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Abstract

This supplementary material contains a detailed description of a
procedure to simulate a dependent multiplier sequence, a section illus-
trating the runtime performance of the proposed tests and a section

containing the proofs of Lemma C.4, C.6 and C.7 from the main paper.

E Practical issues for the choice of the mul-
tipliers

As described in Section 3.1, the bootstrap version of the test statistic in
Section 2 depends crucially on a sequence of dependent multipliers satisfying
the conditions in Definition A.1 in Appendix A. Within this section, we
present a slight modification of the approach in Biicher and Kojadinovic
(2014), Section 5.2, originating from Biithlmann (1993) and Politis and White

(2004), showing how to simulate such a sequence.
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E.1 Simulating dependent multipliers

First of all, choose a bandwidth parameter ¢, (see Section E.2 below) and
set b, = round{(¢,, + 1)/2}. Let k be a positive, bounded function which is
symmetric around zero such that x(z) > 0 for all x € (—1,1). Within the

simulation study, we use the Parzen-kernel defined as

rp(z) = (1 —62” + 6[z)*)1(|z] < 1/2) +2(1 — |2])*1(1/2 < |z < 1).
Now, for j =1,...,4,, define weights @;, = wjn(Zfil w2,)
K{(j — bn)/bn}. Finally, let &, ..., & 10,2 be i.i.d. random variables which
are independent from the sample X, ..., X, with E[¢] = 0, E[¢?] = 1 and
E[|&1]™] < oo, for any m > 1. Then, the sequence of random variables
Zips -y Ly defined as

~1/2 _
/2 where Wjn =

Ly
Zi,n = § @jngj%»ifl
Jj=1

asymptotically satisfies the conditions in Definition A.1, see Biicher and Ko-
jadinovic (2014). For a detailed discussion on the properties of these multi-
pliers and an alternative simulation procedure for the multpliers see Biicher
and Kojadinovic (2014).

E.2 Choosing the bandwidth parameter 7,

The simulation method described in the previous section depends on the
choice of the ‘bandwidth’ parameter ¢,. Within the context of empirical
copulas, Biicher and Kojadinovic (2014) derived a closed-form formula for a
theoretically optimal choice, where optimality is to be understood as opti-
mality with respect to a certain MSE-minimizing criterion. Moreover, they
proposed a data-adaptive estimation procedure for this (theoretically) opti-
mal bandwidth. In the following, we adapt their approach to the processes
underlying the goodness-of-fit tests in Section 2.

For uw,v € [0,1]¢, let o(u,v) denote the characterizing covariance kernel

of the process u — Ce(u) — VCy,(u)O. Its bootstrap approximation, for a
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fixedb € {1,..., B}, is given by C{ (u) — VCy (w)OF). The main idea of the
subsequent developments is as follows: if &,, denotes the covariance kernel of
the bootstrap process, conditional on the data, then a theoretically optimal
choice of ¢, is given by the minimizer of the integrated mean squared error of
dn(u,v), seen as an estimator for o(u, v), with respect to £,,. Unfortunately,
necessary closed form expressions for the mean or the variance of ,, are out
of reach, whence we follow the proposal of Biicher and Kojadinovic (2014)
and consider an asymptotically equivalent form of CI(u) — VCy, (u)O
instead, for which calculations are feasible.

More precisely, deﬁne I@%b)(u) = n 125" fog{]l(Ui < u) — Cy,(u)}
and OF = p-1/2 SrZ {Jgo( i) + Kig, }, where K, g, is defined in Theo-
rem 2.2, and let @f’)( )= IB%S’ (u) — 21:1 C’éﬂ(u)lﬁ%ﬁlb) (u!). Tt follows from the

arguments in the proof of Theorem 2.2 that

sup [C(w) — VCy, (w)OF — {CV) () — VCyy(w)OD}| = 0p(1).

