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Abstract

This paper introduces the structural threshold regression (STR) model that allows for an
endogenous threshold variable as well as for endogenous regressors. This model provides a
parsimonious way of modeling nonlinearities and has many potential applications in economics
and finance. Our framework can be viewed as a generalization of the simple threshold regression
framework of Hansen (2000) and Caner and Hansen (2004) to allow for the endogeneity of
the threshold variable and regime-specific heteroskedasticity. Our estimation of the threshold
parameter is based on a two-stage concentrated least squares method that involves an inverse
Mills ratio bias correction term in each regime. We derive its asymptotic distribution and
propose a method to construct confidence intervals. We also provide inference for the slope
parameters based on a generalized method of moments. Finally, we investigate the performance
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of the asymptotic approximations using a Monte Carlo simulation, which shows the applicability
of the method in finite samples.



1 Monte Carlo Simulation Results

We explore two sets of simulation experiments that allow for the endogeneity of the threshold
variable. The first set of simulations assumes a threshold regression model that allows for
an endogenous threshold variable but retains the assumption of an exogenous slope variable
(Model 1). The second set of simulations is based on a threshold regression model that

allows for endogeneity in both the threshold and the slope variable (Model 2).

Model 1 is given by

Yi = P14 Bax; + (01 + 0owi) I{q < v} + us, (LA.1)

where

The threshold parameter is set at the center of the distribution of ¢;, hence v = 2. The

instrumental variable z,; is given by

2gi = (wr; + (1 —w)sy) /V/w? + (1 —w)? (I.A.3)

and

u; = 0.16,; + Ky, (I.A.4)

where x;, vy, S, and ¢, are independent i.i.d. N(0,1) random variables. The degree
of endogeneity of the threshold is controlled by k. The degree of correlation between the
instrumental variable z, and the included exogenous slope variable z; is controlled by w.
We fix w = 0.5, f; = 2 = 1, and 6; = 0 and vary d, over the values of 1,2, 3,4,5, which

correspond to a range of small to large threshold effects. We also vary x over the values



of 0.05, 0.50, 0.95 that correspond to low, medium, and large degrees of endogeneity of the

threshold variable.

Model 2 is given by

yi = 1+ Pazri + B3xei + (01 + 0ax1; + I3x9:) [{q < v} + wi, (ILA.5)

where ¢; is given by equation (LA.2)) and

T1; = Zgi + Vai,

where

Zpi = (Wxg; + (1 —w)sy) [/ w? + (1 —w)?, (I.LA.6)

and

Wi = (Coulsi + Cqu¥qi + (1 — — Cqu)Sui) /\/02 +c2, 4+ (1 — Ccou — Cqu)?, (I.LA.7)

where x9;, ¢,; and ¢, are independent i.i.d. N(0,1) random variables. The degree

of endogeneity of the threshold variable is controlled by the correlation coefficient

between wu; and v, given by ¢4/ \/c§u+c§u+ (1 — cyu — Ccqu)?. Similarly, the degree

of endogeneity of xy; is determined by the correlation between wu; and wv,; given by

cm/\/ciu—l—cgujL(l — Cyu — Cqu)?. We fix ¢py, w = 0.5, f; = P = 1, and §; = 6 = 0.
03 varies over the values of 1,2,3,4,5. ¢4, varies over the values of 0.05, 0.25, 0.45 that

correspond to correlations between ¢; and u; of about 0.07, 0.4, 0.7, respectively.

We consider sample sizes of 100, 250, 500, and 1000 using 1000 Monte Carlo replications
simulations. In unreported exercises we also investigated alternative values of w and ¢,,, and

found qualitatively similar results.



Tables [LAJl TA2] and present the quantiles of the distribution of the STR
(constrained) estimators for the threshold parameter, the slope coefficient of the upper
regime, and the threshold effect, respectively. Table [LA4l provides the 90% confidence
interval coverage for the threshold parameter . Finally, Table [LA.5 presents the 95%
confidence interval coverage for the slope coefficients 8 and ds in the case of Model 1 and

(B3 and 63 in the case of Model 2.



