Supplementary Material on “Uniform Bahadur
Representation for Nonparametric Censored
Quantile Regression: A Redistribution-of-Mass
Approach”

Efang Kong
University of Electronic Science and Technology, China
and University of Kent at Canterbury, UK

Yingcun Xia
National University of Singapore, Singapore
and University of Electronic Science and Technology, China

This section contains detailed proofs of all the theoretical results from the main text,
together with additional lemmas and propositions. Equations which first appear in this sec-
tion would be labelled as (A?7) while those which have already appeared in the main text
are referenced by the Arabic number already assigned to them. Also in this section, sym-

bols sup, sup or sup stand for suplim taken with respect to x € D, 7 € [7*,1 — 7¥], and
X xT o xrfl

B € R™A)_ Similarly, the phrase uniformly in x, T means uniformly inx € D, € [7%,1—7%].

Proof of Lemma 1.With h,, — 0, nhh/logn — oo as n — oo, and the sequence of weights
Bk(x) chosen to be the Gasser-Muller’s type weights, Theorem 2.2 of Gonzalez-Manteigaa
and Cadarso-Suarez (1994) states that

sup|Fics (1) — Foepo)] = O (1 + (2551) "),

— N 1 3/4
{n}(zlé‘X)};Khn(xkx)@(yk,dk,t’x)+O<hi+ ( Ogn) >’

Fron(tx) — Fo(tx) = —

uniformly in x € D and t. Their line of arguments is still valid with other forms of weights,
as long as Y, Buk(x) = 1. Specifically, for the generalized K-M estimator F x| X;) of
(10) with local polynomial weights, we have, with probability one

sup | Fxenr (1) — Folt)| = 0 (g + ('252) 7).

X, T

. Rt - o\ 3/4
Frenr(tx) — Fo(tx) = B0 55 B ()oY, dy %) + O (hp + (252) ). (A1)
k=1
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Note that with kb "/ /logn < oo (Assumption [A7]), the term A3 can be absorbed to
form part of O((nhﬁ/log n)*3/4).
Plug (A.1) into the definition of F5(.|.), and we have again with probability one,

ESth) = [ {Folol)+ S BuGO Ll = Fololx) Vi dos, )} () ds
— Ry(tjx) + {1—7%“’0} Bup(X)X (Ve di, ) + O (B3, + (lzif)3/4) (A2)
n =1 n

where

1 s—t
X(Yi, dye, £, %) /{1 — Fy(s[%) Yo (Yie, i, 5, %) —— K( >d3.
h hln

Since E[x(Yk,dk,t,x)] = 0, Elo(Yi,dk,t + h1ns,x) — (Y, dk, t,x)| = O(h1y), and hy, =
O((nh%,/logn)~1/?) (Assumption [A8]), we have, with probability one,

{1—F0 t’X} {1—F0 t|X}
nhp ZB Ykadkv ) ) nhp ZBnk Yk,dk,t X)
hlnlogn 1 logn
—o({Hre2y _ o 3/4 A3
(P12 = OBy (A3)
With k2, = O(h53) (Assumption [A7]), Lemma 1 thus follows from and . O

To keep the exposition simple, we illustrate by focusing on the case where K(.) is the
uniform density on [—1, 1]P. The arguments could be easily adapted for the case of a general
symmetric probability density in RP with a compact support. Rewrite (9) as

> [winm)or (Y = BT, (X)) + (1= win(T)p (VF = BT, (X)), (A4)
1€Sn (%)
where the index set Sy, (x) = {i: 1 <i <n, |Xix| < d,} with cardinality N, (x) = §(S,(x)).
Denote the minimizer of (A.4) as 3,.(x); and to facilitate the discussion on its properties,
we implicitly assume the following simple facts; see also Chaudhuri (1991) and Kong , Linton
and Xia (2013).

[FACT1] For any positive integer m, let x be a vector in R™ and p(x) be an arbitrary
nonzero polynomial in x. Then, the Lebesgue measure of the set {x|p(x) =0} is 0.

[FACT2] Let XU ... X(™) be independent random vectors in R with the property that
Prob(X®) € H) = 0 for all i = 1,--- ,n, and any given linear subspace H of R™ such that
dim(H) < m—1. Then the collection {X®), ... X} is almost surely linearly independent.

