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This online Supplementary Material provides omitted proofs (Appendix B), sim-
ulation results for evaluating density forecasts (Appendix C), and additional results

for the empirical example in Section 6 (Appendix D).

APPENDIX B: Omitted proofs

Proof of Lemma 2. Let
Kpi = I[nni < 21+ ppi)] = I[nns < 2] — Hy,, [2(1 + ppi)] + Hy, ().

Then, for v, € B,

1< 2 a -
=S B[R Fl < § | Hy, {z(1 Hy,(2)] < 23 42,
n - er ‘ = er sup sup | ﬂn{x( + Z>} In )‘ =0 £ Vni

797L€B ‘Z‘<b

Now, from Lemma 1 with D,,; = n=14,;K,;, it follows that for any 7, ¢ > 0,
Pu([[Ta(x) — Uu(a)] > o] N1,
Pu([In72 > il il < an™2} K] > ] 01 | SOE(DE | Fo) < ac))
i=1 i=1

< exp{—1°/2a(n + c)}.



Proof of Lemma 3. Fix x > 0 and ¢,7 > 0. Choose ¢ > 0 and a positive inte-
ger ny such that P,(n™'>°" 72 > ¢) < e for all n > ny. Select a > 0 to have
exp{—n?/2a(n + c)} < e. Further, choose § > 0 and by > 0 such that a — & > 0 and
Lo := supy, <, [Hoo {2 (1 + 2)} — Hyy(x)| < 6. Then, L, := sup, <, [Hy, {x(1 +2)} —
Hy, (z)| forms a real sequence such that L,, — Ly as n — oo. Therefore, there exists
an ny € N such that L, < Ly +a — 0 < a for all n > ny. We also have that ¢,, € B
for all n > ng for some ngy. For each n € {ng,ng + 1,...,max(ny, ny)}, there exists a
b, > 0 such that supy, <, [Hy,{z(1+2)} — Hy,(z)| < a.
Now, let b := min{by,, bng+1, - - - » bmax(ni,ne)s bo - Then, for each ¥,, € B,

SUp|. <y [ Hyo {2(1 + 2)} — Hy,(2)] < a.

Therefore, supy, cpsup,<, |[Ho{2z(1 + 2)} — Hyy(x)| < a. Thus, it follows from
Lemma 2 that for 4,, € B,

Pn(|ﬁn(a7) —Un(z)| >n) < Pn(Hﬁn(x) — Un(2)| > 0] N1L,) + P,(I17)

< exp{—n*/2a(n + ¢)} + P,(max |y,;| > an~/?)
+Pu(n7 Y m > €) + Pal(max |pu| > ).
i=1
The first term of the last upper bound is less than €; the second and fourth terms are

0(1), and the third term is less than ¢ for all n > n;. Consequently,
limsup, ., Po(|Un(2) — Un(x)| > 1) < 2¢.

Since ¢ is arbitrary, we have |U, (z) — Uy ()] = o,,(1). |

Proof of Lemma 4. Fix § and b such that 0 < § < 1 and 0 < b < 1. Choose

KE > 0such that supye g Ho(K5) < 6%/2. Let xo = KE/(1+b), and define || hy||Z =

SUDyge p SUP, > |hy(2)|, where hy is the density of Hy. Choose an integer N > 0 to

have 6%/4 < supyep{l—Hg(KE)} < §2/2, where K& = (1-b)[zo+ NP 5% /{2]|hs|| 2 }].
Now, partition R* U {0} as

[O,xo]U(Io,l’l]U...U(IN(SB,OO), (Bl)



where zyp = K35/(1—=0) > 0 and z), — w1 = 02/{2|h[|Z}, k= 1,...,Nf. In
this partition, there are NP subintervals of length 62/{2||hy||Z } covering the interval