Quantile
Sample size
100

250

500

1000

100
250
500
1000

100
250
500
1000

Quantile
Sample size
100

250

500

1000

100
250
500
1000

100
250
500
1000

Table I.A.1: Quantiles of the distribution of the STR threshold estimator 7

5th

1.890
1.955
1.977
1.989

1.802
1.922
1.962
1.980

1.596
1.796
1.898
1.942

5th

1.097
1.352
1.635
1.819

1.079
1.223
1.361
1.640

1.051
1.200
1.332
1.549

dg =1
50th

1.976
1.991
1.995
1.998

1.982
1.992
1.997
1.998

1.991
1.996
1.998
1.999

02 =1
50th

1.964
1.988
1.997
1.997

1.937
1.968
1.988
1.991

1.924
1.955
1.976
1.977

95th

2.022
2.009
2.005
2.001

2.134
2.059
2.029
2.016

2.359
2.146
2.075
2.038

95th

2.842
2.608
2.324
2.136

2.856
2.601
2.436
2.211

2.872
2.552
2.455
2.235

5th

1.897
1.958
1.977
1.989

1.872
1.950
1.972
1.988

1.830
1.936
1.963
1.981

5th

1.516
1.824
1.898
1.958

1.392
1.776
1.874
1.942

1.333
1.704
1.855
1.926

Model 1 - endogeneity only in the threshold variable

09 =2
50th

1.976
1.990
1.995
1.998

1.979
1.991
1.996
1.998

1.982
1.993
1.996
1.998

95th

2.000
2.000
2.000
2.000

2.058
2.026
2.010
2.007

2.129
2.056
2.024
2.015

5th

low degree of endogeneity

1.898
1.958
1.978
1.990

medium degree of endogeneity

1.877
1.955
1.975
1.989

high degree of endogeneity

1.864
1.947
1.971
1.985

02 =3

50th  95th
1.976  1.999
1.990 2.000
1.995 2.000
1.998 2.000

1.977 2.043
1.991 2.014
1.995 2.006
1.998 2.004

1.980
1.991
1.996
1.998

2.075
2.030
2.013
2.008

5th

1.898
1.958
1.978
1.989

1.883
1.956
1.976
1.989

1.869
1.952
1.973
1.988

dp =4
50th

1.976
1.990
1.995
1.998

1.978
1.991
1.995
1.998

1.978
1.991
1.996
1.998

95th

1.999
2.000
2.000
2.000

2.026
2.010
2.006
2.002

2.053
2.022
2.009
2.007

Model 2 - endogeneity in both the threshold and slope variables

09 =2
50th

1.971
1.992
1.996
1.998

1.964
1.989
1.995
1.997

1.954
1.986
1.993
1.997

95th

2.483
2.186
2.063
2.031

2.485
2.186
2.067
2.035

2.470
2.183
2.072
2.037

5th

low degree of endogeneity

1.744
1.900
1.948
1.977

medium degree of endogeneity

1.709
1.894
1.940
1.973

high degree of endogeneity

1.714
1.888
1.939
1.974

02 =3

50th  95th
1.976  2.203
1.991 2.088
1.996 2.036
1.998 2.021

1.975 2.223
1.991 2.094
1.995 2.036
1.998 2.021

1.973
1.989
1.995
1.998

2.198
2.096
2.034
2.022

oth

1.802
1.924
1.960
1.982

1.808
1.918
1.958
1.981

1.784
1.920
1.957
1.980

0o =4
50th

1.975
1.991
1.996
1.998

1.976
1.991
1.996
1.998

1.975
1.990
1.996
1.998

95th

2.127
2.056
2.029
2.014

2.138
2.056
2.024
2.014

2.129
2.050
2.023
2.014

5th

1.899
1.958
1.978
1.989

1.888
1.956
1.976
1.989

1.874
1.954
1.974
1.989

5th

1.834
1.941
1.969
1.985

1.840
1.938
1.967
1.984

1.829
1.939
1.966
1.983

d2 =05
50th

1.976
1.990
1.995
1.998

1.977
1.990
1.995
1.998

1.978
1.991
1.995
1.998

do =25
50th

1.976
1.991
1.996
1.998

1.976
1.991
1.996
1.998

1.976
1.991
1.996
1.998

95th

1.999
2.000
2.000
2.000

2.019
2.002
2.004
2.002

2.046
2.017
2.008
2.004

95th

2.098
2.044
2.019
2.010

2.112
2.046
2.021
2.010

2.102
2.043
2.019
2.010

Notes: Model 1 refers to equation ([A) with v =2, 81 = B2 = 1, and §1 = 0. Model 2 refers to equation ([AE) with v =2, 81 = B2 = 83 = 1 and §1=52 = 0. For
Model 1 ‘low’, ‘medium’, and ‘high’ corresponds to k=0.05,0.50, 0.95 in equation ([A) and for Model 2 to cqu = 0.05,0.25,0.40 in equation (CA).



Table I.A.2: Quantiles of the distribution of the STR estimator for the slope coefficient of the upper

regime

Quantile
Sample size
100

250

500

1000

100
250
500
1000

100
250
500
1000

Quantile
Sample size

100
250
500
1000

100
250
500
1000

100
250
500
1000

Notes: Model 1 refers to equation ([A) with v =2, 31 = B2 = 1, and §1 = 0. Model 2 refers to equation ([AJR) with v =2, 31 = 82 = 83 = 1 and
Model 1 ‘low’, ‘medium’, and ‘high’ corresponds to k=0.05,0.50, 0.95 in equation ([A) and for Model 2 to cqu = 0.05,0.25,0.40 in equation (CAT)