n
u€(0,1]4

In contrast to &,, the (conditional) covariance kernel of the (unobservable)
process C (u) — VCj o (u )Y can be calculated explicitly, at least up to the

first-order terms. We have

gn(u,v) = Covz{@(b)(u) — VC’go(u)@(b), C,(Ib)(v) - VC’go(v)é(b)}

:_ZE 2020 F(U;,u) f(U;, )

i,7=1

_ % N o{li = )/} f(Usw) f(U;, 0)

3,j=1

where Covy and E; denote covariance and expectation conditional on the

data, respectively, and where, for i = 1,...,n and u € [0, 1]%,

FULu) = 1(U; < uw) — Cy (u qu’o Ui < w) —ug}

— VCoy(u){Jo, (Us) + Kgyi}-



Mimicking the proofs of Proposition 5.1 and Proposition 5.2 in Biicher and
Kojadinovic (2014), we obtain the following results regarding bias and vari-

ance of 7, seen as an estimator for o.

Lemma E.1. Additionally to the conditions assumed in (iii) of Theorem 2.2
suppose that a defined in Condition VI satisfies a > 3(2 4 v)/v and that ¢
defined in Definition A.1 is twice continuously differentiable on [—1,1] with
©"(0) # 0. Then, for any u,v € [0,1]¢,

[(u,v)

Elo,(u,v)] — o(u,v) = ”

+ Tn,l(ua ’U),
where SUP,, yepo e |11 (w, v)| = 0(€,?) and T'(u,v) = @ > ken K2 (k, u,v)
with (k, u, v) = Cov{f(Uy, w), f(Us, v)}).

Additionally, provided the function ¢ is Lipschitz-continuous and provided
f[o 1 [T, 7i(w) 2 dCy, (uw) < oo, where 11, ..., rq are defined in Condition
V, then

Var{s,(u,v)} = K—HA(’UJ,’U) + rn2(u, v),
n

where A(u,v) = f_ll o(z)*dx{o(u,u)o(v,v) + o(u,v)?} and where the re-

mainder term satisfies SUp,, yepo,1¢ [Tn2(w, v)| = o(l,/n).

As a consequence of Lemma E.1, the (pointwise) mean integrated squared

error of 6, (u,v) can be written as

{T(u,v)}? /

MSE{G,(u,v)} = /i + A(u, v)gn + 721 (u,v) + 7 2(u, v).

Furthermore, the integrated mean squared error is given by
=2

IMSE(5,,) = MSE{c,(u,v)}d(u,v) = L + A% +o(6,") + o(€,/n),

[0,1]2d g%

where ' = f[o Jj2a [(u,v)d(u,v) and A = f[o Jj2a A(u,v)d(u,v). Obviously,



the function ¢, — T'/¢* + A/, /n is minimized for

gn,opt - (%) 1/5n1/5a
which can be considered as a theoretically optimal choice for the bandwidth
parameter £,,.

In practice, the unknown quantities in ¢, ,,; need to be estimated, namely
o(u,v) = Y, zv(ku,v) and M(u,v) = >, ,k*y(k,u,v). For that
purpose, we can closely follow Biicher and Kojadinovic (2014) again. Let
L € {1,...,n} be the smallest number such that the marginal autocorrela-
tions at lag L appear to be negligible, see Biicher and Kojadinovic (2014) and
Politis and White (2004) for details. Let K denote the trapezoidal kernel,
defined as K(z) = [{2(1 — |z])} V0] A 1. Then, set