(20, 2yp]. Because xg = KE/(1+4b) >0,
Ny = (1 =) 7H{(1 +0) Ky — (1 = b) K32l ol /0%,
Since o > 0, we also have {z(1+b)} < K& for z € [0, x0]. Therefore,
[y’ (., )] < 2supye g Hy(K7) < 0% for z,y € [0, 2]
For z,y € (zyp,00), we have {2(1 — )} > Ky} and {y(1 — b)} > K3}, and hence,
[y (2, 9)]? < 2supyep |1 — Hy(K35)| < 0% for @,y € (255, 00).
Because 0 < b < 1, by applying the mean value theorem,
[y (2, )] < 82 {2[|hollZ3 1 L+ 0)[1hgl|Z, < 6%, for 2,y € (w1, 2], k=1, Ny,

Thus, each interval in the partition (B.1) has diameter less than § with respect to the

pseudo-metric uf. Therefore, N'(§,b) < 2+ NP and hence,
N(6,6) <2+ (1=0*)"H(1+b)Kg; — (1 = b)K{3}2|| |2 /5. (B.2)

Now, let py = E(eg) and pup = supyep g, where ey ~ Hy. It follows by applying
Markov’s inequality that

52/4 < sup{l — Hg(KQEf;)} = sup Pr(ey > KZEZ;) < sup E(@)/KQ% < uB/KQEf;.
9EB 9EB 9EB

Thus, K < 4pp/é*. Further, K > 0 and 0 < § < 1. Therefore, it follows
from (B.2) that N'(6,0) < D(b)/6*, where

D(b) :=2(1 = 0*)7H[(1 = %) + 4(1 + b) s || o |-

Because D(b) is increasing in b, we have that I(b) = fol log N (u, b)]'/2du < oo for
0<b< 1. |



Proof of Lemma 6. Fix M < co. From (C2) and (E3) it follows that

sSup max {v,;(¢) — (¢ — ¢n)T)\z(¢n)} = Opn(n_l/2)'

{9€®, Villo—pn|<M} ISI=N
Further, because maxi<;j<, n ?X\i(¢,) = 0, (1) and n=1 3" [ Mo, = O,.(1),
one obtains that Sup(seq /m(p—en | <r} n Y23 oni(@)] = O, (1).

Let A, = {(x,¢) : x > 0,¢ € @ and /n||¢p — ¢,|| < M}. Let a > 0 be as
in Condition (C3). Then, there exists an ny > 0 such that for all n > ny and
(6,2) € A, Fp, (x4 200i(0)) — Fp, (2) = 200i(9) fo, (2) + 27 H{zvni(0)}2 £, (2(1 4 67)).
where ¢% is a real number satisfying [0%| < a.

Because supseq mlo—onl<any ™2 2oiet [Uni(@)] = Oy, (1), it follows from the as-
sumptions in Condition (C3) that sup, 4, n= 2> 27 v, (¢)}2f5 {x(1+62)} =
0p, (1). By Conditions (C2), (C3), (C5), and Assumption (E3), one also obtains that
sup, o a7 {230 2vni(9) fo, (2)} — Bu(z)| = 0,,(1). Thus, the proof follows. M

Proof of Lemma 7. We indicate only the main idea of the proof. Recall that
go(t) = (8/80)ge(t) = [Ger(t), ..., d0q)]". Fix a j € {1,...,q}. Because § =
argmaxgpee » iy 9o(5;), under (E2),

0= 21, 9,50 = i dou, (50) + (05— 00) X1y [(9/06)d0, (E0) loa, ] (B.3)

for some 6;, where |6; — 6y;| < |6; — 6o;|. Let

n

Ho(0) =n" Zée(@)a Ho(0) =n' ) dole)-

i=1
Suppose that Hy holds. Then, under (C1), (E1) and (E2), there exist an aj > 0,
0 < K < 00, and an open neighbourhood B of 6, such that

sup || H,,(0) — Ha(0)|

0eB
n n 1

< Kn! |&; —ei| = Kn™t Zil =——

2 215G

K - K ; -
P Zfi Zlelg @i(¢) — Wi(9)] + o ; Zi|Wi(¢) — Wi(0)|¥; (o) + 0p(1)

arn
L' =1

= Sp1+ Sn2+0,(1), say.