5th

0.969
0.980
0.986
0.990

0.861
0.910
0.936
0.956

0.752
0.836
0.885
0.919

5th

0.636
0.792
0.869
0.903

0.676
0.794
0.875
0.911

0.680
0.813
0.882
0.919

dg =1
50th

1.000
1.000
1.000
1.000

1.002
1.003
0.998
1.000

1.015
1.009
0.999
1.000

50th
03 =1

1.020
1.000
1.003
1.004

1.052
1.020
1.015
1.015

1.076
1.045
1.032
1.025

95th

1.035
1.021
1.015
1.010

1.176
1.102
1.065
1.046

1.357
1.200
1.128
1.088

95th

1.432
1.249
1.171
1.104

1.468
1.279
1.225
1.158

1.483
1.308
1.250
1.186

5th

0.969
0.980
0.986
0.990

0.863
0.910
0.936
0.956

0.736
0.833
0.883
0.918

5th

0.678
0.805
0.876
0.906

0.685
0.802
0.880
0.909

0.703
0.814
0.880
0.911

09 =2
50th

1.000
1.000
1.000
1.000

0.998
1.002
0.998
1.000

0.998
1.004
0.997
0.999

95th

1.035
1.021
1.015
1.010

1.177
1.102
1.065
1.046

1.332
1.191
1.120
1.086

d2 =3
5th  50th

1.000
1.000
1.000
1.000

0.969
0.980
0.986
0.990

0.863 0.997
0.908 1.002
0.935 0.998
0.956  1.000

0.738  0.996
0.829 1.002
0.886 0.997
0.918 0.998

95th

low degree of endogeneity

1.035
1.021
1.015
1.010

medium degree of endogeneity

1.177
1.102
1.065
1.046

high degree of endogeneity

1.326
1.191
1.119
1.085

Model 1: Quantiles of the distribution of B\Q_’ LS

5th

0.969
0.980
0.986
0.990

0.863
0.907
0.935
0.956

0.736
0.829
0.886
0.918

dp =4
50th

1.000
1.000
1.000
1.000

0.997
1.003
0.998
1.000

0.995
1.001
0.997
0.999

Model 2: Quantiles of the distribution of BgyGMM

50th
03 =2

1.022
0.996
1.002
1.002

1.042
1.000
1.004
1.003

1.048
1.017
1.011
1.008

95th

1.374
1.213
1.141
1.097

1.434
1.221
1.155
1.102

1.491
1.238
1.169
1.109

5th  50th

03 =3
low degree of endogeneity

0.693
0.808
0.876
0.909

1.014
1.000
1.001
1.002

0.697 1.019
0.816  0.999
0.881 1.003
0.911 1.002

0.708
0.818
0.877
0.907

1.024
1.002
1.005
1.003

95th

1.340
1.211
1.138
1.095

medium degree of endogeneity

1.380
1.208
1.143
1.094

high degree of endogeneity

1.403
1.209
1.143
1.097

oth

0.712
0.808
0.875
0.909

0.703
0.814
0.878
0.910

0.706
0.819
0.877
0.909

50th
03 =4

1.009
1.001
1.000
1.001

1.013
0.998
1.001
1.002

1.017
1.000
1.004
1.003

95th

1.036
1.021
1.015
1.010

1.177
1.101
1.065
1.046

1.328
1.191
1.119
1.085

95th

1.315
1.201
1.138
1.095

1.342
1.202
1.139
1.095

1.371
1.207
1.140
1.094

5th

0.969
0.980
0.986
0.990

0.863
0.907
0.935
0.956

0.740
0.829
0.886
0.918

5th

0.715
0.809
0.876
0.910

0.707
0.816
0.877
0.910

0.706
0.818
0.877
0.909

d2 =5
50th

1.000
1.000
1.000
1.000

0.997
1.003
0.998
1.000

0.994
1.002
0.996
0.999

50th
03 =25

1.006
1.001
0.999
1.001

1.010
0.998
1.000
1.001

1.010
1.000
1.003
1.002

95th

1.036
1.021
1.015
1.010

1.177
1.101
1.065
1.046

1.327
1.191
1.119
1.085

95th

1.313
1.191
1.138
1.096

1.333
1.198
1.140
1.094

1.369
1.206
1.140
1.096

61=02 = 0. For



Table I.A.3: Quantiles of the distribution of the STR estimator for the threshold effect

Quantile
Sample size
100

250

500

1000

100
250
500
1000

100
250
500
1000

Quantile
Sample size
100

250

500

1000

100
250
500
1000

100
250
500
1000

Notes: Model 1 refers to equation ([[ZAI) with v =2, 81 = B2 = 1, and §1 = 0. Model 2 refers to equation ([AF) with v =2, 81 = B2 = B3 = 1 and
Model 1 ‘low’, ‘medium’, and ‘high’ corresponds to k=0.05,0.50, 0.95 in equation ([AX) and for Model 2 to cqu = 0.05,0.25,0.40 in equation (LA

oth

0.964
0.977
0.982
0.988

0.850
0.911
0.939
0.960

0.651
0.804
0.870
0.916

5th

0.3824
0.6874
0.7937
0.8757

0.338
0.621
0.725
0.823

0.396
0.619
0.707
0.788

02 =1
50th

0.999
1.000
1.001
1.000

0.994
0.993
1.000
1.001

0.957
0.970
0.989
0.995

03 =1
50th

0.9801

0.996
0.9979
0.9948

0.930
0.972
0.979
0.979

0.898
0.938
0.952
0.960

95th

1.041
1.026
1.018
1.012

1.148
1.086
1.064
1.040

1.250
1.149
1.115
1.074

95th

1.4113
1.2467
1.1659
1.1169

1.372
1.225
1.155
1.108

1.309
1.181
1.123
1.096

5th

1.964
1.977
1.982
1.988

1.861
1.917
1.941
1.961

1.731
1.842
1.888
1.922

5th

1.487
1.753
1.825
1.881

1.439
1.735
1.822
1.881

1.423
1.719
1.819
1.883

Model 1: Quantiles of the distribution of 25\27 LS

09 =2
50th

1.999
2.000
2.001
2.000

2.004
1.997
2.001
2.001

1.991
1.989
2.001
2.000

Model 2: Quantiles of the distribution of gg)g MM

03 =2
50th

1.971
1.993
1.996
1.997

1.956
1.986
1.992
1.991

1.930
1.970
1.988
1.988

02 =3

95th 5th ~ 50th  95th

low degree of endogeneity
2.041 2.964 2999 3.041
2.026 2977 3.000 3.026
2.018 2.982 3.001 3.018
2.012 2.988 3.000 3.012

medium degree of endogeneity

2.151 2.863 3.006 3.151
2.090 2919 2998 3.091
2.066 2,942  3.002 3.067
2.041 2.961 3.001 3.041

high degree of endogeneity
2.283 2.737 3.002 3.288
2.161 2.846 2994 3.161
2.120 2.891 3.002 3.124
2.078 2.925 3.000 3.079

03 =3

95th 5th  50th  95th

low degree of endogeneily
2.385 2.565 2981 3.385
2.244 2.761 2998 3.246
2.163 2.829 3.000 3.164
2.115 2.881 3.000 3.111

medium degree of endogeneity

2.370 2.558 2966 3.365
2.228 2759 2991 3.226
2.153 2.833 2997 3.153
2.112 2.886 2994 3.116

high degree of endogeneity
2.329 2,572 2973 3.341
2.202 2769 2985 3.205
2.140 2.852 2996 3.138
2.098 2.895 2994 3.102

5th

3.964
3.977
3.982
3.988

3.865
3.919
3.941
3.961

3.749
3.849
3.891
3.925

5th

3.596
3.769
3.827
3.882

3.590
3.762
3.837
3.884

3.620
3.789
3.856
3.898

09 =4
50th

3.999
4.000
4.001
4.000

4.007
3.998
4.002
4.001

4.009
3.994
4.003
4.001

03 =4
50th

3.985
3.999
4.000
3.999

3.976
3.996
4.000
3.994

3.984
3.992
4.000
3.995

95th

4.041
4.026
4.018
4.012

4.152
4.092
4.067
4.041

4.287
4.163
4.123
4.079

95th

4.385
4.245
4.166
4.115

4.371
4.227
4.157
4.116

4.343
4.204
4.142
4.102

5th

4.964
4.977
4.982
4.988

4.866
4.919
4.941
4.961

4.749
4.850
4.893
4.925

5th

4.609
4.771
4.826
4.881

4.608
4.772
4.838
4.887

4.630
4.790
4.856
4.897

d2 =5
50th

4.999
5.000
5.001
5.000

5.007
4.998
5.002
5.001

5.011
4.994
5.003
5.001

03 =25
50th

4.984
4.999
5.001
5.000

4.979
4.997
5.000
4.994

4.991
4.993
5.001
4.995

61=02 = 0. For

95th

5.041
5.026
5.018
5.012

5.154
5.093
5.067
5.041

5.286
5.166
5.122
5.079

95th

5.384
5.245
5.164
5.116

5.365
5.230
5.157
5.116

5.353
5.211
5.145
5.102



Table I.A.4: Nominal 90% confidence interval coverage for ~

Sample size

50
100
250
500

1000

50
100
250
500

1000

50
100
250
500

1000

Notes: Model 1 refers to equation ([[AI) with v =2, 31 = B2 = 1, and §1 = 0. Model 2 refers to equation ([[A5) with v =2, 31 = B2 = 3 = 1 and §1 =52 = 0. For
Model 1 ‘low’, ‘medium’, and ‘high’ corresponds to k=0.05,0.50, 0.95 in equation ([A4) and for Model 2 to cqy = 0.05,0.25,0.40 in equation ([A).