L L

oa(w,v) = > K(k/L)An(k,u,v), My(w,v)= Y K(k/L)Kk4,(k u,v),
k=—L k=—L

where, for w,v € [0,1]¢ and k € {-L,..., L},

A

n_l Zﬁz_lk f(ﬁw u)f(Uerk: IU)? k 2 0

An (b, w,v) = = K o 7
n~ 'Y UL u) f(Uisr,v), k<0

and where

f(Uiu) = 1(U; < u) = Cy(u) = Y Cl(u){1(Un < w) — w}

=1

— VCo, (W) {Js,(U;) + Ki o, }-

The plug-in principle finally yields an estimator !f,wpt for £, opt-



F Runtime comparison

To compare the performance of our test to the test by Rémillard et al. (2012)
in terms of runtime, we simulated N = 100 test runs of both tests under the
null hypothesis for the Gaussian, the ¢, and the Clayton copula with 7 = 0.2.
The results can be found in Figure 1, where we depict the relative runtimes
Tpb/Tmp Of the test by Rémillard et al. (2012) (r,, for parametric bootstrap)
compared to the runtime of the new test (r,,, for multiplier bootstrap) as a
function of the sample size (with B = 200 bootstrap replications) and of the
number of bootstrap replications (with sample size n = 200), respectively. In
all considered scenarios the new test clearly outperforms the test by Rémillard
et al. (2012) in terms of computational costs, up to a factor of almost 70 for
the Clayton copula with B = 500 and n = 200.

Note that the function corresponding to the Clayton copula in the left
panel of Figure 1 is the only decreasing function. This is due to the fact
that, for the Clayton copula and with increasing sample size, the evaluation
of the score function in the data points in the multiplier bootstrap requires
comparatively more time than the simulation of a Markovian copula process

in the parametric bootstrap (even though all involved formulas are explicit).

G Remaining proofs

Proof of Lemma C.4. Asin the proof of Lemma C.1, we may assume without
loss of generality that 2 = Q,, p for some D > 0. Let us write Lﬁfﬁ =A,+B,,

where
n Z {‘]90 JGO(U)} ZZ(b zn90 Ki,nﬁo}a

and consider each term separately. For n € (0,1/2), set M, = [n,1—n]%. By
the mean value theorem, there exist intermediate values U; between U, and
U; such that we can write A, = S0 {A,(M,) + An (M)}, where, for any
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Figure 1: Relative runtimes of the test by Rémillard et al. (2012) compared
to the runtimes of the new testing procedure as a function of the sample size
(left) and the number of bootstrap replications (right) for the Gaussian, the
t4 and the Clayton copula.

M c [0,1]%,

An,l \/_ Z b)J zl — UN)H(UZ' - M)

We begin with the treatment of An,l(MnC ), for a fixed [. Since we may assume
Q = Q, p, we can bound [|A,,(MS)]| by

D & N

g E ’Zi(,I;z‘CIl(Ui,l) ‘ Su|p ) | Su]? rv(u)1(U; € Mnc>
N ufUi’ ’U«*Ui ’
=1 ql(Ui,zl) Sﬁ 7 ql/(Ui:ll/)*ﬁ

As in the proof of Lemma C.1, by Condition V, for sufficiently large n, the
expectation of the latter expression converges to zero as n — 0. Therefore,
it remains to consider A,,;(M,) for fixed n € (0,1/2).

Since max, |U; —U;|| < D/+/n, we get that A, ;(M,) = A, ,(M,)+op(1)



for n — oo, where
Al Zz“ T (O) (U — Uy )V(U; € My, |U; — Uyl < n/2).

By the Cauchy-Schwarz inequality, we obtain

E[[|Ani(M)]*] = E[{ A (My)} {Ani(My)}]

< sup HJ[( )HZXE[maX]U”— Uial’] X_Z\Ez(b Z0.

IY; wnjn
ue ”1/2 Zj 1

The first factor on the right-hand side is bounded by Condition V. The second
factor is bounded by D?/n as we may assume that Q = Q,, p. Regarding the
third factor, note that & a2 iie [E[ Z?Z;bnﬂ = O(¥,) as shown in (C.3). We
can conclude that A, ;(M,) is of order O,(n~1/47%/2) = 0p(1), and therefore
also A,, = op(1).