[FACT3] For any x € D, denote by ws, (t,x), the conditional density of , }(X — x), given
that |[X — x| < §,,. Then w;, (t,x) converges to the uniform density on [—1, 1]? uniformly in

t as well asin x € D.



For any given x € D, let [DX,,(x)] be the N,,(x) x n(A) matrix with rows {u, (Xix),i €
Sn(x)}, and VY, (x) be the N, (x) x 1 vector {Y;,i € S,,(x)}. For any subset h C S, (x) such
that 4(h) = n(A), denote by [DX,,(x, h)], the n(A) x n(A) matrix with rows {u, (Xix), i €
h}, and by VY, (x,h), the n(A4) x 1 vector {Y;,i € h}. Define

H,(x) ={h:h C S,(x), f(h) =n(A4), [DX,(x,h)| has full rank}.
The following two propositions describe two critical facts about the minima of (A.4)).

Proposition 1. For any given x € D such that [DX,(x)] has rank n(A), then there is a
subset h € H,,(x), such that has at least one minimum of the form

Bur(x) = [DX,(x, )] VY,(x, h).

Proof. Similar to the proof for Theorem 3.1 in Koenker and Bassett (1978), this roughly
follows from the following linear programming formulation of the minimization of (A.4):

. ‘ + . - o + T
u+m13* Z win (T)[Tu + (1 —7)u; |+ Z T(1 — win (7)) (u;” — uy ), (A.5)
i % oeS, (x) 1€5n (%)

subject to

Y — BTNn(Xix) = uj — U ;

B e R, 4F u;y >0, i=1,--, Ny(x).

Note that we have implicitly used the following fact
pr YT =BT p, (X))} = 7(Y T =¥, + uf —u)).
An equivalence to problem is
min Z [Tu + (win(T) — 7)u; ], (A.6)

+ -
Ui % jeg, (x)

subject to

VY, (x) - [DX,(x)]B=u" —u;
— n 2Nn X
(B,ut,u )ER(A)XR+ ();

ut = (u,i € Sp(x)); u = (u;,i€ Sp(x)).

7

According to Theorem 7.7.4 in Gill, Murray and Wright (1991), problem (|A.6) has a vertex
solution, i.e. there exists some subset h € H, (x), such that uj =u; =0, ¢ € h, which is

equivalent to the statement in Proposition ]



Let 1,,(4) stand for the n(A) x 1 vector of ones, and for any x € D and h € H,(x), define
En(h|7-) = (win(T), 1€ h), and

Lo i) = [DXa(e )] 3 [win (P TV < 1] (i) B (90} — 7] 1 (i),

i€h

where h = S, (x)\h denotes the complement of h in S,,(x).

Proposition 2. If, for some h € H,(x), B,,,(x) = [DX,(x,h)] VY, (x,h) is a minimum

(not necessarily a unique one) of , then we must have
Ln(xa h‘T) € [Tln(A) - En(hh—)v Tln(A)]a (A7)

where [T1,4) — W, (h|T),71,4)] is the n(A)—fold Cartesian product of the closed intervals
{[r — win(7),7], i € h}. Further, B3,,(x) is a unique minima if and only if L,(x,h|T) €
(Tln(A) - ﬂn(h”]—)a 7_]-n(A))'

Proof. Rewrite optimization problem (A.6) as minimizing with respect to 8 the following
quantity

B = Y [r- win(r) | winlT) o (¥ — ] (X) BIY — o) (Xex)).
Sn(

2 2

Its directional derivative in direction a, a unit vector in R”(A),

(g = 3 {0 Gy ] (X)) (Xina] — 7 Ja] (X (A5)
1€Sn (%)

where

. s, | sign(u) ifu#0,
sign”(u; 2) = { sign(z) ifu=0.

This can be derived as follows. For small enough ¢ > 0,

v@+omy= Y fr- T 0 Gty ] (X8 + )Y — ] (Xi)(8 + ).

