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Appendix I. Results under the LTU Framework

Becheri and van den Akker (2015) and Westerlund (2015) derived the local asymptotic
power of the pooled panel unit root tests where the common factors are extracted using the
PANIC method. In doing so, the �rst-order autoregressive (AR) coe¢ cients are assumed to
shrink to one at a fast rate of T�1, i.e. the local to unity (LTU) time series rate.1 Here, we
present the local asymptotic power of the common and the idiosyncratic tests of the PANIC
and the CS tests by using the LTU framework:

Assumption A. The AR coe¢ cients satisfy �T = 1 + c=T and �i;T = 1 + ci=T , where
both c and ci are the �xed constants.

The localizing coe¢ cients c and ci can be either positive or negative, where c > 0 and
ci > 0 relate to explosive processes and c < 0 and ci < 0 pertain to stationary processes.
Therefore, the local asymptotic results are valid against either the explosive alternative
hypothesis or the stationary alternative hypothesis. The following theorem is obtained.

Theorem SA-1. Suppose Assumptions 1�4 and A hold. Let Wc(r) and Wc;i(r) be inde-
pendent Ornstein and Uhlenbeck processes de�ned on r 2 [0; 1]; �Wc(r) =Wc(r)�

R
Wc(r)dr;

and �Wc;i(r) =Wc;i(r)�
R
Wc;i(r)dr. The following hold as N; T !1.

(i-a: The case of no deterministic components, common tests)

tF̂ ) c
hR 1
0
Wc(r)

2dr
i1=2

+

R 1
0
Wc(r)dW (r)hR 1
0
Wc(r)2dr

i1=2 :
(i-b: The case of no deterministic components, idiosyncratic tests)

tÛ(i)) ci

hR 1
0
Wc;i(r)

2dr
i1=2

+

R 1
0
Wc;i(r)dWi(r)hR 1
0
Wc;i(r)2dr

i1=2 :
(ii-a: The case of the intercept, common tests)

�tF̂ ) c
hR 1
0
�Wc(r)

2dr
i1=2

+

R 1
0
�Wc(r)dW (r)hR 1

0
�Wc(r)2dr

i1=2 :
1The rate also depends on N because they consider the pooled tests.
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(ii-b: The case of the intercept, idiosyncratic tests)

�tÛ(i)) ci

hR 1
0
�Wc;i(r)

2dr
i1=2

+

R 1
0
�Wc;i(r)dWi(r)hR 1

0
�Wc;i(r)2dr

i1=2 :
For brevity, we present the proof of Theorem SA-1 under the i.i.d. assumptions C(L) = 1

and Di(L) = 1 in Appendix II. We can obtain the proof of the tests based on the regression
augmented by p lags under p!1 and p3=min fN; Tg ! 0 by closely following Appendix C
of Bai and Ng (2004); hence, it is condensed. This con�rms that the factor estimation errors
are immaterial in the limit distributions in a locally explosive environment. Note that the
independent Ornstein and Uhlenbeck processes reduce to the independent Wiener processes
when c = 0 in cases (i-a) and (ii-a) and when ci = 0 in cases (i-b) and (ii-b); hence, the
results encompass the asymptotic null distributions.
This shows that the size of the common (idiosyncratic) test is robust to the LTU devia-

tions in the idiosyncratic (common and other idiosyncratic) components. As for the power,
it ensures that the common (idiosyncratic) test has the standard local power even though
the idiosyncratic (common and other idiosyncratic) components have the LTU deviations.
Hence, this theorem theoretically con�rms Bai and Ng�s (2004) Monte Carlo �ndings in
both the left- and right-tailed tests and implies that the PANIC method can disentangle the
common and idiosyncratic explosive components.

We next consider the CS tests. Note that the time dimension of the testing sample is
now h instead of T ; hence, we now denote �h = 1 + c

h
and �i;h = 1 +

ci
h
in Assumption SA.

We present Theorem SA-2 under the LTU framework. For brevity, again, we provide a proof
under the i.i.d. assumptions C(L) = 1 and Di(L) = 1 in Appendix V.

Theorem SA-2. Suppose Assumptions 1�4 and A hold. The following hold as N; T; h!
1.
(i-a: The case of no deterministic components, common tests)

t�eF ) c
hR 1
0
Wc(r)

2dr
i1=2

+

R 1
0
Wc(r)dW (r)hR 1
0
Wc(r)2dr

i1=2 .
(i-b: The case of no deterministic components, idiosyncratic tests)

t�eU(i)) ci

hR 1
0
Wc;i(r)

2dr
i1=2

+

R 1
0
Wc;i(r)dWi(r)hR 1
0
Wc;i(r)2dr

i1=2 :
(ii-a: The case of the intercept, common tests)

�t�eF ) c
hR 1
0
�Wc(r)

2dr
i1=2

+

R 1
0
�Wc(r)dW (r)hR 1

0
�Wc(r)2dr

i1=2 .
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(ii-b: The case of the intercept, idiosyncratic tests)

�t�eU(i)) ci

hR 1
0
�Wc;i(r)

2dr
i1=2

+

R 1
0
�Wc;i(r)dWi(r)hR 1

0
�Wc;i(r)2dr

i1=2 :
Similar to Theorem SA-1, this theorem shows that the common test asymptotically

achieves the correct size and is consistent under the LTU framework. The idiosyncratic
test also asymptotically attains the correct size and is consistent under the LTU framework.
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Appendix II. Proof of Theorem SA-1 and Theorem 1

Throughout Appendix II, we use the notation � = min
np
N;
p
T
o
andH = V �1(f̂ 0f=T )(�0�=N),

where V is the largest eigenvalue of xx0=(NT ). We also let F ct�1 = Ft�1 � �F , where
�F = T�1

PT
t=1 Ft�1 and F̂

c
t�1 = F̂t�1 � F̂ , where F̂ = T�1

PT
t=1 F̂t�1. Let also f ct =

ft � �f , where �f = T�1
PT

t=1 ft and f̂
c
t = f̂t � f̂ , where f̂ = T�1

PT
t=1 f̂t. In addition,

we let U ci;t�1 = Ui;t�1 � �Ui where �Ui = T�1
PT

t=1 Ui;t�1 and Û
c
i;t�1 = Ûi;t�1 � Ûi, where

Ûi = T
�1PT

t=1 Ûi;t�1. Let also u
c
i;t = ui;t � �ui, where �ui = T�1

PT
t=1 ui;t and û

c
i;t = ûi;t � ûi,

where ûi = T�1
PT

t=1 ûi;t. As we explained in the main text, the proofs are presented under
r = 1, C(L) = 1, and Di(L) = 1 for all i.

Lemma A1. Under Assumptions 1, 3, 4, and A, the following hold.
(a) T�1=2F[Tr] ) �Wc(r),
(b) T�3=2

PT
t=1 Ft ) �

R
Wc(r)dr;

(c) T�1
PT

t=1 Ft�1et ) �2
R
Wc(r)dW (r),

(d) T�2
PT

t=1 F
2
t ) �2

R
Wc(r)

2dr;

(e) T�1=2Ui;[Tr] ) �iWc;i(r),
(f) T�3=2

PT
t=1 Ui;t ) �i

R
Wc;i(r)dr;

(g) T�1
PT

t=1 Ui;t�1zi;t ) �2i
R
Wc;i(r)dW (r),

(h) T�2
PT

t=1 U
2
i;t ) �2i

R
Wc;i(r)

2dr,
(i) T�1

PT
t=1 F

c
t�1et ) �2

R
�Wc(r)dW (r),

(j) T�2
PT

t=1 F
c2
t�1 ) �2

R
�Wc(r)

2dr;

(k) T�1
PT

t=1 U
c
i;t�1zi;t ) �2i

R
�Wc;i(r)dW (r),

(l) T�2
PT

t=1 U
c
i;t�1 ) �2i

R
�Wc;i(r)

2dr,
where Wc(r) and Wc;i(r) are independent Ornstein and Uhlenbeck processes de�ned on

r 2 [0; 1] and �Wc(r) � Wc(r)�
R
Wc(r)dr; �Wc;i(r) � Wc;i(r)�

R
Wc;i(r)dr.

