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1 Supplementary proofs

This document contains the proofs of Theorems 1, 2, 6, and 7 of ” Consistent and Conservative
Model Selection with the adaptive Lasso in Stationary and Nonstationary Autoregressions”.
Please consult the main paper for notation.

Proof of Theorem 1. For the proof of this theorem we will need the following results which
can be found in e.g. Hamilton (1994), Chapter 17.
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We shall also make use of the fact that the least squares estimator, (py, B}), of (p*, *') in
(1) of the main paper satisfies that HST [(,61, B})/ — (p", B*')/] Hz € 0,(1)

The idea of the proof is as in the proof of Theorem 2 in Zou (2006). Alternatively,
one could follow the route of Wang and Leng (2008), which is very different from the one
here. First, let u = (uy,u))” where u; is a scalar and uy a p x 1 vector. Set p = uy /T and
B; = B + ug;/ VT which implies that (2) in the main paper as a function of u can be written
as
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Let @ = (uy,dh) = argmin Ur(u) and notice that 4; = Tp and Uy; = \/T(B] — f3;) for
7 =1,...;p. Define
VT(U) == \I/T(u) - \I/T(())
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Consider the first two terms in the above display. It follows from (1) and (2) that
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for all u € RP*!. Furthermore,
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since T'py is tight. Also, if 37 # 0
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Finally, 1f Bj =0,
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since (i): Tl/Q =7k — oo and (ii): VTP, is tight.
Putting together (3)-(6) one concludes:
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Vr(u)=>V(u) = {

Since Vp(u) is convex and ¥(u) has a unique minimum it follows from Knight (1999) that
arg min Vp(u)—> argmin ¥(u). Hence,
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where Jy is the Dirac measure at 0 and |.A°| is the cardinality of A° (hence, 564 s the

| A¢|-dimensional Dirac measure at 0). Notice that (7) and (8) imply that 4, — 0 in probability
and g 4c — 0 in probability. An equivalent formulation of (7)-(9) is

TH=6, (10)

VT(Bac — Bie) =05 (11)

VT(Ba— B)=N(0,0%[£4] ) (12)
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(10)-(12) yield the consistency part of the theorem at the rate of T" for p and VT for AB
Notice that this also implies that no 3;, j € A will be set equal to 0 since for all j € A, f;
converges in probability to 57 # 0. (12) also yields the oracle efficient asymptotic distribution

for (4, i.e. part (3) of the theorem. It remains to show part (2) of the theorem; P(p =0) — 1
and P(fBr,4c =0) — 1.
First, assume p # 0. Then the first order conditions for a minimum read:

2y’ (A?/ — Xr(p, B/)’) + Arwi'sign(p) = 0
which is equivalent to

2y’ (Ay — Xr(p, B/)/> N Arwi*sign(p)
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Consider first the second term:
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since T'py is tight. For the first term one has:
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by (1). Hence, % and % are tight. We also know that Sr[p, 3’ — 3*'] converges

T
weakly by (10)-(12) which implies it is tight as well. Taken together, zy’l(Ay_;{ r(5Y) is tight

and so
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Next, assume 6} # 0 for j € A°. From the first order conditions
Ay j(Ay = Xr(p, 5)) + Arw3isign(5)) = 0

or equivalently,
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T1/2 + T2 B

First, consider the second term
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since VT BL]- is tight. Regarding the first term,
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’ -1 I e /- —1
diagonal element of . M’%#%(O,E(j,l), s 2(p)) by (1). Hence, ATyl—;; and Ay’%#
are tight. The same is the case for Sy[p, 5/ — §*'] since it converges weakly by (10)-(12).
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Taken together, 289, ;UQT(M /) is tight and so
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We next turn to proving part b). The proof runs along the same lines as the proof part a).
For the proof we will need (13) and (14) below which can be found in e.g. Hamilton (1994),
Chapter 8. Notice that by definition of x; = (y;_1, 2;)" the lower right hand (p x p) block of
Q is 2.