For the proof of the lemma, it remains to be shown that B, = op(1). We
can decompose B,, = Z;i:l(Bn,u + Byay + Bnsy), with

Z Z W0y — IO LU, < Uy) - Uyl
Z Z ) = T (U }U = Uj)
=1 7j=1
1 n
{ IR Uj,o}x{ﬁ;zggg}.

B,, 3, converges in probability to zero: the first factor is of order Op(1) by
a similar argumentation as before based on the fact that we may assume
Q =, p, and the second factor is of order Op(£/>/n¥/2) by (C.3).

Regarding B,, 1, we can bound

[ Bl < {— sup
uE[O 1]

Sz



I -
<A S 1) - O awi |
j=1

The first factor on the right-hand side is of order Op(1) by Lemma D.1. The
second factor converges to 0 in probability by the same argumentation as for
the treatment of (C.2) in the proof Lemma C.1.

A similar argumentation also works for B, 5;: on the set €, p, we have

1Bzl < {- Z\Z“’ }x {2 W@ - Hla@ )
j=1

and this expression is op(1) since E[|Zz(l;)|] < oo and by the same reasons as

in the proof of Lemma C.1. O]

Proof of Lemma C.6. Using Condition III, tightness of the vector of pro-
cesses follows from marginal tightness of B,, and Iﬁ%ﬁf), see Theorem 3.1 in
Biicher and Kojadinovic (2014).

Regarding weak convergence of the finite dimensional distributions, we
only consider (I@n, O, Iﬁ%g)), éﬁf’)) for the ease of reading. By the Cramér-Wold
device, we have to show that, for any ¢,¢' € N, any ¢4,...,¢4,¢1,...,¢0 € R,

c,¢ € RP and any i, ..., ug,vi,...,vy € [0,1]%

q q
= V= eBo(u) + ) &BE (v,) + /6 + 700

s=1 s=1

First of all, we decompose

Z Wi+ W+ T+ 1

%\

with W; = 20, ¢ {1(U; < u,) — C(ug)}, W = 20, 20 {1(U; <
v,) — Coo(v)}, Th = ¢ {Joy(Ui) + Kig,} and T;” = Z“’ /{Jeo< )+ Kig ).



The subsequent proof is based on the ‘big block-small block’-technique. The

24v

assumption on a in Condition VI is equivalent to ﬁ < l — == whence,

noting that also K > (1+ by assumption, we may choose 0<m<mn<
k such that 1+) <m < mp < 32— Z2 Now, set b, = [n'/27m] (the
length of the big blocks), s, = |[n'/?> ] (the length of the small blocks)
and k, = [n/(b, + s,)] (the number of big or small blocks). Notice, that

k, = O(n'/?tm). For j =1,...,k,, set

(Jfl)(bn“l’sn)‘i’bn

Bu= > Wi+WP T+ 1,
i=(5—1)(bn+sn)+1
J(bn+sn)
S = 3 Wi+ WO+ T, + 1,

i:(j_l)(bn+5n)+bn+1

such that we can write

where R,, = Z?:kn(bn Fsn)t1 VVi—f—VVi(b) —l—TZ-—I—TZ-(b) is the sum over the remaining
indices that are not part of a big or a small block.

First of all, let us show that the variance of V,, is equal to Var(\/iﬁ Z?; Bjn)+
o(1) as n — oo, i.e., that

kn kn
%Var (Z Sjn> + %Var(Rn) + % Z Cov(Bjn, Sirn)

j=1 di'=1

+= Zcov Bjn, R,) Zcov Simy Ry) (F.1)

vanishes as n — oo. To this end, we will frequently exploit the following

bounds which are consequences of Lemma 3.9 and Lemma 3.11 in Dehling
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and Philipp (2002)

[EW:Wy]| = ‘ > ey B{L(U; < uy) — Cgy(u) HL(U; < uyg) = Gy (uy)}]

s,8'=1

q
<4 > fesela(li —i']) < const xaf|i — i'])

s,8'=1

EWT]| = | D e BI{LU; < ) = Colu) 1oy (U)]

s=1

1+v

q
< 20[lc]| Y Jesla]i — &) R[] Jg, |[7]77 < const xa(]i — i)z
s=1

. 1\ 22— 12—
[E[TT]] = |BlJay (Us) Joy (Ui) ]| < 40 clPa(fi — &) 2+ B[ o, [|*T] 7+

< const xa(|i — i'|) 7.