Proof of Lemma A1. See Phillips (1987) for parts (a)�(h). For parts (i)�(l), the results
are directly obtained from them.�

Lemma A2. Under Assumptions 1, 3, 4, and A, the following hold.
(a) T�1

PT
t=1 f

2
t

p! �f , a positive constant,
(b) E(ui;t) = 0 and E jui;tj8 = O(1);
(c)
��
�s;s�� = O(1) for all s and T�1PT

s=1

PT
t=1

��
�s;t�� = O(1), where 
�st = N�1PN
i=1 E(ui;sui;t),

(d)
PN

i=1

����i;j�� = O(1) for all j and N�1PN
i=1

PN
j=1

����i;j�� = O(1), where ��i;j = E(ui;tuj;t),
(e) ��s;t = O(1), where �

�
s;t = E

���N�1=2PN
i=1[ui;sui;t � E(ui;sui;t)]

���4.
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Proof of Lemma A2. (a) We start with

ft =
c

T
Ft�1 + et:

Squaring both sides, summing over t, and multiplying both sides by T�1 yields

1

T

PT
t=1 f

2
t =

c2

T 3
PT

t=1 F
2
t�1 + 2

c

T 2
PT

t=1 Ft�1et +
1

T

PT
t=1 e

2
t ;

= I + II + T�1
PT

t=1 e
2
t

p! �2;

because I = Op(T�1) by using Lemma A1 (d) and II = op(T�1) by using Lemma A1 (c).
The convergence of the third term is implied by the weak law of large numbers in Assumption
1. Hence, the result follows.

(b) It is straightforward that

E(ui;t) = E(Ui;t)� E(Ui;t�1) = 0;

from Assumption 3 (a). Next,

E jui;tj8 = E
��� c
T
Ui;t�1 + zi;t

���8 ;
� 28 �max

�
c8i
T 8
E jUi;t�1j8 ;E jzi;tj8

�
;

but
E jUi;t�1j8 � T 8�8Ti;TE jzi;tj

8 ;

so that
c8i
T 8
E jUi;t�1j8 � c8i �8Ti;TE jzi;tj

8 ;

where �8Ti;T = (1 + ci
T
)8T ! exp(8ci) and E jzi;tj8 � M from Assumption 3 (a). Hence, the

result follows.
(c) Without loss of generality, let s � t. Consider

E(ui;sui;t) = E
h�ci
T
Ui;s�1 + zi;s

��ci
T
Ui;t�1 + zi;t

�i
;

=
c2i
T 2
E(Ui;s�1Ui;t�1) +

ci
T
E (Ui;s�1zi;t) +

ci
T
E (Ui;t�1zi;s) + E(zi;szi;t);

= I + II + III + IV:

However,

I � c2i
T
E(T�1U2i;s�1) = O(T�1);
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by using Lemma A1 (e). For II,

II =
ci
T
E (Ui;s�1zi;t) =

ci
T
E[(Ui;s�1 � Ui;t)zi;t + ui;tzi;t + Ui;t�1zi;t];

=
ci
T
E[(Ui;s�1 � Ui;t)zi;t] +

ci
T
E(ui;tzi;t) +

ci
T
E(Ui;t�1zi;t);

= IIa+ IIb+ IIc:

However, since Ui;s�1 = zi;s�1 + �i;T zi;s�2 + � � �+ �s�t�1i;T Ui;t;

IIa =
ci
T
E[
�
zi;s�1 + �i;T zi;s�2 + �

2
i;T zi;s�3 + � � �+ (�s�t�1i;T � 1)Ui;t

	
zi;t];

=
ci
T
E[
�
zi;s�1 + �i;T zi;s�2 + �

2
i;T zi;s�3 + � � �+ (�s�t�1i;T � 1)zi;t + �i;T (�s�t�1i;T � 1)Ui;t�1

	
zi;t];

=
ci
T
(�s�t�1i;T � 1)E(z2i;t) = O(T�1);

from Assumption 3 (a),

IIb =
ci
T
E[(zi;t +

ci
T
zi;t�1 +

ci
T
�i;T zi;t�2 + � � �+

ci
T
�ti;TUi;0)zi;t];

=
ci
T
E(z2i;t) = O(T�1);

from Assumption 3 (a), and

IIc =
ci
T 1=2

E(T�1=2Ui;t�1)| {z }
=O(1) by Lemma A1 (e)

E(zi;t) = 0;

so that II = O(T�1). For III,

III =
ci
T
E (Ui;t�1zi;s) =

ci
T
E (Ui;t�1)E(zi;s) = 0;

since Ui;t�1 and zi;s are independent as long as s � t. Therefore,

E(ui;sui;t) = O(T�1) +O(T�1) +O(T�1) + 0 + E(zi;szi;t);

=

8<: �2i +O(T
�1) if s = t

O(T�1) if s 6= t
:

We now consider


�s;t = E
h
N�1PN

i=1 ui;sui;t

i
;

=

8<: N�1PN
i=1 �

2
i +O(T

�1) if s = t

O(T�1) if s 6= t
:
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We also have PT
s=1

��
�s;t�� = N�1PN
i=1 �

2
i +O(1);

so that
T�1

PT
s=1

PT
t=1

��
�s;t�� = N�1PN
i=1 �

2
i +O(1) = O(1):

(d) Consider

��i;j = E(ui;tuj;t) = E
h�ci
T
Ui;t�1 + zi;t

��cj
T
Uj;t�1 + zj;t

�i
;

=
cicj
T 2
E(Ui;t�1Uj;t�1) +

ci
T
E(Ui;t�1zj;t) +

cj
T
E(Uj;t�1zi;t) + E(zi;tzj;t);

= I + II + III + IV:

For I,
I =

cicj
T 2
E(Ui;t�1Uj;t�1) =

cicj
T 2
�i;j

hPt�1
l=0(1 +

ci
T
)l(1 +

cj
T
)l
i
;

and, assuming ci � cj without loss of generality, we obtainhPt�1
l=0(1 +

ci
T
)2l
i
� T (1 + ci

T
)2T = O(T );

so that I = �i;j �O(T�1). For II,

II =
ci
T 1=2

E(T�1=2Ui;t�1)E(zj;t) = 0;

from Assumption 3 (a), and similarly, III = 0. IV = �i;j by de�nition. Therefore,

��i;j = �i;j[1 +O(T
�1)];

so that PN
i=1

����i;j�� = [1 +O(T�1)]PN
i=1

���i;j�� = O(1);
from Assumption 3 (b) and

N�1PN
i=1

PN
j=1

����i;j�� = [1 +O(T�1)]N�1PN
i=1

PN
j=1

���i;j�� = O(1);
from Assumption 3 (b) as well. Hence, the result follows.
(e) Since

ui;sui;t =
c2

T 2
Ui;s�1Ui;t�1 +

c

T
Ui;s�1zi;t +

c

T
Ui;t�1zi;s + zi;szi;t;
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��s;t = E
���N�1=2PN

i=1 [ui;sui;t � E(ui;sui;t)]
���4 ;

