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This paper supplements the main text “Financial Bubble Implosion and Reverse Regression”with additional proofs and
technical material. First, this paper provides a detailed proof of the limiting distribution of the BSDF* statistic (developed
in the paper) under the null hypothesis. Second, it provide proofs of supplementary lemmas that deliver the limit behavior
of the recursive BDF statistic in dating the origination and collapse of a bubble and in dating turning points of crisis
episodes. Third, it provides additional simulations for the detection rate and dating accuracy of the reverse regression
procedure. Fourth, it provides some sensitivity analyses for the empirical application to the Nasdaq stock market.

1. THE LIMIT BEHAVIOUR OF THE BSDF* STATISTIC UNDER THE NULL

Lemmas S.A1 and S.A2 below provide some standard partial sum asymptotics that hold under the following assump-
tion, where the input process & is assumed to be iid for convenience but may be extended to martingale differences
with appropriate changes to the limit theory. These results mirror those given in Phillips, Shi, and Yu (2015b; PSY).

Assumption (EC) Let u; = y (L) & = X7 Y€ j, where £7_j }lllj| < oo and {&} is an i.i.d sequence with mean
zero, variance 62 and finite fourth moment.

Lemma S.Al. Suppose u, satisfies error condition EC. Define My (g) = l/T): 1 ug with r € [go,1] and & =Y _, u;.
Let g2,8w € [g0,1] and g1 = g2 — gy The following hold:
(1) ¥ yus =y (1) Y., &+ 1N — No, where 1, = Y70 @jE—j, Mo = Lioj€—j and oty = = Y7y Wi, which is
absolutely summable.
T P
0 428 ¢ 5 o
-2y 5 ow (g).

T :
Y, f;glj leg b o2 {f;fW(s)dW—%gW}.

3T
@

<5>T3/Zz}“f;i, Jet 5 0 [gW (g2) — W (g1) — [ W (5)ds].
©) T 58 (1 —m0)& 20,

(1) 712 (07 =) 0

(8) VT M7 (8) 5 y (1) oW (g).

©) T8 & By (1)o [$W(s)ds.

(10
(
(

10) T S/QZTg%gl & 1t—>l/l( )0 [$2W (5) sds.

1) T2g 8 g2 b oty (1) 2 W (5)d
12) T 3/22“’2 L 50,V =0,41,42,.

Lemma S.A2. Define X;" = —opy (1)t + Y., 05, where o = T~ withn > 1/2 and & = —ur42— = ¥ (L) v;.
Let u; satisfy condition EC. Then

|Tg>] 2 1-g 1
@7 % X s v | [ weaw s ga.
1=[Tgi] I8
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2 Phillips and Shi

[Tg2] 1—g
BT Y X, By(e /1 gW(s)ds.

1=[Tg1] w8

[Ts2] L 1-g
T2y X2 5621 / W (s)2 ds.
1=[Ta1) =&

T
(d) T3/? ng‘ij X P =01
1‘—1‘}t—j_> y J= 717 .

t=|Tg|

|Tg] 1-g
(T2 Y v,£>—6/ Law (s).

t=|Tg1] -8

Proof of Lemma S.A2. (a) From (1) of Lemma S.Al,

|Tg) | [Tg2]
Z X wi=-T""Y Xrperioy
1=|Tgi] t=|Tg1]

[Tg2] T4+2—t
=7 Y |ayW)(T+2-0)+ Y u)erios

t=|Tg1] s=1
T+27\_Tg1J t
=71 Z ary(l Z
1=T+2—|Tg] s=1
T+2 \_Tglj t
—7! Z oy (Det+w(1 ZE +M:—Mo | &
t=T+2—|Tg] s=1
T42— LTgIJ T4+2—-|Tg |
= ary (1) 7' (T—W )w ( )} 63>
1=T+2—|Tg,] 1=T+2—|Tg]
T+2—|Tg| t 1 T+2— LTglj
+y() (1! Y esgt ! (N:—1o) &
(=T+2—|Tg] s 1=T +2 [Tg2]

N v(1)o? {/ll_gl W(s)dW—k;gW} :

)
(b) From Lemma S.A1(10),

1 [Ts2] . [Ts2)
732 Y X =777y Xruo
1=[Tg1] 1=|Tgi]

[Tg>] T+1-t
=77 Y |ogy()(T+1-0)+ Y us,]
1=|Tg1] s=1
T+1-|Tg] T+1-|Tg]
=ary()T2 Y 472 Y&
t=T+1-|Tg] 1=T+1-|Tg,|
L 1—g1
—>l//(1)6/ W (s)ds.
1—g»
(¢) From (11) and (12) of Lemma S.Al,
[Tg2] [Tg2] T+1-|Tg]
T2 Z X*2 -2 Z X%H_t:sz Z th
1=[Tg1] 1=[Tg1] 1=T+1-|Tg]
T+1—|Tg]
=77 Y (ery()+&)
1=T+1—|Tg,]
T+1-|Tg] T+1-|Tg ]
—a%q/(1)2T<T—3 Yy t2>+<T_2 Y 5,2>
t=T+1-|Tg>] t=T+1-|Tg>]
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T—‘rl—LTglJ
+207y (1) T'/? <T5/2 ) té,)
t=T+1-[Tg,]

1-g

5021,/(1)2/ W (s)2ds.
1-g

(d) From (5) and (13) of Lemma S.Al,

2 [Tg2] 2 [Tg2)
T2 Y X v j=-T7 Y Xrioerio s
t=|Tg] t=|Tg1]
2 |Tg>] T2t
Ti/ Z (le//(l)(T+2—t)+ Z E | €r42—1+j
1=|Tg1] s=1
T+2—|Tg |
Ty eyl t+285 €t
1=T+2—|Tg,| s
T+27LTg1J T+27LTg1J
=—ary(l) T3/ Z 1&+j | — 773/ Z Ci&iyj
I:T+27LTg2J l‘:T“rZ*LngJ
2o.
(e) By definition of v, = —&r45_,, we have
T+2—|Tg]
—1/2 Z S— Ve Z Eria s — _7-12 Z &
t=|Tg1] =|Tg1] t=T+2-[Tg|
L 1- —81
LA / AW (s).
1—g>

With these results in hand, we can now derive the asymptotic distribution of the BSDF* statistic.

Proof of Theorem 3.1. The proof follows the same lines as that of Theorem 1 of PSY (2015a, 2015b). In this case the
regression model is

p—1
— X+ Y OFAXY vy, with s = [Ty ..o [ Tao)

k=1
Under the null hypothesis that u = —c¢T "and p = 0, we have X;" = &yt + Y., @, and AX;" = &z + @, where
ar=—y(1)cT " and @, =y (L)v, with y (L) = (1 —¢'L— ¢*L? —--- — ¢1’*1LP*1)‘1.
The deviation of the OLS estimate 6 from the true value 6 is given by
[Tg2] |7g>]
Z 7.7 Z Zvi |, (1.1)
=|Tg1) =|Tg1]

where Z, = [Gr + @1 G+ @2 ... Gr +@—p1 1 X7 ], 0 =[¢" 92 ...¢7~! u p]’. Notice that the estimated
model parameters should depend on the sample range g; and g, however we use, for instance, 6 and 6 instead of

Tg|

0,, 4, and By, ,,, for ease of notation. The probability limit of Z}: Te1 Z,Z] is block diagonal from (d) of Lemma

S.A2. Therefore, we only need to obtain the last 2 x 2 components of }" ;Ef;é N Z,7] and the last 2 X 1 component of

ZLngJ

= Tey] Z;v; to calculate the DF statistics, which are

YOXXF g Ew
¥x,oex? | N x|

t

respectively, where X’ denotes summation over r = |Tgy],|Tg1] +1,---,|Tg2] . Based on (3) in Lemma S.A1 and
(a) in Lemma S.A2, the scaling matrix should be Y7 = diag (v/T,T). Pre-multiplying equation (1.1) by Y7, results in

a—u [T - [Tg2]
TT{ 5 p ]: Z 7,7, Y, Y zv : (1.2)
=[Tg1] (=2)x(=2) 1=[Tg1] (=2)x1
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4 Phillips and Shi

; Y= [Tg2] /
Consider the matrix Y, {Z Te1) Z,Z,L%)X(iz)

[\/T 0] ‘[ 1 zx;_lHﬁ 0]'_[ T-1¥/1 T—3/2Z’Xt*1]
T 1 o

Y, ', whose partitioned form is

0 Y'X*, XX 0 T T32%'xr | T22'X*?,
1-
8 ( )GJ} "o W (s)ds
1-
(o [C8 W (s)ds a2 (1)* [ g'W()ds

and the matrix Y7 {Zm”%g N thtL ) 17for which
—2)x

[ 125, ]g —O [ 5 AW (s)
T7IEXS Vo 18 W 6w+ den] |

Under the null hypothesis that 4 = —cT~"and p =0,

el el e

where
1-g1
A= 1//(1)0/ W (s)ds,
1—g>
2 2 (178 2
B=a’y(l) / W (s)2ds,
I—g
1-g
C=—o / AW (s),
1-g
’ 1-g; 1
D=vy(l)o / W (s)dW + ~ g | -
1-g2 2
Therefore, p converges at rate T to the following limit variate
;5 L AC—gwD
A2 g B’

To calculate the t-statistic ¢ = % of P, we first find the standard error se (p). We have

.. -1
Qa ol Yxr,
wllp]) =l wa ]
so the variance of Tﬁ can be calculated from

([ VP00 ))

T
-1 . —1) 1
g VT 0 1 XX VT 0
0 T ¥Xr 0 EX2 0 T
—lyv —3/2y 1y * -
P T R
T3P T2EX?

It follows that the sub-sample DF statistic (i.e. t-statistic ¢ of ﬁ ) satisfies
gwD —AC
ogy? (g,B—A2)?

1 1 1—-
L hswis )dw+%gw]+f1 W (s)ds. f14 dw

o w6 as- [fgw ) as }1/2

By a continuous mapping argument just as in the proof of theorem 3.1 of PSY (2015b), the asymptotic distribution of

DF; ¢, =

(1.3)
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Financial Bubble Implosion and Reverse Regression 5

the backward sup DF statistic BSDFy; (go) is found to be

g [ LW ()W + S| 4[5 W (s)ds. [ 5 aw
sup

1/2
[0,82—80]
81€10,82—80 le/Z {gwfll leW( ) |:f11 gg;lw( ) :| }

giving the stated result. However, as mentioned above, derivation of (1.4) is not an immediate application of the

, 1.4)

continuous mapping theorem, which would require tightness of the random function sequence {Dthgz} as well as
the finite dimensional limit theory given above in the one dimensional case (1.3). Instead, as in the proof of theorem 1

of Zivot and Andrews (1992), arigorous proof of (1.4) is more easily accomplished by the application of the continuous
mapping theorem to a functional of the sample partial sum process Z% (g) = /TNy (g) = T~'/? ZLT T-12x fﬁé |
and the error variance estimate 6. We proceed to construct this functional and derive the limit result (1 4) First, note

that under the null we have X =Y v+ O, (c 77 ) = X0 +0, (T'™") SOthatZT(g)iszl/ZXf o =1 l/zxf;)gj+

0, (Tl/z_”) =72 (g) +0, (1) uniformly. Since under the null hypothesis y (L) = 1 and Z) (g) = I/Z)ZLTI vy =
—oW (1 —g) (from Lemma S.A2), we have

2
-2 {Z’X;?l - (¥ ,’:1)2/2’1} = /gzz;o (s)zds( gg22;0 (s)ds) /gw+0,(1) (1.5)
1

81

= o2 {/llzw(s)zczs_ (/ll;jlW(s)ds)z/gW}. (1.6)

Define the two functionals hig (Z9) = [$Z0 (s)ds and hag (29) := [$ 22 (s)*ds of Z{ (g) € D[0,1], the Skorohod
space equipped with the uniform topology. Both &, and Ay, are continuous functionals by standard arguments. It is
convenient to write

8 82
g Zp (s)ds = hig, (Z?) —hig, (Zg) g 73 (s)*ds = hag, (Z?) — g (Zg) ’
1 1

and then (1.5)-(1.6) can be written in functional form as
- {Z/Xt*—zl —- (¥ r*—l)z/z/l}
= {h2y, (Zg) _h2g1 (ZO)} —{hig, (ZO) — hig, (Z%)}z/gw_g_op (1) (1.7
= o’ {h2gz h281 } {hlgz hlgl W)}Z/gw-

Since hyg and hy, are continuous, so is the functional

Evgrn (20) = (g (20) —hogy (22)} = {igy (20) = igy ()} /50

B )= [ “wiras— ([ " wias) e

1—g» -8

1-gi ) o [s 2
= [ wWerd—g (s [ Wds
1-g 1-g

1-g1 2
| W 0

Now observe that

ik

&
with Wg] o ) =W(s)— jll ggz’ W (s)ds. Just as in Phillips and Hansen (1990, Lemma A2), we have that jll 4 W e (s ) ds >
0 a.s. since g, = g2 — g1 2 go > 0. It follows that the functional
1 —
Egl ,82 (W) T I/Elsglagz (W) (18)
is well defined for all (g1, g>) such that g,, = go — g1 > go > 0 and so the functional
1
El ,(20) = ——c
s ( ) Eige (ZIO)
1 0 1 _ 25!
is continuous with limit E;, ,, (Z) = E;, ,, (6W) = 6°Eg , W.
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Next, from (1.2), the numerator component of the t ratio (Tﬁ) is given by

—1/22/
_7=3/2y/yx v/ T 2
[ -T32%Xr, T7'%1] [ TIE,X:_IW}
(TﬁzZ/Xt*—zl) (Tﬁlzll) B (T73/2E/Xt*—1)2
92 70 [ 29 (82) — 27 (81)
A e 1| g Rwae |
= _|_0
2 p
(J5 22 91 a )w—(&ﬁ<wg
i 23 (82) 27 (81)
ézZO w
[IRAOD & ]| [ o~ -1
= - +o0, (1)
( gzzO 2ds>gw ( gzzO ) )
Zy (82) — 27 (81)
—[hig, (20) = hig, (Z2)]  gw ;
[ [ lsz( T) 131( T)] 8 } %[Zg(gz)z—Z%(gl)z—T’lZ’vtz} N (1)
= 0
gwE1 1.6 (Zto) g
B %W[Z?(gz) ~ 2§ (1) + 11 62} [, (Z7) =g, (27)] (27 (22) = Z7 (21)]
gwE1 4.6 (Zto)
+op (1) (1.9)
G W (1= g1 =W (1= 82)" + gu| + 1, (W) — gy (W] W (1= 1) =W (1— )
= .
gwEl,ghgz (W>
Define
Es g4 (Z 6 )
gw ~
[ (82)> 2} (1) +8w62] — [h1g, (27) — g, (22)] (27 (82) — 2§ (g1)] (1.10)
= E2g1,gz (GW o )
- cz%w [W(lfgl) *W(1*82)2+gw]JrGQ[h]gz(W)fhlgl W)W (1—g1)—W(l—gp)] (L.11)
so that (1.9) is
Ezg s (27.67) Ej g, ¢ (0W,0%)
et L 4 o0,(l) = 2 (1.12)
gwE1g . (Zg) pt) 8wE1 g, (W)
Using (1.12) and (1.7) we have
T%s% = 6’
Poor2wx2 —(r-1yxr )P /2
o 1)
=—F+0,(1). (1.13)
Elg e (Zg) !
It follows from (1.9) - (1.13) that the DF statistic (or t ratio) can be written as
N . 1/2
DF. . — TB By (22,6%) [ Eig. (Z7) +o, (1)
81,82 — 12 E (ZO) 62 14
Tzsg) 8whl.g.8 \ 4T
(75
Erg 4, (20,6
_ a0 (27, 1)/2 +0p (1) =t Eg, 4, (20,6%) +0, (1),

8w (El-,gl-,gz (

which defines the required functional E,, , (-,
have

Zr))
)

Ezg ¢ (0W,0)

representing the t ratio in terms of (Z%, 62

2

). Since 62 —p O, We

E2~,g1~,g2 (W’ 1)

E

DFg, ¢, = Eg g (29‘762) = Lg| ¢ (GW, 62) =

8w (Erg g, (0W))' 0

1/2
gwE1 .6, (W) /
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Financial Bubble Implosion and Reverse Regression 7

Low{W(1=g1” =W (1 =) g0 }+ ("5 W (9)ds) (W (1-g1) =W (1 - g2)}

gW{ngll S (s)*d [J}l SIW(s)d ] }1/2

Eg g, (W,1).
. 0 A 2 0 . 0 A 2 . .
In view of the continuity of Ey g, 4, (Z9,62) and 1/E1 4, 4, (Z3,) , the functional Eg, ,, (Z9,6?) is continuous for all
(1,82) such that g,, = g» — g1 > go > 0. The continuous functional E,, ¢, (-,-) maps D[0,1] x R™ onto a function

defined on Ag = {(g1,82):1>g2>>g1+goand 1—go> g > 0}. Define the double sup functional E* (E,, ,,) =
SUP(g, 0r)eA, Ee1,e, Which maps functions defined on Ag onto R. Let Eg, 4, and E,, ¢, be two functions defined on Ag

such that sup,, ..yep, |Eg1.gz — ~g1,g2| < € for some given € > 0. The function E* (Eg, ¢,) is continuous with respect
to the uniform norm on its domain because

|E* (Egl-,gz)_E* (Eglﬁgz)’ = sup [Egl-,gz_Eglagz} < sup |Eg1,gz_Egl7g2| <é&.
(¢1.82)€M0 (81,.82)€M0

We therefore deduce by continuous mapping the weak convergence

* 0 4 2
sup DFg o, = sup E (Egl,gz ((Z )))
(81,82)€A0 (81:82)€A0
= sup E* ( 81,82 ((W 1))) sup  Eg) e, (W7 1) )
(81,82)€A0 82€(g0,1]
21€[0,82—g0]
giving (1.4) as required. O

2. THE LIMIT BEHAVIOUR OF THE BSDF* STATISTIC UNDER THE ALTERNATIVE

2.1. Notation

The bubble period B = [T, T,], where T, = |T f, | and T, = | T f.|.

The crisis period C = (T,,T,], where T, = | T f,].

The normal market periods No = [1,7,) and N; = [T, + 1,T], where T is the last observation of the sample.
The data generating process is specified as

cT"+X,_1+¢g,constantc, 7 > 1/2, € NgUN;
X, = orXi_1+¢&, teB , 2.14)
YrXi—1+ &, teC

where & ~ N (0,02), Xo = 0, (1), 67 = 1 +¢;T"% and ¥ = 1 — TP with ¢1,¢2 > 0 and . € [0,1). If
o > f3, the rate of bubble collapse is faster than that of bubble expansion. If o < 8, the rate of bubble collapse
is slower than that of bubble expansion.

o Let X; = Xr+1—;. The dynamic of X/ is

—CTf'7 +X* 1+v,, constant ¢, ) > 1/2, t € NgUN;
X =9 %X+ tecC , (2.15)
5! [XF +vi, t€B

where v; = —gr42—4 ~ N (0,62) and X§ =0, (1).

e Let 7y = |Tg;| and 7o = |Tg2] be the starting and ending point of the regression. We have T} =T + 1 — 1,
T, =T+1—-1 and 1, = |Tg, | be the regression window size.

o Lett, =|Tg.|, 7= |Tg|, and 7. = |Tg.], where g. =1 — f,, gc = 1 — f, g = 1 — f.. This suggests that
N =[1,%),C=[t,1.), B=[t,7], No = (7, T].

Under the stated conditions, partial sums of & satisfy the functional law

(7]
T2y & =B()=0W(), (2.16)

=1
where W is standard Brownian motion. We follow the approach developed in Phillips and Yu (2009) and PSY
(2015a&b). The additional regime on bubble collapsing leads to a much lengthier derivation for a single bubble case.
We focus on deriving the limit behaviour of the recursive BDF statistic in a model with a single bubble episode. The
results continue to hold in models with more than one bubble episode. The consistency of the PSY strategy is provided

in Section 2 for dating bubble expansion and Section 3 for dating bubble collapsing.

With minor modifications, the results continue to hold under correspondingly general conditions on the innovations

(© 2017 Cambridge University Press



8 Phillips and Shi

& for which the weak convergence (2.16) applies as well as the limit theory for mildly explosive processes given in
Phillips and Magdalinos (2007a, 2007b). To keep this supplement to manageable length we do not go into the details
of those extensions here.

2.2. Dating Bubble Expansion

Lemma S.B1. Under the data generating process,
(1) Fort € No, X,— 7| ~a T'/*B(p).
(2) Fort € B, X,—1p| = 8 "X, {1+ 0, (1)} ~a T'285 “B(f.).
(3) Fort € C,
1—T,—1

Xi=rp) = }/T_TCXTC + Z %gt*j ~a TI/ZSZT:C_TE J/T_TCB (fe)+ Tﬁ/zXL’z'
=0

(4) Fort € Ny,

v R e {10, () ~a TV [B(p) - B(£)] ifa>B
S Y S REN e fa<pB

Proof. (1) Fort € Ny,
!
X, =Xo+cT i+ ) &
s=1

Since T-1/2¥!_ &, 5 B(p) as T — o,

!
X, =cT' " (%) +71'/? (T—W Za-) ~aT'?B(p).

s=1
(2) For t € B, the data generating process

—T,—1
Xt = 6TXt—1 + 8; - 5}7TFXTE + Z 57]-8t_j.
Jj=0

Based on Phillips and Magdalinos (2007, lemma 4.2), we know that for or < 1,

—T,—1 ‘
7%/ Z 5;(t7T”)ﬂ£t_j L Xe, EN(O,Gz/ch)

L.
J=0

as t — T, — oo, Furthermore, we know that T~'/2X7, % B (p). Therefore,

t—T,—1
6;(I7T6)T—1/2Xt — T_l/ZXTe +T_1/2 Z 6;(t7T€>+J817j

I. .
Jj=0

t—T,—1 .
= T71/2XT9 + T*(I*a)/sza/2 Z 6;(17T6)+]8[,j £> B (fe) .
j=0

This implies that the first term has a higher order than the second term and hence
-T,—1 sj
Yo Or&—j

X, =& "Xy, {1 " s Tex
T T.

} =& " Xr, {140, (1)} ~a T'287 “B(f.).

(3) For t € C, the data generating process

—T—1
X =yX 1 +&="%"X+ Y ve
j=0

Since
RESl 2 Lol ) y%<t_Tr) 1
E((17P2 Y neay) | =177 Y HE@E)=0 T7ﬁ27_1
J=0 J=0 T
26_252(P_fc)T17B —1 0'2

- —.
—2c¢y + C%T*l3 2¢)
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we have

—T.—1

TP Y ve ;5 x,=N(0,06%/2).
j=0

Therefore,

—To—1

X=v% "X+ Y e j~aTV28F 4T B(f) + TPX,,
=0

due to the fact that

’J/T_TCXE' NuTl/zayT'(_]}’J/T'_TCB(fg),
t—T.—1
5 e~ aTx,
i=0

(4) Fort € Ny, we have

—T,—1
X =0—T)cT "+Xr,+ Y &
j=0
_(t—=T, 714 x, 4 T1/2 T71/2’*Tr71
=\ )¢ + X7, + Z &—j
j=0
; T,—T.—1 1=1—1
— "X+ Y e+ Y & j{140,(1)}
j=0 j=0
_ S X e i {140, (D} ~ T2 [B(p)—B(f)]) ifa>B
VX o TV SR B () ifo<p

due the fact that 7 > 1/2 and

v X e TV 8B (fe)
T—T.—1
YY{STr_j ~a Tﬁ/ZXCZ
j=0
t—T—1

;) &—j~aT"*[B(p)—B(f)].

Lemma S.B2. Under the data generating process,
(1) ForTy e Ngand T, € B,

Taglk " i

Lyx, = e Xn {10, (N} ~a T3P B (£).
Tv =, €1 Swer
(2) ForTy e Ngand T, € C,
Ta5 .
i 3 X = TL XTe{1+0P }N T 1/2877:L Tefwc] (fe) lfOl>ﬁ
] B .
Tw =T T( Tsz {1 +0P } ~g Tﬁ 1/26]7:( T, f‘/fcez) lfa < ﬁ

1 & T“S XTe{lJFOp }N TO~ 1/2571 Tefw] (f.) ifoa>p

xn{1+op )}~ TR=128]7Te L g (f,) ifa<p

fwea

YWCZ

agl
1y X = TTc XTe{H'Op )} e TN 28T
=

1/2sTe—Te
XTCTLZ{1+0P }NaTﬁ /6T

;¢C] B(fe) ifa>p
75 B(fe) ifoe<B

fwea
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10 Phillips and Shi

(5) ForTy € Band T € Ny,

T“(S

7ZX_ Tcl XTe{1+0P }N T%" 1/26TL Tefcl (fe) ifa>p
WJ T TCTQ{IJFOF }N TP~ I/ZSTL e WQ B(fe) foa<p
(6) ForTy e Cand T, € Ny,
1 . .
Z z, T,Hzf Vi {10, (1)} ~a TV2LEL [ [B(s) ~ B(f,)]ds if o>
T, c e 7;: .
WJ Ty XTCYTTwcz {1+0P }N (e 1/25T TYT] cszB(fe) ifa<p
Proof. (1) For T} € Ny and T, € B, we have
1 T,—1
Z Xi=—Y X; + o Z X;.
WJ T W/' T Wi T,
The first term is
Lol (LY
W] T Tw Te_Tl =T \/T
— fe
NQTI/ZM/ B(s)ds. 2.17)
w h
The second term is
5 _ Xy i—T,
Z : Z & {1+0,(1)} from Lemma S.B1
J=T, Ty, =,
L—T.+1
X1, 6 —1
=T 140,01
T, o1 {140, (1)}
TocSTz*Te +C15T27T“’7T‘X
=X r T 1 1
T. TWC1 { +0P( )}
T8 " 1. B(fe)
1 T Y 2.18
" et {1+0p (D} ~a T fuer (2.15)

Furthermore, we have
a-1/25h-T.
T Or

n-T.
6T

ol fa—fo) T8
= > 1.

