
L2* 20 200 0.297 0.298 0.299 0.591 0.593 0.597 0.861 0.869 0.889
Larer 20 200 0.312 0.357 0.514 0.615 0.664 0.795 0.915 0.947 0.982
L1 20 200 0.300 0.300 0.300 0.598 0.598  0.599 0.878 0.880 0.892
Limer 20 200 0.306 0.329 0.432 0.613 0.658 0.813 0.942 1.002 1.044
S2* 20 200 0.293 0.293 0.293 0.585 0.584 0.585 0.830 0.824 0.833
S2men 20 200 0.306 0.330 0.427 0.608 0.635 0.729 0.908 0.931 0.969
S1* 20 200 0.291 0.290 0.290 0.582 0.579 0.577 0.765 0.715 0.696
S1men 20 200 0.293 0.300 0.337 0.587 0.600 0.669 0.825 0.900 1.004

(d) Exact p and simulated g

mean a=0.3 a = 0.6 a=20.9

Estimator T N r=02 r=1 r=5 r=02 r=1 r=5 r=02 r=1 r=5
F2 20 200 0.291 0.290 0.289 0.586 0.583 0.581 0.849 0.832 0.825
L2" 20 200 0.300 0.301 0.303 0.598 0.601  0.607 0.899 0.917 0.941
Larer 20 200 0.312 0.357 0.514 0.615 0.664 0.795 0.915 0.947 0.982
L1* 20 200 0.300 0.300 0.300 0.599 0.599 0.600 0.894 0.901 0.917
Lirer 20 200 0.306 0.329 0.432 0.613 0.658 0.813 0.942 1.002 1.044
S2* 20 200 0.296 0.296  0.296 0.592 0.593 0.595 0.888 0.897 0.914
S2anen 20 200 0.306 0.330 0.427 0.608 0.635 0.729 0.908 0.931 0.969
S1* 20 200 0.293 0.293  0.292 0.588 0.586 0.585 0.860 0.847 0.843
S1men 20 200 0.295 0.302 0.339 0.593 0.606 0.675 0.891 0.950 1.022

Note: u denotes pr2, pir2, pr1 or uri

non

. q denotes the probability limit of o= >, x;'M

ﬁ > x;M{x;. For the definition of estimators see note to Table A.1.
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