We shall make use of the following limit results:

1
fX’TXT 5 Q (13)
1
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where the definition of B means that B is a random vector distributed as N,41(0,02Q)
We shall also make use of the fact that the least squares estimator is v/T' consistent under

VT [ ) = (87)]|, € 0u1)

X5 N,1(0,0%°Q) =: B (14)

stationarity, i.e.
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First, let u = (uy,u})" where uy is a scalar and uy a p X 1 vector. Set p = p* 4 uy/V/T
and 3; = 85 + ug;/V/T and
» 2
U2
Vr(u) = Ay—(p +—)y1 (ﬁ+ J>Ay<
u2]
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Let @ = (1, 4)) = arg min ¥y (u) and notice that 4, = VT(p— p*) and ty; = VT(5; — B%)
for 5 =1,...,p. Define

Vr(u) = ¥p(u) — ¥r(0)

+ )\TU)

1 IR 1 IR U2
= —u' X, Xpu —2—u' X e + \pw?* + A wy + =L
T 74T T T TW —[p"| TZ T

Consider the first two terms in the above display. It follows from (13) and (14) that
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U XrXru ﬁu reu'Qu — 2u (15)

for all v € RP*!. Furthermore, since p* # 0
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since (i): )\T/TW — 0, (ii): |1/p|" — " < oo in probability and
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Finally, if 6;‘ =0,

V2

since (i): =255 — oo and (i) VTfr; is tight.
Putting (15)-(18) together one concludes:
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0 in probability if ug; = 0

Vi(u) >V (u) = {U’Qu — 2u/'B if ug; = 0 for all j € A°

oo if ug; # 0 for some j € A°

Since Vip(u) is convex and W(u) has a unique minimum it follows from Knight (1999) that

arg min Vp(u)—= argmin ¥(u). Hence,

(t1, 1) =N (0,0%[Q5] ) (19)
Gy pe 0" (20)
where ¢y is the Dirac measure at 0 and |A°| is the cardinality of A° (hence, 5‘64 s the

| A¢|-dimensional Dirac measure at 0). Notice that (20) implies that @iz 4c — 0 in probability.
An equivalent formulation of (19) and (20) is

VT(p—p)
VT(Ba— BY)
VT(Bac — Bie) =05 (22)

) =N (0,0°[Qp] ") (21)

(21) and (22) establish the consistency part of the theorem at the oracle rate of v/T'. Note
that this also implies that for no j € A will Bj be set equal to 0 since for each j € A, Bj
converges in probability to 37 # 0. The same is true for p. (21) also yields the oracle efficient
asymptotic distribution, i.e. part (3) of the theorem. It remains to show part (2) of the
theorem; P(BAC =0) — 1.

Assume Bj # 0 for j € A°. From the first order conditions

20y ;(Ay — Xr(p, B')) + Arwiisign(B;) = 0
or equivalently,
28y <Ay — X7 (p, 5’)’) )\Tw;j-sign(ﬁj)
T1/2 + T1/2

First, consider the second term
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since VT BAIJ is tight. Regarding the first term,

28y, (Ay = Xe(p,B)) 28y, (e~ Xalp— p7, 5 = 57
T1/2 - T1/2

C28yLe 20y XVT[p - p B = B

T2 T

By (14), ;1 /;€—>N (0,0%Q(j+1)) where in accordance with previous notation @Q(;41) is the

(7 + 1)th diagonal element of Q). y—XT N (Q(j+1,1)s - Qj+1,p+1)) by (13). Hence, % and

Aya{ L are tight. The same is the case for VT [p — p - 3*'] since it converges weakly by

(21)-(22). Hence,

. 2Ay”; ( Ay — Xr(p, By Arw)2sign(3;)
P(BHAO)SP( ( T >+ 23T1/2 L =0) =0

]