T1/2

= Tl-o

Tl-o

This implies that T, 7, X;j has a higher order than 7,, Z X and hence
i
T ZX = ZXj{1+0p(1)}
W/' T j=T.
TaSB T,
=—1L Xg, {1 +o0,( )} from equation (2.18)
Tyc
~y T®™ 1/25Tz T, (fe)
fw
(2) For T} € Ny and T, € C, we have
1 Tzl 1 T
Zx— Zx+ ZX—i— Y X
Ty =" L, =" W =T +1
The first term is
1
Y X~ ripfe—h B (s)ds from equation (2.17)
wj T w Jfi

The second term is

XTe

Z 5 Te{l"'op

W =T

L

(1)} from Lemma S.B1
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Financial Bubble Implosion and Reverse Regression 11

X7 677:(*TeJr1 -1
T S W
Tw 57‘_1 { +0P( )}

TOC(STC—Te + cq 6Tc—Te _ TOC
= Xp,— T . {1+0,(1)}
wCl

{1 +0p )} ~y T(Z—l/zs]]:c_Te

TOCBE I
Tyc1

B(f.). (2.19)

Xr,

Sfwet

For the third term,

1 B 1 I T J=Tc—1
— Z Xj=— Z v Xt + Z leej_l from Lemma S.B1
W =T +1 Ty J=Te+1 =0
1 | B k-l

= f‘, V%_TCXTHFT* Y Y ren

Ty j=Te+1 W i=T.+1 [=0

1 7P 1 (=" fer | 2 Lokl
Sy ey AN R e B Ve (R - €
T, c fe T, 2 2 (fZ_fC) j:;c+l [;() ’y% -

Th 1
= —Xg. ~,TP712817Te___p
Toer ¢ Sfwer (fe)

due to the fact that

)T:z’ T " (7TT27TC_1) _ 1’
T N ’)/7‘—1 _Cz

J=Te+1
_1/2_[5 2 T2 j T('_l
— I ¢ .
T Z Z yITEJ Lx , (see Lemma S.B7 for the proof)
(fZ_fc)J T.4+1 =0
and
1 7F B-1/25T—T,
?EXT ~a T 5 f (fe)
_£y1/2 2 I, j-T.—1 (f _f)1/2 c
a2 =f) " e app [ 2 |~y P12 I) T Jay
Tw 2 2 (f2_fc) j:§+1 lg:‘) ,}/T - fw 2 2
Therefore,
asTe—Te
1 - Ul xTe{1+op(1)}~a Te 1250 T LB(f,) ifa>p

P Z X TMLI

L 5, Xp 2 {140, (1)} ~a TF128T T LB(f)  ifa<p

(3) For Ty € Npand T € Ny,

lTel T

X = X; — i
=T =T " j=Te " j=Te+1 J=T+1
The first term is
1 = \pfe—fi [Fe .
Z Xj~aT /2221 [7 B(s)ds from equation (2.17).
w] T, w fi
The second term is
| L
Y Xj~a T 12§11 B(f,) from equation (2.19).
ij T, fwcl
For the third term,
1 & Th 1
— X;i=—X7. ~g TP12817Te___B(f,).
T, j:;CJr] ! Ty fe ma T Jwea (fE)
For the fourth term, if o > 3
1 o | B Ll
= L X=7 Y ) gu{l+to, (1)}
W oj=T+1 W j=T,+1 [=0
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12 Phillips and Shi

LT, 1 L Ui
_ 1242 r —1/2 Lo
=T T, [TZTPZ ( / Y &

j=T+1 i=0

_ 2
~ P /f B(s)— B(f,))ds

{1+0,(1)}

Sw
ifa<f,
1 & 1 & T
—_— Z Xj:f Z j/]]:ri CXTE{I'i‘Op(l)}
T, =T+1 T j=T+1
T —T;« —T. — —T. —Jr
= A (1o (1)) = TS T R )
TW fw
Therefore,
TS (14 0p (1)} ~g TO 12857 L if
i Z X Twey T(’{ +0P( )} ~a T fwel (fe) Ta >ﬁ
B _ —T, .
v 5 IXn {10y (1)}~ TP LB(f) ifa <

(4) For Ty € Band T € C, we have

1 &
Z Xj= 2 X+ ) X
”J Ti WJ T WJ Te+1
The first term is
1 & X
— ) x;=2k Z 8" {1+0,(1)} from Lemma S.B1
T =T T, =T
A
T, o —1 {140, (1)}
Xp, TO8F T 4o 8F e T8/ T
_ 2l 1 1
Tw 1 { +0P< )}
e

Toc1 Xr, {1+0p(1)}

- T.—T,
~g T(X 1/26Tp e

B(fe).

wCl

For the second term,

1 L Th 1
P Z Xj = XTC ~a Tﬁ71/267§7Tg B(fe)'
W i=T.+1 TWCZ waZ
Therefore,
reslTe _ T, .
1 Z 7Tc1 X, {140, (1)}~ TO7 V287 =B (f,) ifa>p

T, &, xn{1+op (1)}~ TB1/28]7Te 1 B(fe) if o < B

Tw 15 fwea

(5) For T} € Band T» € Nj, we have

I
ZX— ZX+ ZX+—ZX,.
W/ T W/ T ”J Te+1 WJ T+1
The first term is
Tc Toc5Tc Te
— Z 7)(76{1—1—01, )}~ T2 e B(f,) from equation (2.20)
wj T C1 fwcl
For the second term,
1 & TP B(f.)
1 —XC 140, (1)} ~g TB-1/25T T B L)
T, _:; T{ p )} a T fuca

The third term is

1 2 , T1/2f2 f'ffz[ B(s)— (fr)]ds if o >
s TI/ZSTC Tg'yT chZ (fe) lf(X <ﬁ

Tw ;T

(2.20)
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Therefore,
agle—Te
LR )z S et e
T, &, D Xr {140y (1)} ~a TP128F " LB(f,)  ifa<p
(6) ForTy e Cand T, € Ny,
1
ZX = ZX+ Y x;
WJ Ty WJ T WJ T+1
For the first term,
_ JTe-1
ZX —72 y;’T"XTCJr Z lesj_l from Lemma S.B1
WJ T WJ Ty =0
- 7, j—Ic—1
XTLZ}’%C+7Z Z')/]TEJI
J=" WJ T, 1=0
Ty " (fr—f) o !
— T]/2+ﬁ 1 Tfl/zfﬁ e
O T, 2 jz;l;y’“’
7B~ 1/2fl e (fr= fl)Xz ifa>p
Tﬁ 1/25Tc TeyTl T(sz (fe) ifa<ﬁ
due to the fact that
TByfi T
X, T Tﬁ 1/25T< —T 1 Tc ,
T 6 " f B(fe)
, 15 ] TC_I
T1/2+ﬁi a(fr—f) T-1/2-B Z Z YITEJI NuTﬁ_l/zi (fr*fl)X62
N2 ) & & MV 2
The second term is
1 & T2 L=l (2 (B(s)~ B(f,)]ds if &> B
Lopfmn U TVPer Ty M EB(L) ifa<p
Therefore,
T J-T—=1_, 1 ] ~a T1/2f2*fr fz B _B d if
1 ZZ,X Z, T,+IZ 8/—1{ +op( } f [B(s) (fr)]ds ifa>p
o = .
TwJ‘:T1 XTCYTTWC2 {1+0p }N Th- ]/25TC T"YTI chszB(fe) ifa<pf
Lemma S.B3. Suppose the centered quantity X; = IZJ X
(1) For Ty € Ny and T, € B,
ash
. —TTSLI Xn{1+0p 1} ift € No
X = A ;
& — T Xr,{1+o0,(1)} ifteB
(2) ForTy e Ngand T, € C, if a > 3
_rosfe .
T "Xz, {1+0,(1)} ift € Ny
§leTe .
X = 5 Tg_TTTCI :|XTF{1+OP(1)} ifteB
a
v Texy — T;?Ll XT} {1+40,(1)} iftecC
and if o0 < B3,
B .
—Tzcszc{lqtop 1} ift € Ny
X = 5}*T"'XT T,CZXTC}{l"‘OP )} ifteB
ifteC

YT ECZ}XTC{H—OP 1)}
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14 Phillips and Shi
(3) For Ty € Ny and T, ENl,if(X > ﬁ

T5

T XT(,{H-O,, 1)} ift €N
TaskTe .
i & te — T }XTe{lJrop(l)} ift €B
Xt:
_ T(ZaL L .
D Xn}{wop 1} iftecC
o .
rle—Xr, {1+0, (1)} ift €Ny

and if o0 < B,

8 X1, — e Xe | {1+0, (D} ifreB
q/T’T”—TCZ}XE{1+op 1} ifteC
TMXTC{HO,, (1)} ift €Ny

[ TMXE {1+0,(1)} ift € Ny

4)ForTieBand T, €C, ifaa > f

osTe—Te
i { 6}’T€—T7‘?T :|XT6{1+OP(1)} ift€B

Vo le Xy, — % Te]{l+o,,(l)} ifteC

and if oo < B,

_ B .

8 X1, ~ X, 4 | {1+ 0, (D} ifreB
vl - TM}XT({lJro,, ()} ifteC

(5) ForTy €Band T, € Ny, if o. >

-~ a5c Te .
57 Tf’—TTCI ]Xre{l-l-op )} ifteB

o Te—Te
Xi=q |y Txy - Taf” XTe:|{l+0,, )} ifrec
Tosl e .
— X, {1+0,(1)} ift €Ny
and if @ < B,
8 "X, — e Xr | {1+0,(D} ifteB
X = nyTL-_TCJXTC{IJrop 1} ifteC
2 x5 {1+0,(1)} ift €Ny

(6)FOVT1€CCde2€N1,ifOC>ﬁ,
% v X~ Z/ n X € } {140, (1)} ifteC
=

Z;:g 18[,j Tw Zj T,HZJ T, '7i]{1+0p(1)} ift € Ny

and if o < B,

Tl
. [;/TTL'— Vs ]XTE{I-l—op 1} iftecC
= 7)—T,

crh .
YTTWCZ XTC{1+0[)(1)} ift e Ny

Proof. (1) Suppose T € Ny and T» € B. We have

T T“STTrTgX {1 (1)} i N

. 2 - ,.1+o ifreNy

L=X-T,' Y X;= tf;” ragh ] 2.21)
J=T [5T ‘= ]Xre{l+o,)(l)} ifteB

This is due to the fact that
X, ~a T'?B(p) ift € Ny
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L Z Xj ~ JTY 1/25T2 .~ (fe)

w] T wC

(2) Suppose Ti € Ny, T € C and a > 3. We have

rosie T ;
— X, {1+0,(1)} ifr€No
T2 _Te TO!STL'*Te .
—TTY X = {5; - T :|XT6{1+017(1)} ifreB (2.22)

J=T T 5TC To

[)/TT”XTC Tl XTC}{I—l—Op 1} ifrecC

Suppose 71 € Ny, T» € C and o < 3. We have

5 A{140,(1)} ift €Ny

~ _ —-T, .

%=x-T;"Y} Xx;= {6} XE TCZXTL} {1+0,(1)} ifteB . (2.23)
= - .
=T [7/T ﬂ-_ECZ}XTC{1+0p n}  ifrecC

Those are due to the fact that
X, ~a T'?B(p) if 1 € Ny
X~ T2 B (f,) + TP2X,,, if r € C
Z X ~ { Te28f T B (f,) ifa>p
T, &, TB-1251 T LB (f,) ifa<p

(3) Suppose T; € Ny, T» € Ny and o > 3.

T 5(‘ e .
T Xr, {1+0,(1)} ifrenN
o sTe—Te
5 {arn_r;iq }XTE{1+0,,(1)} ifreB
7Tw_1 ZXI: e 5 :
= [VTTX o, Xn} {140,(1)} iftecC
6Tc Te .
— X, {1+0,(1)} if € Ny
Suppose Ti € No, Ta € Ny and o < B.
TWCQXTC{I—"_OP 1)} iffeNo
t—T, .
_-! %Xj: {BT Xr, — TCZXTC} {14+0,(1)} ifteB
v e .
= ("= X {140, (D} ifreC
B .
T€CZXT6{1+0P 1)} lftENl

Those are due to the fact that
X, ~a T'?B(p) ift € Ny
X ~g T8 Ty B (£,) + TP2X,, ifr e C

T'2[B(p)-B(fr)]  ifa>p
Xi ~q { T1/25T67TE’)/T'7TCB(f€) ifo < B ift e Ny
1 L) { 76— 1/25Tc Te (fe) ifo> ﬁ

L B(f) ifa<p

Tﬁ 1/25Tc T('

(4) Suppose Ty € B, T, € C and o > 3. We have

T, 5c Te .
o 1 X, {1+o0,(1)} ifteB

T
R
J Te—Te
j:Tl |:/J/}‘_TLXT( Tar;zc] XTe:| {1 +0P 1)} lft S C
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16 Phillips and Shi

Suppose T € B, T, € C and o < 3. We have

~T, .
e %X,: [6; Xz, — TCQXE]{Ho,, (1)} ifreB
= X {140, (1)) ifrec

Those are due to the fact that
X~ T2 ey B (f,) + TP2X,, ift e C

C125T—Te 1 :
TS L e
Wj T TB_ / 6TL emB(fe) lf(x<ﬁ

(5) Suppose T1 € B, T» € Ny and o > 3. We have

Te—Te
{6;—3_T“]§W :|XT6{1+0,1 1)} ifreB

2

% -1

X=x-T,") X;= [)/TTL.XTC_T;%CI XTB}{I—l—op(l)} ifreC
J=T v

T® 6TL'7T6’

——L X7, {140,(1)} ift e Ny

Suppose T} € B, T> € N; and a < 3. We have

(817X, — X | {1+0,()} ifreB

)]
AR Xy [T g (e, m) inrec

J=h
X {140, () itreM

Those are due to the fact that
X ~g TV28E e B (£) +TP2X,, if r € C
TV2[B(p)-B(f,)]  ifa>p
Xi~ T T . ifteN
! { T'28 Ty B (f,) ifo< B !
T 25 B(f,) ifa>p
TP=1251 7 B(f,) ifa<p

72)(

Wj T

(6) Suppose T € C, T» € Ny and a > 3. We have

~ T2
X=X-T,"Y X;

i=h
BE fexr, Z/ r Xl e i:|{1+0p(1)} ifreC
th:g 18’—] Tw ZJ T,+1Zj = '—i} {1+0p(1)} ifteN

Suppose T} € C, T> € Nj and o < 3. We have

)
X=X-T,"Y X;

=T
T yT'fTCTﬁ .
Y=L X {1+o0,(1)} ifrecC
= Ti~Te
— ' {1+0,(1)} ift €Ny

Those are due to the fact that
X ~g TV28] e B (f,) + TP2X,, if t € C

T'?B(p)-B(f,)] ifa>p .
tha{ T1/26T(—Tey77'f—TCB(fe) if o < B ift € N
T1/2frﬁ~ffz[ B(s)—B(f,)]ds ifa>P
T8~ 1/25TL Te/yTl TCsz B(f.,) ifa<pB

7ZX

WiTl
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Lemma S.B4. The sum of squared X, terms are as follows.

(]) For Ty € Nyand T, € B,

I
o AT —T,
Y X~ THa5T( ? )ZTIB(fe)Z :
="
(2) ForTy e Ngand T, € C,
(T—T,) .
fog, [ T B e
=T SR I e 2223(fe) fa<p
(3) For Ty € Ny and T, € Ny,
(T.—T, 2 .
igz [ rves LB (L) ifa> B
& 1 ~a T1+ﬁ5Tn Te)zizB(fe)z ifoa<B
(4) ForTy eBand T, € C,
(T.—T, .
fxz [ e LB ifa> B
S0 L P T LB(R) ifa<p
J=11 )
(5) ForTy e Band T, € Ny,
(T.—T, .
ifz— - Ti+as? . T)zilB(f) ifo>p
=T T1+ﬁ5 lLB(f) ifa<p

(6) For Ty € Cand T, € Ny,

T _
Y X

J=T

Proof. (1)For Ty € Ny and T» € B,

The first term is

T,—1 T—1 20§22~ Te)
Y xr =Y L —X7. {1+0,(1)} from Lemma S.B3
J=T =T, Ty
1 J 1
T, — T _
= e T8N {10, (1)
fe f1 20 c2(B—T) 2
T 5 Y] .
fzcl (f€)
Given that
52(T2 Ta)7572 TOC62(T2*Te)
25117} T . T _ T {]+0p(1)}
j=T. 5T—1 2C1
Lo §h-T _ 5-1 Tash-Te
§i—1-T _ °r T _ T 1 1
Z T 6T_1 c { +017( )}7

the second term is

i)
y X2

=T

Vb3 o TO‘STTZ*T‘, 2 5
= o T ————| Xz {1 1

j:ZTe T Toct 7 {140p( )}

n-T, AT -T.

B P A NSRS N S o S
- Z T —etr 2

j=te T,c1 Tycq

(© 2017 Cambridge University Press

T2 (f2 _fr) i[fz
T1+B 67%<T6—Te YZ(TI

2¢y

[B (S) —B (fr)]
LB(£.)
no T, b)
YXa=)Y 5+ L%
J=T J=T J=Te

2ds—% U/{z [B(s)_B(f,)}ds]z} ifo>p

Xt {1+0,(1)}
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~1g2(-T,) + +
T2 15T(2 J2—fe TTZoc 15 (12-T) X% {1 o (1)}
. P

B Taa%(Tz—T
o 2C1

~

“ 2C1

Since 1+ o > 2a, the quantity Z?:r

¥ %

J=T

(2) ForTi e Ny, T, € C,

Suppose o > . The first term is

X7 {140,(1

T1+a3%(T2—Te)

fwc% fwcl

)} (since & > 20 —1)

B(f.)".

X? | dominates ¥ ¢ X7 . Therefore,

rosihl)
1= Z 1{1+0p 1)} = TXTe{l‘f‘Op(])}
J=Te
T1+a57%(T2—Te) 5
~y T B(£).
B ()

i)
ZXZ = Z 1+Z + Y X
J=T =T =T j=Tc+1

T,—1 . T571T2a672"(Tc*Te) 5
Y X, =) TXT“{1+OP(1)} from Lemma S.B3
=T =T wCl
_T.—T g 21-T,)
=% 2 T O‘(S XT {140,(1)}
g 7202 T e g 2 224
e B 2.24)
The second term is
T,
y 2
j:Te
T, - (STr 7,72 ,
j—1-T.
- % oI )
T. o sT—T. 20 §2(Te—Te)
(j—1-T) jflfTeT 5T r 6T 2
—26 X5 41 1
z;[ T TC1 TC% Te{ +0P( )}
fo) - pram1g2e +
fe=Je TTZO‘ 150 T | X2 {140, (1))
fwcl fwcl
T“5 .
2 x%e{1+op(1)} (since a@ > 2a — 1)
Tl+0(672_‘(Tc*Te> )
~y ———B 2.25
‘ 2C1 (fe) ( )
due to the fact that
T 2(T—T.) -2 2(T.-T)
Y st oo T T, ()
j=T. 5%—1 2C1
T T.—T, -1 T.—T,
c . 4 6 & e _6 TO!6 c e
8T = L =T lito0,(1)}.
Z T 5]"—1 ) { +0P( )}

=T

The third term is
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T T.—T, 2
Ta5 c e
—1-T
Z [ XTC TC1 Te {1+0P(1)}
=T+
L Toagl T TZOCSZ(TC*Te)
j ) XT(‘ 2% e TT X7, X1, + - 2 X%e {1+0,(1)}
j= Tc+l wCl wCl
T asT.—T,
1-1) L T%0; 1-T. | mas2T-T) 2 —Te o
XTC Z ’ —27TC X1, Xr. Z 94 +T “5 T2 X7 | {1+o0,(1)}
w j=T-+1 w
TB ToglT Th r-1) =T,
= |X(—-2"—T XX —+T2°‘5 o Te) X7 [ {1+0,(1
Teoe, T,y ete T2 {140, (1)}

T 2T.—T, (T—Te) cB i
T; E,T2a5T( )X%,_,{VFOP (1)}~ T2257 f2 f B(f,)* ifB<2a—1

B T.-T,) )
X% 2Tcz {140, (1)} ~a T1+ﬁ6T( 262 B(f.) if2a—1<f<a

~a

This is due to the fact that

2Tp—T,
% Yi(j’1*3'>:7VT<z 1P
j=T(+1 %1 2¢2
y oo
A =
J=Te+1 -1 €2
and
2(:2 ¢
Teg§l T TP ATo—T. 2
2 T XX*NTOH_ﬁa([ e) B 2
Twcl T.AT:, ca a T fWCICZ (fe)
—T1, T _T ¢ L c
T2a5%<T° T.) 12 ZCXT T2a5 (T—Te) fa— f (fe)
wCq wcl
Therefore,
T T 62(Tc—Te) T1+(X 62(T6—Te>
X2, =—T __x2{1 )Y~y ——L——B(f.)%.
j;l j—1 2¢1 T(,{ +0p( )} a 2, (fe)
Suppose o < B. The first term is
T,—1 T—1 2B
Y X, = Z T2 2XTC{1+017 1)} from Lemma S.B3
J=T J=T
T, —
="a TzﬁXT {1+0,(1)}
f;z fl T2135 (T.—T,) B(£). (2.26)
The second term is
T,
Z X2
j—1
j:Te
2
L TB
=Y (87" Xy, - — 1
L | o] ()
c 1 1 Tﬁ TZﬁ
=Y |60 IxE 28T Xy Xy + —— X2 | {140, (1
jZTel T 1, T Ty TC+TWC% 7| {1+0,(1)}
TOC872~(TC*Te) ) T(X+ﬁ716TC—TL f f
= X2 -2 TXX—i—TzﬁlceX 1+0,(1
[ 2cy Te waICZ feHe w 2 Te { )}
ragi e e ritagilcle) .
_ ) T Xi {140, (1) } ~a 7&1 B(f.)* ifl+a>2B 2.27)
28— IJ}CJZCeX2 T2I35 (Te—Te) fc fe (fe) if1+a<2[3’
wea
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due to the fact that

1. 2AT—T.) ) o 2(T—Te)
S Q2(j-1-T.) _ or — o7 T Sr
Z 5T - 57%71 - 2¢y {1+0P(1)}

Tc 1T 6¢*Te 5 1 TochrTe

I T {1+0,(1)},

and

T 6]%(7‘('*Te)

e Xe T1+(x6 (T.— Te (fe)

—1sT—Te
T(Hﬁi‘ST 2 B(fe)z
fweicz fwcica
T2B lfc fe Tzﬁa (T.-To) fc fe (fe) )

wa2 fwcg

XTeXTL ~ a]'!OH’ﬁ 6]%(TC_T6)

The third term is

G oo o |gern TP
Z j—1= Z Tr _TWCQ

J=Te+1 J=Tc+1

2
Xt {140, (1)}

X%:{l +0p(1)}

) ) B .
2(j—1-T) ) T —1-T
)y [VT Tocs 7

2
JETe] w2
T8

T, T T,
[ Z ,YYZ_(] 1 Tz,)izTcz

L T —
1T, 2
3]

j=To+1 wC3

X7 {140, (1)}

=T+

R

Th 7261 f2 f
+7%! CIX7 {1+0,(1
[262 fwcz fwcz T({ r )}

T8
= 3% {10y () ~a TP B (1)

Therefore,

T Tas( 2 T1+a5 (Te—Te) ’ .
Zz ij71 _ 72C1 X {1 —|—0p } ~g 7201 (fe) if o0 > ﬁ

1+B .
= X2 {1+o,, 1)} ~e G 8B (1) if o < B
(3) For T1 € Ny, T» € Ny,

T,

T, T. T
Z I= 1—2 LY X+ Y X+ Y X
j=T

J=h i=Te J=Te+1 J=Tr+1

Suppose & > B. The first term is

Tl ) 2 (I.-To) fe fl 2
ZXj T‘XS e Te) B(f,)" from equation (2.24).