1 1 1

7o) | w(@) W)

IN



€.a.S.

Since supyeq Wi(6) — Wi(0)] “%™ 0 by (C2) and {e;} are iid, it follows from Lemma
2.1 of Straumann and Mikosch (2006) that S,; = O,(n™!). By Condition (C2),

. K
< 1202 _ o \T —-1/2y. B , —1/2y
Spa < |In 75 (o — o) ||1rgia§>;n ||)‘2(¢0)||aLn ;:1 Zi+op(n”7%)

Since n'/2(¢ — ¢o) = O,(1), it follows from Condition (C5) and the Ergodic Theorem
that the first term in the last upper bound is 0,(1). Hence, supycp | H,,(0) — H,(8)| =
0p(1). Therefore, one obtains by (B.3) that 0; — fo; = n=" S0, hay, (55) + 0,(n=1/2).
Now, apply a two-term Taylor series expansion for n=' """ | hg, (£;) and verify that
the remainder term is o,(n~'/2). This completes the proof of the first part of Lemma 7.

For the second part, we establish the corresponding asymptotic expansion for
é;* — é]—, in probability. To this end, let (a,) be a subsequence of (n). Because
(QAS, é) converges in probability to (¢g,6p), the subsequence (a,) contains a further
subsequence (r,) such that (¢, 6, ) %3 (¢, 0y). Now, choose a sample path along
which (¢y,,0,,) = (¢o,0). Then, it follows from (E3) that é;‘n —6,, = op: (1) and

~
*
Tn

— @Tn = Op: (1 Y 2) along the chosen fixed sample path.
Further, because the bootstrap is carried out under H,, it follows by proceeding

as in the proof of the first part that

~

O, = Org =10 D Ay (1) = (95, = r) TN (Dr )y (D)} + 0y, (V7).
i=1

ni
Because this holds true for almost all sample paths, (A.5) holds in probability. B

In the technical details involving the bootstrap method, we often need to show that
certain terms are small, in the sense that they are op: (1), in probability. To establish
this, it suffices to restrict the arguments to a subsequence (r,) for which (¢, .6, )
converges almost surely to (¢g, 0y), and to work along a fixed sample path for which
(¢r,.0,.) = (do, ). Hence, for showing that a quantity is 0p: (1) in probability, one
may assume without loss of generality that (¢, ) — (¢, 0) along almost all sample
paths (see for example Theorem 5 of Salinetti, Vervaat and Wets, 1986). In the

following lemmas, we restrict attention to such a fixed sample path. Thus, the terms

‘e.a.s.” and ‘a.s.” below may correspond to P} probability, along a fixed sample path

for which (,0) — (¢, 6o).



Proof of Lemma 8. Recall that L™ (¢) = 327 {log ¥ "™ (¢) + 27w ™ ()}
and ¢*" = arg minges L™ (¢). Let A%(¢) := (9/9¢){Li"™ (¢) — Li(¢)}, and

a;(¢) = {7 (0)/ 7" () HA ™ (9) — Ai()},
bi(¢) = MO () — ()} w ™ (9),
ci(g) = N (O () /77 () HTF (0) — & ™ ()} /0™ ().

Then, A%(¢) = S0 AN (0) = Ai(9)} — {ai(8) + b:(¢) + ci(d)}ef. Now, let ey =
1A4:(-) || and ez = [|B;(-)|], where A;(¢) = {#"™ () ~¥;(¢)} and Bi(¢) = {7} "™ (¢)—
W*(4)}. Then, it follows from Conditions (C6) and (E3) that e;1, e; “% 0. Further,

1 . 1 |
- W&(@ - X (¢){W}Az(¢).

Thus, for some fixed o > 0, A () = M ()| < ae + a~ Y| A()]|en.