Analogously, |E[W(b 2 ]| < const xa(|i—i'])), |E[W; b)T )| < const xa([i—
i')2tv 7 and |E[T; b)T b)]| < const xa(|i—i'|)Z. Notice that all the other pairs
of random variables are uncorrelated and that the largest bound is a constant
multiple of a(]i — #|)¥7. Now, we can begin with the discussion of the first

summand in (F.1). We have

kn
%Var(ZSjn> = Z\/ar in) + — Zcov Sy Sim). (F.2)
j=1

J#J

Since the distance between any two summands in S}, and S, for j # j' is at
least by, their covariance is of order a(b,) 2% = O(b,™/**")). Observing that
Sjn consists of s, summands, we obtain that the second term in the last dis-
play is of order O(k%s%bﬁ“”/(erV)n_l) = O(nl=av/WUt2)tm@tar/(2+v)=2m2) —
O(n!-av/(t2v)tmav/(2Hv)) = o(1) since, by construction, m < 7y < 1 — 22,

For the first sum on the right-hand side of (F.2), we have, by dominated

convergence,

Sn

—Z\/ar j) ZE ] < const x— ZZ n — |i])a(]i]) 7

] 1 i=—spn

11



= O(kps,n™ 1) = O(n™~™) = o(1).

For the second term of (F.1), we have

1 1 - an
- Var(R,) < const X Z ali — ')z
i1 =k (br+5n)+1
nfkn(anrSn)

< const X — Z (n— kn(sn +by) — |Z|)Of(|l|)2ﬁ
i=—{n—kn(bn+sn)}

= O({n = ku(by + sn)}/n) = O((bp + sn)/n) = o(1),

where we used that k, > n/(b, + s,) — 1.

Now, let us bound the third term in (F.1). First we notice that, if j = j’
or j' = j — 1, we have [E[Bj,S;m]| < const 37, S5 alli — '])7 <
const 325" ja (i) 7 < const < oo, since av/(2 + v) > 2 4 1/v by Condi-
tion VI. In the other cases the distance between the blocks Bj, and Sj, is
at least by, such that |E[B;,S;m]| = O(bnsna(b,) T ). Together, this yields

- Z [BnSjm] = O(n~ k) + O(k2bysubn T 1)

]J*

v

= O(n_1/2+’71) + O(nlfg%ﬁm(uaﬁ)w) _ 0<1)’

where the last equality follows exactly as above for the treatment of the
first summand in (F.1). In the same manner, we get 2 Zk" E[Bj,R,] =
O(n - 7EsmH0555) = (1) and 2 5002, B[S, ) = Ok~ obs miesiom) ¢

O({bn + sn}/n) = o(1).

For the next step of the proof, let B, ,j = 1,...,k, denote independent
random variables such that each B}, has the same distribution as Bj,. We
will show that the characteristic function of n=1/2 Z?Zl Bj,, is asymptotically
equivalent to the characteristic function of n=/2 Z?Zl Bj,. Fort € R, define
U, (t) = exp(itn~'/2B;,,) and notice that E[Hkﬁl U,,(t)] and Hf"l [ (1]
are the characteristic functions of n=1/2 Z , Bjn and n=1/2 Z Bj,, re-

spectively. The difference of the two characteristic functions can be decom-
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posed as follows