02

Model 1
1 2 3 4 5

low degree of endogeneity

0.89
0.98
1.00
1.00
1.00

0.84
0.96
1.00
1.00
1.00

0.83
0.96
1.00
1.00
1.00

0.83
0.96
1.00
1.00
1.00

0.83
0.96
1.00
1.00
1.00

medium degree of endogeneity

0.93
0.98
1.00
1.00
1.00

0.90
0.99
1.00
1.00
1.00

0.86
0.98
1.00
1.00
1.00

0.85
0.98
1.00
1.00
1.00

0.84
0.97
1.00
1.00
1.00

high degree of endogeneity

0.84
0.93
0.99
1.00
1.00

0.92
0.98
1.00
1.00
1.00

0.91
0.98
1.00
1.00
1.00

0.89
0.98
1.00
1.00
1.00

0.88
0.98
1.00
1.00
1.00

03

Model 2
1 2 3 4 5

low degree of endogeneily

0.81
0.91
0.97
1.00
1.00

0.82
0.92
0.97
1.00
1.00

0.83
0.93
0.97
0.99
1.00

0.85
0.94
0.98
0.99
1.00

0.85
0.94
0.98
1.00
1.00

medium degree of endogeneity

0.73
0.81
0.92
0.98
0.99

0.78
0.89
0.95
0.99
1.00

0.82
0.92
0.97
0.99
1.00

0.84
0.92
0.98
0.99
1.00

0.84
0.93
0.98
0.99
1.00

high degree of endogeneity

0.67
0.76
0.85
0.91
0.94

0.75
0.84
0.95
0.98
1.00

0.81
0.89
0.97
0.99
1.00

0.82
0.93
0.99
1.00
1.00

0.84
0.95
0.99
1.00
1.00



02

Sample size

50
100
250
500

1000

50
100
250
500

1000

50
100
250
500

1000

Table I.A.5: Nominal 95% confidence interval coverage for the slope coefficients

0.90
0.92
0.93
0.93
0.95

0.77
0.81
0.85
0.85
0.86

0.74
0.78
0.83
0.83
0.86

Coverage for (3o

2

0.90
0.92
0.93
0.93
0.95

0.79
0.81
0.85
0.85
0.86

0.76
0.80
0.84
0.85
0.86

Model 1

3 4 5 1 2 3
low degree of endogeneity

0.90 090 090 0.92 0.92 0.92
092 092 092 094 094 0.94
093 093 093 093 094 0.94
093 093 093 093 093 0.93
095 095 095 096 0.96 0.96

medium degree of endogeneity

0.79 079 0.79 0.88 0.90 0.90
0.81 081 0.81 091 092 0.92
0.85 085 0.86 094 095 0.95
0.85 085 0.85 094 094 0.94
0.86 086 0.86 0.96 0.96 0.96

high degree of endogeneity

0.78 078 0.78 0.84 0.88 0.89
0.80 0.80 0.80 0.88 0.91 0.91
0.84 085 0.84 093 095 0.95
0.85 085 0.85 0.93 094 0.94
0.86 0.85 085 0.95 0.96 0.96

Coverage for 6y

4

0.92
0.94
0.94
0.93
0.96

0.90
0.92
0.95
0.94
0.96

0.90
0.91
0.95
0.94
0.96

0.92
0.94
0.94
0.93
0.96

0.90
0.92
0.95
0.94
0.96

0.90
0.92
0.95
0.94
0.96

03

50
100
250
500

1000

50
100
250
500

1000

50
100
250
500

1000

0.80
0.83
0.91
0.91
0.94

0.78
0.81
0.82
0.83
0.83

0.74
0.76
0.77
0.78
0.76

Coverage for 3

2

0.84
0.88
0.93
0.93
0.94

0.80
0.84
0.89
0.92
0.92

0.75
0.80
0.86
0.89
0.89

Model 2

3 4 5 1 2 3
low degree of endogeneity

0.87 088 0.89 080 0.84 0.87
091 092 092 0.83 0.88 091
093 094 094 091 093 0.93
094 093 093 091 093 0.94
094 094 094 094 094 0.94

medium degree of endogeneily

0.83 085 0.86 0.79 0.83 0.86
0.89 089 090 081 0.86 0.90
091 091 091 086 0.92 0.94
093 093 093 085 0.92 0.93
093 093 093 086 093 0.94

high degree of endogeneity

0.80 082 0.83 0.79 0.81 0.84
0.84 086 0.86 0.78 0.83 0.89
0.88 089 0.89 083 0.90 0.93
091 092 091 082 092 0.94
0.90 091 090 0.79 0.93 0.94

Notes: Model 1 refers to equation ([A) with v =2, 31 = B2 = 1, and §1 = 0. Model 2 refers to equation ([AE) with v =2, 81 = B2 = 83 = 1 and §1=52 = 0. For
Model 1 ‘low’, ‘medium’, and ‘high’ corresponds to k=0.05,0.50,0.95 in equation ([A) and for Model 2 to cqu = 0.05,0.25,0.40 in equation (CA).