Because ||AX()]|, i = 1,2... are identically distributed and e;,e; ™5 0 as
i — o0, then it follows from Lemma 2.1 of Straumann and Mikosch (2006) that
I () = A ()] “%™ 0, as i — co. Therefore, S, A () = AX()|| converges to a

random variable (a.s.). Further, for some fixed o > 0, we have that

la: () < ena [ (AN () = A O,
i < ena ™ IXO NleO)ll < eaa 2 (@) A

Therefore, each of supyeg |ai(d)[, supyeq [bi(¢)|, and sup,eg|ci(¢)| is bounded by
terms equal to the product of an identically distributed random variable and an-
other term that “%” 0 as i — oco. In view of Lemma 2.1 of Straumann and Mikosch
(2006), if {v;}iez+ is a sequence of identically distributed random elements with val-
ues in a separable Banach space (e.g. R? with Euclidean norm) and ¢; “%° 0, then

>, Gllvil| converges to a random variable (a.s.). Therefore, we obtain that

Zsup lai(@) + bi(¢) + ci(@)|e] = Op: (1),

— ¢co

and hence, supeg |A7(¢)| = Opx (1). This completes the proof of part (a).



We indicate the main idea for the proof for part (b). To this end, it suffices to
consider the simpler case when ¢ is a scalar parameter. Let 0.5 < n < 1. Note that
for a given § > 0, the curve n='(9/0¢) L, L™ (¢) lies in the band n=1(9/0¢)L: () &
dn~" with probability approaching 1 as n — oo. Let S(¢) = —(9/0¢)n"'L*(9)
and J(¢) = —(0/0¢)n —1pm (gb) Let ¢, and ¢, be chosen such that S(¢,) = n~"§
and S(¢) = —n~"8. Then, there exists a K > 0 such that n'/?|¢, — ¢*| < K and
n'’2|¢, — ¢*| < K. Let B = {¢ : n'/?|¢p— ¢*| < K}. In view of Assumptions (E1) and
(E3), there exists ¢ > 0, such that P;[supyp 1S(¢)| > co] = 1 as n — oco. In view

of the mean value theorem, for some ¢, and ¢, satisfying | ¢, — o I<| po — o | and
6y — ¢*| < | — 9],
S = S(¢a) = S(6") + (¢a — 6)S(a) = 0+ (¢ — 6")S(Da),
—n715 = S(¢y) = S(7) + (s — ¢")S(dw) = 0+ (5 — &) S ().

Since ¢* — ¢ = 0p= (1), then with P} probability — 1 as n — 00, |, — dp| < 2n "¢yt

Because P*[—d < n" sup¢€¢(8/0¢){n_1LZ(m)(¢) —n7 'L (@)} < ] — 1, we have
J(¢a) = S(¢pa) =m0 =0 and J(¢p) < S(¢p) + n~ "0 = 0, with P’ probability — 1.
Thus, P*[¢*™ € (¢q, dy)] = 1, and hence, |¢*™) — ¢*| < ¢ — ¢p| < 2n""0¢5", with
P probability — 1. Therefore, part (b) follows.

To prove part (c), let £(6) = >, go(5;). Then, the corresponding bootstrap terms
are £*(0) = S go(€F) and (™ (9) = Y gg(w(m)) Further, for some &; between
50 and 2, |00 (0) — ¢(0)] = | Ty (5™ — &) gh(E::0)|. Hence, [0 (6) — £(6)]

is bounded from above by
K, Z 21 T G — 7 ()
= Koie;fw:(m)@%)/@:(m)<¢S*<m>> () /8 ()
GG — 0 )
< Ko i er (K™ (6) = ()] + Kol (S| (67) — 0™ (67,

i=1

where Ky, K7 and K; are fixed constants. In view of Assumption (E3), the terms

SUD 4egp 7™ ($)— W ($)] and SUDgegp T () =™ (™) | converge to zero (e.a.s) as



i — 00. Therefore, by Lemma 2.1 of Straumann and Mikosch (2006), for every n < 1,
n" supgee{n 1M (0) — n710*(0)} “3 0 as n — oo. Thus, one obtains by proceeding