Proof. Denote by 7\ = (p», B’A)’ the adaptive Lasso estimator of n* = (p*, 3*')’ for the tuning
parameter A. Let é, = Ay — X7, be the corresponding vector of error terms, and set
Ay = {j: BAJ # 0} and B, = {j : Mr; # 0}. BIC) is the value of the information criterion
for the adaptive Lasso with tuning parameter A. For any S C {1,...,p + 1}, X7 s denotes the
matrix which has picked out all columns of X7 indexed by S !. Define €5 15 = Ay —XT73337 LS
to be the vector of error terms from a least squares regression only involving the columns of
X7 indexed by S. For any symmetric matrix A, let ¢nin(A) denote its smallest eigenvalue
and let. Let {Ar} be a sequence satisfying the assumptions of Theorem 1.
a) Non-stationary case, p* = 0. Thus, B= A4+ 1.

Case 1: relevant variable left out, i.e. \ is such that B, 2 B (or, equivalently, as p* = 0,
A, 2 A). First, note that

tobn 1A= Xain, |
T T
! 1
- E’Jf + = T (ﬁ)\T - n*),STS{—}X%XTS;lST (ﬁ)\T — 77*) _ 2f€/XTS;1ST (ﬁ/\T . 77*)
=0’ + op(1) (23)

since Sp S X, XS = O,(1) by (1) and ¢ X797 = O,(1) by (2). Furthermore, we used
St (fixg — n*) = Op(1) by Theorem 1. Therefore, because |By| < p + 1,

log(T )

BICy, i=log (2500) + By, 5 = lox(e?) + 0,(1) (24)

I This is not in conflict with the notation introduced in the main paper, as we have only indexed square
matrices by sets so far.



Next, note that for any non-random set S 2 B

~ -1 * -1 * —1

fs,ps = (X7 sX1.s) sy =5+ (XsX1s)  XpsXrsense + (XpsXrs)  Xfse
such that by (1), (2), and Sr.sens./vVT = 0. (since p* = 0),

St.s (s,Ls — %)

VT

— _ —1 _ _ S ,SC *c
= (S7sX7sX15575) ST,}SX/T,SXT@‘“ST,}SCTT;}S

SLX/ e
+ Sfl X, X Sil -1 ~783T,S
( T8T,8NT,S T,S) \/T

%(As)ilAs,ScT];c

As there are only finitely many & 2 B the convergence is actually joint over these (for
every S the converging matrix above is a continuous function of one and the same matrix
STIXL X1 S7Y). Thus, for arbitrary S 2 B, letting b(S) be the (p + 1) x 1 vector with
fs,s filled into all entries indexed by S and 0 in all entries indexed by &8¢, we get that
St(b(S) — n*) /VT=¢(S) where ¢(S) is a (p+ 1) x 1 vector depending on S that has at least
one entry different from zero (at least one entry will equal one of the 35, j € A). Furthermore,

~

ésns = Ay — Xrshsrs = € — Xp(b(S) —n*). This implies, using that a finite minimum (over
S 2 B) is a continuous function and X is positive definite,

¢ € / 7 k) 7 ok ~ .
minw > °e + min (b(S) — n")"Sr Sr(b(S) —n") _ QmaXEIXTSEIST<b(8) )
S28 T T s2B VT VT S5 T

~, 2 : / > 2 . : /
=0 + min c(8) Ac(S) > 0% + dmin(A) min c(8) e(S)

S X5 XSyt

2 _ - ' 2
> 0% + Gmin(2) Iglz}gC(S) c(S) >0 +c¢

for a ¢ > 0 since by assumption ¢(S) has a non-zero entry of at magnitude at least
min {[35],j € A} which does not depend on S. The above display also allows us to conclude

that F(t) = P <02 + mingzp c(S) Ac(S) < t) =0 for all ¢ < 0% + ¢. As such t are continuity

points of F' and so®

R
. . €s1s€s,LS

limsup P | min ———"—
T—o0 S2B

< o? —1—g/2) =0 (25)
Therefore, using that by construction €€, > €2§M 15€By LS (as least squares minimizes the sum
of squared error terms), with probability tending to one
€\ Ex 5 Jlog(T) élg LS€B/\ LS ) €s.1.5€5.LS
BIC, =1 A >1 Ba LS BAES ) 1 €s,L86S,LS
O 0g(T>+|Bk‘ T =% T =595 08 T
> log(o? + ¢/2) > log(o?) (26)