= E
���� c2

T 2N1=2

PN
i=1 [Ui;s�1Ui;t�1 � E(Ui;s�1Ui;t�1)]

+
c

TN1=2

PN
i=1 [Ui;s�1zi;t � E(Ui;s�1zi;t)]

+
c

TN1=2

PN
i=1 [Ui;t�1zi;s � E(Ui;t�1zi;s)]

+
1

N1=2

PN
i=1 [zi;szi;t � E(zi;szi;t)]

����4 ;
= E j�1 + �2 + �3 + �4j4 ;
� 44 �max

�
E j�1j4 ;E j�2j4 ;E j�3j4 ; �s;t

	
:

Consider E j�1j4. Since Ui;s�1 =
Ps�1

l=0 �
s�1�l
i;T zi;l and Ui;t�1 =

Pt�1
m=0 �

t�1�m
i;T zi;m,

E j�1j4 =
c8i
T 8
E
���N�1=2PN

i=1 [Ui;s�1Ui;t�1 � E(Ui;s�1Ui;t�1)]
���4 ;

=
c8i
T 8
E
���N�1=2PN

i=1

�Ps�1
l=0 �

s�1�l
i;T

Pt�1
m=0 �

t�1�m
i;T zi;lzi;m

�
Ps�1

l=1 �
s�1�l
i;T

Pt�1
m=0 �

t�1�m
i;T E(zi;lzi;m)

���4 ;
=

c8i
T 8
E
���N�1=2PN

i=1

Ps�1
l=0 �

s�1�l
i;T

Pt�1
m=0 �

t�1�m
i;T (zi;lzi;m � E(zi;lzi;m))

���4 ;
� c8i

T 8
E
���Ps�1

l=0 �
s�1�l
i;T

Pt�1
m=0 �

t�1�m
i;T

���N�1=2PN
i=1(zi;lzi;m � E(zi;lzi;m))

������4 ;
� c8i

T 8
T 8�8Ti;TE

���N�1=2PN
i=1(zi;lzi;m � E(zi;lzi;m))

���4 ;
= c8i �

8T
i;TM = O(1);

from Assumption 3 (c). Next,

E j�2j4 =
c4i
T 4
E
���N�1=2PN

i=1 [Ui;s�1zi;t � E(Ui;s�1zi;t)]
���4 ;

=
c4i
T 4
E
���N�1=2PN

i=1

�Ps�1
l=0 �

s�1�l
i;T zi;lzi;t �

Ps�1
l=0 �

s�1�l
i;T E(zi;lzi;t)

����4 ;
=

c4i
T 4
E
���Ps�1

l=0 �
s�1�l
i;T N�1=2PN

i=1 [zi;lzi;t � E(zi;lzi;t)]
���4 ;

� c4i
T 4
T 4�4Ti;TE

���N�1=2PN
i=1 [zi;lzi;t � E(zi;lzi;t)]

���4 ;
= c4i �

4T
i;TM = O(1);

and E j�3j4 = O(1) is similarly shown. Therefore,

��s;t � 44 �max
�
O(1); �s;t

	
= O(1);

8



from Assumption 3 (c). Hence, the result follows.�

Lemma A3. Under Assumptions 1�4 and A, the following hold.
(a) T�1=2

PT
t=1(f̂t �Hft) = Op(�

�1);

(b) T�1
PT

t=1(f̂t �Hft)2 = Op(�
�2);

(c) T�1
PT

t=1(f̂t �Hft)ui;t = Op(�
�2);

(d) T�1
PT

t=1(f̂t �Hft)ft = Op(�
�2);

(e) T�1
PT

t=1(f̂t �Hft)f̂t = Op(�
�2);

(f) �̂i �H�1�i = Op

�
1

minfN;T 1=2g

�
:

Proof of Lemma A3. Part (a) follows Theorem 1 of Bai (2003). For part (b), the proof
is straightforward from Theorem 1 of Bai and Ng (2002) if their assumptions are replaced
with our Lemma A2. For parts (c), (d), and (e), the proof follows Lemmas B1, B2, and B3
of Bai (2003), respectively if their assumptions are replaced with our Lemma A2. For part
(f), we have

�̂i � �iH�1 = T�1H
PT

t=1 ftui;t

+T�1
PT

t=1(f̂t �Hft)f̂t�i + T�1
PT

t=1(f̂t �Hft)ui;t;
= T�1H

PT
t=1 ftui;t +Op(�

�2);

by using Lemma A3 (e) and (c). Now,

T�1
PT

t=1 ftui;t = T�1
PT

t=1

� c
T
Ft�1 + et

��ci
T
Ui;t�1 + zi;t

�
;

= cciT
�3PT

t=1 Ft�1Ui;t�1 + cT
�2PT

t=1 Ft�1zi;t

+ciT
�2PT

t=1 Ui;t�1et + T
�1PT

t=1 etzi;t;

= I + II + III + IV:

However, by using the Cauchy�Schwarz inequality, Lemma A1 (d) and (h), and Assumptions
1 and 3 (a), we obtain

I � cciT
�1
�
T�2

PT
t=1 F

2
t�1

�1=2 �
T�2

PT
t=1 U

2
i;t�1

�1=2
= Op(T

�1);

II � cT�1=2
�
T�2

PT
t=1 F

2
t�1

�1=2 �
T�1

PT
t=1 z

2
i;t�1

�1=2
= Op(T

�1=2);

III � ciT
�1=2

�
T�2

PT
t=1 U

2
i;t�1

�1=2 �
T�1

PT
t=1 e

2
t�1

�1=2
= Op(T

�1=2):

For IV , Assumptions 1, 3 (a), and 4 imply that fetzi;tgTt=2 is a white noise sequence so that
IV = Op(T

�1=2). Therefore,

�̂i �H�1�i = Op(T
�1=2) +Op(�

�2) = Op

�
1

min fN; T 1=2g

�
: (1)
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Hence, the result follows.�

Lemma A4. Under Assumptions 1�4 and A, the following hold.
(a) T�1

PT
t=1 f̂

2
t = T

�1H2
PT

t=1 f
2
t +Op(�

�2);

(b) T�2
PT

t=1 F̂
2
t�1 = T

�2H2
PT

t=1 F
2
t�1 +Op(�

�1);

(c) T�1
PT

t=1 F̂t�1f̂t = T
�1H2

PT
t=1 Ft�1ft +Op(�

�1);

(d) T�1
PT

t=1 û
2
i;t = T

�1PT
t=1 u

2
i;t +Op(�

�2);

(e) T�2
PT

t=1 Û
2
i;t�1 = T

�2PT
t=1 U

2
i;t�1 +Op(�

�1);

(f) T�1
PT

t=1 Ûi;t�1ûi;t = T
�1PT

t=1 Ui;t�1ui;t +Op(�
�1);

(g) T�1
PT

t=1 F̂
c
t�1f̂t = T

�1H2
PT

t=1 F
c
t�1ft +Op(�

�1),
(h) T�2

PT
t=1 F̂

c2
t�1 = T

�2H2
PT

t=1 F
c2
t�1 +Op(�

�1),
(i) T�1

PT
t=1 Û

c
i;t�1ûi;t = T

�1PT
t=1 U

c
i;t�1ui;t +Op(�

�1),
(j) T�2

PT
t=1 Û

c2
i;t�1 = T

�2PT
t=1 U

c2
i;t�1 +Op(�

�1).