as in the proof of part (b) that 6*™ — §* = 0px (n™") for every 0.5 < n < 1. [

Proof of Lemma 9. Let vf = {¥7(¢)} {7 (¢*) — ¥ ($)}. Because n/2(¢* — ¢) =
O,z (1), by Condition (C2), maxi<;<,{v; — (¢* — @) TAL(d)} = 0p: (n"/?). Because
max;<ic, 1 Y2|N(@)|| = oy (1), one obtains that max;<ic, [vf| = 0p:(1). Let us
write F*(z) =n ' SO0, I(e} < z+av}). Then, it follows from Lemma 5 with y,; = 1
and o = uf that Sup, o [U3(2) 2 S50y {Fo, -+ 27) — Fay (2)} = 033 (1) Now,

apply Lemma 6 to complete the proof. [ |
Proof of Lemma 11. Let v/™ = n'/2[0’ (qb* ) = @™ ()] /@™ (). Then, it
follows from a one-term Taylor expansion that v ™) — p1/2(Grm) —)TAr (m) (¢)+r;§-m),
for some random array {r""™} satisfying n=! S, r™ = Oy (n™1/2).

From the proof of Lemma 8, for some 1 > 1/2, n=2 37 |IA™ () — A (9)|| —
0 (as.). By assumption, maxjcc, n /2| A5()|| = o0p:(1), and from Lemma 8,

n'/2(¢*™) — ¢) = O, (1). Hence, maxi<ic, =127 ™| = 0p: (1). Further, with

i = 1 and pp; = n~ 20" it follows from Lemma 5 that uniformly in y > 0,
n'PE(y) = nT2Y T IE™ <y) = P ZI{E <y+yn o™}
i=1 i=1
ntPE ) 02D S Fyly +yn” P — Fyw)} + o (1)
i=1
=n'2E () + 0> 0y fi(y) + oy (1)
i=1

This equality continues to hold with *™) replaced by *. Further, because Fj, “m) = = Fr,
by triangle inequality,

nTY (™ = vk )|+ ops (1) (B4

i=1

sup n'/2|Fx™) (y) — F(y)| < sup
y>0 y>0

By direct substitution, we obtain that

’U;gm) - U:n' _ n1/2(qg*(m) . QAS)T)\:(m)(QE) N n1/2(§5* . QE)T)\QF(QE) + [ngm) . 7’*-]
(n2($*m — G T () + 26" — )TN () = M)} + [ — ).



Because n'/2(6"™ — 6%) = 0, (1), 07 Ty N (0) = M (@)l = 0y (n7"), and

T Sl = il = Oy (n7172), this yields that =t S {un™ — i} = 0p;(1).
Since supyep ,>0(1+¥)fo(y) < oo for some open neighbourhood B of 0, the first part
follows from (B.4). Because 6*™ — §* = 0p: (n™7), the second part follows from a

one-term Taylor expansion. [

Proof of Lemma 14. Let f(,, f5, and f denote the densities corresponding to Fy,
Fy, and F, respectively. Let £, := Yoiy log{ fu)(€i)/ fo,(e:)}. Tt follows from Theo-
rem 7.2 in van der Vaart (1998) that

b= 0 S0 {[f(e0) = fao (el fg, (e0)} — 2718707 + 0,(1),

where 0% = xZO{f(x) — foo(®)}*f5. (z)dz. Hence, by the central limit theorem,
0, 5 N(—2716%02,6%?) under Hy. Therefore, by Le Cam’s first lemma (see van der
Vaart and Wellner, 1996, Theorem 3.10.2) H,, is contiguous with respect to H.

Let G, (t) = n=Y23""  g;(t), where g;(t) is defined in equation (9) of the main
text as ¢;(t) = a;(t) — b;(t) + ¢;(t) with functions a;(-), b;(+), and ¢;(-) as defined in
Section 4. Then, G, (+) is the same as G’ (+) in the proof of Lemma 10, except that it
is now defined for the original sample instead of the bootstrapped sample.