2(25) also uses the following: Let Ur and Vr and be sequences of real random variables such that
for al T > 1, Up > Vp. If Vp5V and t is a continuity point of V, then limsup,_,  P(Ur <

t) < limsupy, P(Vr < ¢t) = PV < t). In our case Up = minszzsw, Vr =
€€+ mingop 7(17(8)\7%*)ISTS;lX{FXTS;iST(b(j%fn*) — 2maxspp € XpSp T and Vo= o2 +

mingzp c¢(S) Ac(S).



forall A\ >0: By 2 B. In total, combining (24) and (26) and using that the latter is valid
uniformly over A > 0: By 2 B,

P ( inf  BIC, > BIOAT> —1
)\ZOZB)\Z)B

which implies that with probability tending to one BIC does not choose a A for which the
adaptive Lasso leaves out a relevant variable.

Case 2: Overfitted model, i.e. A is such that B C B, (B is a proper subset of 1’5’)\) Let S be
any non-random set such that B C S. Then, by (1) and (2), and defining b(S) as previously

&\ Erp — €5 psés,Ls =||Ay — XTﬁATH? —||Ay — Xp.s7s, LS”Z
= (’f])\T ) STS 1XTXTS ST (’f])\T *) - 26/XTS;1ST (77)\T - 77*) -

(1(S) — ") SeS7 X4 XS5 (H(S) — ') + 26/ X055 51 (b(S) — ')
= Op.s(1)

where O, 5(1) indicates an O,(1) depending on S. Furthermore, we used Sy (9, — 1*) =

O,(1) by Theorem 1, and St.s (9s,s — n%) = Op(1) by the properties of the least squares

estimator in a model including all relevant variables. Therefore, as there are only finitely
many sets S which contain B, we conclude

él%x,LS - gl)\Té/\T‘ S .Sr‘r}fagfs“ég\Té)‘T - éingS?:S,LS‘ - Op(l) (27)

which by (23) implies €/,

b2 : A n N o
8, LSEB)\,LS/T — 0°. Thus, using €\éx > €, | €5, 1

T (BIC\ — BIC\,) =T (log(&\éx) — log(&\,éxp)) + (1Ba] — By |) log(T)
> T (log(é ;5€8, 1s) — 108(Ehéxr)) + (1Bl = [Bar]) log(T)  (28)

First, by the mean value theorem there exists a ¢ on the line segment joining é’B . SéBA IS
s :
and €} €y, such that

A /\/ A /\I A /\/ A
Tloge, 15, 15) ~ los(e sstnas ~Butrl _ 1 ustons — 8utu|
€s o+ ofh — €\ ¢ =
By,LS"Bx,LS A AT ‘ = = - RS
A ¢ EBA,LSEB/MLS/T/\EATG/\T/T

= Op(l)

by (27) and convergence in probability of the denominator to ¢ > 0. Finally, (|l§ Nl ) log(T)
tends to infinity in probability as |By, | = |B| with probability tending to one and |By| > |B|.
Therefore, as the above arguments are valid uniformly in A > 0 : B C B,, we conclude

P ( inf (BIC, — BIC),) > 0> =P < inf T(BIC\— BICy,) > 0) —1

A>0:BC B, A>0:BCB)

which completes the proof in the non-stationary setting.
b) Next we consider the stationary setting where p* # 0. Thus, the non-zero entries of n*
have indices B = {1} U (A + 1) the true active subset of {1,...,p + 1}.
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Case 1: relevant variable left out, i.e. A is such that B, 2 B. First, note that