Coverage for 3

4

0.88
0.92
0.94
0.93
0.94

0.88
0.91
0.94
0.93
0.94

0.87
0.90
0.93
0.94
0.94

0.89
0.92
0.94
0.93
0.94

0.89
0.92
0.94
0.93
0.94

0.87
0.90
0.94
0.94
0.94



2 Supplementary Proofs

Lemma I.A.1 For some C' < oo andy <+ < v <7 and r <4, uniformly in v

IN

Enhi(v,7) Cly =+ (LA.8)

Eki(v,7) < Cly =7/ (LA.9)

Proof: Define d;(y) = I{y,<y and di(7) = I{g=+y. Define h;(v,7") = | (hi(y) — (")) €]
and k;(v,v") = |(hi(v) —hi(7"))|. In the case of the STR model in equation (3.16)
hi(v) = (guidi(7), A1i(7)di (), Aas(7)di(y))" and thus h;(y,7") takes the form

|guieil|di(y) — di(v')]
hi(v. ) = | M) di(v)es — Ma(y)di(7 el
| A2i (V) di(7)ei — Aai(v)di () e

From Lemma A.1 of Hansen (2000) we obtain that E|g..e;||d;(7y) — di(7")|]" < Cily — ]

Then it is sufficient to show that

B (v)di(y)e; — Mi()di()es])” < Caoly — o]
ElXagi(7)di(v)e: — )\2i(7/)di(’yl)ei|r < Csly — ’Y/\
Given that A = Slgjp\u(ﬂ\a FE(Mi(el () = E((AuMella = ) f(v)
PY —_— —_
[E(Mi(ella = N7 f(v) < [E(Mel*le = 17 fy(y) < C7AF < Cy, where Oy =
max[1, C|. Similarly, we obtain that %E(\)\gi(y)ei\rdi(y)) < Os.

IN

Then, by a first-order Taylor series expansion and Assumption 2.3, we show (LA).
Equation ([LA.9) follows analogously.



E|gm€i\rdi(7) - E‘gmei‘rdi(”Y/)‘
ER;(v,7") = | EMi(el di(v) — Edi(Y)el"di(v') | < Clv =]
E|>‘2i(7>€i‘rdi(7) - E|>\2i(7/)€i|rdi(7,)

where C' = (C],C5,C}). 1
Lemma I.A.2 Recall that a,, = n'=2*. Let H; = (g4, ¢€i,7:). Then,

(i)

sup
yell

= 0,(1) (LA.10)

1 n
% ZHZ?\;](% <)
i—1

(i) For 0 < B < oo such that for alle > 0 and 6 > 0, there is a 0 < 00 and n < 0o such

that for alln > n:

Yo Hri(I(g <) — (g < %)) ‘

>0 ) <e LA11
=y = - )- A

P sup
0/an<|y—0|<B
(11i)

supn_“
|v|<v

20 (1.A.12)

Z Hiri(I(gi <70 +v/an) — (g <))
i=1

Proof:

From Assumptions 1 and 2 and the linear first stage models (2.2) and [2.9) we get
VL, —II,) = O,(1) and v/n(m, — 7,) = Op(1). Furthermore, given the continuity of the
inverse Mills ratio terms we obtain /n(A; — ih) = 0,(1), and /n(Ay — /5\\22) = 0,(1). By
letting 11 = (I, Aij, Ag;) and ﬁ = (ﬁx,ili,i%)’ we obtain \/ﬁ(f[x — ﬁx) = O,(1). Then

using Lemma 1 of Caner and Hansen (2004) we establish (LAI0), (LAII), and (LAI2).

10



Lemma 1.A.3 Uniformly in v €T asn — oo

%)/(\' (7)'G* () = %Z/fl (70)@; (70)" — M(70)
JeX0E= 7 ()8 = O,(1)
Proof:
Let
M. 0
ey =| P
0 My ()
where

(LA.13)

(LA.14)

(L.A.15)

E(geigyid (s <)) EAu (7) gzl (6 <)) E(Aai (7) geil (0: <))
M) = EOu(M)del(a <)  ECu()’IgG<v)  BEdi(y) () (g <7)
Eai (7) 00l (4 <7) EQoui (M)A (M) L@ <) E Qe () 14 <)

and

E (921951 (q: > 7)) EMi (7) 9ol (4 > 7)) EXai (7) gwid (@ > 7))
M) =| EQui(M)ghl(a>7)  EQu()’Ia>7)  Exi(y) i (7) (@ >7)
Eai (7) 00l (@i > 7)) EQai (M)A () (@ >7)  Ea (1) I(g > 7)

To show (LA.I3) note that

11



XX, X0, (7) 1X o, (7)
XX = L)X, ) A () 2 () A () | =
Doy (' Xy Loy () A0 () 2y (1) Xay ()
LSN@&@ (4 < 7)) LS N (N Tl (g < 7) LS Noi (7) Bl (g < 7)

From (LA.I0) and Lemma 1 of Hansen (1996) we get

< E(fﬁf (¢ <) = 23 0ugbid (@i <v) = 23 guiil (4 < )
— LN Tl I (e <)+ L3 T I (g < )

= B (9uigd (0 < 7)) -
Additionally, for j=1,2 we have

. ZM( V2 (s <v) = 50 NN ghil (@ <) — =5 Faihii(N) I (g0 <)

L EXNji(0) gl (@i <),

i D)1 <v) = £ 32N (g <) — 257,70, () (g <)
2P (@ < )
5 EX\i(0)) (g < 7)),

3=
N
)

12



and

~

%ZXM‘W))\%(’Y)[(% <7) = %Z, Ai(V) A2 (V) (g <) — %Z, Ai(V)d (g <)

. Z )‘22( )T)\m (Qi < 7) + % Zz ?Ali?)\zil(%’ < 7)
— E(ui(1)A2i(1) (g < 7))

Then, uniformly in v € I', we obtain %)?7(7)’)?7(7) EEAN M., (7). Similarly, we can show
that %)?L(fy)’f(l(y) 25 M, (7). Hence,

~ ~ M 0
S SR SIS VI R

0 Mi(v)

Equation ([LAT4) follows similarly.

To show ([LA.I5) note that

Using [LA.T0] Lemma 2 of Caner and Hansen (2004), Lemma A.4 of Hansen (2000) we get

\/— Z xzez QZ < 7 Op(1>

13



and for j = 1,2

LS NiEl(a <y) = X Nied (s <)+ & X Pel(a <)+

Z
T; (V)b (@i < ) — ﬁ;ﬁﬂ o2l (g < 7)

Therefore, \%X’ (7)€ = 0,(1). Similarly, we can show that %)A(l(y)"é: O,(1). Hence,

Lemma I.A.4 a,(7 —70) = O,(1).

Proof: First we establish that the unconstrained and the constrained problems share
the same rate of convergence by exploiting the relationship between the constrained and

unconstrained problems
S™(y) = S (v) + (0 = RB)(R(X*(y)X*(7))'R) ™' (¥ — R'B)

Then the proof proceeds in steps.