Proof of Lemma A4. Note that F̂0 = 0 and Ûi;0 = 0 for all i by de�nition. (a) We

start with the identity

T�1
PT

t=1 f̂
2
t = T�1

PT
t=1

h
Hft + (f̂t �Hft)

i2
;

= T�1H2
PT

t=1 f
2
t + T

�1PT
t=1(f̂t �Hft)2

+2T�1H
PT

t=1 ft(f̂t �Hft);
= T�1H2

PT
t=1 f

2
t + I + II:

However, I = Op(�
�2) by using Lemma A3 (b) and II = Op(�

�2) by using Lemma A3 (d).
Hence, the result follows.
(b) This part closely follows Bai and Ng�s (2004) Lemma B2. Since

F̂t�1 = HFt�1 +
Pt�1

s=1(f̂s �Hfs); (2)

squaring both sides, summing over t, and multiplying by T�2 yields

T�2
PT

t=1 F̂
2
t�1 = T�2H2

PT
t=1 F

2
t�1 + T

�1PT
t=1

h
T�1=2

Pt�1
s=1(f̂s �Hfs)

i2
+2T�1H

PT
t=1 Ft�1

h
T�1=2

Pt�1
s=1(f̂s �Hfs)

i
;

= T�2H2
PT

t=1 F
2
t�1 + I + II:

However, I = Op(�
�1) by using Lemma A3 (a). For term II, we use the Cauchy�Schwarz

inequality to get

II � 2
�
T�2

PT
t=1 F

2
t�1

�1=2 �
T�1

PT
t=1

�
T�1=2

Pt�1
s=1(f̂s �Hfs)

�2�1=2
;

= Op(1)�Op(��1);
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by using Lemma A1 (d) for the �rst term and Lemma A3 (a) for the second term. Hence,
the result follows.
(c) Since F 2t = (Ft�1 + ft)

2 = F 2t�1 + f
2
t + 2Ft�1ft by construction, we obtain

Ft�1ft =
1

2
(F 2t � F 2t�1 � f 2t ):

Summing over t and multiplying by T�1 yields

T�1
PT

t=1 Ft�1ft =
1

2
(T�1F 2T � T�1F 20 � T�1

PT
t=1 f

2
t ): (3)

We also have by construction

F̂t�1f̂t =
1

2
(F̂ 2t � F̂ 2t�1 � f̂ 2t );

so that
T�1

PT
t=1 F̂t�1f̂t =

1

2
(T�1F̂ 2T � T�1F̂ 20 � T�1

PT
t=1 f̂

2
t ): (4)

Subtracting (3) multiplied by H2 from (4) yields

T�1
PT

t=1 F̂t�1f̂t = T�1H2
PT

t=1 Ft�1ft +
1

2T
(F̂ 2T �H2F 2T )�

1

2T
(F̂ 20 �H2F 20 )

�
�
T�1

PT
t=1 f̂

2
t � T�1H2

PT
t=1 f

2
t

�
;

= T�1H2
PT

t=1 Ft�1ft + I + II + III:

For I, updating (2) to the period T , squaring both sides, and multiplying by T�1 yields

T�1F̂ 2T = T�1H2F 2T +
h
T�1=2

PT
s=1(f̂s �Hfs)

i2
| {z }

=Op(�
�2) by Lemma A3(a)

+2 T�1=2FT| {z }
=Op(1) by Lemma A1(a)

h
T�1=2

PT
s=1(f̂s �Hfs)

i
| {z }
=Op(�

�1) by Lemma A3(a)

;

so that I = Op(�
�1). For II,

F̂ 20 �H2F 20 = �H2(�2TF
2
0 + e

2
1 + 2�TF0e1);

is bounded as T !1 so that II = Op(T�1). Term III is Op(�
�2) by using Lemma A4 (a).

Hence, the result follows.
(d) Since ûi;t = xi;t � �̂if̂t and xi;t = ui;t + �iH�1Hft,

ûi;t = ui;t + �iH
�1Hft � �̂if̂t;

= ui;t � �iH�1(f̂t �Hft)� (�̂i � �iH�1)f̂t: (5)
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Squaring both sides, summing over t, and multiplying by T�1 yields

T�1
PT

t=1 û
2
i;t = T�1

PT
t=1 u

2
i;t + �

2
iH

�2T�1
PT

t=1(f̂t �Hft)2 + (�̂i � �iH�1)2T�1
PT

t=1 f̂
2
t

�2�iH�1T�1
PT

t=1(f̂t �Hft)ui;t � 2(�̂i � �iH�1)T�1
PT

t=1 f̂tui;t

+2�i(�̂i � �iH�1)T�1
PT

t=1(f̂t �Hft)f̂t;
= T�1

PT
t=1 u

2
i;t + I + II + III + IV + V:

However, I = Op(�
�2) by using Lemma A3 (b), II = Op( 1

minfT;N2g) by using Lemma A3 (f)

and T�1
PT

t=2 f̂t = 1, and III = Op(�
�2) by using Lemma A3 (c). We also have

IV = �2(�̂i � �iH�1)T�1
PT

t=1 f̂tui;t;

= �2(�̂i � �iH�1)T�1
PT

t=1(f̂t �Hft)ui;t � 2(�̂i � �iH�1)T�1H
PT

t=1 ftui;t;

= Op

�
1

min fT;N2g

�
�Op(��2) +Op

�
1

min fT;N2g

�
�Op(T�1=2);

by using Lemma A3 (f) and Lemma A3 (c) for the �rst term and by using Lemma A3 (f)

for the second term, and V = Op
�

1
minfT;N2g

�
�Op(��2) by using Lemma A3 (f) and Lemma

A3 (e). Hence, the result follows.
(e) We have

Ûi;t =
Pt

s=1 ûi;s;

=
Pt

s=1 ui;s � �iH�1Pt
s=1(f̂s �Hfs)� (�̂i � �iH�1)

Pt
s=1 f̂s;

= Ui;t � Ui;0 � �iH�1Pt
s=1(f̂s �Hfs)� (�̂i � �iH�1)

Pt
s=1 f̂s;

from (5). Multiplying both sides by T�1=2 would yield

T�1=2Ûi;t = T�1=2Ui;t � T�1=2Ui;0 � �iH�1
h
T�1=2

Pt
s=1(f̂s �Hfs)

i
� (�̂i �H�1�i)T

�1=2Pt
s=1 f̂s;

= T�1=2Ui;t + I + II + III:

but I = Op(T
�1=2) from Assumption 3 (a), II = Op(�

�1) by using Lemma A3 (a), III =

Op

�
1

minfN;T 1=2g

�
by using Lemma A3 (f) and

T�1=2
Pt

s=1 f̂s = T�1=2F̂t = T
�1=2HFt + T

�1=2Pt
s=1(f̂s �Hfs);

= Op(1) +Op(�
�1);

by using Lemma A1 (b) and Lemma A3 (a). This results in T�1=2Ûi;t = T�1=2Ui;t +Op(�
�1)

so that squaring both sides yields

T�1Û2i;t = T�1U2i;t +Op(�
�2) +Op(�

�1)� T�1=2Ui;t;
= T�1U2i;t +Op(�

�1); (6)
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by using Lemma A1 (e). Furthermore, summing over t yields

T�1
PT

t=1 Û
2
i;t = T

�1PT
t=1 U

2
i;t +Op(�

�1)T�1=2
PT

t=1 Ui;t:

Multiplying both sides by T�1 yields

T�2
PT

t=1 Û
2
i;t = T�2

PT
t=1 U

2
i;t +Op(�

�1) T�3=2
PT

t=1 Ui;t| {z }
=Op(1) by Lemma A1(g)

;