J=" f2
The second term is
T Taaz(Tc—Te) (1)
X; X1 = #X%e {1+0p(1)} ~a T1+a3 <=1 ___B(f,)? from equation (2.25).
=T
The third term is
G o & i—1-T, To§ T :
j=§+1xj7] _j:;:'ﬂ " X~ e {140, (1}
N T%LTCTzaa (T— TPX%E{PFOP (1)} ~a T2a5 (T.-T) f, fc (fe) it <201
’ X%QTCBZ{HO,, 1)}~ TR ST =B (f.) if2a—1<B<a
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The fourth term is

21

T T T2a32(Tc*Te)
Y 22,= Y% L 5—X7. {1+0,(1)} from Lemma S.B3
J=T+1 j=T+1 Ticq
T T 2 Tc Tc
- T2 LT, Xz {1+0,(1)}
T20£6 Tc Te f;z zf‘r (fg)z-
Therefore,
7o g2l s 1
Z 1= Z {140, (1)} = gc X£{1+Op(1)}NaT1+a5T(C E)TB(fe)2~
J="T J=Te 1 Cl
Suppose o < B. The first term is
T,—1
I T, —
ZXJZ*1: 2 T2BXE{1+OP }N T2ﬁ5 ety fe—Ji fl (fe) .
J=T Tc; f
The second term is
a5 AT—T,) .
i)?{lz TX2{1+017 )} o~ T LB () i1+ a> 2B
= P61k XE {140, (1)} ~a 728 527 ff.fe (£.)? ifl+a<2B
The third term is
2
T, T, B
5 1, T
Y 2= ¥ g ()
J=T+1 j=T+1 we2
= X3 {140, (1)} ~a T B82 L (g2,
2 c P T 202
The fourth term is
I - I TZﬁ
Y x,= ) 2 2XT({1+OP (1)} from Lemma S.B3
J=T+1 Jj= T,+l
T — 2T-1,) f2 — ]
) 2 TZBXT {1+0,(1)} ~a TzﬁaT( ) 5 2rB(fe)2~
T fwcz
Therefore,
Taa(: Te) (To—T,) )
Z  _ Do X2 {140, (1)} ~a T'H28; +B(f.)? ifa>p
=T X {1+o0p(1)} ~a TH+p e by B(f.)? ifa<p
(4)ForTy e Band T € C,
) s Tc ) .
Z J= Z -1t Z Xj—l
J=T J=T J=Tc+1
Suppose o > B. The first term is
Tc s
Z X/—l
J=T
Tc T TaachTe 2
= 8 ==L —| Xz {1+0,(1
j;| T T.c 7 {1+0p (1)}

J=T

i [ 2(j—1-T,)
67‘]7 ?)

ragit=1)

TZOC 6%(TC*TE)

2
Tycq

T.—T.
]ngTaaz‘ e

—285
Tc1

X%g {1+0p(1)}

1 Q2ATe—T)
72018 Je— fsza 15200

|

T 62(TC7T6)
- 201

201
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22 Phillips and Shi
211, 1
~ T1+a5T( )TB(fe)z
C1

due to the fact that

2(T1717T6)( 2(T=Ti+1) ) _
Tc R o) fo) —1 2T.-T.)
5 a2 T o)
J=" 5%_1 2c1
Tl—l—Te TC—T1+1 _ T
i s 1T = o <6T 1) = red {140,(1)}
j=T g 6T—1 c p ’
The second term is
2
L) T . roesk—Te
) ~1-T,
Z j-1= Z l% XTC—% {140,(1)}
J=Tc+1 Jj=T:+1 wCl1
L2052 T 7Tx2 {140, (1)} g TR0 71 LLB(f) ifp <201
~ wHi
’ X%zTci{1+0p 1 }NaTHB#(T” %) ﬁB(fe) if20—1<B <o
Therefore,
7 rog2(TeT) )
) 2 1 2T~T. 2
Y G = T (10 () T ()
J="
Suppose o < . The first term is
Tc
Y 5
J=T
2
T B
i1— T
=Y 187" Xy, — ——Xp | {1+0,(1
]:ZTI [ T T. TWC2 c { [7( )}
I . . B 28
11— _1-1. T T
— 52(] 1 Te)x2726] 1-7, Xr X X2 1 1
;:ZT'. [ T =20 Xn T(-JriTWC% 7| {1+o,(1)}
TR oo
= -2 T xpXp +TP 12 2Ix2 | f140,(1
l 2¢y fe Jfweiea T fucd T { p(D}
rosile

2Tzr Te 1
TR 1oy () e TS B2 i1 2B
—1 fe— TL‘ c 1
T YW IIR Cr e

due to the fact that

2AT.—T, 2(Te—T,
Ta5T( )X2 N T1+a5T( )B(f )2
2cy L~ 2cy ¢

TOtJrﬁfl(STTc*Te Ta+ﬁ 52<TC_T2)

X7, X7, ~ 2——L—B(f,)?
fweiea ¢ Sfweiea (fe)

-1 fe—fiy ~ 72 g2 VJe=fig B(L)
fwcz wa2

The second term is
2

X7 {140, (1)}

T T

2 2 . TB
2 —1-T:
i1 = ’)/71., _—_—
j:%;l ' j%ﬂ[ Twe
¢, 148 52(Te—Te)

- 2¢," e {1+0P(1)} ~aT +ﬁ5T

1 2
—B .
2¢s (f e)
Therefore,

a §2(Te—Te)
X2 {1+0,(1)} ~a T8 LB(£)? ifa>p

J 2(T.—T,) .
1 2c2XT {1+0p )}Na T1+ﬁ5T(T ) 2¢2 (fe) ifoo<p

ol
St
\“ [ 8]
I
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(5)ForTy e Band T € Ny,

Z 1—2 i’?f—ﬁ %

=T =T J=T+1 j=T+1
Suppose o > 3. We know that

T c—1e
Y22 =T T 1o, () T Ly
= 2c1 ‘ g ! 2¢1
and
(T.—T) 2Te—Te) fr—fe :
i . 208, TIXE {140, (1)} ~a 720871 EREB (1) i B <201
j=1="a i ) .
e X%CZTCZ{I—FOP (1)} ~a T8 LB ()2 if20—1<B<a
The third term is
7 T
2 20 52(T-T,) I2 — 20 52Te=T) f2 = frp o \2
Z Xj =T 0‘5 T2 2 XT {1+0P )}N T 066 f2 (fe) :
J=Tr+1
Therefore,
T Taaz(Tc*Te) 1
50 2 I+a s2(Te—Te) 2
c =1 X 1 1 ~, T ) —B .
= i1 20, 71{ +0p( )} a T 201 (fe)
Suppose o < B. The first term is
7o sl (T.—T) :
ifz B sz {14+0,(1)} ~T'25; wB(f.)? ifl+a>2p
-1 — (I.-Te) fe 3
= Th 1%}%{1%,, (1)} ~ T 5, ’;wc?B(fe) if 1+0 <2
The second and the third terms are
T, B
- T (T,—T,)
X2 =—xz{1 oy VP §2TTE)
L K= g e () 5B,
) T, — _
o ) 28 2Te—T) 2 — /i 2
Z Xj1 = T2c 2 T ﬁXT {1+0p )} ~aT B5T f2c2rB(fe) :
j=T+1 w=2
Therefore,
T rasile” AT—T,) )
Zz XQ 1= 261 X2 {1+0P )} ~a T1+a6 ( 2c1 (fe) 1fa>ﬁ
i= AT.—T,) .
= X3 {1+op )} ~a TV SHTT) LB (1,2 if o < B

(6) ForTy € C, T, € Ny.

Lo
Z 1= Z + X X
=T =T J=T+1

Suppose o > . The first term is

Z

J=T
Lol | B L 2
= Z 'y‘; CXTL,fo Z Z & {1+0p(1)}
j=T; W=T+1 i=0
Lol oo ro 1 b rno 1 o I-T—1 2
= Z ’)/TJ ¢ XTC 2}’14 LXLTi Z Z 8[71‘ T2 Z Z 8[71' {1 +0p<1)}
=T WI=T+1 i=0 w \I=T,+1 i=0
X2 2(j—1-T) ZXTC & It L
T. Z r e )y Z i Z b
J=T wo\I=T,+1 i=0 =T

_ T I-T—1 2
TrT2T1< Z Z 811‘) {1+0p(1)}

W I=T,+1 =0
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2 T—I—TC T*I*Tc T —ir—

B 2TﬁYT(1 )_ TﬁyTl y  I-T—1 |
= | X} 2 x| Y Y e
c 2¢) Sy I=T+1 i=0
2

T.—T B I-T—1
M ( Y X &) [{l+op()}
w I=T,+1 i=0
2
T _T D I-T,—1
= rTzl Y Y & {1+0,(1)}
w I=T,+1 i=0

21 h 2
e P IE [ )ga]

due to the fact that

2T —1-T) ( 2(T,—T1+1) .
i AUTIT) I (YT - 1) _ 7B
= Y1 2¢)
i T/_I_TC _ Y; —y;‘ =T _ TﬁYTTl*Tc
J=T ! YT -1 )
and
Tﬁyzmilim UT—T,) 2T —1-T,) 1
X2 Y ~ aT1+ﬁ ( c (») ( 1 C)iB ) 2
s oy g B

Tﬁ 1—1-T¢ 1 . 1-T—1 B 72 —fr "f2
2yi2XTf (T y 'y 81,.) 1B Ty (f22ff>/ B(s)~ B(f,)]dsB(1.)

WI=T+1 i=0

I=T,+1 =0

B o I-T1 2 _ — )] P ’
T,TWn( ¥y gli> ~ 2t f“}fwfz 5 M [B(s)—B(ﬁ)]ds}

The second term is
b

)
i1
J=T+1
T, [j-1-T—1 | D kT 2
- €t =7 Y Y &i| {1+0,(1)} from Lemma S.B3
J=h+1 i=0 Wk=T+1 i=0

| 1 1/2,'4,72 2
=T(I»-T,) T- €j—i-1
nT L X
2
L-T)"| 1 L2 i
_op(B—T) Yy (7112 Z &
T nL-T, j=T+1
(L-T,)° 1 & 1/2k e
+T E—i
e = P G

fz (=B fr=20) [ (" ’
T2<f2—fr>{/fr B(s) - B , acEran }

Therefore,

PEAE fz—m{/jfw(s)—B(fr)Fds AL (S)—B(fr)]dsr}-

Suppose o < B. The first term is

=T
s I ’

= Z% T TTWC X7 {140,(1)}
J=11
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T, . 1= TCT T, 2(T1 TC)T2ﬁ
_ lz 7,%(1 1=T.) _ 4 YT Z # =T | Z X%C{H—op(l)}
=T =T =T Ty 2

1) 1 - o 1 fr=N f1
— Tﬁ 2(Th TC>7_2 2(Th TC)TZﬁ 1 2(T1-T) T2B 1Jr X 1 1
[ T, AR oz ) (1o )

— 2(T—T.) 1 2
=Py TQXTC{“F%(])}
- _ 1
NaT1+ﬁ5%(T‘ Te),},]%(Tl Tr)TB(fe)Z.
2

The second term is

Lo b i—Terp 2
R R i )
w2

J=Tr+1 J=T+1
T 2(T1 —Tc) TZB

=Y T T7XTC{1—|—0[, 1}

j=T+1 wcz
21 -1.) 2 — [
= 72120 X7 {140,(1)}
fwes
~ aTZﬁ(s%(Tc_Te)}/% T -T.) fz_zfrB(fe)z
fwcz
Therefore,
G o 14 S2(T-T) 2T -T,) ] 2
j;l y~a TTPO Yy TQB(fe) .

Lemma S.B5. The sums of cross-products of X; and & are as follows.
(]) For Ty € Nyand T, € B,
T,
Y X8~ TUFD227Te X, B(f,).
J=T

(2) ForTy e Ngand T, € C,
Z e { T2 B (f) X, if o> B
1 - X
P PRSI (f)X,, fa<p
(3) ForTy € Ny and T, € Ny,
i}? E; T /26T¢ TLB(f)Xcl ifa>ﬁ
j=T, oI /25TC TeB(f)Xcz fa<p

(4)ForTy eBand T, € C,

% TSR (f) X, ifa> B
Xi_ 1€~y €1
ZT 1 { D26 TB ()X, if o< B

(5) ForTy e Band T, € Ny,

T X ) T(l+°‘)/257@7n3(f6)X01 ifa>p
Y X8~ TUh2glTeg(£)X,, ifa<p

J=T

(6) For Ty € Cand T, € Ny,

T{YB(R)-B(f)) -1 (A1) 0>

;X 1Ej ~ 2fszfr[ (fz)—B(fr)]f{Z [B(s)—B(fr)]ds} Fa>p
=1 7(1+B) /zy;l—Tc—lg;l'*DB(fe)Xcz fa<p
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26 Phillips and Shi
Proof. (1)For Ty € Ny and T, € B,

T T,—1
Y Xjgi=) Xjag+ ZX 1€
J=T J=T J=Te
The first term is
T,—1 T,—1 Ta6T2 T,
Y Xjagi= ) —7XTL81{1+017 D}

J=T =T
TocaTz*Te T,—1

= —TTCIXTE Y gi{l+o,(1)}

J=T
TesP " ~1/2 71/2Te_1
==L (172, ) (T2 L g | {140, (1)}
waI =T
TaaB Te
~a — (fe)[B(fe)_B(fl)]-
fwcl
The second term is
o
ZXj_lej
J=T.
T2 i T(X(sTZ*Te
— STl T I xredl+o,(1
jZ;e[ T T,c1 T. /{ p( )}

raglh T I

L
:[26% EEj—ﬁZEJ

J=T. j=T.

= |ro/2sh e ! i 5 it —75;249 L i €
T TO‘/2 j=T, T J Tl/ziafWCI \/Tj:Te !

I ;
=TT (T“/z Y 5T<T“+‘)gj> Xr, {1+0,(1)} (since at/2> ot —1/2)

=T
~y T(1+OC)/2677:27T£X61B (fe) .

X7, {1+0,(1)}

XTg {1 +0p(1)}

Since (ot +1) /2 > o, the component Z?:T X;_1€; dominates Z]T.”;T: X;_1€,. Therefore,

Z Xj 18 = Z Kjo1gj {1+0p (1)} ~ TTO2827X, B(f,).

=T =T
(2) ForTi e Ny, T, € C,
T T,—1 T
Z Xj_lé‘j Z X] 1€+ Z X] 1€+ Z Xj_lé‘j.
=T J=n =T J=Te+1
Suppose o > B. The first term is
T.—1 . T,—1 T(ngc I
Z Xj,lej: Z —TXTEEJ{I-FOP 1)}
J=" J=" wel

res; e TS
=TT e Y g {l+o,(1)}

J=h
Ta5T‘ Te | (
= T712%g, ) | T2 1+0,(1)
wal ( ) /ZTI { P }
T(XBTL Te
oL B(£) B0~ B(A)].
The second term is
T.
Z Xj-1€;
=T
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TOCSTC_TL)

T
_ Z 5/ -7, T
Twcl

Xr,ej{1+0,(1)}

oasTe—T. T,
6’1T“ It is
€j Tver J

X7, {14+0,(1)}

=T.

|J
_ T.—T, T.
> T T (T 1) ' T 1/25TL e 1 c '
[ T%/ 8 (TO‘/Z Z T 81) - 7wa1 ﬁj;g&
=T

XT,_.;{I +0p(1)}

J=T.
Z 5 (T.— ]Jr])s,) <T71/2XT8>{1+OP(1)}

~g T (I+a) /2577} TeXclB(fe)~

1+a)/26TL T. (
Toc/2

The third term is

Lo
Y X
j=T.+1
5 o TOC5TC—Te
=Y |n! TCXTC—%XT.,» gi{l+o,(1)}
j:Tc+l wCl
T, ) Tach*Te o
—1-T.
= XTC Z ’)/‘;'- ej_%XTg Z 8]' {1+0P(1)}
J=Tot 1 wCl j=To+1
L—-T.—1 TocSTrTe T
TP 2x; | T-B/2 Z Vo€l T 11 —+<T71/2XT6) T2 Y &) [{1+0,(1)}
] =0 Jwei j=T,+1
N —Te8 " B (f.)[B(f)—B(f)] if2a>1+p
| TR /Z(STr T‘B(fe) if 2a < 1+
due to the fact that
1)
X, Y v e~ aUPRST(f) X,
J=Te+1
7ok T L g 1
— X7 g~ ,7%8 '“—B B —-B
T.c nj:;m j o~ T8 B (fe) [B(f2) ~ B(fo)]
Therefore,
Zx 1€ = ZX _1€j {140, (1)} ~o TUTO2§[TTeX, B(F,).
=T =T
Suppose o < B. The first term is
7,1 T,—1 B
T
Y X1 = Z—T— &g {1+0,(1)}
J=T J=T wC
T8 T,—1
- Tcxrfz;s,{wop 1}
J=T
Tﬁ5TC Tg( 172 o—(To—T,)
T7 /25 (c e ) 1/2 1_|_0
fwcl T ]ZTI { b )}

~g —TP8I Tef B(fe) [B(fe) =B (fi)]-

M/
The second term is
Tc
Y Xig
J=T.
Tc

=) [5;’1%)%

J=T.

X, | & {1+0p(1)}
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&t TP &
= XTH Z 67{_ - ch— T o XTC Z Ej {1+0p(])}
=T wez =T,

T(1+a)/25TTﬁTg (Tfl/szg) (Ti/z Z 5T(ch+l)£j>
J=T.

Tﬁ877:c_T" ( 1 (T-—T. 1 &
20 (pigk E)X) — €; 14+0,(1
Fuca T T. \/Tj;e J { P( )}
N g“;m/zsﬁ”fqu(fe) ) if 14+a>2p
N\ TP B () B(f) —B(f)] ifl+a<2B
The third term is
Lo
Y Xiag
j:Tr+1
5 , Th
—1-T.
= C——— | Xr€i1140,(1
j:;ch] l# TWC2 Tc J{ P( )}
T2 . Tﬂ T2
—1-T.
= XTC Z ']/‘; ej_TCXTC Z 8]' {1+0p(1)}
J=Tet1 we2 o j=T+1
nL-T.—1

Tﬁ/zXT, (Tﬁﬂ

j=

TBS e o 1y R
Y;"glJrlJrTc) T (T 1/25]" (Te Tc>XTC) <T 1/2 Z g
=l

fwea j=To+1

T .
=xr, Y, v e {1+0,(1)}

j=Te+1

~a T(1+ﬁ)/26$7*TeB (fe)Xcz

due to the fact that

Therefore,

(3) For Ty € No, T> € Ny,

J=T

T )
XTC Z ﬂ_l_Tcej ~ aT(lJrﬁ)/ZS]Z}*TeB(fe)XCZ

Y o Y &~ P B (1) () B (A
Tocs ch:TC_H j ™~ a T fuca e 2 c
¥ % e { TO+@261 B ()X, if o> B

i—1€j ~a — . .
F= TUP2§Teg(f,)X,, ifa<p

Suppose o > . The first term is

i) ~ Tefl‘~ Tc _ Ty _ I »
Y Xiagi=Y X+ Y X+ Y Xiag+ ), Xiae
=T =T, j=T+1 j=Tr+1
Tt T—1, 1
Y X 1€ ~a —T*8; " —B(f.)[B(f.) —B(fi)].
j=T fwcl

The second term is

T.
Y Xj18 ~ TUTO281TTX, B(f).

J=Te
The third term is
T
Y Xig
J=Tot1
T, asT—T.
r i—1—T, T 6
=Y |n XTC—TiTClXTL gi{l+op(1)}
i w
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T; T TOC5TC_Te T
= XTc Z Y]J"__(gj_iTT XTE Z Ej {1+0p(])}
j=Te+1 wCl j=T+1
T TaSTc*Te T
TP, | T2 Y Arer ff%(rmxn) T2 Y &) [ {1+0,(1)}
=Tt vl =T+
N T8, B (f.)[B(f;)—B(f.)] if2a>1+p
| TO+PR§ETeB (f) X, if2a <14
due to the fact that
T, )
Z Y;iliTyej ~ aT(Hﬁ)/za]TFTeB(fe)XCz
jiTc‘Fl
TO!STC Te Ty _T l
Y, &~al"8) ——B(f.)[B(f;)—B(f)]
Tyc ] Tot1 Jwer
The fourth term is
T2 N T2 Tast‘ T.
Y Xiag= ) fXTEe/“*'Op D}
j=T+1 j=T+1 w
TOC6TC Te ( . I
- ) (T2 L e ) {140, (1))
e J p
wal j:;,"H
TOC5T0 Te
S B(fe)[B(f2) —B(f)]-
wCl
Therefore,
2 . T.—T.
Y Xig=Y X {1+0,(1)} ~o TUTO25[ X, B(f).
=T =
Suppose o < . The first term is
T,—1 5Tc T,
ZXHEJNu*T (fe) [B(fe) —B(f1)]-
=T w2
The second term is
iX o T 1:0‘ 281X, B(f.) if 1+o>28
- a c—le :
F= ~TPg; B (B —B(f)] i 1+a<2p
The third term is
1 T ﬁ
~ _I_TC T
Y Xg= ) |n T Xr.€i{1+o0,(1)}
J=Te+1 J=Te+1 w2
~g T(Hﬁ)/ZSTT”*TfB(fe)XC
The fourth term is
Lo I TB
Y Xag= ) —Tixnej{“rop(l)}
j=Tr+1 j=h+1 w2
7B §TeTe o 7
- *r (T71/26T (Tc TE)XT(‘) T71/2 Z 8] {1+0p(1)}
fwez =T+l

~g —TPS} Tef B(fe) [B(f2) —B(fr)]-

W
Therefore,
Z X e T a)/zéTTﬁTeB(fe)Xﬂ ifOC>[3
L TS pB)2§leTTep (10X, if o< B

J=T
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(4)ForTy €eBand T, € C,

L . Lo
Z Xj_ 1€ = ZXj_lé‘j-l- Z X 1€;.
=T J=h J=Te+1
Suppose o > . The first term is
T B T: 1T TOCSTr_Te
Y Xag=) |6 - —— | Xng{l+0,(1)}
=T =T wel
TOCSTC T. T,
= Xy, 261 eg, Zsj {140,(1)}
=T TWLl ="
/2 ST~T, -1, To 2 12\
a c—le Jj— ‘e — .
_XT T 6 Ta/2]¥l6 J _T T ],;,18/ {1+0p(1)}

ol 1 e
= 7%/25% T (Taﬂ X‘; 8 T”%') Xr, {140, (1)}
J=11

~ aT(1+a)/25TTc—TeXClB(fe) )

The second term is

i T e —T8; " -B(f.)[B(f) —B(f)] if2a>1+p
Ja T TP s (1) X, if200 <1+ B

Therefore,

T
Y Xj1gj ~ TUTO28[ T X, B(fe).

=T
Suppose o < B. The first term is
L L i—1—T, TP
Y Xigi= ), |8 X ——Xr | & {l+0,(1)}
J=T, J=T we2
TT<1;a>/25{f*TfXCIB(fe) if 1+a>2p
NV -TPor 7B (f) [B(f)—B(fi)] if1+a<2B
The second term is
& & 1, TP 14B)/2 STo—T,
Y K= Y e {10y (1)) o TP RSB () x,
J=Te+1 J=Te+1 Tc

Therefore,

% . T+@2§TTp(f)X,, ifa> B
j—1€j ~a ﬁ)/28’1]:c_TeB(fe)Xcz if a <ﬁ

J=T
(5)ForTy € Band T € Ny,
T I,
Y X ig= ZX, 1€+ Z Xioigi+ Y, Xjig;
=N J=" Jj=Tc+1 j=T+1

Suppose & > 3. The first term is

T. T.
c -~ 1 4 1 -~
Y X =T8T <m Y & TCEf) X, {140, (1)} ~a TUFO25770X B(fe).
=" j=T

The second term is

Y %e ~a{ 15[ T LB () [B() ~B(f)] 20> 1+
J=Tot 1 (1+6) /25T‘ TeB(fe) Xes if 20 <1+
The third term is
Lo b) Ta(STL T.
Y Xag= ) ———xXng{l+o,(1)}
j=T+1 j=T+1 wCl
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T f B(f.)[B(f2) —B(f)].

Therefore,
& o T.—T,
Y Xjo18) ~a T2l X B(fe).
J=N
Suppose o < . The first term is

T P 1+a/25Tc*TeX B(f.) if1+0>2p8
2 K18~ TﬁST” LB B —B(A) i1+ <2

J=T

The second term is

T T, i TP
Z X; 1€ = Z ’)4 f—— XTCEj{l-l-Op(l)}
J=Te+1 J=Te+1 Tver

~a TSR (1) X,y
The third term is

T i)
Z X 1= Z T Xr.ei{l+o,(1)}
j=T+1 J=T+1 wE2
~a —TP 8L~ T‘f B(f.)[B(f2) —B(f)].

Therefore,

T, N (1+a)/2 T.—T. :
Zx,-le,wa{ T+ 2gTTep(f)X, ifa> P

= PRSI (f) X, ifa<f

(6) ForTi € C, T, € Ny and @ > f3,

T T T
ZX];UE‘]': ZXj,18j+ Z Xj,1€j.
=T J=h J=T+1

The first term is

T, Lo | b 1-T—1 T,
Y X=X Y g5 X ( )y 811’) (ZSJ') {140y (1)}
=T j=T W =T+1 i=0 j=T
— f2
a2 ) <) [ B0 - B (s
w Ir

due to the fact that

T, T,
Xr, Z 3471408,- :XTCTﬁ/ZJ’TTl_T‘_1 (Tﬁ/z Z Vfrl 8j> ~q T(1+ﬁ)/23TT"7T67;1_T(_IB(fe)Xc

J="

Lo [I-T—1 T _ 5
) ( )3 m) (Zq) ot ) B [ ) B ()]s

W=T,+1 \_ i=0 j=T

The second term is

T 5

Y, X

J=T 41
7 [j-1-T—1 | B oL

S D CRNERS i R PRt
j=T+1 =0 WI=T,+1 i=0

T, j—1-T—1
=T <T_1 Z Z Ej_1_18j>
=T+l 120
T | T I—T,— B T2
—Tisz sz—T Y ( 12 Z & )] (T DY s,>{1+o,,(1)}

P =T +1 =T+ 1
f2 fr

Jw

{5 B - BUIF- 5 (= 10 = L ) - 5] [ 86) - B as)
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due to the fact that
L j-1-T—1 e

T
1 2
2 _ . R —-152 2
Ei_1-1€ = E ijlgj— 2T T ZT2 E Sj
J=T+1 1=0 J=T+1 J=Tr+1

~ {3 B -BUF -5 (- 1)

1T
where Z;_ 1-2’ r ej,l,l.Therefore,

Y K16 T 3B~ BUAE L (- 1)o7 2

=T

ForTy €C, T, € Ny and a < f3,

f2_fr
f

w

B(5)-B(7)] | " B(s)—B( fr)]ds} .

Lo I Lo
ZXjflé‘j: ZXj,18j+ Z Xj,18j.
=T J=T Jj=T+1
The first term is
T
ij*]‘gj
J=T
T N YTI?TCTB
—1-T; T
- I T Xpei {140,(1
j:ZTI # Twc2 Tc ]{ P( )}
,J,Tlch B—1/2 T,
_ T _
= X7, TB/2YT1 T 1<T [3/2 Z Y’;‘ 1— Tc )_ T g <T 1/2 Zg]-) {1—|—0p(1)}
J=Ti we2 J=Ti

T,
:XTCTﬁ/ly;l—Tc—l (T—ﬁ/Q,yT(TlTul) Z ')’%chgj) {1+0p(1)}

=T
T(l+ﬁ)/2,y77:l*Tc*1 6;}*TeB (fe)Xcz
The second term is

T B T ,yT]*TL‘Tﬁ
Z Xjflsj:XTC Z —TTi 8j{1+0p(1)}
wC2

J=Tr+1 J=Tr+1

,yTI*Tz?Tﬁfl/Z B T
= Xn Jwez e Y & | {I+o,(1)}
w J=T+1
7TB6TC Tc,yTl Tc f2) (fr)B(fe)
fwez
Therefore,

I,

Y Xjigj g TUP 2y T sl Tep (1) X,
J="

Lemma S.B6. The sums of cross-products of X i—1 and X = STX j—1 are as follows.
(1) For Ty € Ny and T, € B,

Y Xt (X — 8r%jo1) ~a —T287 27T fe_le(fe)z.