Let B\ﬁ, denote the estimated coefficients of E associated with the partitioned regressor
matrix X *(7y), the unconstrained sum of squared residuals SY(v), and threshold value 7. Let
BVO denote the estimated coefficients of 3 associated with the partitioned regressor matrix
X*(70), the unconstrained sum of squared residuals SY(v), and threshold value 7. We also

use the subscript 0 to denote the parameter at the true value.

14



Using Lemma A.2 of Perron and Qu (2006) we can deduce that

(R (R () = (R Gy o)™ + 0,110 (LA 10

and

(R(X* () X* (7)) 'R) ™ = (R'(X* (%) X* (7)) 'R) ™ + O]y — 70l). (LA.17)
Consider
BA - gﬁ/ Evo

= (X () X* (7)) X* (1) (G*(70)Bo + €) — (X*(70)' X* (7)) " X* (%) (G*(70) Bo + €)

= (X*(70)' X* (7)) " ((X*(7) = X*(70))'G* (%) Ba

HX*(90) X* (7)) (X *(7) — X*(70)) e+]7 — 70| Op(2)

= (X*(’Yo)/)?*(%))_mfln

with

A, = )?*(70)/)?*(70))—1/2(55*(,}/) o X*(VO))/G*('VO)ﬁO
HE 0B (0)) AR (Y — Ko )etlr — 0l0p( ) = by — 1010 2),

where the first equality uses (LA.IG). To get the second equality note that

A~

(X*(7) — X*(70))'G*(90) = |7 — 70l0(1),

~

X*(70)' X*(70)) 74X (7) = X* (7)) G*(90)Bo = |7 — 7|O0p(Z), and

(X*(7) = X*(90))'e = |7 = 70/ Op(1).

Therefore, Ba = |y — 70|0p(n71).

15



Furthermore, note that Sa R=|v — v0|O,(n~?) and (9—R'S8) = |y — 70|O,(n~"). Then,

SE(y) = SE(70) = [V (%) = SY (10)] + [(9—R'B,) (R(X*(v) X*(+)) ' R) " (9-R'B,)
—(W=RB,y ) (R(X*(70) X* (7)) R) " (9= R'B,,)]

= [SY(3) = SY ()] + [(9=R'B, ) (R/(X*(r0) X* (7)) R) (9~ R'B,)
—(W=R B,y ) (R(X* () X* (%)) ""R) " (=R Byo)] + (v = 70)°0p(n 1)

= [S5(7) = SY(q0)] + (B + Ba) R(R (X*(30) X *(70)) "' R) ' R(B,, + Ba)
— B, R(R(X*(70)' X" (70)) "' R) ™" R'B,, — 20/ R(R(X*(70) X*(30)) " R) 'R (B, = Byo)
+v = 7[?0p(n~1)

= [SY(3) =S¥ (70)] + 2BAR(R (X* (70) X* (7)) 1 R) LR/ (X*(70)' X" (7)) "1 X" (70)'e
+BAR(R (X*(70) X*(70)) " R) " R Ba
+2B3R(R/(X*(70)' X* (7)) "' R) 7 (R(X* (30) X*(70)) ™ X" (70)'G* (30) 60 — 0)
+7 = 1[?0p(n71)

Y(7) = 87 (0)] + 285 R(R (X*(30) X *(70)) "' R) T RI(X* (30) X*(70)) " X" (70) e
+BAR(R (X*(70) X*(70))'R) " R'Ba
+2BL RR/ (X" (70)' X*(70)) ™ R) (R (X" (70) X*(30)) " X (40) (G*(+') = X*(7)) o
+y = 7[?0p(n71).

Now consider the second term divided by |y — 7|

1284 R(R/(X*(30)' X* (7)) " R) " R (X*(70) X" (70)) X" (o) el /n®* (v = 70)

= (4L (0 R (o)) 2R (R(R* (o K+ (0)) " R) - B(X*(0) K" (0)) )

((X*(30) X*(70))72e)|| /071 (7 = 70)

16



< AL (X (o) X (70) ™21/~ (7 = 70) = 0,(1)

2a—1(

Note that the third term is nonnegative and divided by n ¥ — ) is also 0,(1). The

key object in the fourth term is (G*(v') — X*(70))fo which is also 0p(1) when it is divided

2a—1(

by n**~' (v — 7).

Therefore,

55(7) - 55(70) > 53(7) - Sg(%)

n2o‘_1(fy — 70) - n2a—1(,}/ _ 70) + OP(1> (IAlS)

We can now focus on the unconstrained problem since the rates of convergence for the
constrained and unconstrained problems are the same. Let the constants B, d, t be defined

as B>0,0<d<o0,0<t<oo Let M= sup |Mv(7)_1|andf): sup |[D(v)f()]-

Iy—0l<B Iy—0l<B

Define M* = M + M?>7. Fix e > 0, pick 7 and reduce B so that

7+ 3kM*(DC + 27) (1 + M*(Mo(v) + 7)) < d/12 (I.A.19a)
T(Mo(70) 4+ 7)M*(1 + 3tM*) < d/12 (I.A.19Db)
T2 M*(2 4 3tM*) < d/12 (I.A.19¢)

Without loss of generality assume 7 < ¢ and define A;(v) = I(q¢ <) — I(qg < ).

By Lemma A.7 of Hansen (2000) and ([LA-TT]), there exist sufficiently large © = v(e) < oo
and i = n(e) < oo that for all n > 7, the following events given by equations ([LA.20al)-
(LA.20d) hold jointly with probability exceeding 1 — €/2.

) 2A.
sup 2 EOIAO) a9 (L.A.20a)
oan<l—wl<B (Y — 70)

> (dgi (7))2Ai(7)

o/an<ly—rl<B  n(y — o)

> 11d/12 (I.A.20b)
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wp [ ZOORAG)  RRaVAG) | RAAAO < g

0/an<|y—70|<B n(v - ’}/0) TL(’}/ - ’}/0) n(v - ’}/0)

sup
0/an<|y=70|<B nl_a(V - %)

Y (o) = T)EA() ‘ <7 (LA20d)

Additionally, by Proposition[lthe following events given by equations ([LA.21al)- ([.A.21€])

hold jointly with probability exceeding 1 — €.