= T�2
PT

t=1 U
2
i;t +Op(�

�1):

Hence, the result follows.
(f) We use an identity similar to (4) for Ûi;t

T�1
PT

t=1 Ûi;t�1ûi;t =
Û2i;T
2T

�
Û2i;0
2T

� 1

2T

PT
t=1 û

2
i;t; (7)

and an identity similar to (3) for Ui;t

T�1
PT

t=1 Ui;t�1ui;t =
U2i;T
2T

�
U2i;0
2T

� 1

2T

PT
t=1 u

2
i;t: (8)

Subtracting (8) from (7) yields

T�1
PT

t=1 Ûi;t�1ûi;t � T�1
PT

t=1 Ui;t�1ui;t

=
1

2T
(Û2i;T � U2i;T )�

1

2T
(Û2i;0 � U2i;0)�

1

2T

�PT
t=1 û

2
i;t �

PT
t=1 u

2
i;t

�
;

= I + II + III:

However, I and II are Op(�
�1) from (6) and III is Op(�

�2) by using Lemma A4 (d). Hence,
the result follows.
(g) Since F c2t = (Ft�1 + ft � �F )2 = (F ct�1 + ft)

2 = F c2t�1 + f
2
t + 2F

c
t�1ft by construction,

we obtain

F ct�1ft =
1

2
(F c2t � F c2t�1 � f 2t );

=
1

2
(F 2t � F 2t�1 � 2 �Fft � f 2t ):

Summing over t and multiplying by T�1 yields

T�1
PT

t=1 F
c
t�1ft =

1

2
(T�1F 2T � T�1F 20 � 2 �F �f � T�1

PT
t=1 f

2
t ): (9)

We also have by construction

F̂ ct�1f̂t =
1

2
(F̂ c2t � F̂ c2t�1 � f̂ 2t );

=
1

2
(F̂ 2t � F̂ 2t�1 � 2F̂ f̂t � f̂ 2t );
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so that
T�1

PT
t=1 F̂

c
t�1f̂t =

1

2
(T�1F̂ 2T � T�1F̂ 20 � 2F̂ f̂ � T�1

PT
t=1 f̂

2
t ): (10)

Subtracting (9) multiplied by H2 from (10) yields

T�1
PT

t=1 F̂
c
t�1f̂t = T�1H2

PT
t=1 F

c
t�1ft +

1

2T
(F̂ 2T �H2F 2T )�

1

2T
(F̂ 20 �H2F 20 )

�
�
T�1

PT
t=1 f̂

2
t � T�1H2

PT
t=1 f

2
t

�
� ( eF f̂ �H2 �F �f);

= T�1H2
PT

t=1 Ft�1ft + I + II + III + IV:

For the terms I + II + III, we follow the proof of part (c) to obtain Op(�
�1). Term IV is

F̂ f̂ �H2 �F �f = (F̂ �H �F )H �f +H �F (f̂ �H �f) + (F̂ �H �F )(f̂ �H �f);
= Op(T

1=2��1)�Op(T�1=2)
+Op(T

1=2)�Op(T�1=2��1)
+Op(T

1=2��1)�Op(T�1=2��1);
= Op(�

�1);

because H �f = Op(T�1=2),

F̂ = T�1H
PT

t=1 Ft�1 + T
�1PT

t=1(F̂t�1 �HFt�1);
= T�1H

PT
t=1 Ft�1 + T

�1PT
t=1

Pt�1
s=1(f̂s �Hfs);

= H �F +Op(T
1=2��1);

and

f̂ = T�1H
PT

t=1 ft + T
�1PT

t=1(f̂t �Hft);
= H �f +Op(T

�1=2��1):

(h) We have

T�2
PT

t=1 F̂
c2
t�1 = T�2

PT
t=1 F̂

2
t�1 � 2F̂ T�2

PT
t=1 F̂t�1 + T

�1F̂
2

;

= T�2
PT

t=1 F̂
2
t�1 � T�1F̂

2

= I + II:

However,
I = T�2H2

PT
t=1 F

2
t�1 +Op(�

�1);

by using Lemma A4 (b) and

II = T�1H2 �F 2 +Op(�
�1):
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Hence,

I + II = T�2H2
PT

t=1 F
2
t�1 � T�1H2 �F 2 +Op(�

�1);

= T�2H2
PT

t=1(Ft�1 � �F )2 +Op(�
�1):

(i) The proof follows part (g) by using an identity similar to (10)

T�1
PT

t=1 Û
c
i;t�1ûi;t =

1

2
(T�1Û2i;T � T�1Û2i;0 � 2Û iûi � T�1

PT
t=1 û

2
i;t);

and an identity similar to (9) for Ui;t

T�1
PT

t=1 U
c
i;t�1ui;t =

1

2
(T�1U2i;T � T�1U2i;0 � 2U iui � T�1

PT
t=1 u

2
i;t):

(j) We have

T�2
PT

t=1(Ûi;t�1 � Û i)2 = T�2
PT

t=1 Û
2
i;t�1 � 2T�2Û i

PT
t=1 Ûi;t�1 + T

�2PT
t=1 Û

2

i ;

= T�2
PT

t=1 Û
2
i;t�1 � T�1Û

2

i = I + II;

but
I = T�2

PT
t=1 U

2
i;t�1 +Op(�

�1);

by using Lemma A4 (e) and
II = �T�1 �U2i +Op(��1):

Hence,

I + II = T�2
PT

t=1 U
2
i;t�1 � T�1 �U2i +Op(��1);

= T�2
PT

t=1(Ui;t�1 � �Ui)
2 +Op(�

�1);

and the result follows.�

Proof of Theorem SA-1. (i-a) The common test is

tF̂ =
T �̂

�̂
�
T�2

PT
t=2 F̂

2
t�1

��1=2 : (11)

Under Assumptions 1�4 and A, we can use Lemma A4 (b) and (c) so that the numerator
becomes

T �̂ =
T�1

PT
t=1 F̂t�1f̂t

T�2
PT

t=1 F̂
2
t�1

;

=
T�1H2

PT
t=1 Ft�1ft +Op(�

�1)

T�2H2
PT

t=1 F
2
t�1 +Op(�

�1)
;

=
cT�2H2

PT
t=1 F

2
t�1 + T

�1H2
PT

t=1 Ft�1et +Op(�
�1)

T�2H2
PT

t=1 F
2
t�1 +Op(�

�1)
: (12)
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The variance estimate

�̂2 = T�1
PT

t=1

�
f̂t � �̂F̂t�1

�2
;

= T�1
PT

t=1

h
Hft � �̂

�
HFt�1 +

�
f̂t �Hft

�
+ �̂

�
HFt�1 � �̂F̂t�1

i2
;

= T�1
PT

t=1

h
Het � (�̂

� � �)HFt�1 +
�
f̂t �Hft

�
+ �̂

�
HFt�1 � �̂F̂t�1

i2
;

= T�1
PT

t=1

�P5
j=1Dj

�2
� T�1

PT
t=1 5

�P5
j=1D

2
j

�
;

where �̂
�
=

T�1H2
PT

t=1
Ft�1ft

T�1H2
PT

t=1
F 2t�1

. To ensure this is a consistent estimate, we compute the

stochastic orders of the �ve terms. First, T�1
PT

t=1D
2
1 = T

�1PT
t=1H

2e2t ,

T�1
PT

t=1D
2
2 = T

�1

h
T�1H2

PT
t=1 Ft�1et

i2
T�2H2

PT
t=1 F

2
t�1

= Op(T
�1);

by using Lemma A1 (c) and (d).