= fw

—r2e-B§HIT) ) Lge fc B(f.)> ifa>PBandl+B <20
Y X (X —6rXm) ~a {182 lB(fe) ifoo>Band1+B>2a
s 8, 2010 6 p () ifa<p

2¢cy
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(3) For Ty € Ny and T, € Ny,

" —Tm*ﬁa”"”‘ ELB(f)" ifa>Band14p <20
Y X (X —6rXi1) ~a ¢ —T8H (fe) ifoa>Band1+B > 20
J=n TH'B a62%Tc e 2CclzB(fE)2 ifo < B
(4)ForTy €eBand T, € C
" —r20-p§ileTe) ) Lok (f)’ ifa>pand1+p <20
j;]Xj,l(Xj—STX,-,])N“ _r sl 'B(fe) ifou>Band1+B>2a -

- aglell ap(r)? fa<p

262

—r20-p§AleTe) ) LLB(f) ifoa>Ppand]+p <20

T2 C
Y X (X -8 X)) 1B(fe) ifoo>pBand1+p >2a
o e g o< p

2¢y

T . B . T2 B (fr=f)(fa— fr f2 B(f, d 2 if o >
F % a%) et [{)[ () =B(5) 5| ira>p
= T1+[3 a5 c—1e ¥ 1—1e fB(fe) l'fOl<ﬁ

Z Xj-1 (X/ *STX/*I) - Z Xj-1 (Xj* STXFI) + Z Xj-1 (XJ *STX/*I)
=T J=T J=T
T,—1 T
=) X (X +g =8 Xi)+ Y, Ko (8r%m1 + - 8r%j1)
=" =T
T T,—1
= Z Xj,lej—clT Z
J=Te J=T

The first term is

i)
Z Xj_ 1€ ~a T(”O‘)/ZS;Z_TQXCIB(fe) (from Lemma S.B5).

="
The second term is
= - h (1-T,) 2
—aiT™ “Z T°‘6 (£,
J=T fW
The second term dominates the first terms and hence
T,
o o ~ 2AL-T,) Je — N1
Y X (X —-61Xm1) ~a —Ta5T( » T fe— ) B(f.).
=1 Jw
(2) WhenTj € Npand T € C,
o 3 5
Y X1 (X —6r%1)
=T
T.—1
= ZX] 1 Xj1+¢€— 6TX] 1 +ZX] | 5TX] 1+8,*5TX] 1)
J=T J=Te
Tz - -
+ Y X (X e —0rX;m1)
J=Te+1
Lo Te 1 T .
=Y X+ (1-80) Y X7+ (r—0r) ), X7,
J=h J=h J=Te+1

(© 2017 Cambridge University Press

33

(2.28)

(2.29)



34 Phillips and Shi

The first term is
T+02§lTeg(£) X, ifa>p
HRR§TB(f) X, ifa<p

T B
Z Xj_lé‘j ~q

J=T
For the second term,
-1 -1 —reg e i (f,)? if > B
(1=81) L X}y =—aT Y Kji~ay opaganil), e 2 -
furd furd -T fom B( fe) ifa<p
For the third term,
" —r20-p§alele) ) b ft B(f.)? ifa>pBand 1+ <20
(yr =) ;+1X]'2—1 ~a -1 IB(fe) ifa>pand 1+ >2a
=1c T( T.) ¢ .
! T1+ﬁ sz sLB(f.)?  ifa<p
Therefore,
" —TM—ﬁaz(Tf‘Tt g ff B(f.)? ifa>pBand 1+ <20
Z Xj1 (Xj - 5TX/'—1) ~a T52 1B(fe) ifa>pBand 1+ > 2«
J=T .—-1,) ¢ .
: T1+l3 sz chzB(fe) ifa<p
(3) When T} € Ny and T, € Ny,
o 3 5
Y Xjr (%)= 6rX;)
=T
T,—1
= ZX] 1 ] 1“1‘8} 5TX] 1 “I‘ZX] 1 5TXJ 1+8] 5TXj 1)
J=1 j=Te
L y y o y y
+ Y Xo(mXat+e-&X0)+ )Y 50X i+e—-6X)
j:Tc+l J=T+1
T,—1 1, s
= ZX/ 1€+ Z + Y X | +(r—0r) Z
J=T J=T J=T+1 J=Tc+1
The first term
i % . { T0+@/2§lTep (£) X, if o> B
i—1€j ~a - .
F=" B2 ()X, ifo<p
The second term
T,—1 T
(1-96r) Z 1t Z
] Tl j:Tr“rl
Toc5 ~T.) fo— f};{z f’B(fg) ifor>f
T —res e e bk g (1) if < B
MCQ
The third term
. —r20-p§2eTe) ) Lf ff B(f.)* ifa>pBandl+B <20
(YT_aT)';lszfl ~a§ —18A T lB(fe) ifa>pBand 1+ > 20
=T+ c (, .
/ BAUE ag) (7 sLB(f)?  ifa<p
Therefore,
" 4206*/552”"”‘ Lf ff B(f.)? ifa>pBandl+pB <2
Z X;‘—l(xj—(STXj—l)Na —T6 % (fe) ifa>pfand 1+ > 20
= _qiie- 0‘62 B (f)? ifa<p

2(‘2
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(4)WhenTi € Band T € C,

Lo ) )
Y X (X - orX)
J=T
T. 3 3 Lo ) )
=Y X (Xt —0rXia)+ Y X (nXj+g—0rX)
o
*ZX g+ (r—or) ) X7,
J=T J=T+1
The first term
i}z . { T2l Tep(£)X,, ifo> P
e~ B :
T L TR B (f) X, i<
The second term
_g 2(T—T, —f .
" —120-B 52 >c2jjiw—cf%B(fe)2 ifa>pBand 1+B < 2a
o2 _
(rr=0r) Y Xjyi~ag -1 IB(fe) ifor>Band 1+ 8> 2a
e e s e
Therefore,
" —r2a-pgalele) f; LB(£)? ifa>pand+p <2a
Z‘% Xi1 (X = 6r%jo1) ~ ¢ —152 T 1p (1) ifo>pBand 1+ >2a -
j= _ AT —T.) ¢ .
! ~ribeg T A g ifa<p
(5) When Ty € Band T» € Ny,
n ) )
Y X1 (X - 0rX)
J=T
T, T, Lo - .
= ZX] 1(X STX] ] + Z XJ 1 X 6TXJ 1)+ Z Xj,1(Xj76TXj,1)
=T J=Te+1 j=Tr+1
T,
= ZX] 1 5TXJ 1+8] 5TXJ 1 + Z X] 1 }/TXJ 1+8] 5TXJ 1)
J=T j=T+1
T, ) .
+ Y X (Xii+e-8KX0)
J=T+1
Lo i) s
=) Xjig+( Z ar(=8r) ¥ Xp
j=T j=T-+1 j=T+1

The first term is

€~ B :
&L TS B (f,) X, if o< B
For the second term,

ifa>pfand 1+ <2a
ifa>pand 14+ >2a

B2AT=T)  firfe 2

; TP a e B ()
o2 T,

Z Xi1~a T52T %) lB(fe)

=Tc+1 T.-T.) .
/ pih- a5l sLB(f.)?  ifa<p
For the third term,
(1-67) % £ 18 BB () ifa>p
- j=1 _Tzﬁ—a5%(Tc Te fz fr (fe) ifa<p
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Therefore,
" —r2a-pgaleTle), @ﬂBmf if > B and 1+ < 2a
Y X1 (X —0r%;1) ~ T#T*Tlng ifa>pBand1+p>2a -
= ~ibag T g2 ifa<p
(6) When T) € Cand T, € Ny,
ZXJ 1 _5TXJ 1)
J="
Ty T
:lel( j—6rX;-1) + Z Xj1 (Xj—0rXj)
=T J=TrH1
T, ) ) no )
= Z X1 (yrXjo1+€—6rX1) + Z X1 (X +e—6rX;-1)
=] =T
B Lo I .
=Y X5+ (=0 Z L+ (1=8) Y X
=T J=Ti J=Tr+1
The first term
2
. T{3B(L) ~BUI - (h- )03 —
L Ky BB () - B B() - B()ds
i 1HH%§T 81T B (£,) Xe, if < B

The second term

T,
(=8 Y, X2 1 ~a
J="
Therefore, we have
o ~ y
Y X (X = 8rXj1) ~a
J=n

T2 ﬁc (fr=Sf1)(foa— fr
12

[ffz[

(s
_T1+ﬁ 066 Tc Te),yz(Tl )271B

—12B¢, (fr— flffz f)? Ufz[ (s) —

_T1+B- Oc6 2(Te— Te),},;(Tl T.) ¢

(fe)®

EB (fe)2

B(f,) ds] ito>p
ifa<p

anwr ifa>p
ifa<p

Lemma S.B7. The sums of cross-products of X -1 and X = vrX -1 are as follows.

(1) For Ty € Ny and T, € B,

ZXJI

J=T

(2) ForTy e Ngand T, € C,

(4) ForTyeBand T, € C,

L ) )
Z X1 (Xj_VTXjfl) ~

J=T

¥rXj1) Na{

T1+Ot ﬁ6 2(T.~Te) 02 B(fe)

;" %B(ﬁ)
TZﬁ—(X 67%(T0—Te)

T8 %B(fe)

fr fe (fe)

T Port B ()"
! 5T 2(T% BT()fe )
TZﬁ*OCST c—le

wa (fE)

(I.-T.) ¢
i b g ()
7" Z(T%BT(fe)
TZBfa(ST c e

al=iB (1)

Tl+o— [55 (h-T) 62 B(fe)

ifa>p
ifoo<p

ifoe>p
fa<Bandl+a>2p3
fa<Bandl+a<2f

ifoa>p
ifa<fandl+oa>2p
fa<fandl+a<2f

ifa>p
fa<Bandl+o>2p
fa<Bandl+o <2
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(5) ForTy € Band T € Ny,

Tc Te C )
5 ) T1+°‘ ﬁ5 ZB(f.)"  ifa>p
Y X (X —8rXm1) ~° T6T %B(fe) ifa<Band1+a>2p
J=Th TZﬁfaag(Tv*Tﬁcrif}v;? B(f.)* ifa<PBandl+a<2pB

(6) ForTy e Cand T, € Ny,

T .
Y X1 (X —wXj)
J=T
2
L) T Palh= 1) {ff2 [B(s) ~ B ()] ds+ LN le2) [ 12 (B (5) — B(,)] ds] } ifa>pB
TP 1T Tt Lbp(f,)? ifo<p

Proof. (1) When T, € Ny and T» € B,

T, T,—1 T
Y X X—wXia) =Y XK (X -wXia)+ ) X (K -mXa)
J=T J=T =T
T,—1 1
—ijl i1+ g—vXin) +ZX,1 (6rXj1+€&—vXim)
J=T J=Te
Lo T.—1 I .
=Y Xag+0-y) Y X2 +(6r—m) Y X7,
J=I =T j=Te
The first term is
I
Z X 1€ ~a T(1+°‘)/25TT27T€XCIB(fe) (from Lemma S.B5).
J=T

The second term is

Tt o, 20-B G2AB-Te), fe f1 2
(I=y) Y, X7 ~a T2 PS5, B(fe)

= " e
The third term
o Z 2 T‘*“*ﬁSZ(TZ YaB(f)? ifa>p
= 75X 1B(f) ifa < B

The second term dominates the first terms and hence

Lo i T1+a ﬁ5 (7Te) o p if a0 >
Y X (K- vr&is1) ~a { 8 % (fe)? ! B
=T T8 " LB (1) ifa<p
(2) When T € Ngand T, € C,
7 )
Z Xj—1t (X —yrXj-1)
J=T
T,-1 i T. i i
= Z XiaXa+e—rmXi)+ Y X0 (65X 1 +&—1X)
=" J=T.
Lo )
+ Y X (mXioi+eg—mXia)
j:TC+]
Lo Tl Lo
=Y Xag+0-m) Y X +Gr—1) Y, X7,
=N J=T =T

The first term i

b3 B
Y K18 ~a

J=T
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The second term

T,—1 . T.—1 . TZa—ﬁ 52 T.-T.) fe_le 2 if o0 >
)Y K=l Py X~ B §2(Te~Te) fo— fi . 12(fe) ~ ’
J=n J=n r 8 J((w‘Z B(fe) ifo<p
The third term
" T”“ ﬁa Tl ap(f)?  ifa>p
(6r =) Y, 2~ 783 LB () ifo<Bandl+a>2p
i=Te 72021 f;w%cgs (£.) ifa<pBandl+a<2pB
Therefore,
(T.—T,) .
" THaﬁS ZB(f.)?  ifa>p
.Z X1 (X —1rXj1) ~a r52 7 %B(fe) ifa<Band1+a>28
=Ty T2p-a g2l ) fc ﬁ B(f.)* ifa<Pandl+a<2p

(3) When 77 € Ny and T, € Ny,

T B . .
Y X0 (X —wXi)

J=T
T,—1
= ZX/ 1 (X1 e =X +ZXJ 1 (OrXj—1+e—vrXj1)
=" J=Te
(A y } 7 y
+ Y Xo(mXotg—wXio)+ Y X (Ko e —mXi-)
j:Tc+1 j:Tr+1
T,—1 T
—ZXISJ )| L X 1+Z +(6r ) Y X
J=" J=T J=T+1 J=T.
The first term
i 7 { T+02§lTeg(£) X, ifa>p
g~ B :
= 82§l B (f,) X, ifa<p
The second term
T,—1 . I
Y X+ X
J=T, =T
{ T2a7ﬁ5%(rc*7t’ Je— ff]vjrfz frB(fe)z ifoo>p
ZT('fTE e r H
7852 ye Ltholep(f,)? if a <
The third term
(T.—T.) .
Tieb s ZB(f.)?  ifa>p
(87 —yr Z i~ad T8 LB (f,)? ifoo<Band1+a>28
J=Te TzﬁfOﬂai(T”*Te)c]f}M%f%fB(fe)z if e < Band1+a<2B
Therefore,
(T.—T) 2 .
5 ) T1+°‘ ﬁa 2B (fe) if a>p
Y X (X —vXi1) ~a { TSR (12 if o <Band 1+ a>28
J=Th 72p-ag2le Tl %B( £)? ifoa<pBandl+a<2B
(4)WhenT; € Band T € C,
o ) 3
Y X (X - X))
="
Tz - - -
= ZXJ 1 (Or X1 +& —vrXj-1) + Z Xjio1 (yrXj—1 +&—yrX;1)
J=T J=Tc+1
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) _ Tc ~
=Y X6+ 8r—v) Y X7

J=N J=T
The first term
i 7 { T+02§lTeg ()X, ifa>p
€~ _ :
= 82§l B (f,) X, ifa<p
The second term
Tl+a- [55 (T—Te) ;Lle(fe) if o>

T.
Y X~ d TS ) IB(f.)? ifoo<Bandl+a>28

(r—v) ¥ K71 ~a
=T 72-ag20e ), LfiB(f.) ifo<pandl+a<2p
w 2
Therefore,
. T BT ap () ifa> B
Y X (K= Xi) 785, 1B (1) if o < Band 1+ >2p
J=T 72h-a52leTe) LfiB(f.) ifo<pand1+a<2p
w 2

L )
Z Xi—1 (X —yrXj-1)
=T
T. T, 7 § )
= Z Xj-1 (XJ_VTXrl)+ Z Xj-1 (XJ YrXj-1) + Z Xj-1 (X]_YTXJ*I)
=T =Tt 1 j=Tr+1
I B _ T ~
=) X (X +e—mXi)+ Y X (wXi+eg—1mXi)
=" j=Tc+1
Lo ) .
+ ), X (Ko e —wXio)
j:Tr+l
T2 - Tz 5
= ZXj_lgj 67"— Z 1+ 1— Yr) Z Xj2—1
=T J=T j=T+1
The first term
¥ % { @RS T ()X, if o> p
&~ B :
= PRS[B(f) X, ifa<p
The second term
7‘( TE .
- T1+°‘ ﬁ6 Z‘ng(fe) ifa>p
Gr—vr) Y X2y~ { T8 TLB(1)? if o < Band1+a>2B
= oo L g (£, ifa < Band | +a <28
we
The third term
T,—T,) 3 2 .
B S ’;%MC’;B(fe) if o0 > p
( ’VT) Z j—1 B (T.—-Tp) f2 fr .
T T 5 (fe) ifa<p
Therefore,
_g 2T.—T, .
Tt BT ap(f? ifa>p

Y X (X —8%io) ~{ T8 TLB (1) ife < Band1+a>28
72p-a52le T, L f‘B(fe) if o< Band1+a<2B

T )
Z Xj-1 (Xj - }’TX/*I)
J=h
T, Lo ) )
= Z Xjo1 (Xj—yrXj—1) + Z Xio1t (X —yrXj-1)
= J=Tr+1
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The first term

T B
Z Xj,1£j ~q

J=T

Phillips and Shi

T, )
=Y Sa(mXateg-wX)+ Y X (Xo+e-nXi)
j—n J=Trtl
b}
—ZX 1€+ (1=1r) Z sz—l
J=" J=T+1
T{3B(R) -BUIF 5 (h—f)o? —
~ Bl [B(f) — B(f)) [ [B(s) ~ B(f,)]ds}
1+B /2},;’1 Tl g (£,) X, ifa<p

The second term

Vb3 .
(1—7r) Z ij71
J=T+1
2
T2Pe, (fz—fr){ffz [B(s) ~ B ()] ds+ Ll le2) [ 11 [ (5) — B(,)] ds] } ifa>p
TP a7 1) Lol g ()2 ifo <
Therefore, we have
T2 _ - -
Y X (X —1Xi)
J=T
2
(1) {fff 8(6) = B ds-+ U2 [ 15 - Bl | it p
TP 1M1 bolep (1,2 if o < B

Lemma S.BS. The sums of cross-products of X -1 and X i

(1) For Ty € Ny and T, € B,

(2) ForTy e Ngand T, € C, >

o o 0,
;X/—l( j—Xj-1) ~a

—X;_1 are as follows.

T
Y Ko (R —%pm) ~a TS
J=T

LB,

20§, fz ff B(f.)* ifa>Band1+B <2a

7521 ifa>pBand1+B>20a
fa<fBandl+o>2p
fa<Bandl+oa<2p

0p TS%(T 1)

T2ﬁ—a6]%(Tc—Te f; f]B(fg)z

—T2a—65§<Tf‘Tf>cz%B (f.)* ifa>PBand1+B <2a
w1
0p TS%(T‘ L
o, (157171

T2ﬁ7a 672"(7}77}

fa>Band1+B >2a
fa<Bandl+o>2p
fa<Bandl+o <2

c—Je 2
1 %B(fe)

_T2a7,3572"(Tc*Te fz ﬂ (fe)2

ifa>Band 1+ <2a
ifa>Band 1+ >2a
ifoo<Bandl+oa>2B

ifa<pBandl+o <2B

2(T.—T.)
o, (Té;
Op T8$(T¢*Tc)
T2ﬁ7a572_(Tc*Te

L 2
€1 CcTCf%IB (fe)
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(5) ForTy € Band T € Ny,
_T2a7[35%(Tv*Te f2 fc (fe) ifa>pand 14+ <2a

YR (%)~ 78" fa>PBand1+B>2a
(K=K ) ~ )
j=T ! o 0p TS%(TC %) fa<Bandl+a>2p

T2p-o g2l 1) o= le(fe) ifa<Bandl+o<2pB

2
% inl (Xj*)?jfl) ~ T2~ ﬁc (ﬂﬂ# |:ff2[ ( ) B(fr)}ds} ifa>B
=T T6 T, ﬁ( %B(fe) Fo<p

Proof. (1) WhenT; € Ny and T € B,

Vb3 . N B Tefl‘u B . Vb3 B B B
LXK -%) =) XX -%)+ Y K (X -X)
= J=i =
T,—1 b
=Y XK +e %)+ Y X1 (8K +¢—X1)
J=T J=Te
o Lo
=Y Xjiag+(6r—1) ) X7,
J=Te j=T,

The first term is
f X 18 g TUF/2§27Tex B(f,) (from Lemma S.B5).
=T
The second term is o
(6r—1) i X}—l ~a T5%<T27TE)%B (fe)2~
The second term dominates the first terms andjh_erelce

Y Xt (X =%m0) ~a T8 TB)EB(fe)Z-

J=T
(2) WhenT; € Npand T, € C,
Vb3 B B B
Y X (X —Xj)
J=T
T.—1 . Tc . 5 . T B .
=Y X Xatg-X)+ Y K (Xt -X0)+ Y X (mXia+g-X)
=T j= J=Tet1
L Te o T o
=T =T, J=Tot1

The first term is
TUra2gleTeg(f)X,, ifa>p
B2§leTeg(f,)X,, ifa<p

T B
Z Xj 1€j ~q

J=T
For the second term,
. 783 L (f,)? if o>
6r—1) Y X2, ~, Tes”“”'B(fe) if oo < Band 1 +a>28
= 7280 52T Te) ff}{iz B(f.)* ifa<pPandl+a<2B

(© 2017 Cambridge University Press

41

(2.30)

2.31)



42 Phillips and Shi

For the third term,

" _Tzafﬁ 52(Tc—Te) fz*}%‘(-B(fe)2
(vr — l)j:;HX}_l ~aq —18 %B(f)
‘ —183 zB (f.)* ifoo <

Therefore,

_T2a7[36%(7}*7‘e f2 fc (fe)z

Op T6%(T('*Te)
=7 0p TS%(T T
Tzﬁ—ocS%(Tr—Te fe le(fe)

~.

(3) When 77 € Ny and T; € Ny,

5 B . .
Y X (X = X)

ifa>pand 14+ f <20
ifa>Pand 1+ > 20

ifaa>Band 148 <20
ifaao>pBand 148 > 20
ifa<fand l+a>2f3
ifa<fandl+a<2f

J=T
T,—1 Tc . . .
= ZXJ VXt —Xi) + Y X1 (6% +&-Xj)
J=T j=T.
T 5 7
+ Y Koa(mXa+e-X0)+ Y Xa(Xii+e—
J=Tot 1 J=T+1
o T I,
= ZXj,18j+(5T—1) ZX]{]‘F 1) Z ijfl
=T j=T. J=Te+1

The first term

Z Xj 18~

T2 B (f)X,, ifa> P
TUB2§Teg ()X, ifa<p

J=N
The second term
T,
(6r—1) ) X7
J=Te
78 LB () if o> B
~ g Tcﬁ(T’T“)%B(fe)2 ifa<fandl+a>2f8

ifoo>Band 14 B <20
ifoo>pBand 14 > 20

ifo>pand 14+ < 2a
ifo>pand 14+ > 2a
ifa<fand 1 +a>2p8
ifa<fand 1 +a <2

TZﬁ—aaﬁ(Tv‘m LLB(f) ifa<pandl+a<2p
fwe 2
The third term
B RAT-T.) _ frf 2
. _T20 ﬁ5( ) f J%B(fe)
&2
(rr=1) L, X —15; 7T 1B (f,)?
=T 2T—T,) .
~-T6; IB(f.) ifa<f
Therefore,
_T2a765%<Tc—Te fz fc (fe)z
T2 B . . Op T(S]Zw(TC_Te)
Xj1(Xj—Xj1) ~ _
i:ZT,I J (] J ) a o) TS%(TC T,)
T2ﬁfa5%(Tc*Te e L=LeB (£,)?
(4)WhenT; e Band T € C,
T2 - - -
Y X1 (%= Xj)
J=T
T, 1,
:Z ,1(5TX'—1+8,' X; 1)+ Z jl(yTX 1+&— /1)
=T j=T.+1
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o L 2
=) Xag+@r-1) Y Ka+(m-1) Y £
=T =T Jj=T+1

The first term

T (1
~ 7
Z j—1€j ~a { 1+
= Z( B)

25T 1) X
The second term

. 5} ()
1)) X2~ T8 IB(1)

J=T T2ﬁfa5%(Tc*Te)cl .};*C.Iz‘lB(fe)Z
w2
The third term
_ ZTC—Te B 2
T _T2a ﬁST( J;zwcf (fe)
o2 _
(r=1) Y X1~ T5” T“B(f)
T.+1
et —r8H T 1 (f,)?
Therefore,

_TZchﬁ(S%(TC*Te f2 fc (fe)
Op TST%(TL'*Te)
=T 0p T5%(T %)

oot
we

(5) When Ty € Band T» € Ny,

T . . .
Y X (X = Xj)

o]

)25 Teg ()X, if o> B

ifa<p

ifoo>f
ifa<fand 1 +oa>28
ifa<fand 1 +a <2

ifa>Pand 1+ f <20

ifoao>pBand 1+ > 2a
ifa<p

ifaa>pBand 1+ <20
ifaa>pBand 1+ > 20
ifa<fand l+a>2f8
ifa<fand l+a<2f

Y X (X=X)

J=T
Tz‘ _ - . Tr . - - T2
=) XX -X-)+ Y XX X))+
=T J=To+1 J=T+1
T. ) 7,
= ij—1<6TXj—1+8j X 1 + Z X1 YTXJ 1+&—X;_ 1)
=T J=Te+1
T2 -
+ Z Xjfl( -1+ €& —X;- 1)
J=T+1
T N T. N Ty .
=Y Xag+ -0 Y X +(r—-1) Y X
=T J=T Jj=T,+1

The first term

i X-ilg»wa { T(l+a)/26£c:;e3(fe)xq 1fOC>ﬁ
Fﬂ] ! 82§l B(f,)X,, ifa<B
The second term
. 783 (f,)? if o> B
Gr—1) Y 22~ T8 B (1) ifor < Band 1 +a>2p
= T2ﬁ—“6%(T“_Te)q%B(fe)2 if o < Band 1 +a < 2B
The third term
. —T20- ﬁ5 (Te— Tef;;gl’we(fe)2 ifoo>pBand 1+ < 2a

(rr—1) Y, X2, ~° _T(sg QB(fe)z
T.—T.
—18; 1B (1)
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ifa>pand 1+ > 20
ifa<p
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Therefore,
—TZ“’BSMT‘_T")CQ%B( £)? ifa>Band1+p <20
) 75T ifa>pBand1+p > 20
,,ZT.X' 1 1)~ op (T52071) if ¢ < Band 1+o>2B
720520 fct =L, ifa<Pandl+a<2pB

(6) When Ty € C and T, € Ny,

Lo y
Z Xj-1 (XJ _Xrl)
="
I . Lo B .
= Z Xj-1 (XJ _Xrl) + Z Xj-1 ( J _Xrl)
J=T J=T+1
Ty I
= Z Xjio1 (yrXj—1+€—Xj1) + Z Xjio1 (Xj1+€—Xj-1)
J=h j=T+1
T T,
=Y Xg+(r-1) ) X
J=" j=T

The first term

T{B(f2)-B(H -3 ()0

Lo ifa>p
Y Xy B B(A) =B Sf [B(s) - B(f)ds)
J=h 1+B /27,;1 Te— IS;C—TEB(fe)XCZ ifoc<[3
The second term
T, 2B (=t =1 [ oo 2.
SIS 38 TOUR B IEBG) -B()lds| ifa>p
=h —18; T L ()2 ifa<p

Therefore, we have

f:)?j—l(N _Xj—l) ~ —T2%= ﬁ@% [ffz[ () B(fr)}dsr ifasp

=3 —r5p e T2 T g ()2 if a0 < B

2.2.1. Test asymptotics  The fitted regression model for the recursive unit root tests is
X = Ry +Ppi X1 + &,

where the intercept L7, r, and slope coefficient P, f, are obtained using data over the subperiod [f1, f2].