7=l <B (I.A.21a)
1o -
sup (—X,(7) X5 (7) = My(y)| < 7 (LA.21D)
~el | TV
1 ~
sup _X’Y(V)XW(V)‘_|M“/(7>| <7 (LA.21c)
~el ||
Lo ’
HEXO(%) Go(0)| = Mo(y)| < 7 (L.A.21d)
I &, -
sup |———X,(y)e| <7 (ILA.21e)
~er |1

Hence, the events ([LA.20al)-([[L.A.21€) hold jointly with probability exceeding 1 — €.
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We calculate

Go(70)' (P*(70) — P*(7))Go(0)

(X, (7)' X, (7) = Xo(70) Xo(70)) (I = (X5 (7)' X, (7)) " Xo(70)' Go(0)
— (I — GO(VO)/)A(O(%)( Xo(70)' XO(%)) )
( (70)' X0 (70)) (X5 (7)' X5 (1)~ X0 (70)' Go (70)

(1.A.22)
Go(70) (P*(70) — P*(7))E
- GAmo)on(%)<J?OA<70>')?0<70>>-10@@)'&@) = Xo(00)'Xo(20)) (LA.23)
X (X, () X,(7) " Xo(70)'E
— Go(70) Xo(70)(Xo(70)' Xo(70)) ™ (X, (7)€ = Xo(70)')
(P (7o) — P*(7))E = T (Poly0) — Py(7))E + & (Pr(v0) — P())E (I.A.24)
The first term of (LA.24) is calculated as follows
E4(]30(%) - P (7))5
= & Xo(70) (Xo(70) Xo(70)) ™ (X, (1) X4() — Xo(v0) Xo(%0))
(I.A.25)

X (X, (7)' X)) Xo(r0)'@
— 28 X(70) (X (7)' X5 (7)) (X, () = Xo(70)'®)

The second term of ([LA.24) can be calculated similarly. Using definitions in Lemma [LA.3

19



we calculate the following decomposition

X500 X5 (7) = Xo(10) Xo(v0) = Y 0:()gs(7) Di(7) = D g:(NFiA(7)
o L (L.A.26)
- Z%(V)Az‘(v)'ﬂ + Z?ﬂ“iAi(V)

Then, by applying Lemma 4 of Caner and Hansen (2004) and using equations ([LA.22]),
(LA23), (LA24), (LA27), and ([LA26) we get that ([LA.20a)-([LA20d) and (LA.2Tal)-
(LA21d) imply the following:

&/an<ly—0l<B n(y = )
yal * _ * -~
&/an<|y—70|<B n Q(V - 70)
sup|© (Pl(_ZO) = POVE) g (I.A.29)
clan<i—ol<B| P2y = 0)

where d € (0, 00).

Using equation (A.3]) of the Appendix in conjunction with the above inequalities in

[[A2T), (LA2]), and ([A2T) we can then write SY(y) — SY(v0) for ©/a, < |y — | < C

as

Su (1) = S () _€(P*(0) — P*(v))e
nt=2e(y — ) nt=2e(y — 7o)
i 25’(})*(%) — P*(7))Gol(yo)c
W= 70

20



L ¢Go(0)' (P*(70) = P*(7))Golno)e
n(y =)

> d/2 (LA.30)

Since S,(7) < Sn(70), the joint events in equations ([A.20a)-([[A.20d) and ([A.2Ta)-
(LA2Tel) imply that [y — 7| < &/a,. Moreover, since ([LA.20al)-([A20d) and (LA.21al)-
(LA21d) hold jointly with probability more than 1 — € for all n > @, we have that

P(n'=25 — vo| > &) < € for n > 7. Hence, a, (7 —v9) = O,(1).

|
Lemma I.A.5 On [-0,7],
Qn(v) = Sy (70) = Sy (70 + v/an) = Q(v)

where

—plv] + 26 Wi(v),  uniformly on v € [—, 0]
Qv) =

—plv| + 2(’21/21/\/2(1)), uniformly on v € [0, 0]

with u = ' Def and §; = dQief, fori=1,2.

Proof: Our proof strategy follows Caner and Hansen (2004). Let us first reparameterize

~

all functions of v as functions of v. For example, X, (v) = X, 1v/a, (Y0 + v/ay), P;(v) =

*
on +v/an

Then, using (A.3) of the Appendix we obtain

(7o +v/ay) and for Ay(y) = I(qg; < v) — I(q; < 7o) we have A;(v) = Ai(y0 +v/ay).

Qn(v) = S (70) = Sy (0 + v/an)
= (0" Go(0) + &) P (%) (Go(vo)en™ +¢€) — (n*G(y)' + &) P*(v)(Go(yo)en™ +€)
= n"2%¢Go(0)' (P*(70) — P*(v))Go(v0)c (i)
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+n " Go(70) (P*(q0) — P*(v))e (i)

+&(P*(v0) — P*(v))E (iii) (LA.31a)

We proceed by studying the behavior of (i)-(iii).

(i) First, we establish that

~

™ sup | X, (7)' X5 (7) = Xo(7) Xo(70)| = Op(1) (LA.32)

Using equations ([LA.2€]), (LA.I2), and Lemma A.10 of Hansen (2000) we get

n=2 XU(U)/XU(U) — Xo(70)' Xo(70)

~ ~ ~ ‘

< 07 ai(w)PA(v) + 207
i=1

Zgi(v)aAi(U)

_I_n—2a

Zgig;Ai(U)
= (ID1f[[v))I(v < 0) + (|Daof][v])I(v > 0)

This demonstrates equation (LA32).

Second, we obtain from equation ([LA13]) of Lemma [[LA3] that

LX) Ru(w) = M) (1.A.33)

Then using equations (LA.22), (LA.32)), (LA.33), equation (LA.I2) of Lemmal[[LA.2] and
Lemma [LA3] we get that

n=cGo(70) (P, (70) — P (v))Go(v0)e

A~ A~ ~

= n72¢ (X, (0)' X,o (v) — Xo(70) Xo(70))e
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2 (X, (0) X, (0) = Xo(70) Xo(70)) (1 — (Xo(v) X, ()™ (Xo(70) Xo(70)))e
~ (I, — Go(70) Xo(70) (Xo(70) Xo(70)) ™)

~

x4 (Xy () X (0) = Xo(70)' Xo (10)) (Ko () X (0)) ™ Ko (7)) Gol70)e

=n 2 Z(c’gi(v))zAi(v) + 0,(1), uniformly in v € [0, 7). (I.LA.34)