It may be verified that each of n=%/2 3" a;(t), n=Y/2 3" b;(t), and =23 ¢(t) is
asymptotically equicontinuous, under Hy, by applying Markov’s inequality and using
Assumption (E2) and Conditions (C3) and (C5). Because g;(-) forms a martingale
difference sequence, by a martingale CLT, the finite dimensional distributions of G,,(t)
converge to those of the centered Gaussian process G(-) in Theorem 1 [under Hy.
Consequently, G, (t) converges weakly to G(-), sup, |WH{F9_01(15)} — Gu(t)| = 0p(1),
and E[G,,(t)0,] = m(t,0y) + o(1) under Hy, t € [0, 1], where

m(t,0) — / (I(c < Fy\(t) — £} dF(e)
4] [ 1010003} aFty) [ dule) aF @] FulEy )
=GP 0) — 0+ 3] ()} dBa(y) [ nle) aFE)] FalEy 1)

Thus, m(-,0) is the same as m,(-) in (A.15). By applying a general version of Le

Cam’s third lemma for sequences of probability measures in metric spaces (see van der
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Vaart and Wellner, 1996, Theorem 3.10.7), we obtain that W, o Fy !(+) converges
Weakly to W, () in D0, 1], under H,,, where W,(-) = m,(-) + G(-). By assumption,
[ ga, (e — 0 only if F' = Fj,. Further, F' # Fj, and

t— F(E )] # | / {6y (4)} " dFy(v) / dun () dE ()] Eny (F (1)), £ € [0,1].

Hence, m, # 0 for § > 0.

Under H,,, 0 — 0y in probability, and 6 is the true value satisfying FY = Fy,
under H,. Therefore, one may proceed as in the proof of Lemma 10 and show that
W;: o P () converges weakly to G(-), under H,, [in probability]. Hence, the proof

follows from Lemmas 11 and 13. [ |

Proof of Proposition 2. Let

n

bo = =3 [0g{(60) + i/ v/} — log{Wi(00)} — Zi/{T(60) + i/ v/} + Zi/ Wi (o0)]

i=1
By arguing as in the proof of Lemma 14 we obtain the following: (a) H,, is contigu-
ous with respect to Hy, (b) G, () converges weakly to G(-) and sup, |/W7n{F9_01(t)} -
Gn(t)| = 0,(1) under Hy, where G,, = n=23"" g, and (c) E[G,,(t)l,] = my(t)+o(1).
Therefore, part (i) follows from Le Cam’s third lemma (see van der Vaart and
Wellner, 1996, Theorem 3.10.7) and the continuous mapping theorem.
To prove part (ii), note that under Hy,, 6 = arg mingeqs Y., li(¢), where

~ [Wl(gﬁo) + n_1/2r2-] ~ [!pl((r/)(])é’:‘l] n_1/27’i€i
@)= sl G TG T
Let 619 = argmingeg 27, #i(6), where k() = log i(¢) + [Wi(do)es] /(). In view

of Assumption (E1), »19 L 0 as n — co. Further, we have that

n

> (0/06){t:(0) ~ Zn V2rie; [Xi(0)/ ()]

i=1

Therefore, under Hy,, for any 1/4 <n < 1/2,

" $upyeq [[(9/00) {n~" 31, i(d) —nt oL, (@)} 0 asm — oo

2 (1e)

Consequently, <Z> oY — 0 as n — oo, and hence, qg 2 #o. Further, =0, =1

for each n because the error distribution is standard exponential and the parameter
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space © = {1}. Therefore, by arguments similar to those of the proof of Lemma 10,
WQZOFQ_I() converges weakly to G(-) under Hy, [in probability]. Because T} = b j(Wno
Fy ')+ 0p(1) and Tj*(m) = bj(N;f(m) o Fé_l) + 0p+(1) [in probability] (j =1,...,5), the

proof follows from Lemmas 11 and 13, and the continuous mapping theorem. |

Proof of Proposition 3. Let

= =31 [log{W;i(do) + 7i/v/n} — log{W;(¢)} + log{ fn)(:)/ fao (€:)}] -

One obtains by arguing as in the proof of Lemma 14 that H., is contiguous with
respect to Hy. From the proof of Proposition 2 we have that G,,(-) converges weakly
to G(-) and that sup, |van{F9_01(t)} — Gy(t)| = 0p(1) under Hy. We also have that
limy, 00 E[G ()] = mc(t) + ma(t) + o(1). Therefore, part (i) follows as in the proof
of Proposition 2.