Remark . Based on Lemma S.B4 and Lemma S.B5, we can obtain the limit distribution of & — &r using
7
):, T XJ ! (X 5TX/ 1)
ZJ yl X2

Prs,—6r=

When Ty € Ny and T, € B
fe_fl
Jw

R 1
Pfifr— Or ~a *?2C1
When T € C and T, € Ny,

s ® Ut 0) [ 2 1g(s) - ))as]
Phi.fr = Or ~a {I{Z[B(s%BmJ]st Dt [ p(s) - frﬂds}z}

—T % ifa<pf

fo>p
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and for all other cases

TO‘ P26, Bole if > Band 14 B < 20

A €1
Prfp—0r~a§ T ifoe> B and 14+ B > 20
—Tﬁacl ifa<p

Remark . Based on Lemma S.B4 and Lemma S.B6, we can obtain the limit distribution of 5r— Yr using
T ~ ~ ~
o X (X — v Xj)

Z] I X2

Prf—Yr=

When Ty € Ngand T, € B

A T_BCZ ifa>p
Prfr—Yr ~a { T % ifa<p
When Ty € C and T, € Ny,

{120~ a5 I35 [ i) s |

A T7B6‘2 if a0 >
Prifs—¥r ~a T2 1B6)-BUPds— 222 [1218(5)-B()as] g
2% fzf;fr ifa<p
and for all other cases
T-Fc, ifa>f
Pr o — Y1 ~a T Be, ifo<PBandl1+o>283

TP=0=12c Lo if o < B and 1+ o < 28

Remark . Based on Lemma S.B4 and Lemma S.B7, we can obtain the limit distribution of ST — 1 using
T ~ ~ ~
o X1 (X —Xj1)

ZJ Ui X2

ﬁfl,fz —-1=

When Ty € Nyand T> € B
A C1
Prfr=1ra 7y

When Ty € Cand T, € Ny
U020 [ 112 ()7 s

R 7B ) Jiv ——
Prp—1r~a {72080 Pas- B [s2180) -0

—T B¢, ifa<p

5 if o0 >
>]ds]} fa=p

And for all other cases

—T9B12c, e jfor > Band 14 B < 2a

Jfwer
PO 0p(T™%) ifa>pBand1+B>2a
f1.f2 a op(T_ﬁ) fa<Bandl+a>2p
TP-e12e Lol ifq < Band 1+ < 2B

Based on the above three remarks, one can see that the quantity py, r, — Or diverges to negative infinity and the

quantity Py, r, — ¥r diverges to positive infinity. In other words, the estimated value of 57 is bounded by 67 and yr.
Furthermore, the quantity Py, , — 1 diverges to positive infinity when 7 € Ny and 7> € B and negative infinity when
Ti €eCand T, € Ny. ’

To obtain the asymptotic distributions of the Dickey-Fuller t-statistic, we first obtain the equation standard error of
the regression over [T}, T3], which is

, 12

~ ) 2 /o ~ 5 2

Shify = {Tw Y (%-pnn¥i) } :
J=h

To obtain the asymptotic distributions of the Dickey-Fuller t-statistic, we need to estimate the standard error of 5r.
(1) When T} € Ny and 7> € B,

a2
S
(© 2017 Cambridge University Press



46 Phillips and Shi

1 L 5 5 2
=7,' Y (%=pnn%i)

J=n
[ 2 D o
=T, | X [Sj - (pfl.fz - 1)Xj—1] ) [81 - (pfl.fz - 5T) Xj—l}
J=T J=Te
1R I 20 R o
=T, Z £ + (prfz - 1) I, Z Xj—l + (Pf1.f2 - 5T) T, Z X
J=n J=n J=Te
Tl b
-2 (Pfu,fz - 1) T,0 Y Xjagi—2 (Pfl,fz - 57) T,' Y Xjg
J=" j=T,

(A1) 71T€71~2 _ ~152(12-T,)
—(Pfl,fz 1) T, ZXJ—1{1+0P(1)}_OP(T T )

J=n
due to the fact that

(15 52 =0, 20y (12018251) o, (1-1520)

=T
(pus-a'r z 510y (1 0, (162 ) o, (1o 6257
J=1e

and the sum squared terms ZX]{] always dominate the sum cross product terms Y. X i—1€; (see lemma 5 and Lemma
4).
(2) When Ty e Ngand T € C,

)
Stif
-1 n 5 A 5 2
=7, Y (% -pnnfi)
=T
. T,—1 B 2 L . 2 5 . 2
=T, | X [Sj - (pfl,fz - 1) Xj—l} +) [81 - (pfl.fz - 5T) Xj—l} + X [8/ - (pf17f2 - YT) Xj—l}
j=T J=Te J=Te+1
I 2 (A 2 e A 2N 2 A 20 @ @
Z & + (pfl,fz - 1) L, Z Xjfl + (pf11f2 - 67) T, Z Xj—l + (pfl,fz _W) T, Z Xj—l
J=T J=T J=T. j=T-+1
e -
_2<Pf1,fz_1> LY Xjagi— (Ph h— ) Z Xj18— (P/'l,f'z—5T) LY Xiag
Jj=T j=T+1
Since
Te 1
(p.f17f2 - 1) Z
J="
0, (r2*V)o, <T2“‘162(T“_T“)) ~o0, (T4“‘25_38%(T“_T“)) if > Band 1+ B <20
0p (1724) 0, (12167 7)) =0, (7187 1) if > Band1+B>2a
] op ()0, (126167 ) =0, (77187 if ¢ < Band 1 +0>28

0, (Tz(ﬁ—oc—l)) <T2ﬁ 15 2(Ie—Te) ) <T4ﬁ—2a—35%(Tc—Te)> ifoo<fBandl+a<2B

(pfl h— ) Z

=T
0, (2o, (T“6 e Tf):o T3°‘ 26~ 26 T it o> B
={ 0,(r72)0, (252"~ Te): , if o < fand 1+a> 28
0, (T72%) 0, (T2$-1520:77) ,,(Tzﬁ 21l ) if < Band 1+ o< 2B
i)

2 _
(ﬁfl‘fz_yT> L' Y X
ST
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- 20-2p—1§2(Te—Te)
=0, (12a-2p15 1)
—0, (P50
=0, (rBsi"

1 2T-To)
» T2a 15T

0
0y (r-#) 0, (18820
0, (1) 0, (TP 1)
0

ifo>pand 14+ < 2a
ifa>pand1+p>2a
ifa<Band1+a>2p

p (T26-00) 0, (18877} — 0, (192252 1)) ifa < Band 1+ < 2B

we have

T2a72[3715%(Tc*Te) ifoe> B and 1+

7B if o> B and 1+

(0]
o
6%1}% a 2Te—T,)
’ O, (T7%6; ¢ ifa<Pandl—+
(0]

B<2a
B >2a
oa>2pB

p
, T2ﬁ*2a*15$@*’9)) ifa<Bandl+o<2p
(3) When 77 € Ny and T € Ny,

)
Shn

—1 L 5 s 2
=T, ) (Xj—Pfl..szH>

J=h

| T.—1 . 2 Tc B 2

=T, | ¥ [81'— <pf1,f2 - 1>XH} + ) [81— (Pflfz —5T)XH]
= =

T, ~ 2 T y )

+ X [Ej— (pfl{fz_yT)Xj—l] + L [Sj— (Pf fz—l)Xj—l]
J=Te+1 J=Tr+1

1 T ) T,—1 ) T.

=T, Z%+<Pf1.f2— ) Y X+ Z X5 (pflfz ) 'y %
J="h J=T j=Tr+1 =)
2 K S L.
+(Pf1,fz—7T) T, Y X Z(Pf.,fz—l) T X Xagi+ ) Xag
j—T +1 J=T J=Tr+1
R L

—Z(Pfl h— ) Z Xj1€j - (pfl,fz —YT) Y Xiag

j=T. j=T+1

Since

-1 L
Y&+ Y X

J=" J=T+1

A 2 1
(pf11f2 - 1) T,

0 TZ(afﬁfl) 0 (TZ(X 15 (T.— Te)) 0 (T4O£ 2B— 35 (T.— Te))
0, (T72%) 0, (T2~ 15 T‘T‘>_op( 15 (T.-T.)
- p( 7213)017 TZB*‘S (Te— n) op 15 (T.-Te)

(; (TZ(B*O‘*U)O (Tzﬁ 152 2(T— Te)) 0, (T4ﬁ72a736;(7}*7%))

(pfl L~ ) Z

j=Te
0, (121} 0, (TO%S%(TC
— OP ( 205) Op Ta672"(72'*7'e>) — Op
0[) ( 206) Op TZﬁ—lai(Tc*Tﬁ _ 0

056 Tc Te)

(Tzﬁ—zoc—15%(TrTe>)

(- W)sz_l pPyp G
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ifoo>Band 14 B <20
ifa>fand 14+ >2a
ifa<fand 1 +a>2p
ifo<Bandl+a<2p

Te)) _ O T3a72ﬁ726]%(Tc—Te>) if o > ﬁ
ifo<fand1+o >2p
ifa<Band l+a<2f
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(- ZB) ) Tza,lsz(n—m) o, T2a72ﬁ713%(T‘_T“>) ifor>pBand 1+ <20
735%%7%) ifaa>pBand 148 > 20
_ﬁS%(Tn*Te) ifao<Band1+a>2p
) (T2 pa- ”) 0, (Tﬁ 6%““”’ =0, (1P ) ita<pandita<2p
we have
0 T2a725715$<TrTe)> ifa>pBand 1+ B <20
. 0, (T-Bs2TT) if o> pBand 1+ > 2a
Ofif ~a 0, (r-ag2 ") if o < Band 1 +a>2p
0 T2[372a715%(Tc*Te)> ifa<pandl+o<2p

(4)When T} € Band T € C,

6-J%1f2
T
=T, Zz, (% —ﬁfl.szjfl)Z
J=T
. T:
=T, l i [Sj - (ﬁfl,fz - 5T) XH} 2+ Zz, [Sj - (ﬁflﬁfz - YT) XHF

J=T J=Te+1

2 Tc 2 )

1 —1 >52 A -1 o2
7 Z &+ (prp—0r) T L X+ (brp—w) T L X2
=T =T J=TeAl

b

-2 (ﬁflﬁfz - 57) Tt Y Xiag - (pfl A 77) LY Xiag
J=n J=Te+l1
Since
(ﬁfl,fz - 5T)2Tw71 i X;
=h
0, (Tz(a A1) o, (Toz 52<Trre)) — 0, (T3%-2-2 5%@46)) ifa>p
=3 0,(172%)0, (126, = 0, (T-57 " if oo < Band1+a>2p
0,(172%) 0, (T%-1527"")) = 0, (Tzﬁ—w—ls%‘”‘m) ifor<Band1+a<2p
(r—7) 1" g
p (T728) 0, (126167 7)) — 0, (12626157071 if > Band 145 <20
, (T-B&7 T if a>pBand 14+ >20a
7-B52TTe) ifao<Bandl+a>2p
) (Tz(ﬁ—oc—l)> 0, (Tﬁ s2T) Z o, (T3[3—2a—2 5%@4») if o< fand1+a<2B
Therefore,
TM—ZB—la%(TC‘T")) ifa>pBand1+p <20
7-B52T ) ifa>pand1+p >2a
r-agile ) if ¢ < Band1+a>2pB
T2ﬁ—2a—15§<TC‘T">) if o< Band1+a<2p

bS]

bS]

)
Ofif, Ya

S & & O
S|

hS)

(5) When Ty € Band T» € Ny,

)
SFp>
T,

2
1 5 ~ =
=7,' Y, (5-ppn¥i)

J=T
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g { 3 e (o) %]+
J

=T
+j=;,’+1 &= (Prp—1) %] }

L L2 2N g
=T, Z?ﬁ(ﬁf.,fz—&) LY X

J=T J="

2 —1 & o2

+ (pfl.fz - 1) T, Z X]
j:Tr+l

(pfl f

-2 (ﬁf17f2 - 7T> T,

J=Te+]
Since

o) 17 Y

(pfl L~
J=T

0[7 (TZ(OC*B*I) 0[7 (TaS%(T67T3>) _ Op T3a72[3725%(T67T,_,))
=<{ 0,(T7%)o0, T&S%(mm) ~0, T*“Sﬁ(”’*m

ﬁ)sz—l i X2

(pfl.f27
J=Te+1

Op (
Op (szﬁ)op Tﬁa%(Tﬁm =0,
0]’( Op
0]

L

Y X
J=T+1
0, T2(a—B-1) 0, (T2a—152(Tc*Te)
op (T72a)0p TZ(X*IS]%(E Te)
0p (T*2l3)0p T2ﬁ7162(72' Tg)
0, (Tzuf—a—n)a (Tzﬁ 1521 1) )

A 2 —1
(sz - 1) T,

]6 TL‘
1671

Therefore,

) 720251 5§(TC—TE)
7B 67%(ch7})

T 57%(T¢*T

g1 $2(Te—T,
, 72820 15T( ))

bS]

)
Ofif, ~a

S|

0
o
o
o

(6) WhenT; € Cand T, € Ny,

G}%fz
—1 L2 S A S 2
=7.' Y (% pnnfi)
J=T
T B 2
= Tv;l { Z‘; [Ej_ (ﬁfl,fz _7T> XJ'*‘} +
J=11

I 2 2y
=T, Z£j+(ﬁf1_,f27y7) T, Z

=T j=T
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L (T728) 0, T2a715%(Tf—Te)) -0, <T2a72ﬁ715%(Tf—Te>)
*B52<T07Te)
» (T2(Bfot71)) Op (Tﬁ 67%(71‘_Te) — Op <T3ﬁ72a7267%(7}—T6))

~0, (T4a—zﬁ—35%(TrTe))

(T4ﬁ—2a—3 5%(7;:*]}))

T,

Y |-

(s —1r) i1 i

j:Tc+1

T,

)7 Y R

1+ (pf| 2=
j=Tc+1

) Z Xj-1€

=T
5

T,
)y Xj—181—2(ﬁf1.f2—1>TJ] Y Xiag

j:Tr+1

ifa>p
ifo<Band1+o >2p
ifa<Band l+a<2f

ifo>pand 14+ < 2a
ifaa>pBand 148 > 20
ifa<fand 1+a>2f8
ifa<Band l+a<2fB

ifa>pfand 1+ <2«
Tf)) ifa>pBand1+p >2a
%) if < Band1+a>28

ifa<fand 1 +a<2f

ifa>pPand 1+ f <20
ifoo>pBand 1+ > 20
ifa<fand 1 +a>2p
ifa<fand 1 +a<2f

b

Y e (Prn- 1)??/'1]2}

j:Tr+1

2 2 -1 & 2
XjflJr(Pf]‘fz*l) ') X

j=Tr+1
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| & | @ ¢
~2(prp—w)Ty Z; X162 (P —1) T ; Kirg;
J=h J=Tr+
Since
2 L
(ﬁfl,fZ _YT) (. Z Xj2_1
=T
0, (T7%)0,(T)=0,(T'"?) if a>p
= 0, (T—Za) 0, (Tﬁ 5%(%%)%(%%)) —0, (TﬁfZaéi(Tc*Te)yz%(Tl*Tc)) ifa<pB ’
2 Lo
(ﬁfl,fz - 1) LY X
j:Tr+]
0, (T7%)0,(T)=0,(T'"?) ifa>p
- Op (szﬁ) Op (TZﬁfl67%(TC*T6)Y;(TI*TC)) _ OP (T715%(chn)y%(T1*Tc)) ifa < B ’
Therefore,

52 0, (T'-2P) if a>p
i ~a 0, (Tﬁ—Zaaz%(Tc—Te),},%(Tl—Tc)> ifa<p

The asymptotic distribution of the Dickey-Fuller t statistic can be calculated as follows

- 1/2
LEa X\,
DFji],fz = ( — (pfl,fz - 1) :

52
%
Notice that the sign of the DF statistics depend on that of ps, r, — 1. (1)When Ty € Np and 7> € B,

1/2

Z’&:T XjZ_l H 1—-a/2

DFj, , = (Gj%lf (pfl'f2 - 1) ~0, (T a/ ) e
1J2

When T} € C and T € N}

T 52 1/2

e

t _ J=11"7) A

DEj.p, = ( 52 (pfl,fz - 1)
Jifa

0, (T'?) = — if a > p
0, (T P) & —o ifa<f

WhenT; € Ngand T, € C
Vb3 o2 1/2
DF} , = (Z’;T;X’_l> (ﬁflﬁfz - 1)
itz
0, (T*?) — —oo if @ >pBand1+p <20
0, (T1-9hF)2) & — ifa>Band 14 B > 2«
0, (TU-F+2/2) & o ifa<Band 1 +a>2p

0, (TP/?) — 4o if ¢ <Band 1+ <2
For all other cases
- 1/2
Lin X .
DFf, p, = (65 (prn—1)
Nk

0, (T%?) = - ifor>Band 1+ <2a
0, (TU=9*B)/2) if ¢ > B and 1 + B > 2a

o0, (TU-B+2/2) if ¢ < Band 1 +a > 2
0, (TP?) = 4o ifa<PBandl+a<2B
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2.2.2. The Consistency of f, and f. Given that f, = f and f € [0, f — fy], the asymptotic distributions of the
backward sup DF statistic under the alternative hypothesis are:

Ff (W, fO) lff €Ny
0, (T'7%?) = +oo if feB

0, (T?) = —oo ifoo>Band 14 B <20

BSDFy (fo) ~ 0, (T0-%tB)/2) &5 —oo ifor>Band 1+ >2a
0, (ToP)) = iffec

0, TU=B+a)/2) _y ifa<Pand 1 +a>2p

OP(Tﬁ/Z)_>_|_oo ifa<Pand I +a<2p

This proves Theorem 3.2.
The origination of the bubble expansion and bubble collapse are identified as

©_inf ssDF .
I fGIGO,]]{f SDFy (fo) > scv }’

AC: 1 f :BSDF < ﬁT .
J fE[fgLT,u{f '+ (fo) < scv }

We know that when B — 0, sevPr — oo,
It is obvious that if f € Ny,

Tim Pr{ BSDFy (fo) > sevP | = Pr{Fy, (W) ==} =0.

If f € B, lim7_.. Pr { BSDFy (fo) > sevP } = 1 provided that 207 —0.1f f € C,
Jim Pr {BSDFf (fo) < scvﬁf} =1
—yo0

provided that
2 50 ifor>Band1+p <20
IwB o s Band 14+ > 20

0
TWﬁT -0 ifa<pBandl+o>28
=0 if o < Band 1 +a < 2B

It follows that for any n,y > 0,
Pr{f.>f.4+n} —0and Pr{f. < f.—y} =0,

since Pr{BSDF, .q, (fo) > scvP} — 1 for all 0 < ay < 1 and Pr{BSDFy. 4, (fo) > scvPT} — 1 for all 0 < ay <
7. Since 1,y > 0 is arbitrary, Pr{f, < f.} — 0 and Pr{f. > f.} — 0, we deduce that Pr{|f. — f.| >n} — 0 and
Pr{|ﬁ. — fe| > v} = 0as T — oo, provided that

Ta/z

sc(v -+ ziap — 0 if ¢ >pBand 1+p <2a
1Zoth)/2 sevPT .
i, Titge 0 > pund1f > 20
T\'— WBr .

o 2075 =0 ifa<fand1+a>2B
schﬁrJf;f]CfaT/z -0 ifa<Band14+oa<2B

Therefore, f, and f. are consistent estimators of f, and f,. This proves Theorem 3.3.
2.2.3. Auxiliary Lemmas

Lemma S.B9. Under the stated conditions, we have

T, j—Tc—1
7128 e Bx. _N(O ) .
f fl JZT1 l; }/T i : 2¢y

12 2 I J*Tz:*lyl L o2
Ly p—— i 5% =8 (0.2
2 (f2 - fL‘) j=;c+1 1=0 = 2 2¢)
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Proof.
T. j—Ic—1
Z Z &1
=T =0
T, T4l . , _
=Y Y rnita=Y (le"_TC_ISE>+1+'J’7]~_D_28Tc+2+---+7T8j—1"‘7%8]')
J=T k=j ="

= (Y;‘_T‘_lfnﬂ +y e+ e 7’98%)
+ (yf"*I*T‘”lerm T T et yren 2+ 7’?87(—1) + ...
+ (yTT'“’T"’leTCH F oyt e 2 o yrer + }’gETl-H)
N (Y;'lchflch+1 YT 2 ot prEn 1+ ﬁen)
= €141 (V;C_Tc_l +ye T +~-~+7’;1_TC_1)
+er+2 <?’TT"7T°72 T T VTTPTFZ) te
+er, (V?*T] +y T T+ +Y;‘17TI)
T.—Ti—1

+er 11 (of ot P e

yh e (Yf“_ml _ 1) },TTI—TC—2< Je-Tidl 1)
+ €142

yr—1 Yr—1

+CIT11

= €141 +...

Therefore, we know that

T, j-T.—1 2
E (Z )» 7481'—1>
=1 =0

y;l T.—1 717:1 T.—2 1 1 1 2
=E||enn1t—F5 +er +..+€ +e +..+¢
T+1 Cszﬁ Te+2~ 7 p Cszﬁ ) T B T+l g T B .~ -8 T,ﬁ

728 ~To—1)
Cz 2

[TZﬁ 2Tl T.) -1 TZﬁ
=72

T T8
+piR 2)+...+1}+CQ(Tc—Tl)}Gz

1 )
T3ﬁ T1+2[3

+2(TC—T1)] o’

o (fe fl)] o2 {1+0,(1)}
Cz
(T.—T) 2 {1+o,, N}

Therefore, we have

_1/2_ﬁ T j— TL_IYI _ 0 iz
T czf ): Z hej 1 B Xy =N :

J =0
The proof of the second equation is similar to that of the first equation. O

Lemma S.B10. Under the stated conditions, we have

. 2
T3/, 1T, §° y;ln< Z hej l) Lx, N((),G),

J=h 2¢
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2 g (e o?
T73F22¢, Y y;“6< Y e ;>—>X62_N(022)

j=To+1 1=0
Proof.
T Jj—T-—1
s ( 5 e, )
=T 1=0

T,
1-T, i—1—T, [ j—T.—1 i—T,—2
Y k)ZM (A e+ et w1+ ey
k= n+1

=" =T
—1-T. —T—1 c
=yl e YT A ETf+2+---+7T8Tc—1+7¥£Tf)

—H/;”*FFT” (7;”714” IETL+1+7T” otes 8T0+2+~».+YT8]}72+'}/§)“8TL.71>
+...

+7TTI+1_1_TC (V;IH_TC_IETCH +7’;‘+1_TC—28TC+2 +...+Yrén + J’?gﬂﬂ)
-H/TTPFT" (ﬁlinilsrcﬂ + V?J"JETCH +...+yren o1+ ’J’%STl)
= 8T+1 (Y;‘CflchyYZ:c*Trfl _;'_y]]:c*l*l*TCyYZ:c*l*Tc*l + _’_,)/77‘]7177;'7;]77’0*1)
A
+er.40 (,y;:c_l_Tc,yYT_c_Tc_z+,y;:c_1_1_Tc,yYT_c_1_Tc_2+ +y77:1—1—Tcy;"1—Tc—2)
"
T

+...