2
1€Sn (%)

Therefore,

(B + da) — ¥ (B)
- Y 2l [sign{¥: — ) (Xox) (B + 6a)} — sign{; - pu; (Xix) B} |{Y: — 1) (Xix) B}

) 2
1€5n (%)
Win\T Win\T) .
aaT 3 - T Gy, ] (K8 + 60) Y (K.
1€S5p (x)



Consider each individual term and as § — 0, the first term vanishes, and the second term
when divided by & converges to ¢'(3; a) defined in (A.8)).
Now since 1(8) is convex in B, it attains a (local) minimum at B, (x) if and only if

Y (B,,,(x);a) > 0 for all a # 0. Note that at 3,,,(x) = [DXn(x, h)]"'VY,(x,h),

Y (Burt0ia) = S i) G (T (X)) — 7l (Xin)a

2 2
i€h
+ % {w";(T) - wm;) sign*[Vi — py (Xix) By (X); —tty, (Xix)a] — T}ul (Xix)a.

Letting v = (v;;4 € h) = [DX,(x,h)]a, we have that ¢/(8,,,(x);a) > 0 for all a # 0, if and
only if
0< 32 [(“m gy Bl g ) T Gt [ ] (Kix)B ()
[\ 2 AN 2 n nr\X);
) 1€

1, (Xix) [D X (%, )] 7| = 7} ¢ g1 (X) T [D X, 0)] 7,

for all ¥ # 0. This is equivalent to

Win\T Win\T) . 4 ~ _
Ly — vy () < 37 {20 G [y, ] (Ko (30): —, (Xix) [D X (. 1)
ich

7} % DX (% B)] 7 (Xi) < T, (A.9)
for all v # 0. As once given h thus 3, (x), observations {(¥;,X;) : i € h} behave like
independent random vectors, consequently according to [FACT?2], the event that for some
i€h,

Yi - un(XiX)TBnT(X) =Y — p’n(XlX)[DXn(X7 h)]_lvyn(xv h) =0

has probability zero, since it means at least n(A) + 1 independent random vectors lie on a
certain hyperplane of dimension n(A). Therefore, (A.9) reduces to
Win(T7)  win(T) . 5
L — s ) < 3 {20 - 2 [V ] (X508, ()
ich
7} % DX (% B)] 7, (Xin) < T,

as required. ]
Below are some classical results in kernel smoothing which will be repeatedly referred to

throughout this section: with probability one,

sup |(nd5) " N (x) — fx ()] = o(1), (A.10)
sup e (x) = [1 = G(Qr (%) )] fo(Qr(x)[X)S(A)] = O(S, + (nhf)/logn)~1/?), (A.11)
sup £ (x) — fx () ()] = o((nhg/log n) V2 4 hn). (A.12)
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Also for notational simplicity, we shall write Fy(.|X;), fo(.|Xi), G(.|X;), g(-|X;) as Fi(.),
fi(.), Gi(.) and g;(.), respectively. For any given x € RP, 3 € R™*) and F(.|x) a conditional

distribution function defined with any x € D, write

Zm(X,,@,F|T) = wl(T’F)I{Y; < IBTM‘n(XiX)} -7 p’n(X’ix)7 (&S Sn(X),
ﬁn(x,[i F|1) = Ei[Z,i(x, 8, F|T)],

where E;(.) denotes expectation taken with respect to the joint distribution of §; = (V;, X, d;).
Regarding the convergence rate of 3, (x) that is uniform in x € D and 7 € [7*,1 — 7],

we have

Lemma 3. Under conditions in Theorem 1, we have

Sup 1Brr (%) = B (%)] = Op(7a). (A.13)

Proof. First of all, according to Proposition [2] there exists some finite constant ¢; such that

sup| Y Zni(%, By (%), Fn(-])I7)] < 61 (A.14)

T ieSu(x)

Secondly, according to the first assertion of Proposition [7] if 71=¢/{6’*logn} < oo, then

su%] Z [Zni(%, B, Fp(|)|7) = Zns(x, B, Fo|7)]| = Op((nd? logn)'/?) (A.15)
TP a8, (x)

On the other hand, based on Proposition {4 below, there exists positive constants €7, ¢} and

M3, such that
(%, 8, Folr) || = min(ef, ¢118 — B,.-(x))) (A.16)
uniformly in x,7 and 3 whenever
1B = Bur ()| = M;[nd%;/ logn] =2,

where M3 > M.
Combining (A.14)), (A.15), (A.16) and the facts that f(h) = n(A), min(nd,) 14(h) > 0

almost surely, we can conclude that for large enough K (> MJ),
lim sup Prob{sup |3, (x) — B, (x)| > Ki[néh/logn] '/*}

< tim Prob{sup |3 1(Xial < 8,)[Zui(x, 8, Folr) — Halx, B, Folr)]| = S5 (ndf logm) )