T�1
PT

t=1D
2
3 = T

�1PT
t=1

�
f̂t �Hft

�2
= Op(�

�2);

by using Lemma A3 (b).

T�1
PT

t=1D
2
4 = T

�1

h
T�1H2

PT
t=1 Ft�1ft

i2
T�2H2

PT
t=1 F

2
t�1

= Op(T
�1);

by using Lemma A1 (c) and (d). Finally,

T�1
PT

t=1D
2
5 = T

�1

h
T�1

PT
t=1 F̂t�1f̂t

i2
T�2

PT
t=1 F̂

2
t�1

= Op(T
�1);

by using Lemma A4 (b) and (c). Therefore, the �rst term dominates and the variance
estimate satis�es �̂2 = Q�2�2 + Op(�

�2) with Q�1 � p limH, for any �xed c. Hence,
plugging (12) into (11) and applying Lemma A1 (c) and (d), we obtain

tF̂ ) c
hR 1
0
Wc(r)

2dr
i1=2

+

R 1
0
Wc(r)dW (r)hR 1
0
Wc(r)2dr

i1=2 :
(i-b) We follow the same steps as above by replacing f̂t and F̂t�1 with ûi;t and Ûi;t�1 and

using the corresponding lemmas to show the results. Hence, the proof is condensed.
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(ii-a) The common test is

�tF̂ =
T �̂

�̂
h
T�2

PT
t=2(F̂t�1 � F̂ )2

i�1=2 ; (13)

where

T �̂ =
T�1

PT
t=1(F̂t�1 � F̂ )f̂t

T�2
PT

t=1(F̂t�1 � F̂ )2
;

=
T�1H2

PT
t=1(Ft�1 � �F )ft +Op(�

�1)

T�2H2
PT

t=1(Ft�1 � �F )2 +Op(�
�1)

;

=
cT�1H2

PT
t=1(Ft�1 � �F )2 + T�1H2

PT
t=1(Ft�1 � �F )et +Op(�

�1)

T�2H2
PT

t=1(Ft�1 � �F )2 +Op(�
�1)

; (14)

by using Lemma A4 (g) for the numerator and Lemma A4 (h) for the denominator. For the
variance estimate, we can show that �̂2 = Q�2�2 +Op(�

�2) as follows.

�̂2 = T�1
PT

t=1

h
f̂t � f̂ � �̂

�
F̂t�1 � F̂

�i2
;

= T�1
PT

t=1

h
Hft �H �f � �̂

�
F̂t�1 � F̂

�
+
�
f̂t �Hft

�
�
�
f̂ �Hf

�i2
;

= T�1
PT

t=1

h
Het �H�e+ �

�
HFt�1 �H �F

�
� �̂�

�
HFt�1 �H �F

�
+
�
f̂t �Hft

�
�
�
f̂ �Hf

�
+ �̂

� �
HFt�1 �H �F

�
� �̂

�
F̂t�1 �HF̂

�i2
;

= T�1
PT

t=1

h
Het �H�e�

�
�̂
� � �

� �
HFt�1 �H �F

�
+
�
f̂t �Hft

�
�
�
f̂ �Hf

�
+�̂

� �
HFt�1 �H �F

�
� �̂

�
F̂t�1 � F̂

�i2
;

= T�1
PT

t=1

�P7
j=1Dj

�2
� T�1

PT
t=1 7

�P7
j=1D

2
j

�
;

where �̂
�
=

T�1H2
PT

t=1
(Ft�1� �F )ft

T�1H2
PT

t=1
(Ft�1� �F )2

. However, T�1
PT

t=1D
2
1 = T

�1H2
PT

t=1 e
2
t ; T

�1PT
t=1D

2
2 =

H2�e2 = Op(T
�1);

T�1
PT

t=1D
2
3 = T

�1

h
T�1H2

PT
t=1(Ft�1 � �F )et

i2
T�2H2

PT
t=1(Ft�1 � �F )2

= Op(T
�1);

by using Lemma A1 (i) and (j),

T�1
PT

t=1D
2
4 = T

�1PT
t=1

�
f̂t �Hft

�2
= Op(�

�2);

17



by using Lemma A3 (b),

T�1
PT

t=1D
2
5 =

�
f̂ �Hf

�2
=
h
T�1

PT
t=1

�
f̂t �Hft

�i2
= Op(�

�2);

by using Lemma A3 (a),

T�1
PT

t=1D
2
6 = T

�1

h
T�1H2

PT
t=1(Ft�1 � �F )ft

i2
T�2H2

PT
t=1(Ft�1 � �F )2

= Op(T
�1);

by using Lemma A1 (i) and (j),

T�1
PT

t=1D
2
7 = T

�1

h
T�1

PT
t=1(F̂t�1 � F̂ )f̂t

i2
T�2

PT
t=1(F̂t�1 � F̂ )2

= Op(T
�1);

by using Lemma A4 (g) and (h). Therefore, by plugging (14) into (13) and applying Lemma
A1 (i) and (j), we obtain

tF̂ ) c
hR 1
0
�Wc(r)

2dr
i1=2

+

R 1
0
�Wc(r)dW (r)hR 1

0
�Wc(r)2dr

i1=2 ;
as N; T !1.
(ii-b) We follow the same steps as above by replacing f̂t and F̂t�1 with ûi;t and Ûi;t�1 and

using the corresponding lemmas to show the results. Hence, the proof is condensed.�

Lemma A5. Under Assumptions 1 and 5, the following hold.
(a) k�1=2T

PT
t=1 �

�t
T et ) N(0; �2=2c);

(b)
PT

t=1 Ft = Op(kTT
1=2) +Op(�

T
Tk

3=2
T );

(c) ��TT k�1T
PT

t=1 Ft�1et = op(1);

(d) ��2TT k�2T
PT

t=1 F
2
t = Op(1);

(e) T�1
PT

t=1 f
2
t = Op(�

2T
T T

�1) +Op(1):

Under Assumptions 3 (a) and 5, the following hold for all i:

(f) k�1=2T

PT
t=1 �

�t
i;T zi;t ) N(0; �2i =2ci);

(g)
PT

t=1 Ui;t = Op(kTT
1=2) +Op(�

T
i;Tk

3=2
T );

(h) �i;T
�Tk�1T

PT
t=1 Ui;t�1zi;t = op(1);

(i) �i;T
�2Tk�2T

PT
t=1 U

2
i;t = Op(1);

(j) T�1
PT

t=1 u
2
i;t = Op(�

2T
i;TT

�1) +Op(1):
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Proof of Lemma A5. Here, we present the proof of only parts (a) to (e). The proofs of
parts (f) to (j) are shown in the same way but with Ui;t instead of Ft and with Assumption
1 replaced by Assumption 3 (a). We suppress the proofs to conserve space.

(a) See Lemma 4.2 of Phillips and Magdalinos (2007).