+8n( t-flfn-y;rn+y;¢-71717ny;{,~717Tl+m+ypflfny;rn)

ter (V;‘Cflchyﬁle YTTC 1-1— Tcy]Tf.fllefl+'.'+y;1+1717TCY;1+17T|71>
ter (,},T —1- nyr —Tj— +y77:c—1—1—Tcy77:5717T172+.'.+777:1+2717TCY;1+27T172)
ot e T T

27 =272 [ 2(T.—T;+1 271273 [ UT.—Ty+1
v 121 (},T( 1+1) 1) v f (},T( 1+1) 1)
= €11 +Er.42 +...
%1 %1
~To—Ti—1 { 2(T.—T+1 T, ( 2(T.—T
X ')’%ﬂ ! <7T( i )_1> N 741 <YT( 1)_1> N
S &
f 71 ! 71
~To+1 ( 2(T.—T -1
,),;:l + (,},T( 1—1) . 1) ,J/Tc*I*Tc (’}/2 _ 1)
+€r, 42 ---+8T.¥
1 ’)/72" -1 c ,yz 1
27 —27¢—2 27 —27¢—3 'YTI —T.—1 1—T, ,’,T(-*I*Tc
T T T T
&gl ——— + €& 42———F5+...+8& + & .t ——F | 11+0,(1
R N N T B g e [ (D)

Therefore, we know that

(g5

21212 21273 | —To—1 T, ST\ 2
7E /yT }/ };" c ,),7‘ c Y]Y:E c
= €l B r—

te f..+e te R —
20, 7B T 00, B le ST B T B T e e, B

v [(}/;(ml—zrf—z)Jr}/;(zn—zrf—ﬂ+ +Yr( T 1))+<y%(T1TC)+W+}/%(TCITC)>} o2

4c%
—T.—1 ~T, 2T -T.) [ 2(T.~T,
o (77 >{YT< >_1] +YT<1 >[YT< n_l} 2
- O
43 r—1 -1

TZﬁ ,},]%(Tl_Tc—l) },i(Tl —T¢) )
= — 1 1
{ 2C2T7ﬁ + ZCQTfﬁ ¢ { +0P( )}
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2
_ 3 2AN-T-1) O
—TBVT 1 @{1""017(1)}
2

Therefore,

Tc 2
— — - - j—1— z G
T 3ﬁ/27’T(T1 TNy, Y v 1-T. < 2 legj 1) —>XCZ_N(O 5 2)

J=n
The proof of the second equation is similar to that of the first equatlon.

2.3. Dating Bubble Implosion

Define the demean quantity as X;* = X" — ] o X;. *. Since 1,, = T, and
(%) (7 T+1-1
Yx=YXa,- ¥ x=Yx
Jj=1 Jj=T i=T+1-1 i=T
we have
1 & 1 & g
—X——ZX XHH—TZ&:MH+
Ty J=T wi=T

Based on this linkage, we derive the next three lemmas.

Lemma S.C1. The sum of squared X;' terms are as follows.
(1) For ) € B and 1 € Ny,

2] 1
S +o 2(Dh—-T,
szl Z 2~ T! as(z )

J=T7 J=T 2c1

(2) For 11 € C and 13 € Ny,

)

Z X*Zl _

J=T

(3) For 71 € Ny and 1) € Ny,

T
Y X2 =

T1+(15 Tr Te) 1 B(fe)2
Z j+1
j=T

j+1

J=1 Jj= T1
Jj= Tl
Z 1™
J=T

261
T1+ﬁ5 (T.-T.) lB(f)

2¢)

T1+oc5 (T.— T€)2(1,|B(f)2

T1+ﬁ6 (T.—Te) lB(f)

~a

(4) For 1y € C and 1, € B,

)
) X% =

J=n

T1+ﬁ5 (T.-T,) lB(f)

2¢)

(5) For 11 €Ny and 1, € B,
(T.—T.

T1+a5 )zilB(f)

T1+ﬁ6 (T.—T.) IB(f)

2(‘2

)
Z X*Zl _

J=1

(6) For 1y € Ny and 1, € C,

- { T]+O(5 (Te— TE)Qi‘lB<f€>

)

Z X*Zl _ Z X
J="1 =T
. Tzcﬁ-aﬁ>if?[B(@-—B(ﬁafds—-@mﬂ 12 1B)
| s gLy

202

Lemma S.C2. The sums of cross-products of X} and v, are as follows.
(1) For ) € B and 1, € Ny,

)
Y Xi vy~ —TUTDREETTX B(f,).

J=1

5B (fe)2 :

ifa>p
fa<p

ifo>p
foa<p

ifo>p
foa<p

fo>p
fa<p

—anmf} Fa>p

foa<p
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(2) For 7 € C and 1) € Ny,

5 %0 g d TSR X o> B
e R T (1) X o< B

J=T

(3) For ) € Ny and 7y € Ny,

) <. . _T(l+a>/2672‘(,‘77‘gB (fe)Xcl ifo> ﬁ
Z j—1Vj ~a - 1+/3)/257TrTeB(fe)X62 ifoa<p

J=n
(4) For 1y € Cand 1, € B,
g PRSI (f)X, ifa<p
(5) For 11 € C and T € Ny,
£ 8 uyma { TS BN, yap
= j—1VJ "Ta /25T( T‘B(f)X(Q lf‘a<B

(6) For 11 € C and 7y € Ny,

T{3B(f) ~BUI+1(H~ 1)

2 : ifo>p
L&y k(s - ZB(fr)+B(f1)]fff[B(S)—B(fr)]dS}
J=7 .
B T T X, ifa<p
Proof. By construction, we have
o o h+1 .
Y Xiwvi==) Xrpjerpj=- ) X
J=1 J=1 =T1+1
(1) For 7; € B and 1 € Ny,
(7 B Te B T2+1 B
Y Xivi=— Y Xg- ) Xg
=1 j=Ti+1 j=To+1
The first term
T, .
Z Xij: Z ngj
j=Ti+1 j=Ti+1
Te oashh—Te
¢ T%6;
= Y ————Xrg{l+o,(1)}
j=Ti+1 Twer
TaaTZ*Te T,
:7%)(]} Z 8j{1+0p(1)}
wCl J=Ti+1
TocSTZ*Te T,
e A N e
fwcl j=T+1
Ta5B I
~a — B(fe)[B(fe)—B(f1)]-
fwcl
The second term
h+1 .
Y X
j:Te+l
T2+l . TaaTszg
= Y |6 =T —|Xpe{1+0,(1)}
=T+ Twer
Th+1 . Ta6T27Te Tr+1
Y 5%%81'—7; Y & Xn{l+o,(1)}
J=Te+1 wll =T

(© 2017 Cambridge University Press

55



56 Phillips and Shi
1 h+1 . 5T2_Te 1 +1
_ Ta/zaTsze 6_T2+j£' _ T - £;
l T T2 Z+ T J T1/2—ocfwc1 ‘/Tj:TZeH J

= 192h T <T—“ y (ST(sz>£j) X7, {140, (1)} (since /2> ot —1/2)

XTc{l +0p(1)}

~a T(1+OC)/2677:2—TeXClB(fe) )
This is due to the fact that
2 2 [ S2(T—To+1)
h+1 h+1 é |:6 — 1:|
j—Te _ 2(j-Te) 2\ _ <2 rir
E ( Y & 8,-) =Y &7 E(g)=0 5T
T

J=Te+1 J=Te+1

(1207704 37720) [87 D
201T~ %+ 3T 2@

=0

2
2AT-T.) O
— 15" T>2—Cl{1+op(1)}

1 h+1 ot I 5
Ta Z 8 e =X, EN(O,G /2c1)
J=Te+1

Therefore,
)
Z X;':lvj ~a _T(1+a)/25TT27TEXQB(fe)
J=1

(Z)FOI' T eC, T, €Ny,

o T, . Ttl
ZX;—IVJ':_ Z Xij— Z Xjé'j— Z Xij
J=1 J=T+1 J=Te+1 J=Te+1
Suppose o > B. The first term
I, T, TOC6TC_Te
Z XjEj: Z —%Xngj{l"f'op(l)}
J=Ti+1 J=Ti+1 wCl
Ta5T67TB T,
:_7TT X, Y g{l+o,(1)}
wCl j=Ti+1
TO{STz:*Te T,
= (1) (17 Y e ) {140, (1)}
Jwe j=Ti4+1
T(XsTc—Te
~a ———B(f.) [B(f.) - B(fi)]-
fwcl
The second term
T.
Z Xj€j
j=To+1
T. asT—T.
C - T 6‘ e
- F T s 1,0
Jj=T+1
T o Tc*Te T,
c . T 5 c
=Y 8 et Y | X {l+o,(1)}
=T, wel 2T

X7, {1+o0,(1)}

T ro-125T-T (| L
_ | pa/2sT-T. (Te—j+D) o ) _ T )
= [T 5! (TO‘ 5 X O e]> o \ﬁj:;;’Jrlej

J=Te+1

T .
_ T(1+a)/267@,7Te < 1 Z ST(TcJJrl)sj) <T71/2XT6> {1—|—0p(1)}

a/2
re/ j=T+1

~o TUHO2§ITex B(F).

(© 2017 Cambridge University Press



Financial Bubble Implosion and Reverse Regression

The third term is

h+1 .
Z Xj_18j
j:Tc+l
h+1 . T(X6Tc*Te
—T.
= Zl }/7{ Xr, — Toel Xr, 8j{1—|—()p(1)}
J=Tc+
h+1 T T 577}*7} +1
=X Y % Cej—ﬁXTe Y g {1+, (1)}
J=Te+1 ’ J=Tc+1
) 5 r+1 T Taan—Te h 1/ Th+1
— |1PPx, (172 Yy T —f%(T’/XTL,) T2 g | [{1+0,(1)}
J=Te+1 wel j=Te+1
e B () B(R) - B(f)] if2a> 1+
¢ '+B>/257f TfB(fe) if 200 < 1+
due to the fact that
2
h+1 h+1
i—Te g o’
< L n £j> )y 7 E (£}) ~a Tﬁ2c
J=Te+1 J=Te+1 :
Th+1
8%, (1782 Y yi T, |~y TUHD26T T ()X,
J=Tet1
Ta5;‘67re & o STe—T
X1, Y, &~aT%8 “——B(f.)[B(f2) —B(f)]
Tyc1 j=To+1 wCl
Therefore,
)
Y X vjrva —TUTORSTIX B (1),
J=T1
If o < B, the first term
T, T, B
N T
Y Xig= Y TCZXTLSJ{1+0,, (D)}
j=T+1 j=T+1 ftw
Th Le
=———Xr, gi{l+o,(1)}
Twe j:;llﬂ
Tﬁch Te i 1.
_ (T—1/26T(TC TE)XT[) T—1/2 Z 8] {1+0p(1)}
fer J=Ti+1
~a —TPF T f “B(fe) [B(f) B ()],
W
The second term
I ~
Y X
./.:Te+1
7. o
=) |8 X, — ei{l+o,(1)}
J=Te+1
Th L
= |Xr. Z 8 e -7 X Y, & {l1+o, (1}
J=Te+1 j=T,+1

P o)
j=T+1

(5

TR ( ~1/25- (T g
waZ

T(1+a/26TL T. T_1/2XTe (
) {1+0p(1)}
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T+025Tex B(f.). if 1 +a>2p
T\ TP B BU) ~B(f)) f1+a<2p

The third term

h+1 N
) X
J=Tc+1
Tr+1 ) Tﬁ
-7,
= co | Xpe {140,(1
j:§+1 |:y7/" TWC2 J{ 17( )}
Tr+1 T Tﬁ Tr+1
=X Y om g —Xr ), &|{l+o,(1)}
J=Te+1 w2 T
Ll TB gl Te i T+1
= | 1P (TP Y e | - (1 X ) (172 ) 6 )| {140, (1)
J=Tot1 fwea J=Tet1
% i1-T,
:XTC Z ']4-7768]'{14—0[,(1)}
J=Te+1
~a TIPSR (f) X,
Therefore,
5o | T TR D
= ~TU+BR2§ T (f)X,, ifa<p
(3) For 71 € Ny, 72 € Np,
o T, . T . T+1 . h+1 .
Y Xiwi=— Y Xg- Y Xg- ) Xg- ) X
J=T j=Ti+1 j=To+1 j=Tc+1 j=T+2
Suppose & > 3. The first term
S -1, |
Y Xjgj o —TO8 " —B(f) [B(f.) —B(/1)].
=T Jwer
The second term
T.
Y Xjej e TUTO28[ X, B(f,).
J=Te+1
The third term
T+l
), X
J=Tc+1
T,+1 o sTe—T,
r T, T%6
= Z }’7]~ XT(._#XTE 8j{1+0p(1)}
J=Te+1 wel
T+1 T TaéTL'*Te T+1
=X X v e X Y g|{l+op(1)}
j=Te+1 wCl J=Tot1
5 5 T+1 T Ta(sTc_Te 12 ) T+1
= | TPy (TP Y ey | = Sl (171 ) T2 Y g ) | {140, (1)
J=Te+1 fwer j=To+1

Jwer

st B () B(f,) - B(f)] if2a>14B
| rO+P2§ETeB (£ X,, if2a <1+B

due to the fact that

41 2 T+1 _ o2
- ( )y Y%T"Ef> = Y 7B~ TP

j=Ter1 =T 22
L T.—T,

XT, Z '}’7J~ ‘?Sj ~ aT(l+ﬁ)/25T67 ‘B (fe)Xcz
j:Tc+1
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TocsfrTe T +1 T
Tl ¥ e TS B (B~ B
wC1 j=To+1 fw
The fourth term
h+1 . h+1 TocaTc I,
Y Se- ¥ - e {140,(1)
J=Tr42 J=Tr42 wl
TO£5TC e 12 1 T+1
= (77"2x,) (7 T &) {1+o,m)
J=T+2
Toch( T,

~a — f (fe) [B(fZ)_B(fr)]'
wCl

Therefore,

)
Y Xr vy~ —TUTORSTex B(f).

J=1
Suppose & < . The first term
Te - BSTL*TE
Y Xjgj~a ———L—B(f)[B(f) —B(/1)]
j=Tisl fwe
The second term
i fe rT+a2§lTex B(f,) if 14+ 0 >2p
je T TP B (L) B B(f)] if1+0<2p
The third term

T4l To+1 - T8

Y Xeg=) |n T Xr.ej{1+0p(1)}

j=Te+1 j=Te+1 we2

~ TIPS B (f,) X,
The fourth term
T2+1 5 T2+1
Y Xgi= ) Xr.ej{1+0,(1)}
J=Tr+2 j=T42 1twe2
TBST” T (T T+l
(T71/26T (Tc Te)XTC) T*l/z Z 8] {1+0p(1)}
fer J=T+2

~q —TP 8L~ T‘fw B(fe)[B(f2) —B(fr)].

Therefore,

Y K~ { —TUO RS (f) X, if o> B
= Jj—1%) " ~a _ ﬁ)/zagc*TeB (fe)Xcz if o < B
(4)F0r T1€Cand 7 €B,

2N T. . Tr+1 .
Y Xiwi=— ) Xeg- ) Xg
J=1 j=T1+1 J=Tc+1
Suppose o > . The first term
I Tc i Ta57TrTe
Xig = 6 ¢ ————— | Xrei il 1
j:;l"ﬂ j€i j:;ﬂ T T,c1 T, J{ +op( )}
T; i Toc57Tc—Te Tc
:XTe Z 6T egj_iTc Z gj {1+0p(1)}
Jj=T+1 wll =741
1 T Ttxfl/ZSTc*Te T
7XT9 T(X/26Tr I Z 5J ‘e _ T T—1/2 Z 8]
Ta/zj Ti+1 fwer J=Ti+1

(© 2017 Cambridge University Press

59



60 Phillips and Shi

=T (Toc/z ,Z 5 e )XTe{lJrOp(])}

J=h
~  TUTORS[TX, B(f).

The second term

B ey [ TS B U BU B 20> 148
a — .
i TR Teg ()X, if20 <14
Therefore,
)
Y Xr vy —TUTORSTTe X B(f).
J=T7

Suppose o < B. The first term

T.

T.
C - o T
Y Xeg=Y |6 T‘Xn—TiXTc g {l+o,(1)}
J=T+1 j=Ti+1 wC2
T+ /25TC_T"X B(fe) if 1+a>28
| TPk B(f) B B(f) if1+0<2p
The second term
h+1 5 h+1 T -
Y Xe= Y [y% ¢ erej{l—f—op (1)} ~g TUP2S]TeB (£,) X,
J=Te+1 J=Tc+1

Therefore,

Lo f TMORSETR(h)X, e B
Z j=1Vj~a —T(1+ﬁ)/2517"}7TeB (fe) X, ifa<p

J=1

(5) For 1y € Ny and ©» € B,

(7] T: T+1 h+1
~* —_— ~. PR ~. Pp— ~. .
E Xjflvj =— E Xj€; E Xj€; E Xj€;
= =T+ J=Tor ~Tr2

Suppose & > 3. The first term

Tc Tc .
)3 fjejﬂ“/szr”( ) 6%‘Tf8f>"n{1+op<1>}~a T RsE X B (fe).

J=T+1

The second term

Til P 7TOC87]:C_Te waC] B(f.)|[B(fy) —B(f.)] if2aa>1+p
_ JEITaY OB 2§l g (£ X. if 2a <1+
j=To+1 T (fe) 2 ! T
The third term
Tr+1 . Th+1 Ta6TC*Te
Y Xig= ) *%XTEEJ{HOP(U}
J=T42 J=Tr+2 wEl
~g —TO8 e B(fe)[B(f2) —B(f)]-
fw
Therefore,

]
5 5 U285 T, B ()
J=T
Suppose o < B. The first term

i ‘e T(1+0) /25Tr—TfX B(f.) if 1+o0>28
&Y\ BT L () (B~ B(f)] f1+a<2p

j=T+1

The second term

T+1 - T+1 T
£ e T e re,0)
J=Tot1 J=Tot1
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~og TYP2SITeB (1) X,,,.

The third term
Ty+1 Ty+1 B
Y Xg= ) ——Xg{l+o,(1)}
=42 =h+2 "W
e ~TPSF T LB (1) [B() ~ B(S).
wC2
Therefore,
i thvj -~ { *T(1+a)/25TTC:TeB (fe)Xcl %fa >B .
= —T+P 2§l g (f)X,, ifa<p
(6) For 71 e N1, » €C,
(%) T+1 T+1
Y K== Y Xg— ) X
= J=T1+1 J=T+2
Suppose o > f3. The first term
T+l T4l | L [1-T-1 T
Y Xe=|x. Y v T”ejfT— ) < ) 81_i> < ) 8j> {14+0,(1)}
J=Ti+1 J=Ti+1 WI=T,+1 \ i=0 =Ty +1
ot o) - m()] [ 800 - B0 as

due to the fact that

T+1 T+1

{(5°)

T,
X, Y n e =X TPy

J=Ti+1

(

¥ k() - 17

T,
Tﬁﬁ/2 Z ’}/7/~ Tlé‘j

2
Z(TI_TC> o
T

Y

26‘2

) oo T,

J=" J=T
T I-T,—1 T+1 fHr—fr i)
Y ([ Loead| L o)Wt Be-s0 ] B -B6s
WI=T4+1 \ =0 =Tl Jw 2
The second term
hh+1 .
Z Xj€;
J=Tr+2
T+l [j—T—1 | L I-T-1
= Z Z Sj,I—T Z Z & Ej{l—l—op(l)}
j=T+2 | 1=0 WI=T,+1 i=0
T+l j—T,—1
=r(T! Z € €|
j=T+2 =0
T —T 1 Th+1 7 j—T,—1 B Vb3
T e X (TP Y e [ ([T L ) {140, (D)
w 274 =142 i=0 j=T+1
1 1 fZ_fr f2
{5 B0 8O+ 5 (- 10 = P ) B ) [ 8(6) - B as
w r
due to the fact that
Th+1 j-T,—1 T+1 ) Th+1 j—T,—1
Z £ 1€ = Z 8j—|— Z Z Ei_IEj
j=T+2 1=0 j=T+2 j=T+2 =1
1 +1 h+1  j-1
= (1, —T,) T Y ¢+ Y Y e
2= 4r j=T,42 J=T421=T+1
1
~ T3 {[B(2) =B +(=f) 0%}
H+1  j—1 h+1 J
Z gE = Z [Zj—l_ZTr]ngichj:ZEI
J=T+21=T+1 j=T+2 1=0
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Therefore,

)

Y X

J=T

Suppose o < . The first term

Tr+1

Y X
J=Ti+1

T4l

= L

J=Ti+1

)

=Xz,

_ XTCTB/ZV;“T" <Tﬁ/27’T_<

T(1+ﬁ)/2677}-*Te,y77:1_7}B (fe)Xcz

~a

The second term
Th+1

Y X

j=T+2

Therefore,

Lemma S.C3. The sums of cross-products of X}ll and X

T B
Y X (%
J=T

(2) For 11 € C and t) € Ny,

T 5 5
Z Xj*—l (X] o

J=T

Y;lchTﬁ

[
T —Te) Z YJ]"_TCSJ

f2

v 'X

6.~

T Xi1) ~a

7fr

Jw

T+
TB/Z,},;I_TC (T—ﬁ/z,}/T(TlT() '

j=

= Xr, Z

Phillips and Shi

h+1 h+1
= Z Zi 1& —7Zr, Z €
=T 42 J=T42
1 h+1 5 5 5
=5| L (Z-7Z.—¢)
/:Tr+2
1 Tr+1
=5 Zt1— 21— Y,
J=T+2
~ a3 {B() -

Xr.gi{1+0, (1)}

fwc2
) {1+0p(1)}

I

,y]]:l*TeTB

Tycr

(T

(f2) —

Th+1
j=T+2
,y;:l_TcTﬁfl/Z

fwez

TﬁST‘ EyTl . B

+1

~1/2 Z

T.

Sfwez

YT

~T8; LB (f,)?

_plta- 35 (Te~Te) zccle(fe)

(T.—T,)
_T6T %B (fe)
_TZﬁfaS%(TC*Te)cl ffc:fe

,J,]]:I*TcTﬁfl/Q

J=T+2

B(fr)

T1+a B5 (I-Te) ap
281

B(f.)

hh+1

~Zr, ), &

J=Tr+2
Tr+1

oz W

J=T+2

BUWP = (2~ f) 0%}

i~ a=T{ 3B - B+ (=)

2
() -280) +8(] [ 1B6) —B(fr)]dS} |

>

_/22

j=T1+1

{1+0,(1)}

T+1
7! €

] 8j{1+0p(1)}
8j> {1+0,(1)}

B(fe).-

()
Y X v g~y ST B (f,) X,

J=1

* ", are as follows. (1) For T| € Band © € Ny,

(f.)* ifa>p
fa<p
fo>p

ifa<pPandl+a>2p
ifo<PBandl+o <2
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(3) For 7y € Ny and 1) € Ny,
TL Te C )

. T”“ ﬁé zle(fa ifa>p
Y X (X - X)) ~ ~18; LB (1) ifa<Band1+a>2p
=4 —r2pagileT, EEB(f)? ifo<Pandl+o<2p

(4) For 1y € Cand 7, € B,
(T.—T,) .

o —T”“ ﬁ5 zccle(fe) ifoa>p

‘Z X (X —r'X) ~a —rse %B(fe) ifoa<Bandl+a>2B
= — o2l fc fl B(f.)* ifa<PBandl+a<2p

(5) For 1y € Ny and 1, € B,
T““ ["5 {31 B(f.)) ifa>p

—r e %B(fe) ifa<Band1+o>2B
fa<Bandl+a<2f

if(j*_ ( YTIX* 1) ~a
_r2B-a 2T, =N (1)
T U peag P Ve

J=T

(6) For 11 €Ny and T, € C,

Z X = %)
=T
2
| rrtar-n {f’? 1B(s) = B(f)) ds+ Lt b2l | 12 B (5) - B(£,)] ds] } ifoa>p
L A Llp(f,)? ifoa<p
Proof. (1) When 7; € B and 7, € Ny,
(%) B
Y X (X - X)
j=1
}/Z_‘IX;LI)

XX -n'X)+ Z
j=t+1

T
J=n
A 1g 1 1 & o o
= ZXJ* 1(5_ Xji+6 vi—1n X* )+ Z ;Ll (X]*,
J=n J=t+1
I\ v 2. 1 1 2 N R g2
=& Y X+ Y, X+ (6 ) XA+ (- Y X2
J="1 J=T+1 J=1 J=T+1
The first term
[ T o
5{1 ZX;'llvj—i_ Z X;-lle
L J=1 J=T+1
[ Tr 5 T B
= |-6"Y Xriojeriaj— Y Xriojeriaj
L j=7 j=1+1
[ htl L. _
=|-6" Y Xg— Y Xgj| ~a TIOR8 EB(f) X,
L j=T+1 J=T+1
For the second term,
1 N & g2
&' -%') L X2
J=T7
. . Tr+1 o T1+0£6 h-Te) 2
— (') ¥ B=|erfoar o ——B(f.)