CHOWI VRS o/
T T
e XD Xy, RS ¢ A )
:%Jr(?m—n )’ = L (mT—n)—QTeﬂ—T\/T(mT—n)
=02+ 0,(1) (29)

since X X7/T = O,(1) by (13) and ¢ X7/vVT = O,(1) by (14). Furthermore, we used
VT (fn, —n*) = O,(1) by Theorem 1. Therefore, because |By| < p+ 1,

log(T)
T

~/

BIC), = log (%) + \B,\T| = log(af) + 0,(1) (30)

Next, note that for any non-random set S 2 B

. -1 . -1 . -1

Nses = (XpsXrs)  XpsAy=ns+ (XpsX1s) XpsXrsense + (XpsXrs)  Xis€
such that by (13) and (14)

) \ XpsXrs\ ' XpsXrse X7 sXns\ T Xp g€ _ )
(fis,s — n%) = ( 7T > 7T Se ( 7T > T 5 (Qs) ' Qs s

Thus, for arbitrary S 2 B, letting b(S) be the (p+1) x 1 vector with fjs 1 filled into all entries
indexed by S and 0 in all entries indexed by S¢, we get that (b(S) —n*) & ¢(S) where ¢(S) is
a (p+1) x 1 vector depending on S that has at least one entry different from zero (at least one
entry equals one of the 07, j € B). Furthermore, és,r.s = Ay — Xr.sfjs.Ls = € — X7 (b(S)—n7).
This implies, using that a finite minimum (over S 2 B) is a continuous function and @ is
positive definite,

. €srs€ss _ €e e XrXr - . DG i}
min == > o ( —7 (0(8) = ") = 2max —=(b(S) —n’)

T
) - ' 2 . - / 2
=0+ Iglz}gc(S) Qc(S) > 0% + pmin(Q) glz%c(S) c(S) >0 +c¢

for a ¢ > 0 since by assumption ¢(S) has a non-zero entry of at least min {|5}|, j € A} A |p*]
which does not depend on §. Therefore, using that by construction €,é, > é’g RN (as
A ’

least squares minimizes the sum of squared error terms), with probability tending to one

BIC, =1lo —é/)‘é)‘ +|l§’ |log(T) > lo —%A’LS%A’LS > min lo —ég’Lsé&LS
A = 1log T A T = g T = g T

> log(o? + ¢/2) > log(c?) (31)

forall \ > 0: B, 2 B. In total, combining (30) and (31), and using that the latter is valid
uniformly over A > 0: By 2 B,
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A>0:B, 28

which implies that with probability tending to one BIC does not choose a A for which the
adaptive Lasso leaves out a relevant variable.

Case 2: Overfitted model, i.e. A is such that B C By (B is a proper subset of l’;’,\), or
equivalently, A C A,. Let S be any non-random set such that B C S. Then, by (13) and
(14), and defining b(S) as previously

&ire — € psésis = || Ay — Xrip ||, — || Ay — Xrsis.cs||,,
— (g — ") VT XEEL ST (0, =) = 2T (i, — ") —
T T T \/T T
A ’ XL X A "X ~
(b(8) = ") VI=LZEVT (b(S) = ') + 2T (b(S) — 1)
- p,S(l)

where O, s(1) indicates an O,(1) depending on S. Furthermore, we used T (g — 1) =

O,(1) by Theorem 1 and VT (fis s —n%) = O,(1) by the properties of the least squares
estimator in a model including all relevant variables. Therefore, as there are only finitely
many sets S which contain B, we conclude

CnrstByrs ~ Obre| < max|éy &, — & rséss| = Op(1) (32)

which by (29) implies & | &5 ;o/T * o”.