X, 7



Finally, we invoke Theorem I1.37 of Pollard (1984) to show that for large enough K, the
probability on the right hand side of the above is of o(1) as n — oo. To this aim, first note
that the following classes of functions (i) : {g,,(Xix) : x € D}, (ii) : {I(Vi < B m,,(Xix)) :
B € R*M, x € D}, (i) : {I(|Xix| < 6n) : x € D} and (iv){wi(7|Fy) : 7 € [7%,1 — 7]}
are all Euclidean for a constant envelope (Lemma (2.13) of Pakes and Pollard, 1989; Lemma
18 and Lemma 22 of Nolan and Pollard, 1987). The closer properties of Euclidean classes
further dictates that {I(|Xix| < 0,)Zni(x,8, Fo|7) : B € R, x € D,7 € [7%,1 —1%]} is
also Euclidean, thus the conditions required by Theorem II1.37 of Pollard (1984) are met. The
proof is thus complete by noting that E[I(|Xx| < 6,)Zni(x, 3, FolT)] = O(6%) uniformly in
BeR'™M xeDandrelr1-71%. O

As the random vector Z,,(x, 3, F'|T) plays a central role in the proof of Theorem 1, let

us take a look at its expectation. Observing that
wi(r|F){Y; < B pp(Xix)} =7
= HCi> B p,(Xix), T < BT p,(Xix)} + I{Ci < B7 p,,(Xix), T; < Ci}
O < BT (X Ty > O} [1 = 1o HUR(C) <7} =7 (A7)
E{I(C; > t,T; < t)|X; =x} =[1 — G(t|x)]Fo(t|x),
E{I(C; >t,T; < (3)|X; =x} = /t Fo(ulx)g(u|x)du

we have

e P = [ OB RO )+ R8T B0+ 0,t7) = 7, (04

where
Ri(s|x) = [1 — G(s|x)]Fo(s +/ Fo(ulx)g(u|x)du
(sx,,7) / {1 - Fy(ulx) }[1 )I{F(u|x) < T}} (u|x)du
In the case where F(.|.) = Fy(.|.), we have
min(s,Q- (x))
Ri(s|x) + Rp,(s|x,7) = [1 — G(s|x)]Fo(s|x) + G(s|x) — (1 — 7')/_ g(ulx)du

Proof of Theorem 1. This consists of the following steps.

Step 1: For any given t € [~1,1]P, and B close enough to B,.(x), let s1 = wu(t)' B, (x)
and sy = p(t)'B. Bear in mind the observation that for C; lying above Q,(X;), the



quantile fit will not be affected if the entire weight is shifted to Y 7°°; see also Wang
and Wang (2009). Therefore, assumptions [A2]-[A4] and [FACT3] imply that
R1(s2|x) + RE, (s2]x,7) — Ri(s1]x) — Rp, (s1]x,T)
= [1-GQ:)X)]fo(Qr(x)x)p(t) {B = B (%)} + O + [3a]*2), (A.18)

and thus for any 3 close enough to 3,,,(x),

Hy(x, B, Folr) — Ha(X, By (%), Fol7)
Sn(x){B = Brr (%)} + OB = By (x)” + 16a]2), (A.19)

uniformly in t, x and 7.

Step 2: Define the following n(A)—dimensional random vector
Xn(x, B, Fyo|7) ZI Xix| < 00)[Zni(x, B, Fo|7) — Hn(x, B, Fo|7)]
_ZI ’XZX‘ < 6n) m(X Brr(x )7F0|T)_ﬁn(X’BnT(X>7FO‘T)]'

As argued in the last paragraph in the proof of Lemma 3, {I(|Xx| < 0n)Zni(x, 3, Fo|T) :
B e R, xeD,re(0,1)}is Euclidean, hence the conditions required by Theorem
11.37 of Pollard (1984) are met. As E[I(|Xix| < 6p){Zni(x, B, Fo|T)—Zni(x, B, (X), Fo|T)}]? =
O(0h7y,) uniformly in x,7 and B € R™) | whenever |8 — B,,.(x)| < K17, there exists
some finite K7 > 0, such that with probability one,