]E[ﬁwo} UE[\I/jn(t)]‘<‘E[ﬁ‘1’gn(t)] E[%(t)]ﬁ[ﬁ%n(m\
+ [E[W1(8)]] % )E[f[ww} E[wtm@[ﬁ (1)
bt kﬁzE[\I/jn(t)]‘ < |E| ﬁ (1)) - '_ﬁ E[W50 (1))

Applying Lemma 3.9 in Dehling and Philipp (2002) (k, — 1) times, we get

k‘ll

([T w0)] - [TEwac]

<2r x (k, — 1) max a(0(Win), 0{ ﬂ Uin(1)}),

- j=itl

i=1,..., n

which is of order O(k,a(s,)) = O(n!/?=4/2+am+m)  Using that n; < 15, this
expression converges to 0 by the choice of 7, and the fact that (24v)/(av) >
1/a > 1/(a +1). As a consequence, provided n~'/2 Z?Zl Bj,, converges
weakly, then so does n~1/2 Zfll Bj,, with the same limiting distribution.

Therefore, in order to finalize the proof, it remains to be shown that
n~? Z?;l B, converges weakly to V. This will be accomplished by proving
that the variance of n='/2 Z?zl Bj,, converges to Var(V) as n — oo and that
the Lindeberg-condition from the Lindeberg-Feller central limit theorem for
independent triangular arrays is met. We begin with the convergence of the

variance and note that

Var(V) = i CsCy/ Zy(i,us,us/) + ‘YZ ESES/ZW(Z',US,QJS/)

s,8'=1 1€Z s,8'=1 1€Z
q q
+ Z sl Z (i, us) + Z ésC Z (i, v)
s=1 1€7Z s=1 1€EZL

13



+¢ Y Fe+d YA

1EL 1EZ

where (i, u,v) = Cov{l(U; < u), 1(Ui4; < v)}, (i, u) = Cov{Jy, (Uy) +
KLQO, ]1<U1+z' < u)} and ’S/(Z) = COV{J@O(Ul) + KLQO, J@O(U1+Z') + Kl—i—i,@g}-
Now, let us show that Var(\/Lﬁ Z?;l Bj,) = Var(V,,) +o(1). To this end, note

that
kn 1 kn 1 kn
Var (n_1/2 3 B;.n) = =3 Var(B),) = — 3 Var(Bj)
j=1 j=1 j=1

kn
— Var (n—1/2 3 Bjn> - % 3" Cov(Bjn, Bim).

J=1 J#i’
Since we have already shown in the beginning of the proof that the variance
on the right-hand side equals Var(V,) + o(1), it remains to be shown that
1 > jzj» Cov(Bjn, Bjry) = o(1). Since the distance between the random vari-
ables within the two blocks is at least s,,, we have E[B;, Bjr] = O(b2a(s,) %)
for j # j'. Therefore, n=' ", Cov(Bjn, Bja) = O(n_lkibis;aﬁ) -
O(n'~ 22w T925%"™) which is o(1) as shown above.

Now, let us show that Var(V,,) — Var(V') asn — oco. We can write Var(V},)

as

!

n q q
Z |:{ Z Cscs/’y(i - il? Us, 'Ufs’) + Z Esés/(,p{<i - ’l/)/gn}’)/@ — ’i/, Vs, ’US/)}
i,i'=1

s,8'=1 s,8'=1

SRS

+ { ic’cs"y(i — i ug) + QZ/E’ESgo{(z’ — ")/l 30 — i',vs)}
# {36 - e+ olli = 1)/ - 1)}

il [ & | d o
= - sCs/ y g, Uy’ sCs! gn y Usy Us/
Z - [{chv(zuu)—i—chgp(z/ )v(i,v v)}

i=—n s,8'=1 s,s'=1

+ { qu; ey (i, us) + qu; cesp(i/ ) (i, 'vs)}

14



+{erte+ wlitaertie}| (F3)

For the sake of brevity, we will only show convergence of the terms in the
first curly brackets on the right-hand side of the last display to the respective
terms in Var(V). We have

n

g
n—I|t .
E n | | E Cscs’7(17 Us, us’)