Thus, using that by construction é\é, >
éz’S’A,LSélémLS’
T (BICy — BICy,) =T (log(é)éx) — log(é\,éx)) + (|Ba| — [Bag|) log(T)
> T (log (€, ;5é8, 1) — 108(Ezéxr)) + (IBA] = [Br]) log(T)  (33)
First, by the mean value theorem there exists a ¢ on the line segment joining %A’ 1566, Ls

and € €y, such that

. v
€8, L5 BA.LS €AT€AT|

P

€8, L5 B LS T EapCar | B
~ A,\ /\/ A~ -

g0/ T NE\ e /T

< Op(1)

1 UOg(%A [561’3’,\,LS) log(gkzré/\T)‘ ¢
) C €5
By,LS

by (32) and convergence in probability of the denominator to ¢ > 0. Finally, (|l§’ NE ) log(T")
tends to infinity in probability as |By,| = |B| with probability tending to one and |By| > |B|.
Therefore, as the above arguments are valid uniformly in A > 0 : B C B,, we conclude

P ( inf (BIC, — BIC),) > 0> =P < inf T(BIC\— BICy,) > 0) —1

A>0:BC B, A>0:BC B\

which completes the proof in the stationary setting. O
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Proof of Theorem 6. We begin with part a). The setting is the same as in the proof of
Theorem 1la). Follow the proof of that theorem, with identical notation, until (3) with
v1 = v2 = 1. Next, notice that
1 |ua
]u1| )\T ’n /\
Tprl 1G]
by (1) and (2) (and the form of the initial least squares estimator p;) since C has no
mass at 0. Furthermore, if 55 # 0

U

T

Ul

AT (34)

At = Mip
I

o, U2 . L] uy, Ugj . Ug;
Arway (185 + 22| || ) = Mg —lpl ) (2
(5 VT @) Tmf( VT BJ)/(H
oA | 1 Ugj N Ug;
= T1/2 BI] ( \/T 5]' ) / (\/T>
— 0 in probability (35)
since (i): Ap/TY? — 0, ‘1/61]’ —>|1/ﬁ* < oo in probability and (iii):

/8*

il

B; + u2] ) / < ) — ug;sign(B;). Finally, if 87 =0,
'LLQJ

AT
ATW2; T = i 5’

by (1) and (2) (and the form of the initial least squares estimator 3 ;) since (i): Ay — A
and (ii): Cy; is 0 with probability 0 such that =+ |1/z| is continuous almost everywhere
with respect to the limiting measure. Putting together (3) and (34)-(36) one concludes

|

1
Tfr, Juss| = |Caj

|ugs| = (36)

~18;

|uz3|

Vr(u)=u' Au — 2u'B + )\\C1 + )\Z ) 1{/3;:()} = U(u)

Hence, since Vr(u) is convex and ¥(u) has a unique minimum it follows from Knight
(1999) that arg min Vp(u)—=> arg min ¥ (u)

We now turn to proving part b). The setting is the same as in the proof of Theorem
1b). Follow the proof of that theorem, with identical notation, until (17) (as we now assume
Ar — A € [0,00) we clearly have Ap/v/T — 0 as required in that theorem) with v, = v, = 1.
For the case of 37 = 0 one has

U/QJ ) o )\T
T1/2

ATWa; < \/T ﬁ \/_/BI]

by (13) and (14) (and the form of the initial least squares estimator B1.;) since (i): Ay — A,
(ii): Cy; is 0 with probability 0 such that = — |1/z| is continuous almost everywhere with
respect to the limiting measure. Putting together (17)-(17) and (37) one concludes

1

_6;‘

(37)

|“2J| = M| —==— | 2J|

| 2J|

Uz |

Vi (u) =/ Qu — 2uB+AZ’C |
25

]—1

L{g:oy = V(1)
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Hence, since ljfT(u) is convex and ¥(u) has a unique minimum it follows from Knight (1999)
that arg min Vr(u)= arg min W (u). O

Proof of Theorem 7. a) First, consider the non-stationary setting. Just as in the proof of
part a) of Theorem 6 above we can follow the proof of Theorem 1la) and make the necessary
changes. In particular, one only has to omit w; and wy; from (4)-(6), respectively and use
that Ap/T — X and pp/v/T — p to conclude part a).

b) Just as in the proof of Theorem 6b) above we can follow the proof of Theorem 1b) and
make the necessary changes. In particular, one only has to omit w; and ws; from (16)-(18),
respectively, use that p* € (=2,0) (by stationarity of 1), Ar/T — X and pr/vVT — p to
conclude part b).

[
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