sup |xn (%, B, Fo| )| = O((ndhm, logn)'/?). (A.20)
x7‘,|,8 ,Bn_r )<Ki7n

Step 3: Combining (A.19)) and ( -, we have

an(x) ZESZ(X) [wiof {Vi < Qur (X, %)} — 7| 1, (Xi)
= g )+ B (9. Fl) = L B (), Fol)
+Nn1(X) ieg(x)[ww(”[ {¥i < Qne (X, %)} = 7l (Xie)
= 50(3)[Bor(X) = B (%) Nn p3 ) [win (NI{Yi < Qur (X, )} — 7]
! 1( = i (Xioe) (wio (7) = win(7)) [1{1@- < Qur(Xi, %)} = I{Y; < Qur (X, %)}
+an(x) ZESZW(X) o (Xine) (wio(T) = win (T I{Y; < Qur (X, x)} 4 O(73/4 + 6252).
The assertion in Theorem 1 thus follows from Propositions [7} ] and 0



Proof of Corollary 1. We only need to show that the difference between the covariance
matrices of these two estimators is positive definite. For illustration purposes, we focus on the
covariance matrices of their respective ‘staple’ terms, not in the least because as discussed
in Section 4, the ‘correction’ terms will become relatively negligible if the K-M estimator
converges fast enough.

To this aim, we start with quantifying the variances of the following two random variables.

d;

@ Ty " I < QuXix)] (B) wioln)I{Yi < Qur(Xix)} — 7.

Given X, the second moments of term (A) is in the first order equal to

E{[r = H{T; < Q-(Xi)}*/(1 - G(Ti1Xy))}-
As for that of term (B), first note that

B* = (1-7)2H{C; > T, T; < Qur (X, x)} + 72I{C; > T;, Ti > Qnr (X, %)}

—|—T2I{CZ' < E,C@ > QnT(Xivx)}
FQ(CZ\Xl)
1 _ 2 7
T TR eXP
— By +By+ B3+ By

I{Ci <T;,C; < QnT(XuX)}

As Bo+ B3 = 72I1{C; > Qnr (X4, %) H{T; > Qur(Xi, %)}, we have E(By+ Bs) = 72(1—7)[1—
G(Q-(X;)|X;)] + o(1). For the remaining two terms,

B = (1—7)’I{Ti < Qur(Xi,x)} — (1 = 7)°I{C; < T}, Ty < Qur(X4,%)}

and consequently, E(By + By) = (1 —7)%7 4+ (1 — T)QE{I{CZ‘ < QA(X)} 1FOFOC(,P|(X) } +o(1).
Therefore,

BB = (1= 7)1l - G(Q(X)IX0)) + (1 = 7 [HC: < QX)) 2 =] + ol
Consequently, up to the first order we have
-1 3 -1
Cov(B(x) = g a1~ GlQ ()}
<{r{1 = D1 = GIQ-X)X] + (1= TP E[HC) £ QX)) 2o )
_SAEAE ) r(1-7)
S TERQ-0P (1= GQ W
o L DTMANSANNA) [ 1T < Qo (X))
Covinr(x)) = &ifo(@T( o ey )
This finishes the proof. ([l



Proposition 4. If 2 = O(7,), then there exist positive constants €1, c¢1 and My, such that

for all x and T,
| Hu(x, 8, Fo|7)| > min(er, 1B — By, (x)]) (A.21)
whenever |3 — B,.(x)| > Mi(ndh/logn)~1/2.

Proof. This is split into several steps.
Steps 1: We show that there exist constants Ms > 0 and €; > 0, such that for all x and
T,|ﬁn(X,B,F0|T)\ > €1, whenever |8 — 3,,.(x)| > Ma.

If this is false, we can construct three sequences of vectors {3,.} in R4 {x,-} in

RP {7,+} such that with Ay« = B,+ — B,0(Xn+) and n* — oo, we have |A,«] — oo
and H,,(Xp+, By, Fo|Tne) — 0. Without loss of generality, we can assume A« /||A,«| —
some A* € R™) such that |A*|| = 1, x,» — some x’ € D and 7,, — some 7° €

[T%,1—7"].