(b) We start with the expressionPT
t=1 Ft =

PT
t=0 �

t
T e0 +

PT�1
t=0 �

t
T e1 +

PT�2
t=0 �

t
T e2 + � � �+ eT ;

=
1

1� �T
�
(�T � �T+1T )F0 + (1� �TT )e1 + (1� �T�1T )e2 + � � �+ (1� �T )eT

�
;

=
kT
c

hPT
t=1 et �

PT
t=1 �

T+1�t
T et + (�T � �T+1T )F0

i
;

=
kT
c

PT
t=1 et �

�T+1T kT
c

PT
t=1 �

�t
T et +

kT
c
(�T � �T+1T )F0;

= I + II + III:

However, I = Op(kTT
1=2) from Assumption 1, II = Op(�

T
Tk

3=2
T ) by using Lemma A5 (a),

and III = Op(�TTkT ) from Assumption 1. Hence, the result follows.
(c) We start with the expression for Ft�1

Ft�1 = et�1 + �T et�2 + :::+ �
t�2
T e1 + �

t�1
T F0 = �

t�1
T

Pt�1
s=1 �

�s
T es + �

t�1
T F0:

Multiplying both sides by ��TT k�1T et and summing over t yield

��TT k�1T
PT

t=1 Ft�1et = ��TT k�1T
PT

t=1

�Pt�1
s=1 �

t�s�1
T es

�
et + �

�T
T k�1T F0

PT
t=1 �

t�1
T et;

= I + II:

The expected value of this is zero because of Assumption 1. To show that this is op(1), we
con�rm that the second moments of both terms are bounded as T ! 1. For I, we can
simplify the second moment as follows by using Assumption 1.

E
h
��TT k�1T

PT
t=1

�Pt�1
s=0 �

t�s�1
T es

�
et

i2
= ��2TT k�2T �

4
PT

t=1

Pt�1
s=0 �

2(t�s�1)
T ;

= ��2TT

�2T�
4

kT (�2T � 1)

�
�2TT � 1
kT (�2T � 1)

� T

kT�2T

�
;

=
�2T�

4

kT (�2T � 1)

�
1� ��2TT

kT (�2T � 1)
� �

�2T
T T

kT�2T

�
:

19



However, since kT (�2T � 1)! 2c, �2T ! 1, and ��2TT T = o(1), this is O(1). For II,

E
h
��TT k�1T F0

PT
t=1 �

t�1
T et

i2
;

= ��2TT k�1T
E(F 20 )�2

kT (�2T � 1)
(�2TT � 1);

= k�1T
E(F 20 )�2

kT (�2T � 1)
(1� ��2TT ) = O(k�1T );

so that the second moment of II diminishes. Therefore, the result follows.

(d)We take squares of both sides of Ft = �TFt�1+et and take summations over t = 1; :::; T
to obtain PT

t=1 F
2
t�1 =

1

�2T � 1

n
F 2T � F 20 �

PT
t=1 e

2
t � 2�T

PT
t=1 Ft�1et

o
;

��2TT k�2T
PT

t=1 F
2
t�1 =

1

kT (�2T � 1)

�
��2TT

kT
(F 2T � F 20 )�

��2hh

kh

PT
t=1 e

2
t

�2�
�2T+1
T

kT

PT
t=1 Ft�1et

�
;

=
1

kT (�2T � 1)
fI � II � IIIg ;

where kT (�2T � 1)! 2c. Now we can show that I = Op(1), because

FT =
PT

j=1 �
T�j
T ej = �

T
Tk

1=2
T

�
1p
kT

PT
j=1 �

�j
T ej

�
;

F 2T = �2TT kT

�
1p
kT

PT
j=1 �

�j
T ej

�2
= Op(�

2T
T kT );

so that

I =
��2TT

kT
F 2T �

��2TT

kT
F 20 = Op(1) +Op(�

�2T
T k�1T ) = Op(1):

For II,

II =

�
��2TT T

kT

�
1

T

PT
t=1 e

2
t = o

�
kT
T

�
�Op(1) = op(1):

For III (divided by 2),

III =
��2T+1T

kT

PT
t=1 Ft�1et

=
��2T+1T

kT

PT
t=1

�Pt�1
j=1 �

t�1�j
T ej

�
et + F0

�
��TTp
kT

�
1p
kT

PT
t=1 �

�(T�t)
T et;

= IIIa+ IIIb:

20



For IIIa, because we have

E
�
��2T+1T

kT

PT
t=1

�Pt�1
j=1 �

t�1�j
T ej

�
et

�2
=

�4��4TT

k2T

PT
t=1

Pt�1
j=1 �

2(t�j�1)
T ;

=
�4��4TT

k2T (�
2
T � 1)

hPT
t=1 �

2(t�1)
T � T

i
= O(��2TT );

IIIa = op(1). For IIIb, because F0 = Op(1);
�
��TTp
kT

�
= o

�p
kT
T

�
= op(1); and

�
1p
kT

PT
t=1 �

�(T�t)
T et

�
=

Op(1), IIIb = op(1). Hence, III = op(1). The result follows.�
(e) We start with

ft =
c

kT
Ft�1 + et:

Squaring both sides, summing over t, and multiplying by T�1 yields

1

T

PT
t=1 f

2
t =

c2

Tk2T

PT
t=1 F

2
t�1 +

2c

TkT

PT
t=1 Ft�1et +

1

T

PT
t=1 e

2
t ;

= I + II + III:

However, I = Op(�
2T
T T

�1) by using Lemma A5 (d), II = op(�
T
TT

�1) by using Lemma A5
(c), and III = Op(1) by Assumption 1. Hence, the result follows.�

Proof of Theorem 1. We start with equation (A.1) of Bai and Ng (2004). Let ut = [u1;t
u2;t � � � uN;t] be a 1�N vector of the �rst di¤erences of the idiosyncratic errors at time t.

f̂t = Hft + V
�1N�1T�1f̂ 0u�ft + V

�1N�1T�1f̂ 0f�0u0t
+V �1N�1T�1f̂ 0uu0t;

or

f̂t = A1ft + A2ft +N
�1PN

i=1 a1;iui;t +N
�1PN

i=1 a2;iui;t;

= Aft +N
�1PN

i=1 aiui;t;

where A = A1 + A2 and ai = a1;i + a2;i. We also have A1 = V �1N�1T�1f̂ 0f�0� from
the de�nition of the H matrix, A2 = V �1N�1T�1f̂ 0u�, a1;i = V �1T�1f̂ 0f�0i, and a2;i =
V �1T�1f̂ 0ui. In the following, because V �1 appears in every component A1, A2, a1;i and a2;i,
we multiply them by V to ease computation and separately derive the bound of V .
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(i) If c > 0 and ci = 0 for all i, then

V A1 �
���T�1PT

s=1 f̂
2
s

���1=2| {z }
=1

���T�1PT
s=1 f

2
s

���1=2| {z }
=Op(�TTT

�1=2) by Lemma A5(e)

���N�1PN
i=1 �

2
i

���| {z }
=Op(1) from Assumption 2

= Op(�
TT�1=2);

V A2 �
���T�1PT

s=1 f̂
2
s

���1=2| {z }
=1

���N�1PN
i=1 T

�1PT
s=1 u

2
i;s

���1=2| {z }
=Op(1)

���N�1PN
i=1 �

2
i

���| {z }
=Op(1)

= Op(1);

V a1;i �
���T�1PT

s=1 f̂
2
s

���1=2| {z }
=1

���T�1PT
s=1 f

2
s

���1=2| {z } j�ij
=Op(�TTT

�1=2)

= Op(�
TT�1=2);

V a2;i �
���T�1PT

s=1 f̂
2
s

���1=2| {z }
=1

���T�1PT
s=1 u

2
i;s

���1=2| {z }
=Op(1)

= Op(1):

(ii) If c = 0 and ci > 0 for all i, then

V A1 �
���T�1PT

s=1 f̂
2
s

���1=2| {z }
=1

���T�1PT
s=1 f

2
s

���1=2| {z }
=Op(1)

���N�1PN
i=1 �

2
i

���| {z }
=Op(1)

= Op(1);

V A2 �
���T�1PT

s=1 f̂
2
s

���1=2| {z }
=1

���N�1PN
i=1 T

�1PT
s=1 u

2
i;s

���1=2| {z }
=Op(�Ti;TT

�1=2) by Lemma A5 (j)