1=1

Hence, using equation (LA.34) and Lemma A.10 of Hansen (2000), uniformly in

v € [—0, 0], we obtain that term (i) of @, (v)
=% Go(70)' (Py, (10) — P (v))Go(v0)e = plvl. (LA.35)
(ii) First, note that using Lemma ([LA3) and equation ([A-33)

n (X (0)' X, (0) 7 Xo(10)e = (0 (Xu(0) Xy (0) 0 00X (7)€ = 0,(1)  (LA36)

Second, let By(v) and By(v) be independent one-sided vector Brownian motions with
covariance matrices € f and , f, respectively. Then, by equation (LA.12) and Lemma A.11
of Hansen (2000) we have

n~(X,(v)'€ - Xo(70)'@)

—n e Z@(v)m (v)
:n_o‘ZgZ( VLB A ( Z:gZ e; A\ )—n_aZﬁ-eZA v
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Bi(v), uniformly on v € [—v,0
L) AW Y =.0) (LA.37)

By(v), uniformly on v € [0, 9]

Therefore, using equations (LA.23), (LA.32), (LA.33), (LA.30) and (LA.3T) we obtain

A~

x 172 (X, (7)Y X, (7) = Xo(r0) Xo(70))n® (Xu(0) Xo(v)) " Xo(70) €

— Go(70) Xo(M)(Xo(v) Xu(v)) "' ~(X,(0)'€ = Xo(70)'e)
= =7 (X, (v)'E = Xo(7)'€) + 0,(1)

Bi(v), uniformly on v € [—7,0]

By(v), uniformly on v € [0, 7]

Hence,

, / ~ 2(’11/21/\/1 (v), uniformly on v € [—0,0]
n=Go(70) (P*(y0) — P*(v))e = o (I.A.38)
20 Wy(v),  uniformly on v € 0, 7]

where W, (v) and Wh(v) are standard Brownian motions with variances ¢ = ¢/Qcf and

(o = dQqcf, respectively.
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(iii) Using equations (LA.25), (LA.32)), (LA.30), and (LA.37)

&(Po(v0) — Pu(v))E =
¢ Xo(70))(Xo(70)) Xo(70))) ™02 (X, (0) X (v) — Xo(v0) Xo(70)
x (X, (0) Xo(v)) " Xo(70)'€

= 207 (@ X, (v) = T Xo(70))n™ (Xo(v)' X, (v) 7 Ko ()@

= 0,(1), uniformly in v € [—0, 7]

Using a similar argument for & (P1o(79) — PLo(v))€ together with equation ([A24) we get
that the term (iii) of @, (v)
& (P*(v) — P*(v))e = 0. (I.A.39)

Using equation of @, (v) and ([LA.35)-([[LA39]) we get

—plv| + 2(’11/21/\/1(@), uniformly on v € [—0, 0]

Qn(v) = (I.A.40)
1/2
—pulv| + 2(2/ Ws(v), uniformly on v € [0, 0]

Lemma I.A.6 If Wj LN W; > 0 for j = 1,2 then the unconstrained estimators are

asymptotically Normal

V(B — B1) % N(0,V3)
V(B — B2) % N(0, V3)

where

‘/1 = (S{WlSl)_lSiwllelSl(S{WlSl)_l (IA42a)
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‘/2 = (SQWQSQ)_ISQWQZQWQSQ(SQWQSQ)_I. (IA42b)
The constrained GMM class estimators are also asymptotically Normal
Vi(Be — B) % N(0,Ve) (LA.43)

where

Vo =V —W'RRW'R)'RV —~ VR(RW 'R)'R'W ! e
~W'R(RW'R)"'RVR(RW ' R)"'R'W !

and V' = diag(Vy, Va).

Proof: First, we prove the asymptotic normality of the unconstrained estimators and
in particular we start by providing details for the proof of B,. Let X, (v), X, (v), AX, (v),

Zj(v) denote the matrices obtained by stacking the following unconstrained vectors
Zi(vo +n~U290) I (g; < v +n~(1720y),
Zi(yo + n~O7290) I (g > o +n~1720),
Zi(yo + = 20) I (g; < 4o+ n~720) — Zi(o + 0”072 0) (g < 0,
Zi(vo +n~U290) I (g; < v +n~(1720y),

Given that 7, is consistent for 7,, we obtain Xli(v) 2 A7) and /):27;(’7) 2 Xai(7) by
applying the continuous mapping theorem. Furthermore, from Lemma 1 of Hansen (1996)
and Lemmas A.4 and A.10 of Hansen (2000) we can deduce that uniformly on v € [—0, U]

we obtain
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n'Z' X, (v) % S, (I.A.45)
n?Z,(v)e= N(0,%) (L.A.46)

n=2Z,(v) AX,(v) = O,(1) (LA.47)

Let

and write the unconstrained model as

Y = X,(0)B + X1 (V)82 — AX,(0)5, + € (L.A.48)

Using equation (LA.48) we get

V(B (v) = B) =

(2R (0) Zu ()W (0) (2 2 (0) Ko (0)) ™ (ERul0) Zo(0) T (0) (& Zn — =20 AR, (0)5,))

and by equations (LA.43]) - (LA.47) we obtain uniformly on v € [—0, U]
V(B (v) = Br) = (SIS T SIVIN(0, 5y).

Given Lemma[ll T = n'=2% (5 — 7o) = n 22 (§ — ~9) = O,(1), and using 51 = (D) we

get
\/ﬁ(gl — ) = \/5(51(71) — A1) = (S{W1S1) ' STWAN(0,31) ~ N(0, V1)
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where ‘/1 = (S{WlSl)_l(S{W121W151)(S{W151)_1. Slmllarly, we can get \/ﬁ(ﬁg — ﬁg) =
N(O, ‘/2) with V5 = (SéWQSQ)_l(SQWQZQWQSQ)(SQWQSQ)_l as stated.

Next, we prove the asymptotic normality of the constrained estimator. First, note we

can easily verify that

V(B —B8) % N(0,V) (I.A.49)
where V' = diag(Vy, V3).

Recall the relationship between the constrained and unconstrained estimators
Be=B—-WRERWR) (RS- (L.A.50)
Therefore, given rank(R) = r and W & W > 0 we obtain
Vilfe = B) % (I = WR(RWR)'R) V(B — §) = N(0.Ve) (LA51)

as stated.H
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