To prove part (ii), note that under H,,, ¢ = arg minges Y, li(¢), where

G A ] oy o)+ A0 | e
70 W) W)

Now, let ¢(29) = argmingeg » .y Ki(¢), where k;(¢) = log @Z(@ + [!Pi(qbo)ai]/@(qb). In

view of Assumption (E1), gzg(zc) 2 ¢y as n — oo. Further, we have that

(:(9) = log Wi(¢) +

S (0/00){4:(6) — kil Zn rei | N(9)8(0)]

1=1

In view of these, under H,,, for any 1/4 <n < 1/2,

(0/09) { _126 Zm(qﬁ)}HgO as n — o0o.

Further, (]3—(%2‘5) 2 0 as n — oo, and hence, qAb 2 $ as n — co. Note that under H,,,

n" sup
ped

0 — 0y as n — oo, where 6 is the true value satisfying F° = Fy, under Hy. As in the
proof of Lemma 14, /W;: oF é_l(-) converges weakly to G(-) under H,, [in probability],

and hence the rest of the arguments follow as in the proof of Proposition 2. |



12

APPENDIX C: Simulation study on the importance
of the tests in density forecasting

One important area of application of the tests proposed in the paper is forecasting the
conditional distribution and/or density of Z;,1. The role of these tests in forecasting
is that they can be used for testing the goodness-of-fit of the specified parametric
model. To evaluate the potential contribution of these tests, this simulation study
estimates different measures of ‘loss’ in using an incorrect parametric family when

the tests have adequate power to reject the incorrect family.

Design of the simulation study:

Let {Gs : € B} and {Fp : 0 € O} denote two distinct families of cumulative
distribution functions (cdfs). Let W;(¢) = ¢1+ 2 Zi 1+ ¢3¥;_1(d), & = (¢1, d2, ¢3) " €
@, denote the parametric specification for ¥;. The design of the simulation is based on
the following scenario: The true DGP is ¥; = ¥;(¢) for some ¢y € @ and F° € {Gp :
p € B}. The parametric model being considered for use in forecasting, and hence
defines the null hypothesis is Hy : ¥; € {¥;(¢) : ¢ € &} and F° € {F, : 0 € ©}. We
are interested in estimating some measures of ‘loss’ in using the incorrect parametric
family {Fp : 0 € O} for forecasting and the extent to which the goodness-of-fit tests
could be expected to help in reducing such losses.

We use three different measures to estimate the ‘loss’. Let G denote the true
cdf G, (/W11 (o)) of Zi 1, G(z) denote its forecast Gs(z/@iﬂ(é)), F(z) denote the
forecast Fé(x/@iﬂ(qg)) when the model in Hy is used. Let A1 = (1/2) [ [g(z)—g(x)|dx
and A2 = (1/2) [ | f(z) — g(z)|dz. By using the term ‘misallocation’ in a broad sense,
we may interpret A2 as the proportion of the total probability of 1 that is misallocated
by ]?when the true target is g. We use Lp := E(A2)/E(A1) as the first measure of
the loss resulting from using the incorrect parametric model specified by H,.

We also estimated the following two measures of loss: (a) Lo := E(B2)/E(B1),
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and (b) Ly := E(C2)/E(C1), where

Bl = max M’ B2 := tmax | ([L’) B g(gj)|7
ap<z<ay g(x) ap<zlay g(x)
_ G(x) — G(z)| _ |F(z) — G()]
Cl:= ergBSXbU {1 — G(LL’)} ’ ¢2:= erélﬂ?é%U {1 e ZL’) ’

arp = G71(0.025), ay = G71(0.975), b, =G (0.9), by = G~1(0.99).