As u(t) " B,,,(x) is uniformly bounded over t € [~1,1]?, x € D and 7 € [7%,1 — 7%], we
have for any given t € [~1,1]P, u(t)" B, must tend to either +c0 or —oo, depending on
whether p(t) " A* is positive or negative, respectively. Specifically, for those t € [—1, 1]? such
that p(t)TA* <0,

Ri(p(t) " By [Xp + Opet) + Ry (1(t) T By [Xns + Gty Tw) — 0, (A.22)
as n* — oo; while for those t € [—1, 1], such that u(t)T A* > 0, we have as n* — oo,

Xpr 4 Opet) + Rp(t! B | X + Oty Tnw) — s
= (1= 7m0){1 = G(Qro(x")x")}. (A.23)

Since the region [~1,1]P N {t : p(t)TA* = 0} must have Legesque measure zero, if
|H,, (B, Fy %) = 0, as n* — oo, (A.22), (A.23) and a straightforward application of the

dominated convergence theorem then yield
0 dt=(01-{1-G 0)[x° d
T p(t)dt = (1 —7){ (Qr(x7)[x7)} p(t)dt.
[—1,1]Pn{t T A*<0} [~1,1]Pn{t T A*>0}
Multiplying either side by A*, we get

()T A%t = (1 - 7°){1 — G(Q0(x")x")} / ()T A dt.
[—l,l}Pﬂ{/J,(t)TA*>O}

o f

[—1,1]Pn{p(t) T A*<0}
As 70 € [7*,1 — 7*] and whence G(Q.0(x)|x") < 1, the above equality implies that the two
regions [—1,1]? N {pu(t)TA* < 0} and [~1,1]P N {u(t)TA* > 0} must both have Legesque

measure zero. This contradicts [FACT1].
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Step 2: Note that for any s € R and x € RP,

Ri(s|x) + Rp,(s|x,7) =7 = {1 —G(s|x)}{Fo(s|x)— 7}
min(s,Qr (x))
+(1 —7){G(s|x) — / g(u|x)du}. (A.24)

For any given 8 € R™4), write A = 8 — 8,,,(x), and thus for any given t € [—1,1]?,
BTH() = AT p(t) + Qr(x + 5,) — r(t6,,%), and

Fo(BT plt)lx + 8,) — 7 = h(A,x, 6, 7)AT pu(t) + O(532) (A.25)
uniformly in t,x,7 and A, where
h(A? X7t?7-)

 Fy(ATp(t) + Qr(x + £6,) — 7(£6,, %) |x + 6,t) — Fo(Qr (X + £8,) — (68, X)[x + 5,t)
a ATp(t)

if ATu(t) # 0, and is defined arbitrarily otherwise, since for nonzero A, the set [—1,1]P N {t :
pn(t)TA = 0} has Lebesque measure zero. In view of [A3], there exists b > 0, such that the
density fo(.|x) is continuous and bounded away from zero in the interval [Q(x) —b, Q- (x)+]
uniformly in x and 7 € [7*,1 — 7*]. Suppose sy in [A2] and the bandwidth §,, are such that
|7 (ton, x| = O(052) < b for all x and t € [—1,1]P. Therefore, there exists some M3z > 0, such
that

inf h(A, x,t) > Ms. (A.26)

|A| < M, t € [-1,1]7

x, T € [T, 1 —7%]

Similar to (A.25)), it could be shown that

G(B" u(t)|x + td,) — Pr{C; < min[Q,(x + t5,), 8" p(t)]|x + 6,t}
= T{ATp(t) > r(td,, x) (A, x,t, 7)AT p(t) + O(55),

again uniformly in t,x,7 € [7*,1 — 7*] and A, where

h(A,x,t)
G(AT(t) + Qr(x + t5,) — 7(t6,, X)|X + 6nt) — G(Qr (X + t6,) — 7(£5,, X)X + Int)
AT p(t) ’

which is always nonnegative.

11



Step 3: Write Qnr(x + t,,%x) = B (x)p(t). Combining the results in Step 2, we have

nt

/[_1 1pp p(t) [{1 — G(s|x + 6pt) H{ Fo(s|x + dpt) — 7}

+(1 —7){G(s|x + dnt) — Pr{C; < min(Q-(x + d,t), S)|X}}] dt

v

[/[_1 1]p{l — G(s|x + 6,t) }h(A, %, t, T)u(t)u(t)—'—dt} A+ 055

v

M1 = o) [ 1{lu(6)] < 01 /2} () 0) ] A (A.27)

where the last inequality(A.27)) follows from [A4] and (A.26)). Denote by A (> 0), the smallest

eigenvalue of the positive definite matrix

[ 1) < 023t s
It can be seen that
|Hn(x, 8, Fo|7)| > MMs(1 = b3)|8 — B, (x)];
this together with the conclusion in Step 1 leads to (A.21]). U

Proposition 5. Suppose conditions in Theorem 1 hold. We have

D (Ko wiolr) = win(r)IY: < Qur (X130}

1€Sn(x)

—Ei{p,(Xix) (wio (1) — win (7)) I{Y; < Qnr (X, X)}}] = Op{Tn (ﬁ_a) 1/2}

% logn

Ny (%)

uniformly in x, T, where E;(.) stands for expectation taken with respect to the joint distribution

of (X;,Y;) with the other argument held fized.