) 7T1+a_35%(T2_T6)2%B (fe)2 ifoo>p
—r5 T g (1,)? if o0 < B
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The third term
T,
_ 5 B 2AD-T. 'p
(1- Z 2=(0-%n") Y, X~ T ﬁ5T(2 e f —/ B(f.)
J=T+1 j=Ti+1 fwcl
Therefore,
(T 11 .
YR S~ 35 R ifa>p
a
= —18H lB(f) if o < B
(2) when 7 € C and 1, € Ny,
¥ R (% %)
=1
© o (pr ] T o] T o]
=Y X (X - X*1+Z X*1+Z 7 X )
=1 j=T+1 J=1+1
= ZX (X g LY - 1X*l )+ Z X;'Ll+67j YTIX* )
j:T] J=Te+1
1o
+ Z 1 (X v X))
j=t+1
I C v | N & g2 N @ g2
Y Xt ) Xt Z v Ferl) Y XA+ (-n') Y X2
Jj=1 J=T+1 Jj=1+1 Jj=T+1 J=T+1

The first term

T T, ™
—1 2 —1 ~ ~
Z Xivi+or' Y X+ Y X

frl j=Te+1 j=T+1
- /26T‘ TeB (fe) Cq if o > ﬁ
“ /25z “B(f.)X., ifa<p

The second term,

T,
*2 —1 )
_VT Z X _VT) Z X
J=Te+1 j=T,+1
Tc Te C .
—Tite- ﬁ& ZLZ]B(fe) if o > B
~a —rsit lB(fe) if « < Band 14+ a>2p
—Tzﬁ*aai”fm VELB(f) ifa<Band | +a<2p
The third term
e 20— 2R_Te 3 2 .
SRR o B o i
J=T+1 j=T1+1 Tﬁé e fe f' (fe) ifa<f
Therefore,
~TrePe TR L) ifa>p
Z X' %)~ TS %B(fe) ifa<Bandl+a>2p
J=T

—72-og2leTe) ) Leg fe B(f.)? ifa<pBandl+a<2p

(3)When T) € Ny and 1 € Ny,

Y X (% %7

J=1
Te—1 T T
% —1 k2
ZX 1V1+7T ZX 1"/‘*‘5 Z j—1vj+t Z / 1Vj _?’T) Z XiZ
J=T1 J=Te J=Tc+1 J=t+1 J=Te+1
*2 o *2
ZX 1+ Z X
J T / Tr+1
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The first term

Te—1 T T
Z X IV]""YT ZX 1V1+5 Z ‘;;lvj"’_ Z X}'LIVI'
J=T7 J=Te Jj=1+1 j=t+1
N { —r+@2§leTep(r )X, ifo> B
¢ /25” “B(f,)X., ifa<p
The second term
s
&' —%w") Y X2 =("-rn") Z X7
J=Te+1 j=T+1
~rire B L p (2 ifa>p
~ ol —TT) %B(fe) ifa<Bandl+a>2p
—r2-ag2eTle) f; L=Lp(£,)? ifa<Bandl+a<2B
The third term
'S on 2 1 LAl ) &
ZX*1+ Z 2 =0-v" X X5+ Y X
J="7 J=u+1 j=T+2 j=T+1
T2a—B52 Tr*Te fe f1+f2 frB(f)Z ifa>p
wCl
N —rBsT) ity f}fcfz‘z B (f,)? if o < B
Therefore,
~ria BT 2 p(f)? it > p
Zx YK ~a{ T8 %B(fe) if o < Band1+a>2p
=1 —r2B-ag2lele) k= f«’ B(f.)? ifoa<pfandl+a<2B

(4) When 71 € C and 1, € B,

)
Y X (& -5

J=T
Te T
—1 % —1 — —1 k2
Tr ZXj—IVj+5T Z v '~ ) Z X5
J=1 j=T+1 j=Te+1

The first term

S & _r(+a)/25Te T .
r X r X T o B(f.) X, ifa>
: ZX;*lvj+5T1 Z X‘]‘,IV]'N { T (fe) 1 ﬁ

82§l B (f,)X,, ifa<p

J=T J=Te+1
The second term
T.
r =) Z 52=06"-n") L X
J=Te+1 J=T+1
T1+0‘ ﬁa T2 p(f)?  ifa>p
~ ol —THE IR (f,)? ifo<Bandl+a>28
— 2o g2l %B(fe)z if o < Band1+a<2B
Therefore,
Y T1+0‘ ﬁ5 T 2p(f)?  ifa>p
Y X (XX )~ —r e %B(fe) ifao<Band1+a>28
=1 _p2B-a 20T o L fip (£, if o< Band 1+ a < 28

fwcz
(5) When 71 € N; and 1, € B,

T
PIRIRACHES ap i)

J="
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Te—1

J=T

+(1-%" Y X2

The first term

Phillips and Shi
o e v 1 1 N ¥ g
X+ Y X vi+6 Z i+ ) Y XA
J=Te J=Tc+1 J=Te+1

To—1
J=1

Te—1 5 1 Tc i

Y X vt Y X+ Z v

The second term

The third term

Therefore, we have

T B B
Z o (X7 =7 X)) ~a
J=1

J=n J=Te J=Te+1

—TU+@2§ 7T p (£ X, ifa> B
L -TUHRRsTB ()X, ifa<B

] 1;

%) Y XA=-n) Y X
J=Te+1 =T +1
~rHe P ET 2B () ifa>p
~18; LB (f)? if o < Band1+a>2B

—12ag e ELB () ifa<Band 1+a <28
wCs

Te—1 Th+1
(-n) | XX =0-%n") ¥ X
j=T J=T+2
N { ~r20 BT Lol (£ ifa > B
TP k(g2 ifa<p

7T1+0‘_ﬁ 6%(]1_71') %B (fe)2 if ¢ > B

—T5§(T TE)%B(fe)z ifoo<Band1+a>2p
_T2ﬁfa57%(T(-*7L J}n LZLB(f£)? ifo<fand 1 +0 <28

(6)When 7; € Ny and 17, € C,

Z ¥ %)
J=T
Te—1 ~ o
=Y R )+ Y K (%)
J=T1 J=Te
To—1 1o
Z itvi— —1 +ZX YT el Y - Xj*—l)
J=T1 J=Te
To—1 . To—1 .
= Z 1"/‘*‘77 Z —1Yj +<1_7f ) Z Xi%
J=T J=Te Jj=7
The first term
Te—1 | Qo
Z X/tlvj—i-}/; ZX;:IVJ
J=T J=Te
T{3[B(£)~BUI+3 (L2 1)0? |
~ _h-trp f2 if a>p
“ LB (f2) ~ 2B () + BUA) I B (s)~ B(f,)]ds}
TR/ 21 Te 5T~ Teg (1) X, ifa<p

The second term

Te—1

i)

I-%) Y x2=0-%") Y X

J=1

J=Tr+1
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1Py ) {1 B6) - BUPds + LB [ a0 - p(ras] ) ife p

~

ATo—T,)  2(T) —Te - .
~rB T bl g f, )2 if o< B
Therefore,
Y X% %)
J=T7

N . 2
Tzﬁcz(fzfr){ffz [B(s) ~ B ()] ds+ LN Bnle2) [ 12 [ (5) — B(,)]ds] } if o0 > B
—rp gl e g 1,2 ifa<p

fwea

~ g

O

Lemma S.C4. The sums of cross-products of X iy and X F—96r 1)?;71 are as follows. (1) For T| € B and 1, € Ny,

Z ”’* IX* ) ~a Taalzq(Tz*Te)fe*le(fe)Z'
] T fW

(2) For 11 € C and 12 € Ny,

720-B 52Tl kB (f) ifa>Band 14 <20
~* . 3 wCq

Z & 'X51) ~a g T8HTT 'B(fe) ifo>Band1+B >2a -
J=T T1+B a6 T( Te < B(fe) lfOC<ﬁ

2¢cy
(3) For 1 € Ny and ©) € Ny,

TZ“_BS%(T”_T”>C2J?;%’§B(fe)2 ifa>Band1+B <2a
Jw€q

)

Y X (X =8, 1K) ~a g 182 1B(f€) ifo>Band1+B > 20
=T T[ Te c /

/= T1+ﬁ s’ sLB(f.)? ifa<B

720-p§2TTe) LB () ifa>pand14p <2
wCq

2
Y X (X -8 1K ) ~a (T8 IB(fe) ifa>Band1+B>2a -
a P B <

262
(5) For 7 € Ny and ©; € B,
T2 BT e, il B(£,)? if > Band 1+ < 20t
Y X (X 871X ) ~a (TSR 'B(fe) ifo>Band1+p>2a -
o e A (R fa<p

2¢y

(6) For 1y € Ny and 1 € C,

T2 % (f,~ f,) {ffz [B(s) — B ()] ds+ Ll fe20) [ 112 [ (5) — B(,)]ds] 2} ffo>p

2B~ a5 (Te—Te) y%( ), f;LfrB(f) ifo < B

Proof. (1) When 11 € B and 1, € Ny,

Z ”’* IX* )

J=T7
ks G x % —1ox* 2 % G —1ox*
=Y XX -&"%)+ Y X (X -6 'X)
J=1 J=u+l1

. 5 . T _ - ~
=Y X (6 K+ o =6 1K)+ Y X (K -8 X)
J=1 =

(© 2017 Cambridge University Press
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| Tr ) ) 5
- o o o
or ZX;—IV/'"" Z Xi qvj Z X%
=1 j=T+l j=1+1
The first term
[ Tr N T 5
(STTI ZX};IVJ"F Z X;'LIV‘/'
j:TI j:Tr+1
[ T o
8" Y Xriojeria—j— Y, Xrio jerio-j
L =T Jj=1+1
[ Dtl L S T
==& Y Xig— Y Xjgj| ~a T8 EB(f) X,
L j=T,+1 j=Ti+1
The third term
(%) T,
- (B-T) Je — f1
(1-&1 Y X2 =(1-6") Y X~ 15" 7 B(f.)*.
=11 j=Ti+1 w
Therefore,
Z ~* lX* ) ~ Tag%(Tz—Te)fe _le(fe)2~
= Sw
(2) when 7 € C and 7, € Ny,
)
- - e
Y X (X -6 %)
J=T

— ZX;LI (X]* IX*I + Z ”* IX*I + Z ”‘* IX* )
= j=T+1 j=1+1

T B
Z -1 VT 1+YT VJ*6 IX )JF Z X;‘kfl(5T_1X;71+5T_1Vj76T_1X;11)

J=T

Jj=Tc+1
+ Z Xy (X +vj— & IX;'LI)
Jj=1+1
v - = 2 N 2
B - -~ ~ ~ — G *
720 DR VENTER R WD CRVTE D DD RV B ZX* H(1=87) Y X
=1 J=Tet+1 j=TH

J=T J=T+1
The first term

Tr

Tc T
1 Z X;71Vj+6;1 Z ~;;1Vj+ Z X}llvj

j=1 j=Tc+1 j=tu+1
—r+@2§leTep (ry X, if o> B
¢ /25” “B(f,)X., ifa<p

The second term,

1 & g2 1 1 s 52
(%' =67 )ZXJ—1:<7T -5:) Z Xj
f= =Tt

T20-p 52T ) L ()’ ifa>pand1+p <2

~a 752 'B(fe) if > Band 1+ > 2
T1p-a gl 7"6);;23(];)2 if o< B
The third term
(-5 F 82— -a) B { T e e
e =Tt 1 T2 ) f‘ le(fe) ifa<p

(© 2017 Cambridge University Press



Financial Bubble Implosion and Reverse Regression 69

Therefore,
720-p 52Tl ) Lg fL B(f.)? ifa>pand 1+ <20
Z (K= 81%) v g 72T 1B(fe) if o> Band 1+ B > 2a
J=1 T1+B oc5 (T-T) ZCleB(fe) if oo < B
(3)When T € Ny and 1) € Ny,
T |
7 7k — *
E lel (Xj 5T Xjfl)
j=T1
Te—1 . | T . | T |
=Y XX -5 )+ Y X (X -6 X )+ Y X (X -6 )
=T J=Te J=Tc+1
(]
* % —1o*
+ Z XJ—I(XJ 5T X/—l)
j=7+1
S ¢ e 1 1 1¢
=Y Xa4+vi=&"' X )+ Y X (' X+ v -6 X))
J=T1 J=Te
T
+ Y X (6K 48 v -6 X))+ Z Xy - 87X )
J=T+1 J=7+1
S 1 =1 ,
= ZX Wit Z _vjt6r Z 1VJ+ Z 1VJ 1_5 )ZX*l
J=T J=Te J=Te+1 J=Tr+1 J=T
N g N
P =0 Y X+ (1-67) Y X
J=Te J=0+l1
The first term
To—1 .
ZX Wit Z _vj+6r Z 1Vj+ Z 1"/
J=T J=Te j=Te+1 j=T141
N to2§lTeg(f,)X,, ifa>p
¢ /25Tf “B(f)X., ifo<p
The second term
(T.—T.) rB 2 :
LT R (s 5 e, T U itep
- 1— - i TL‘ T, :
! = ! J=T+2 SR aST e fz B(f.) ifa<p
The third term
] - T2a—ﬁ5§<ﬂ”ﬂ')czf;;c§f3 (£.)* ifa>Pand1+p<2a
C - B B T - _ JwC
(' =&)L X2 =(r'-8") ¥ X} ~aq 782 By ifo>pand1+p > 20
J=T j=T.+1 T1+ﬁ 0‘62T‘ T,) ZLC,ZB(fe) if o < B
The fourth term
o Lo ros; T i (f,)? if o0 > B
(-6 % 5=0-8") ¥ S e d i e
j=m] J=Ti+1 r T B(fe) ifa<p
Therefore,
. Tzafﬁaﬁ”ﬂe)cz%}e(fe)z if¢>Band1+p <2a
23 ok —1x* — v
Y X (X -8 1K ) ~a (T8 ‘B(fe) if ¢ >Band 1+ B >2a
a T1+B a5 2(1.-) LB(£)?  ifa<fp

262

(4) When 71 € C and 1, € B,

)
Y X (X -0 'X)

J=1

(© 2017 Cambridge University Press
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)
=Y XL (& -4 Z Xy — 61X )
J=Tc+

=
T
- Z (’}/TIX* 1+’}/T Vji— 1 + Z X 8 X] 1+5 Vj— 6T1X;71)
J="1 Jj=T+1
T(,‘
1 =% 1 * *2
vl Y X i+ 8 Z Xivj ij—l
J=1 J=Tc+1 Jj=T
The first term
Tc ) _ (]+O()/2 T.—Te. H
N _ " T ST B(£) X, if o>
1 * 1 * e) e
X vj+o F Vi~ { T, b
]:Z e ,:fzm ST PRSI TB(f) X,y it <
The second term
1 N g2 1 1 s )
(' - Y X2=(n'-6") ¥ X
Jj=n J=Te+1
T20-p 52Tl ) Lt ()’ ifa>pand1+p <2
~ay T8 'B(fe) ifa>pand 1+ > 20
1B a5 TR ifa<p

Therefore,

720-B 52Tl f; B(f.)? ifa>pand 1+ <20
Z X =67 1% 1) ~a {72 'B(fe) ifa>pfand1+p >2a

7= T1+ﬁ ol apry?  ifa<f

2¢cy

(5) When 7 € N; and 1; € B,

Y X (% 8%

=1
Te—1 5 N T B B B
Z X* IX* l + Z X* IX* 1)_~_ Z X;,l(X;— TilXj)’il)
J=T J=Te J=Te+1
Te—1
= Z X (X +vi— IX* 1)+ ZX Xf—1+YfIVj_6fIXf—1)
J=T J=Te
7
+ Y X (67X + 87— 871X )
J=Te+1
Te—1 (%) 5
=L X vty ZX wits Y X+ Zx*z ZX’.*EI
J=T J=Te J=Tc+1 J=1 J=Te

The first term

Te—1 (%3

ZX Wittt ZX i+ 8! Z X7 v

J=1 J=Te J=Te+1
N { _T(1+a)/25T§c—;eB (fe)Xcl ifa>p
~TUHR2§[ g (f)X,, ifa<]p

The second term

: I)TH e ) Tzil ) 705 f2 f’B(fe) if o0 > B
1-06; 2= (1-6; X% ~, (T—T. '
= Rt (R f’ f2 LB(f) ifa<p
The third term
2 NS oo
(v ZX* =(n' =& Y X
J=Te J=Te+1
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~ 4 T62T7T
T1+ﬁ 065 (T.-T.) ClB(fe)

Therefore, we have

1

Z * ]X

J=T

(6)When T € Nyand 1p € C,

Financial Bubble Implosion and Reverse Regression
20— §2(T—Te)
T o ﬁ 6]" c

kB (1)
IB(fe)

ifa>pand 1+ <20

ifoo>pBand 1+ > 20
ifa<p

TZ(X—B 57%(TC_TL’)C2 f}v;]%‘cB (fe)z
) a T52 L-T) IB(fe)
T1+ﬁ 066 Tz T,) LlB(fe)

202

ifa>fand 14+ <2«

ifoo>pBand 1+ > 20
ifa<p

J=Te
Te—1 Te—1 o0 ) o2
=YX v+t Y X v+ (-6 Y XA+ (=81 Y X2
J=T J=Te J=T J=Te
The first term
To—1 B () 5
Y Xt Y X
J=T J=Te
T{3[B(£)~BUI+1 (L 1)0? |
~ f2 fr fZ lfa>ﬁ
a [B(f2)=2B(f,) +B(A)] [ [B(s)~ B(f,))ds |
1+ﬁ /2),;1 Tc§7§ T“B(fe) X. ifa<p

The second term

T2ﬁ70£ 6]%(7}77}) YYZ"(TI 77}

Therefore,

T
Y X (X -6 %)

J=T7

28— 5%(71-*7})},72_(5

Lemma S.C5. The sums of cross-products of

(1) For 71 € Band v € Ny,

%, (f— f,) {fff B(s)

I
Y X

J=Tr+1
T %, (f— f;) {Jf-? B (s) *B(fr)]de Ut fe=28e) | 112 (B (5) ~ B(f,)]ds] 2} if o> p
VLB (s ifa<p
- B Pds+ BN [ 5(5) - p(s))as] | it p
o kB (f)? if o < p

", and X* X1 | are as follows.

(X7 —X71) ~a 75X B(fe)z.

J=T
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72 Phillips and Shi
(2) For 7y € C and 7 € Ny,

T20-P ai(n*mcz%mfef ifa>Band 1+ B <2a

oo op (T&HT) fa>Band1+pB>20a
Y X (X =X0) ~a 5271 .
=T op|\T fa<Bandl+a>2p

~rPeg e Lk B (f)° if < Band 1+ o< 2B
(3) For ) € Ny and 7 € Ny,

T20-p 2Tl LLB(f)  ifa>PBand1+p <2a

w

2 or ror ox 0p T5T Te—Te) foa>Band1+B > 20
L, X (X=X ~a o, (182771 ifoo < Band1+0>2p
J=1 p T

—r2Pag T kg (£, if o < Band 14+ a < 2B
we3
(4) For 1y € C and 1, € B,

T20-B 520 o) o, Lolep(f.)?  ifa>Pand1+p <2

o op (527~ > fa>Band1+p>20a
Z Xi (X;_X;‘il) ~a 2T.—T,)
= ' op T8 ™ fo<PBandl+o>2p
—p2B-a g2l fff B(£.)? ifa<PBandl+a<2B
(5) For 7y € Ny and v, € B,
720~ ﬁs (Te=Te) Lol (f,)? ifa>pand 1+ B < 2a
Z (% -% )~ —15; 7T 1B (1,)? foa>Band 1+ >2a
~ o —T5§<Tf‘Tf>%B(fe)2 ifo < Bandl+o>2p
—r2p-ag2lele) f;w L=hB(£)? ifa<Pandl+a<2p
(6) For 1y € Ny and 1 € C,
2
P ke T “% [FB(s)~B()ds|  ira>p
,1 ~a
= rop M g (f,)? ifa<p
Proof. (1) When 11 € Band 1, € Ny,
Z Xi1)
J=T
T—1 . (7
= YR (%K) L (%K)
J=T J=Tr
T—1 | 5 (7]
= X XL (O X 0 v =X ) + ) X (R v - X))
J=T J=Tr
]Tr71 . T . T—1 o
=16 Y X v+ Y X v (8 1) Y X2
J=T7 J=7 J=T
The first term
| T—1 o Tr+1 - o 7T)1 5
(&' =) Y X2 =—aT * Y, Xi~gT8 5B(fe)
J=T1 J=Te+2

The second term
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Therefore,
Z X '* )N T6 B(fe)z'
J=T7
(2) when 1) € C and 72 € Ny,
T B - 5
Y X (% - %)
J=1
Te 5 5 Tr 5 5 5
=) X% )+ Z P-Xl)+ Y XL (X -X)
J=T J=Tc+1 J=Te+1
= Z (X - )+ Z (8 X 8 - KT)
J=T1 J=Tc+1
+ Z X +vi—Xr)
J=Te+1
T T T T
nl Y X +s !t Y X+ Y X+ ZX*Z +(&'-1) Y X2
Jj=T j=1+1 j=1+1 Jj=7 j=T+1

The first term

& —rte)2gllep(ryx,  ifa>p
—1 * —1 T e) ey
¥ E Xi_vj+0r E X vi+ E X v { T, .
! Jj=T7 Y Jj=T+1 - j=1+1 T _T(l+ﬁ>/26TT TB(fe)X02 1fa<ﬁ
The second term,

2 1 Tr+1 .
Z K =n'-1) L X
J=7 J=Tc+1
TZ“*[‘S%(T”_T”)CZC%T’C?B(]‘E)Z ifo>pBand 1+ B < 2a
~aq 78 LB () ifa>pBand 1+ > 2a
78 1B (f,)> if o < B
The third term
2T.~T, .
. —TengT T)%B(fe)z if o> B
1) Z X*2 1_1).2 ijNa _T52TTC T“ 1B(f.) ifo<Band1+a >28
J=Te+1 j=To+1 _TzﬁfasT( e Te) f; Je (fe)2 ifa<fandl+o<2B
Therefore,
720-B 520 o) J;z LB(£,)? ifa>Bandl+p <2
o o, (T8H fa>pandl+p>2a
Y X (X X))~ 2T-T,) .
=1 o, (TOr ifoa<fBandl+o0>2f

—r2B-a g2l ik ff B(f.)? ifa<pPandl+a<2B

3 ~ ~ ~ - ~ Tr _ _ - (] - - -
= Y XL (K -XL)+ Y XL (K -X)+ Y XL (K -X)+ Y K (%X

i
J=T J=Te J=Tc+1 J=1+1

=Y X (X v X))+ Z S CRERRUED ¢

J=T J=Te

+ Y X (85X + 8 v - X))+ Z X +vi—X))
J=Te+1 j=t+1
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Te—1 Te T ()
Y Xt Y X wvi+sr Y Xt Y K
J=T J=Te J=Te+1 J=T+1
7
+(n'-1) Z X2+ (6 -1) Y X2
J="e j=Tet1
The first term
Te—1 5 | T B (7 .
ZX* lVJ+YT Z lV]"‘(S]T Z X;L]Vj‘F Z X;ffle
J=T J=Te J=Te+1 j=T+1
- /26T‘ TeB(fe) cl if >ﬁ
¢ /253 LB(f.)X.,, ifa<p
The second term
T,+1 .
D YR - (5 -1) L 8
J=Te J=Tc+1
T20-p 52T ) L= f‘B( £)? ifa>Band1+B <2a
~a§ 15 %B(fe) if o> pBand 1+ > 2a
T5§<T LIlp(f,)? if o> B
The third term
7;:. ~
)Y SA= ) Y
J=Te+1 J=Te+1
—15; 7T 1B (1,)? if o> B
~ad =TT (1) if oo < Band 1 +a>28
—T2ﬁ*a5§(Tf‘T<’)cl%B(fe)2 if e < Band 1 +a<2pB
wC3
Therefore,
720-B 520 ., Lokep(f,) ifa>Band1+p <2a
2 op T6T fa>Band 1+ >2a
Z Xj1 (Xj _Xj—l) ~a 82(T¢.7Tg) .
= op|T ifoa<fBand1+o0>2p8
—r2B-ag2lele) ff LB(£,)? ifa<pfandl+o<2pB
W 2

(4) When 1, € C and 1, € B,
(%) 5 5 5
Y % (% %)

J=T1
LE XD+ Y XL (X %)
J=1 J=Tc+1

|
Noh
il

5 o - ~
Z B0 GRS ARUES CRIESD M ¢ (o (RS ST )

J=1 J=Te+1
R 1 2 2 2
— ¢ * — * — v *
ZXHVJJFST Z v ZX -1 Y X2
J=1 J=Te+1 J=" J=Tc+1

The first term
T )/2 sTe—T. .
L . = —rte2gllep(f)x,  ifa> B
¥ X vi+é v { T, L
T j;l Jj—1%J T ];Jrl —1Vj~ *T /25T TB(f)X2 1fa<ﬁ
The second term

Tr+1

ZX*Z _ —1 Z XZ

J=T J=Te+1
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720-P 5%““‘7%2%3 (f.)* ifa>Band1+p <20
JwC€q

~ay T8 TLB(f,)? if > pBand 1+ > 2a
781 () if 0 < B
The third term
I ~
) ¥ gh-Gy ¥
j=Tet] J=T1+1
—15; " T 1B (1,)? if o> B
~, _TaﬁTf*Tf)%B(fe)z if o < Band1+a>2B
—r2B-agilele) L4 B(fe) ifor < Band1+a<2pB
Therefore,
T20-p§2ITe) ) LLep(f)” ifa>Band1+p <2
R op TST fa>pand 1+ B >2a
Y X (X —X7) ~a 2T—T,) .
= 0, (Té; ifoa<Bandl+o>2p8
—r2B-agilel) VELB(f,)? ifa<Bandl+a<2p
H/ 2
(5) When 71 € Ny and 7, € B
T B B B
Y X (X -X)
J=T
Te—1
= Z X (X v, = X))+ Z (X ity —Xi)
J=T J=T
S —1y -1 o
+ Z Xj*l (6T Xj*1+3T Vj_inl)
J=Tc+1
Te—1 Tc | Te—1 ) | o 5
JIRCRIIES ) IP SRR N Z v O =) Y X2 (8 1) Y £
j:Tl j:Te Jj= Te+1 j:Tl j:TL'+1
The first term
Te—1 Tc 7 _7(+a)/2 51T, 3
. L . . T STTB(£)X., ifa>p
X'71V'+VT1 )('—1"""5T1 Xjvi| ~ { 71, b
j;] Y j;e Y j:§+l A PRs T B(f) X, ifa<p

The second term

_ (T~T.) fo—f, 2.
L, T, 1}2*2 TN Th+1 e T20— ﬁg }%C{B(fe) ifa>p
(YT ) Z j—-1— (’}/T ) Z j ~a Tﬁ3 (T.—T.) H— frB if
== J=Tr+2 T (fe)? ifa<p
The third term
. —18 LB (1) ifa>p
(67 Z X2 =(5'-1) ¥ 2= _T5§<Tf—”>%3(fe)2 ifa<pBandl+a>28
Tt =T+ —p2p-ag2lele) ff LB(f,)* ifa<Bandl+a<2pB
Therefore,
T20- ﬁ6 (Te= Tf};‘ B(f.)? ifa>pand1+p <20
2ot ioe ox —15; 7T 1B (f,)? fo>pBand 1+ > 20
Y X (X =Xi1) ~a SATT) 1 g r )2 i a1 )
=, —Té; 2zB(fe) ifo<fandl+o>2f
—12Pa§ e L lip(£)° if o< Band 1+a < 2B
wCy

(6)When T € Nyand 1p € C,

2
Y X (X -X)

J=T
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Te—1 T
= Z X (X)X )+ Z X (X)-X7)
J=T J=Te
Te—1
—Z ]1+v] 11 +Z 17? ]1+YT vji— f—l)
J=1 J=Te
! 1 o
Y X ity Z i (-1 L X
J=T J=Te J=Te
The first term
_— o 1B -B(fH)+5 (- 1) o? fasp
Y X vt YKL vica g~ B(f) = 2B(f) + B[ B(s) ~ B(f,)]ds}
J=T J=Te (1+B) /2, 1= Tc ST.—T, i
T v 8B (f.) X, if < B
The second term
2] T+1 2B, (=) (H—f) 21 2
1 I B o2 T Pey [;*[B(s)—B(f)]ds| ifa>p
(vr' =1) ZX.F =l P 3 X~ 2(f )1 { } .
=3 J=Ti+1 T5 %) v ' 3B (f.)? ifa<p

Therefore,

' ' . T2- ﬁc (fr= flffz £)? [ffz[ (s)— B(fr)]ds}z if o>
J=T 1 T6 Te ﬁ( %B(fe) ifa<p

2.3.1. Test asymptotics  The fitted regression model for the recursive unit root tests is
X' = nagl’gz +ﬁ81.82Xt*—1 +Vr,

where the intercept fl,, ., and slope coefficient p,, o, are obtained using data over the subperiod [g1,g>].