The first quantity Lo measures the extent to which the ordinate of the forecast pdf
F(z) deviates from the true pdf g, relative to the deviation [g(z) — g(x)|, which is due
to purely random error. Similarly, the second quantity, Ly, measures the extent to
which the forecast of the upper tail quantiles of F (x) deviates from the true quantiles
of G, relative to the deviation |G(z) — G(z)| in the upper tail of the distribution G.
Results:

Estimates of Lp, Lo, and Ly are given in Table 3. As an example, consider
the first entry of 3.1 for Lp in that table. It says that on an average, the probability
misallocated by the forecast density because the use of the incorrect parametric family
is 3.1 times (= 310%) of what would be incurred had the true parametric family been
used. Therefore, the loss in terms of Lp is large. Since the goodness-of-fit tests, for
example, the A? test, have nearly 100% power, the tests almost certainly point us to
the fact that the use of the null model would result in loss.

Table 3 also shows that Lp increases with the power of A%2. Consequently, if the
power of the test is low, then the null and the true models are likely to be close, and
hence, the loss in terms of Lp is also likely to be low. The estimated values of Lo
and Ly are also of the same order of magnitude as those of Lp. Therefore, the use of

these tests can be expected to reduce such losses in density /quantile forecasting.

APPENDIX D: Additional results for the empirical
example in Section 6

Figure 2 contains empirical cumulative distribution functions of the probability inte-
gral transforms of density forecasts based on the six multiplicative error models for

the UTX realized volatility series considered in the empirical example in Section 6.
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Figure 3 provides the summary plots for the UTX realized volatility series. The
first panel gives a plot of UTX realized volatility expressed on a percent annualized
scale. An Autocorrelogram is in the second panel. The last panel displays a residual

correlogram for the MEM(1,1) model.

References

Salinetti, G., W. Vervaat, & R.J.-B. Wets (1986) On the convergence in probability
of random sets (measurable multifunctions). Mathematics of Operations Research

11, 420-422.

Straumann, D. & T. Mikosch (2006) Quasi-maximum-likelihood estimation in con-

ditionally heteroscedastic time series: a stochastic recurrence equations approach.

The Annals of Statistics 34, 2449-2495.

van der Vaart, A.W. (1998) Asymptotic Statistics, volume 3 of Cambridge Series in
Statistical and Probabilistic Mathematics. Cambridge University Press, Cambridge.

van der Vaart, A.W. & J.A. Wellner (1996) Weak Convergence and Empirical Pro-
cesses:  With Applications to Statistics. Springer Series in Statistics. Springer-

Verlag, New York.



15

Figure 2: Empirical cumulative distribution functions of the probability integral
transforms of density forecasts of the UTX realized volatility series for the MEM(1,1):

Ui(¢) = ¢1 + $2Zios + d3Wi1(0), ¢ = (¢1,d2,¢3) ", when Fy is Weibull [——], and
mixture of Burr and Generalized Gamma [. . .].
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Figure 3: Summary figures for the UTX realized volatility series and the correspond-
ing residuals estimated by the MEM(1,1) model.
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Table 3: Estimated losses of using an incorrect parametric MEM for forecasting.

Gﬁ Fg Lp LO LT Power of A2

Gen. Gamma Gamma 3.1 2.1 2.9 0.99
Weibull 2.6 2.0 2.3 0.96
Exp 3.4 2.4 3.2 0.99
Burr 1.8 1.2 1.2 0.17

Burr Gamma 2.7 2.5 3.1 0.99
Weibull 3.0 3.0 2.9 0.99
Exp 3.0 3.0 2.8 0.98
Gen. Gamma 1.5 1.6 1.6 0.43

Note: The results are based on 1000 Monte Carlo replications and the sample size
was n = 1000. The true DGP is MEM(1,1) for the mean function and Gg for the
error distribution. The model under consideration for forecasting, and hence, Hj is
MEM(1,1) for the mean function and Fj for the error distribution.