The proof of Proposition [fis based on the concept of stochastic equicontinuity in empirical
process. To start with, we introduce the definition of e—covering number. Let S be a sample
space and S, the sigma field. Let P be a probability measure on & and F be a class of
measurable functions from S to R%. Denote by (F,|.|lsc) and (F, |.|[1,(p)), the subset of
metric spaces equipped with different norms, the first with the supremum norm and the
second, the L2(P) norm. The e—covering number N(e, || z,(py, F) is defined to be the
minimum number of balls of radius e with respect to the La(P) norm needed to cover the set
F. N(e,|.||ocs F) is similarly defined.

Proof. A useful identity is that, for given x, 7, and a generic conditional distribution function

E(1),

(wio(7) — win (7)) I{Y; < Qnr (X4, %) bp, (Xix)
= (1 — T)[an(fi‘x, F(),T) — an(fi’X, F, T) + Zn2(§i|X, F,T)], 1€ Sn(X), (A28)
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where wi, (1) = w; (7| F(.].)),

an(fi‘)ng T) = un(XZX)I{|X1X| < 5”}I{CZ S QnT(Xi’X)7n - Ol} 1- FO(C) ’

Zn2(&ilx, o) = I{|Xix| < H{C; < Qn-(Xi,x),T; > Ci, Fi(Cy) <1}

Fio(C;) — Fi(Cy) |
A= Fo(C))0 = Fi(Cyy i)

We start with proving

1 n
sup ‘7 [an(&!X, F, 1) — Zn1(&l|x, Fo,7)
F(.|)EFn non ;

—B{Zu (&%, F,7) = Zu(&lx, Fo, 1)} ]| = 0, {(ndh/e) /%) (A.29)

Let H = {Zu1(¢]x, F,7) : x € D, F\.

.) € C37((0,1)®D)}. The proof follows the same lines as
those for the Equicontinuity Lemma (Pollard, 1984, pp. 150), provided that the e—covering
number N (e, ||.||1,(p,), ) satisfies condition (16) therein, where P,(.) denotes the empirical
measure that puts mass n~! at each of Z,1(&|x, F,7), i=1,--- ,n.

Next, note the following simple but useful fact: for any real values |a| < 1, |b] < 1, and
z, y € {0,1}, it holds that |ax — by|> < |z — y| + |a — b|*>. An application of this inequality
yields

Za (€%, F.7) = Za (€, ', 1) < (K H{IXixl < 60} I{Ci < Qur (X)) —
b (Ko I{ X | < 6,3{C; < Qur(Xi, X} + [I{F(C) < 7} — I{FL(Cy) < 7).

This in turn implies that the upper bound for e—covering number N (e, [|.[|z,(p,), H) is, the

product of N(e, .||z, (p,), F1), the §—covering number of
Fi = {p, Xix) I{|Xix| < 0 H{C; < Qns(Xi,x)} :x €D, 7€ [7%,1 -7} (A.30)

and €%/4—covering number N(e?/4, ||.|ls,C34((0,1) ® D)). On one hand, by Lemmas 2.6.15,
2.6.18 and 2.6.20 of van der Vaart and Wellner (1989) and Example 38 of Pollard (1984)
(pp.-35), F1 of is VC-subgraph class of functions with a constant envelope and thus
according to Theorem 2.6.7 of van der Vaart et al. (1989), there exist some universal constants

K7 >0, W > 0 such that
sup N (€, F1, || o (p)) < K1V for any € > 0. (A.31)
P

On the other hand, Theorem 2.7.1 of van der Vaart et al. (1989) states that there exists some
constant Ko depending only on p, s4 and the Legesque measure of the set (0,1) ® D, such
that

log N(€2/4,C34((0,1) @ D), ||.|loo) < Koe 20H1)/51 for any € > 0.
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This together with (A.31) implies that there exists some constant K3 such that
suplog N (e, ||.|| 1,(p) H) < Kze 20FD/sa, (A.32)
P