Remark . Based on Lemma S.C1 and Lemma S.C3, we can obtain the limit distribution of ¥; I Yr " using

Z] TIX* ( }/T IX* )
Z] TIX*Z !

A —1
Pereo =V =
When 1| € B and 1) € Ny,

-1 —Cszﬁ ifa>p
N —aT™® ifa<p

when T) € Ny and 1) € C,
{21806t Pass N2 [ 1) ] |

Porer =V ~a {7080 Pas- B [2180) -8t 1as] )
—or 'Lk foa<p

ifo>p

for all other cases, we have

—T B¢, ifa>p
—TBe, ifoo<Band1+a>2p

N 1
Pgrex =V ~a
—TP1oc Lole if o< Band 1+ < 28

Remark . Based on Lemma S.C1 and Lemma S.C4, we can obtain the limit distribution of ¥; - r ! using

—1
Zl r]X* ( *75 X;‘LI)
*2 )
ZJ T1X

A -1
Pgi g — 5T -

When 11 € B and 75 € Ny,

. _ 1 fe— N
— &6~y =201 :
Pgi g2 —Or ™a T -1 7
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When 1) € C and 7 € Ny,
: N e 2
er{ 1721806)- B P LN i) as] )
T*OC ' Sw '

Peres =01 ~a (2186 -BU s~ 22 [ 12 18(5)-B()las]

fa>p
I U v ’
arP-ale Lok ifa<p
For all other cases
T P-1K ifoa>Band1+B <20
Pergr— 07 ~a{ T ifa>Band1+B>2a ;
ol ifa<p

where K is a constant which equals 2cic ];’_CJ;‘ when T) € N1 and T, € Ny and when T) € Ny and T, € B and equals
whl

2cicp %;é‘ when 11 € C and v € B and when t; € C and 1) € N.

Remark . Based on Lemma S.C1 and Lemma S.C5, we can obtain the limit distribution of Pg, ¢, — 1 using

T %
R )
Y X2

J=T

/381.82 —1=

When t| € B and 1) € Ny,
~ Cl
Psrer =1 ~a 7g-

when 11 € Ny and 1) € C,
U Ao 10 [ o (51 ))as]

T7ﬁ6‘2 f

ifa>p
1218)-BU Ps— 2 [ 12 1B(s)-BUfas]

TﬁBCQ ifo<p

pgl,gz —1-

when T) € Ny and Ty € B,
T B-loc ofr i > Band 1+ B < 2a

Jwea
N —cT™¢ fa>pBand1+p >2a
Pg1. “\ —7B¢, ifa<Band1+a>2B

—TB’“’IZQ% ifoa<PBandl+a<2p
for all other cases, we have

T B-120 Lol if > Band 14 < 20

s 0, (T™%) fa>Band 148 >2a
Pg1. “\ o0, (T7P) ifa<pPandl+a>2B
_Tﬁ—a—lzcl% ifao<Band1+o<2B

Based on the above three remarks, one can see that the quantity pg ¢, — V7 ! diverges to negative infinity and the
quantity pg ¢, — 07 ! diverges to positive infinity. In other words, the estimated value of fg, 4, is bounded by ¥; ' and
or ! Furthermore, the quantity ng, ¢ — 1 diverges to positive infinity when 7; € B and 7, € Ny and when 7; € N and
T, € C. For all other cases, the quantity pg, ,, — 1 diverges to positive infinity when bubble collapsing speed is much
faster than expansion rate (i.e. 1 + 8 < 2a) and to negative infinity otherwise.

To obtain the asymptotic distributions of the Dickey-Fuller t-statistic, we first obtain the equation standard error of
the regression over [T}, 73], which is

" . 1/2
68182 = {Twl Z (X;_ﬁgl.gzxj—l) } .

Jj=1
and its limit theory is as follows.
(]) When 71 € Band 7, € N,

~2
Gglagz
1 & 2
o ok A ok
=Ty Z (Xj _pgl,gzxj—l)
J=n
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- )
:Tv;l Z [S;IVJ_(ﬁg1,gz_5f X/ 1 + Z pg1gz 1>X;—1}2
Li=T1 j=t+1
- .
=1, (Perg0 — ZX*21+ (Pgrer — 2 Z X/*El {1+0,(1)}
L J=1 j=t+1
—1 i A —1)\2 s 2 2
=Ty (pgl,gz_ST ) Z X pgl &~ ZX {1+0P }
L j:Te+] J=T

Notice that the terms associated with X ’-‘El dominate terms associated with )N(j’-k_lv ;. Since

pgl @ — Z X2 Op T—Z(X) Op (TZ(XSY%(TZ_TE)) — O,7 (5%(7}—7}))
J=T
A —1)\2 nat &2 -2 1+a 2(h-Te) a—12(»-T)
(P ) ;]XjZOP(T )OP(T o7 >:Op<T or )7
J=Te+
We have
T,
A A 2 _ ~ _ -7,
Var (pgl,gz) = (o1 — 1) TW1j;1 ij ~a Op (T 16%@ T>) '
(2) When 7 € C and 12 € Ny,
6z§%l7g2
—1 2 7 A ok 2
=T, ) (Xj _pgl.gZXj—l)
J=1
S N px 12
=1, lZ [Yf Vj— (Pgl & ?’T X 1 + Z Pg1 & —Or ) ;—J
J=1 J=T
T B 2
+ Z [vj - (ﬁgl.gz - ])X;—l]
j=1+1
- A — =5 * —1)2 * & *
=1, [(Pgl,gz—yrl) Z X; 21+(Pg| 82 6T1) ZX 21+(Pg1 & )2 Z X; 21 {1+0,(1)}
j=T J=Te =Tt
1| /a4 e B e & ) o2
=1, (Pgl.gz - ) Z Xi+ (Pgl.gz ~ o) Z X+ (Pgl 2 1) Z Xj {1+0p(1)}
j=To2 JoTo 1 J=Ti+1
Since
2 Th+1 )
(pgl.gz r ) Z Xj
J=To42
0,(17)0, (T2“62(T"*Tf>) =0, (T2 2571 if > B and 1+ B <20
- 0,(T-2)0, (T2 1)) — 0, (T1-P 2T fa>pBand1+p >2a
0,(T-2$)0, (T'+&" 1)) =0, (T1-P &3~ T) if @ < Band 1+a>2p
0, (126-2V) 0, (T'+86]" 1)) =0, (13201577} if < Band 1+ < 2B
. Lo T
(Pgu,gz —-o:) Z Xj
J=T+1
0]7 (TZ(OC—ﬁ—l)> Op (T1+a67%(Tc*Te>) _ Op T3a—2ﬁ—157%(Tc*Te)) ifo > ﬁ and 1+ﬁ <2
0, (T72%) 0, (T'+esi ")) — o, (1157 fa>pBand1+p >20
) 0,(r72)0, (1'tes; ) — o, (T1-as T if a < B and 1 +a>2p
0, (172%) 0, (128"} = 0, (122057 )) if ¢ < Band1+0<2B
T,
R 2 5
(Pgl & 1) Z 12
Jj=T+1
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0, (TZ(afﬁfl) 0, (TZO!S]%(TC_TE)) =0, <T4a72ﬁ7267%(Tc—Te))

_ 2(T.—T, 2Te—Te

B 0p (T Za) OP T2a5T( ) =0, 6T( )
o - 2Te—Te 2Te—Te
op (T zﬁ) 0, 728 5T< >) =0, 5T( )

0, (T2(ﬁ—a—1)) 0, (T2ﬁ5%(Tc—Te)> ~0, (T4B—2O£—26]%(Z:‘Te)>

79
ifo>pand 14+ <20
fo>Band 1+ >2a
ifo<Band1+0o>2p3
ifa<Band l+a<2f

we have
R N2 o
T (Poron— V") Z/T.Z:Jrz 7 ifa>Band 1+ <2a
1/a N2 eDhHl o
JER 7! (Pergn _yTl)zzjzzJiHij fa>pand 1+ > 20
s182 0! (Pere— 67 ") Lih X7 ifa<Bandl+a>28
7" (Per o — 5*1)221331“)(2 if o < fand 1+ <2
0, (120281520~ T”) if o> B and 1+ <20
0, (1-P5 ") fo>pand1+B > 20
“1 o, (e if o < Bandl+a>2B
0, Tzﬁ—w—la%(“‘m) if o < Band 1+a<2B
(3) When 7; € Ny and 1, € N,
A2
0-81732
—1 2 5 N 5 2
=Ty Z (Xj 7p81,g2Xj—1)
J=1
| Te—1 T.—1 )
:Tv; Z [V.if(pglAngl)X ] + Z [YT Vi— (pgl‘gz YT ) j— 1}
J=7 J=Te

*

+Z[ -8 )X,

— (Pgy. £

}+Z[

(Pg1. £ I)X;ﬁ]z

J=T j=7+1
1 oo 2 125 o
=7, [ (o100 — ) ZX*H' Z X2+ (Poga— ) ij*—l
J=T =+l J=Te
T N2
+ Z (pgl.é{z*ST_ ) J* 1 {1+01)(1)}
J=Tc
1 & < o2 1\2 gany o2
=1, (pgl.gz Z X; Z Xj pgnaz }/T) Z X;
j=T,+2 j=T+1 J=Te+2
T+1 e
+ Z (ﬁ81.82_57T) Xj {1+0P(1)}
j:Te+1
Since
2 Tr+1 . Te
(pgl.gz_]) Z Xj+ Z
j=T42 j=Ti+1
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can be calculated as follows. Notice that the sign of the DF statistic is determined by the quantity p,, ,, — 1. When
T € Band 175 € Ny,

1/2

Z . X*Z .

DFJ;H: = ( = 612 (pé’l,gz*l)
=0, (Tl’“/z) — o0

when 7; € Ny and 1 € C,

62
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DFéfhgz = ( = (pgl‘gz - 1)
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Dthl o (j? (pgl,gz - 1)

( )= +eo ifa>fand1+f <2«

TU-4B)/2) ifa > Band 1 +B > 20
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2.3.2. The Consistency of f. and f, Given that go = g and g; € [0,g — go], the asymptotic distributions of the
backward sup DF statistic under the alternative hypothesis are:

Fy (W, g0) if g €N

Op (Tl/z) — oo if a > ﬁ )
f
{OP(TI_MZ)%MX) if o < B ifgeC
/2 i .
BSDF (20) ~a OpET )j+ if o> fand 1+ <20 ;
Op T(-+B)/2) 5 0o ifor>Band 1+ >2a
ifgeB

0, (TU-F+2/2) & — ifa<Band 1 +a>2p
OP(T3/2)HHX> ifa<fand 1 +o <28

This proves Theorem 3.4.
The origination and termination of the bubble implosion are calculated as

fr=1—g., where g, = i[nf {g : BSDF (go) > scv* (ﬁT)}
g€

fo=1—4., where g. = E1[nf {s: BSDFy (g0) < scv “(Br)}-
8 887

We know that when 7 — 0, sev* (Br) —
It is obvious that if g € Ny,

Tli_r}rzoPr {BSDF; (80) > scv* (Br)} = Pr{F, (W,g9) =} =0.
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IfgedC,

lim Pr{BSDF; (g0) > scv" (r)} = 1
provided that

{ P 0 ifa>p
o) 0 ifa<p

If g €B,

lim Pr{BSDF; (g0) < scv* (Br)} =1
provided that

%&;)_)0 if o> pBand1+p <20

%%o ifa>pand1+p>2a

%&—;){2—)0 if < Band1+a>2pB

B/2 .
gy 0 ifa<Bandl+a<2B

It follows that for any n,y > 0,
Pr{g.>g.+n} —0and Pr{g. <g.—7v} =0,
since Pr{BSDFg*EJran (g0) > scv© (ﬁr)} — 1 for all 0 < ap <1 and Pr {BSDFg*ruy (go) > scv© (ﬁT)} — 1 for all

0 <ay < y.Since ),y > 0 is arbitrary, Pr{g, < g.} — 0 and Pr{g. > g} — 0, we deduce that Pr{|g. —g.| >n} — 0
and Pr{|g. —gc| >y} — 0 as T — oo, provided that

L+ 0 ifa>Band1+B <20
L+ 0 ifa>Band1+B > 2a

Tilc;f(;))/z + S;Ti(fﬁ) =0 ifa<PBandl+a>28
%Jrs;‘{i(fﬁ) —~0 ifa<Bandl+a<2B

Therefore, f, = 1 — g, and f, = 1 — 3, are consistent estimators of f, and f,. This proves Theorem 3.5.

3. SIMULATIONS: THE BSDF* TEST FOR CRISIS ORIGINATION AND MARKET RECOVERY DATES

For further investigation, we extend the parameter specification in the case of disturbing collapses by varying  from
0.3 to 0.7 and dcr from 5% of the total sample to 15%. Consistent with expectations, the BSDF* strategy provides
higher crisis detection rates when bubbles collapse faster (Table 1). For instance, with a collapse duration of |0.05T |,
the detection rate increases from 80% to 98% when the value of 8 declines from 0.7 to 0.3 (corresponding to the faster
collapse in the mildly integrated process over this period). Moreover, the crisis termination date is more accurately
estimated when there is shorter collapse duration. For example, assuming 3 = 0.3, the estimated recovery date is one
observation earlier than the true recovery date when der = |0.057 |. However, it increases to seven observations when
the duration increases to 15% of the total sample. The bias direction in these estimates is consistent with the reverse
regression scenario underlying the BSDF* detection strategy.

4. SENSITIVITY ANALYSES
4.1. Heteroskedasticity

Conditional heteroskedasticity is a widely recognized feature of financial data and there is increasing evidence of
non-stationary volatility including volatility shifts in many financial time series. Harvey et al. (2013) demonstrate by
simulations that in the presence of non-stationary volatility, the size of the PWY procedure is substantially above the
nominal level, indicating serious size distortion, arising from the assumption of iid errors in the DF regression when
error heterogeneity is present. A wild bootstrap procedure is shown to be asymptotically valid in this case and is able
to effectively control finite sample size under non-stationary volatility.

To evaluate the potential impact of conditional heteroskedasticity or nonstationary volatility on our test outcomes
for the Nasdaq stock market, we simulate the 95% finite sample critical value using a wild bootstrapping procedure.
A brief outline of the wild bootstrapping procedure for the PSY test is as follows. (i) Estimate the DF model under the
null hypothesis using the whole sample period

k
Ay = o+ Z Vily—i + e,
i=1
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Table 1: Crisis detection rate and collapse and recovery date estimation (for different collapse rates and collapse dura-
tions). Parameters are set to: Xo = 100,06 =6.79,c=c; =c; = 1,1 =1, = 0.6,dpr = |0.20T |, f, = 0.4,T = 100.
Figures in parentheses are standard deviations.

der = |0.05T | der = |0.10T | der = |0.15T |

=03

Crisis Detection Rate 0.98 0.99 0.98

Pe—re -0.03 (0.01) -0.04 (0.01) -0.04 (0.02)
Pr—r -0.01 (0.02) -0.03 (0.02) -0.07 (0.03)
B=0.5

Crisis Detection Rate 0.95 0.97 0.98

Pe—re -0.02 (0.03) -0.03 (0.01) -0.03 (0.01)
Pr—r, -0.02 (0.04) -0.03 (0.03) -0.04 (0.03)
B=0.7

Crisis Detection Rate 0.80 0.94 0.96

Pe—re -0.01 (0.04) -0.02 (0.04) -0.02 (0.03)
Pr—r, -0.03 (0.04) -0.04 (0.05) -0.06 (0.05)

Note: Calculations are based on 2,000 replications. The minimum window has 19 observations.

where t = k+2,...,T. Denote the OLS parameter estimates by {fy and {; and the estimation residuals by e;. (ii)
Generate bootstrap residuals e” according to the device ¢/ = &w, and &, := e;, where t = k+2,...,T, {w,},tlkf1
denotes an independent N (0,1) scalar sequence, and j is a random integer generated from a uniform distribution
running between k+ 2 and 7. (iii) Use initializations Ayf =Ay; fort =2,....,k+ 1 and let Ayf be obtained from the
recursion

k

AY? =i+ Z Uiy el fort =k+2,...T.

i=1

The bootstrap sample y? is then calculated by partial summation using

1
W=yn+Y Al fort=12,..T.
j=1
(iv) Calculate the BSDF; and BSDF;* statistic sequences using the bootstrapped data series. (v) Repeat steps (i)-(iv)
2,000 times. The 95% bootstrapped critical value sequences are calculated as the 95% percentiles of the corresponding
test statistic sequences.

Figure 1 plots the BSDF; and BSDF* statistic sequences of the Nasdaq price-dividend ratio against their corre-
sponding 95% wild bootstrapped critical value sequences in panels (a) and (b) respectively. We compare panel (a)
with Figure 4b for bubble identification and panel (b) to Figure 5 for crisis detection. It is evident from the graphs that
the two sets of results are almost identical. There is a maximum of a single observation difference in the estimated
starting or ending dates of the bubble episodes. For example, for the Dot Com bubble period, the estimated starting
(ending) date is January 1997 (November 2000), compared with December 1996 (December 2000) with critical values
obtained from Monte Carlo wild bootstrap simulations. For crisis episodes, there is one observation difference in the
estimated Dot Com bubble-led crisis period and no difference in the dates for the 2004 market correction. The market
recovery date of the 1973 episode estimated by using the wild bootstrapped critical values is four months later than
that from the finite sample Monte Carlo simulation.

4.2. Lag order selection

Next, we conduct a sensitivity analysis with respect to lag order selection methods. As an alternative, we consider
BIC with a maximum lag order of four for each subsample regression. Figure 2 provides a very similar story for both
bubble and crisis episodes in the market. In particular, the procedure using BIC identifies the same crisis episodes
(Figure 3b)- 1973 stock market crash and the Dot Com bubble collapse in the early 2000s, although the estimated
durations of these two episodes tend to be longer than those obtained from the fixed lag order method. For bubble
identification, in addition to the 1983, 1986-87 and the Dot Com bubble episodes observed in Figure 4b, two new
episodes emerge — 1978M02-M10 and 2008M10-2009M04. The episode in 1978 is associated with mild upturn in the
price-dividend ratio, whereas the 2008 episode is linked to a dramatic downturn in the price-dividend ratio series. The
second episode is a falsely identified shift period given that the procedure is designed for dating upward explosive
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Figure 1: The identified bubble and crisis episodes based on the price-dividend ratio using the PSY procedure with lag
order of one and minimum window size of 44 observations. The finite sample critical value sequences are obtained
from the wild bootstrap procedure with 2,000 replications.
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processes. For the three common bubble periods, the procedure based on BIC lag selection criteria tends to find earlier
origination dates. For instance, the explosive dynamic in the series becomes evident in November 1995 using BIC
selection, whereas the first signal of explosiveness becomes significant in December 1996 using a fixed lag order of
one. These results suggest that the procedure based on BIC selection tends to provide a timelier signal for the existence
of speculative bubble behavior but this potential advantage comes at the cost of greater false positive discovery. The
PSY procedure based on the use of a fixed lag order of unity gives more conservative findings.

4.3. Data choice

Finally, we apply the PSY procedure for both bubble and crisis dating to the log real Nasdaq price index as in PWY
(2011). The lag order is set to one and the 95% critical value sequences are obtained by Monte Carlo simulation. We
compare results with those obtained from the price-dividend ratio. As in Figure 4b, the procedure based on the log
price series finds explosive dynamics in 1983 and the second half of the 1990s. We observe some minor differences
in the estimated origination and termination dates of these two episodes from using the price-dividend ratio and the
log price series. From the latter, the identified period of explosiveness in 1983 is shorter (1983M04-M06) and the Dot
Com bubble is found to start as early as July 1995. While these results for the log price series show that the bubble
signal emerges in July 1995, the signal is intermittent and does not become a stable bubble signal until November
1998. The major difference in the bubble identification results is that the PSY procedure based on the log price series
finds a new explosive episode towards the end of 1980 (1980M10-M12) and does not detect any explosive dynamic
around 1986/1987.

For crisis dating the log price series provides a different story. The major crisis identified based on the price-dividend
ratio series is the Dot Com bubble collapse. Using the log price series we observe two (discontinuing) significant
observations after 2000 (February 2000 and August 2000). This signal does not become persistent until the period
July 2002 to September 2002 after which it returns in the period 2003M01-MO04. No explosive dynamic is detected
in the reversed log price series during 1973 but weak crisis signals are observed in 1974M08-M12, 1975M09, and
1975M11. Evidence of crisis episodes are also indicated in 1990-91, 1994-95, and 2009. The first and last episodes
are likely to be related to the early 1990s recession and the 2008 subprime mortgage crisis. It is interesting to note
that the procedure based on the log price series is more likely to detect non-bubble-led crises. This is not surprising
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Figure 2: The identified bubble and crisis episodes based on the price-dividend ratio using the PSY procedure with BIC
(maximum lag order 4) and minimum window size of 44 observations. The finite sample critical value sequences are
obtained from Monte Carlo simulation with 2,000 replications.
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as by conducting the test on the log price series alone there is no control for (or implied connection with) the market
fundamentals.

In sum, applying the PSY and reverse PSY tests to the log real Nasdaq price index, instead of the price-dividend
ratio tends to provide an earlier but noisier signal of bubble existence. The approach can also lead to the identification
of different bubble and crisis episodes, including crises that are not pre-dated by bubble behavior.

4.4. The PWY procedure

We apply the PWY and the PSY procedures to the Nasdaq price-dividend ratio. The right panel of Figure 4 plots the
BSDF statistic sequence against its 95% corresponding critical value sequence. The left panel reports the bubble dating
procedure of PWY on the same data series for comparison. The finite sample critical value sequences are obtained by
Monte Carlo simulation with 2,000 replications.

Notice that in PWY (2011), the testing procedure is applied to the logarithmic real Nasdaq stock price index with
a minimum window size of 38 observations and lag order selected by sequential significance testing as in Campbell
and Perron (1991). PSY (2015a) show that sequential significance testing for lag order selection can lead to significant
size distortion in both the PWY and PSY bubble identification procedures and they recommend using a fixed small lag
order. In addition, the rule 0.01 + 1.8/ /T is recommended for setting the minimum window size fraction to maintain
satisfactory sizes when the sample size T is large. Therefore, we set the smallest window size according to this rule
giving 44 observations and consider a lag order of one for the ADF regression.

Similar results are observed from these two testing procedures. There is speculative bubble behavior in the stock
market in 1986-1987 and 1996-2000, which led successively to the Black Monday crash in October 1987 and the
Dot Com bubble crash in early 2000. The origination and termination dates identified by these two procedures for the
1986-1987 episode are almost identical, namely 1986M04-M09 and 1987M02-M10/11. The identified bubble period
for the Dot Com episode using PSY is 1996M12-2000M12 (with some small breaks in between). In comparison,
the PWY algorithm identifies the starting of the Dot Com episode eight months earlier (i.e. 1996M04) but sets the
termination date three months later. The PSY procedure detects an additional bubble period in 1983 (1983M06-M07
and 1983M9-M10) which the PWY algorithm does not.
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Figure 3: The identified bubble and crisis episodes based on the log real Nasdaq stock price index using the PSY pro-
cedure with lag order of one and minimum window size of 44 observations. The finite sample critical value sequences
are obtained from Monte Carlo simulation with 2,000 replications.
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4.5. Real-time Monitoring of Market Crisis and Recovery

We conduct a pseudo-real-time monitoring exercise to assess market collapse and recovery for the Dot Com bubble
episode. Specifically, we start implementing the reverse procedure repeatedly for each observation backwards from
March 2000 (the peak of the episode). We apply the reverse dating technique first for the window running from
January 1973 to March 2000 to see whether any market correction has occurred. If affirmative, we calculate the
date of market recovery and record March 2000 as the date for this correction. Otherwise, we expand the sample by
one observation forward and apply the same reverse regression technique to the new sample period until a market
correction is corrected. We stop the pseudo-real-time investigation upon detection of a market correction. Obviously,
this procedure can be implemented in real time as new observations arise. It may be regarded as a form of econometric
technical analysis for financial markets.

By construction, the delay in detecting the market recovery date is bounded by the minimum window size as shown
in the simulation section. We set the minimum window size here to be 6 months and the lag length is again fixed at
one. Using this technique, we identify an episode of market correction after the peak of the Dot Com bubble episode
in October 2000. The identified market recovery date by this method is two months earlier than the date of December
2000 that is obtained from the ex post identification strategy. From the perspective of real-time monitoring, there is a
delay in this detection (DD in earlier notation), which means that the recovery is not affirmed in the data until March
2001 (or DD + fr as a sample fraction) when a 6-month minimum window size is used.
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Figure 4: The identified bubble episodes using the PWY and PSY procedures with lag order of one and minimum
window size of 44 observations. The finite sample critical value sequences are obtained by Monte Carlo simulation
with 2,000 replications.
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