1=—n s,8'=1

= i CsCyl i (i, us, wg ) — Z cscS/% Z |i|y (i, ws, wy ).

s,s'=1 i=—n s,s'=1 i=—n

Since |y(z, w,v)| < const xa(]i]) and > .7, |ila(i) < oo, the second term on
the right-hand side vanishes as n — 0o, whereas the first term converges to

ZZ,S’=1 CsCs ZieZ 7<Z’7 U, us’)-
Moreover, as @(h) = 0 for |h| > 1 and £, = o(n), we have

n q

n — |il I .
Z " Z CsCorp(1/0n)Y(1, Vs, V1)

i=—n s,8'=1

CsCy Z/€n>7(iavs”vs’)a

s,8'=1 1EL

n—|il

By continuity of ¢ in 0, we have o(i/l,) — 1 as n — oo for any fixed
i € Z. Moreover, |”%M¢(z/€n) (1,v5,vg)| < const xa(i) for all i € Z and all

s,s8' =1,...,q. Therefore, by dominated convergence, as n — oo,

)7 { v87'Us § CsCy § ’7 [ ’USavs

s,8'= i=—n s,8'=1 €L

CSES/

The convergence of the remaining summands in (F.3) follows along similar
lines, exploiting that ||5(i,u)|| < const xa(i )2+~ 15()||op < const x (i)
and that 3% Jila(i) ™ < oo.

15



Finally, let us prove the Lindeberg condition, i.e., that, for any ¢ > 0,

1 kn kn

LS EIBALBL] > Vi) = - Y BB L(Bl > Ve - 0

j=1 j=1

as n — oo. To bound the former expression we use Holder’s inequality with
p=(2+v)/2and ¢ = (2 + v)/v and Markov’s inequality to obtain

k k
1 = 1 = _2 24v. v
=D E[B}L(Bjal < Vie)] < - Y E[|Bjul T EL( Bl < vie) V]
Jj=1

j=1

k
1 — v
= =3 E[Bjul*FP(|B)a| < vne) T
n =
kn

1 V52— A —v
EZE[|BJH‘2+ |7 E[| By |77 (Vne)

j=1

= 3 BB

IN

By Minkowski’s inequality, we can bound E[|Bjn|2+”]2‘+% by a sum over
b, summands of the form E[|W;[>™]z + E[|W® 2]z + E[|T}[>+]7 +
E[|T"2+"]7  whence E[|B;,[>**] = O(b***). This finally implies

k
1 n
CS BB < Vi) = O k) = O A0 = o(1),
j=1
by the definition of 1; and the Lemma is proved. m

Proof of Lemma C.7. 1t follows from the mean value theorem that
V{Co, (u) — Coy(u)} = Vo (u)O, + Ra(u),

where R, (u) = /nY v, {5-Cy(u) — 55-Coy(w) } (s — 0ps) and where 0

denotes an intermediate point lying between 6y and 6,,. The Cauchy-Schwarz
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inequality allows to estimate

sup || Ry (u)]| < sup sup [|[VCy (u) — VCy,(w)]| x [|On]]

uefo,1]¢ 167001 <116n 00| we0,1])4

Since ©,, = ©,, + 0,(1) for n — oo as a consequence of Lemma C.1 and C.2,
we obtain that ||0,]| = Op(1) from Lemma C.6 (note that Condition 11T was
used in Lemma C.6 only for the tightness part, whence we do not need to
assume it here). Fix n > 0. By Condition IV, we may choose ¢ > 0 such
that supjg_g, <5 SUPuep,1) [|VCo (1) — Vg, (u)|| < n. Therefore,

P( sup sup —[[VCy(u) = Vo (u)]| >n) < P([|6h — bol| > 9),

wel0,1]4 [16/0o|</|6 0]
which converges to 0 as n — oo, since 6, is a consistent estimator of 6,. [
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