If s4 > p+1, (A.32) means that the requirement on the covering integral-condition (16) of the
Equi-continuity Lemma (Pollard, 1984, pp. 150) is satisfied and ({A.29) consequently holds.
The handling of Z,2(&|x, F,7) is much simpler and leads to results similar to (A.29)). O

Proposition 6. Suppose conditions in Theorem 1 hold. We have

Eil(wio(T) = win(7)) I{Yi < Qnr (X, %) Htn (Xix)]
= LS BB (K X)Xl < 6da, (Ko ®(X Vi dglr)] (A33)
J

+O(BNF(L) = Fol1)|12 + 05 (nhh /1og ) /4 + a2nst ).
where the term O(.) is uniform in x, 7 and F(.|.) € Fy.

Proof. This implies dealing with the terms introduced in (A.28)). First note that through
arguments used to derive (A.19), for F(.|.) such that ||F(.].) — Fo(.|.)|| can be arbitrarily

small, we have
Ei[an (gi‘x’ F7 T) — Zn1 (&’X7 F07 T)]
= Ei|I{i € 5,60 b, (Xix) { P (71X0)[X0) = G(Q (X)X }
= B[4 € $n(0} (X [ QK0 X0) {r — F(Q-(X0) X}
+O@EIF (1) = FoC 1)),

where the second equality follows from the following observations

G(F~H(rx)[x) = G(Qr(x)|x) = g(Qr(x)x){F " (]x) — Fg ' (]x) {1 + o(1)},

T - F(Q-(x)[x)
fo(Qr(x)[x)
where again the terms O(.) and o(.) are both unform in x, 7 and F(.|.) € F,. Note that

F~H(r|x) — F5 ' (r]%) = +O(IF(]) = Fo(1)]?),

second equality above was proved by van der Vaart (1998) and was also used in Wang et al.
(2009) for linear CQR. With F(.|.) = S, invoke Lemma 1 with t = Q(X;), x = X, plug it
into (A.34) and we have

El[an (§1|X, Fa 7_) = Zn (§i|X, F07 T)]

= i 3 B[40 € S0} (Xix) B (K XML M@ (KX)o (Y 3, Q- (K1), X))

logn
nh?

2 3/4 s
FO{GIF (L) = RoC1)I2 + 35 (=25 )+ ohhit},
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once again unform in x, 7 and F(.|.) € F,. Similar results can be proved for the expectation

of Z,2(&|x, F, 7). Note that

Fio(Cs) — FZ(C'Z)]
(1-F(Cy))
Fio(C;) — Fl(Cz)}
(1= Fio(Cy))

% Z E; [Bhn (Xj; X—Z)I{|XZX‘ < 5n}“n(sz)I{CZ < QHT(Xi7 X), FZ(Cl) < T}
J

S BB (55 X0 Tl < 8 (Ko TG < @ (X))
J
FOGEIFCL) - Foll)ll + IFCL) — By L)),

and consequently (A.33) holds. Depending on the ratio d,/h,, the leading term in (A.33))

above admits the following asymptotic expressions:

b 571 = O(hn)a

) 003 B, (X000, Y5, ) + 0015, (A3
J

o if 6, /By — 00,

1

- > (X)) (Xjx) ®(X5, Y, dj) + OS5 bt /6n); (A.35)
JESn(x)
® Oy < hy,
5h
fx(x); > B, (X x)®(x,Y;,d)) + O(6hH7,), (A.36)
J

where By, (X;;x) = f[_LHp By, (X5 % + 6pt) p(t)dt. O

Proposition 7. Suppose conditions in Theorem 1 hold. We have

) ~(1—a) /
sup | Y 1Zulx B Flr) = Zu(x. B R = O+ ()
B M es, (%) n 08
% ol X e walr) = wia(r) [1(Y < 7, (Ki)} = 1Y, < Qur(Ki)}
X, n €S (%)
~(1-a)
= Op{mnTn + (5%2 IOgn)l/Qﬂ(Lg_a)/Q}-

Proof. The arguments are exactly the same as those used to prove Propositions 5] and [6] O
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