���N�1PN
i=1 �

2
i

���| {z }
=Op(1)

= Op(�
T
i;TT

�1=2);

V a1;i �
���T�1PT

s=1 f̂
2
s

���1=2| {z }
=1

���T�1PT
s=1 f

2
s

���1=2| {z } j�ij
=Op(1)

= Op(1);

V a2;i �
���T�1PT

s=1 f̂
2
s

���1=2| {z }
=1

���T�1PT
s=1 u

2
i;s

���1=2| {z }
=Op(�Ti;TT

�1=2)

= Op(�
T
i;TT

�1=2):

The largest eigenvalue V of N�1T�1xx0 satis�es V 1=2 =


N�1=2T�1=2x



, where k�k denotes
the Euclidean norm, so that

V = N�1T�1 kxk2 ;
= N�1T�1

PN
i=1

PT
t=1 x

2
i;t;

=

8<: Op(�
T
TT

�1=2); for case (i)

Op(�
T
i;TT

�1=2); for case (ii)
: (15)

Hence, the results follow if the stochastic bound for V is sharp and the expression is asymp-
totically dominated by the mildly explosive components.�
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Appendix III. Proof of Factor Estimation Errors in Theorem 1(i)

In the following, we provide two additional facts pertaining to consistency of factor esti-
mation in Theorem 1 (i).
First, we show that the di¤erenced factors can be consistently estimated. From Proof of

Theorem 1 (i) in Appendix II, we have

f̂t � (A1 + A2)ft = N�1PN
i=1 a1;iui;t +N

�1PN
i=1 a2;iui;t;

= I + II; (16)

where A1 = V �1N�1T�1f̂ 0f�0�, A2 = V �1N�1T�1f̂ 0u�, a1;i = V �1T�1f̂ 0f�0i, and a2;i =
V �1T�1f̂ 0ui as we previously de�ned. Then,

I = V �1(T�1f̂ 0f)N�1PN
i=1 �iui;t;

with V = Op(�TTT
�1=2) from (15) and

(T�1f̂ 0f) �
���T�1PT

s=1 f̂
2
s

���1=2| {z }
=1

���T�1PT
s=1 f

2
s

���1=2| {z }
=Op(�TTT

�1=2) by Lemma A5(e)

= Op(�
T
TT

�1=2):

Hence,
I = Op(�

�T
T T 1=2)�Op(�TTT�1=2)� op(1) = op(1):

We also have, by using the de�nition of a2;i in Proof of Theorem 1,

II = V �1T�1N�1PT
s=1 f̂s

PN
i=1 ui;sui;t;

� V �1T�1
PT

s=1 f̂s

���N�1PN
i=1 u

2
i;s

���1=2 ���N�1PN
i=1 u

2
i;t

���1=2 ;
� V �1

���T�1PT
s=1 f̂

2
s

���| {z }
=1

���T�1PT
s=1

���N�1PN
i=1 u

2
i;s

������| {z }
=Op(1)

1=2 ���N�1PN
i=1 u

2
i;t

���1=2 ;
but V = Op(�

T
TT

�1=2) from (15), T�1
PT

s=1

���N�1PN
i=1 u

2
i;s

��� = Op(1), and N�1PN
i=1 u

2
i;t =

Op(1) under ci = 0. Hence,

II = Op(�
�T
T T 1=2)�Op(1) = op(1):

We also show that the level factors involve factor estimation errors of orderOp(T 1=2N�1=2).
Using (16), the level factor estimate is

F̂t =
Pt

s=1 f̂s = (A1 + A2)
Pt

s=1 fs +
Pt

s=1N
�1PN

i=1 a1;iui;s +
Pt

s=1N
�1PN

i=1 a2;iui;s;

or

F̂t � (A1 + A2)Ft =
Pt

s=1N
�1PN

i=1 a1;iui;s +
Pt

s=1N
�1PN

i=1 a2;iui;s;

= I + II = Op(T
1=2N�1=2); (17)
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because

I = V �1(T�1f̂ 0f)
Pt

s=1N
�1PN

i=1 �iui;t;

= V �1(T�1f̂ 0f)T 1=2N�1=2(T�1=2N�1=2Pt
s=1

PN
i=1 �iui;t);

where V �1(T�1f̂ 0f) = Op(1) because V �1 = Op(��TT T 1=2) and T�1f̂ 0f = Op(�TTT
�1=2) as we

showed in term I of the di¤erenced factor. We also have

T�1=2N�1=2Pt
s=1

PN
i=1 �iui;t = Op(1):

Hence,
I = Op(1)� T 1=2N�1=2 �Op(1) = Op(T 1=2N�1=2):

and

II = V �1T�1N�1PT
l=1 f̂l

PN
i=1 ui;l

Pt
s=1 ui;s;

� V �1
���T�1PT

l=1 f̂
2
l

��� ���T�1PT
l=1

���N�1PN
i=1 u

2
i;l

������1=2 ���N�1PN
i=1

Pt
s=1 u

2
i;s

���1=2 ;
where V = Op(�TTT

�1=2) from (15), T�1
PT

l=1 f̂
2
l = 1, T

�1PT
l=1

���N�1PN
i=1 u

2
i;l

��� = Op(1), and���N�1PN
i=1

Pt
s=1 u

2
i;s

���1=2 = Op(T 1=2). Hence, II is dominated by I. Therefore, (16) implies
that the factor estimation errors in the di¤erenced factor are op(1) and (17) implies that the
factor estimation errors in the level factor are Op(T 1=2N�1=2):
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Appendix IV. Finite Sample Properties of the CS Tests when the Training
Sample is Selected by a Statistical Method

In Appendix IV, we investigate the size and power of the CS tests when we split the
sample at the estimated origination date of explosive behavior in the cross-sectional average
(or an index) �Xt = N

�1PN
i=1Xi;t using the time-stamping method proposed by Phillips et

al. (2011). This method sequentially computes the DF test statistics t �X(�) from a subsample
of
�
�Xt

	[�(T+h)]
t=1

where [�] denotes the integer part. � can take values over � 0 � � � 1, where
� 0 is a small positive trimming value before which no explosive behavior is assumed. In
particular, we follow Phillips et al. (2011) and use � 0 = 0:01+1:8=

p
T + h. Then, the break

date (as a fraction of the total sample size T + h) is estimated by

�̂ = inf
�2[�0;1]

f� : t �X(�) > cv(�)g

where cv(�) is the 5% critical value. Under our setting of Section 4, all the cross-sectional
units have the same origination dates, thus

�
�Xt

	T+h
t=1

is considered to be a single time series
which follows a random walk for 1 � t � T and an explosive process for T + 1 � t � T
regardless of N . Hence, the time-stamping method of Phillips et al. (2011) is straightfor-
wardly applied. It is natural to use the critical value such as cv(�) = log(log(�(T + h)),
which diverges as T + h!1 as the t statistic diverges as T + h!1, although developing
theoretical properties of the break date estimator is beyond the scope of this paper. We
obtain the 5% critical value via 5,000 Monte Carlo simulation. We also adopt a strategy that
�̂ is identi�ed only if t �X(�) exceeds cv(�) for 2 log(T + h) consecutive periods.2 Once �̂ is
obtained, the CS tests are computed by setting the training sample 1 � t � [�̂(T + h)] and
the explosive window [�̂(T + h)] + 1 � t � T + h.
To see how this procedure a¤ects the size and power of the CS tests, we use the same

DGP as Section 4.3 with N = 100; T = 50; h = 100, and � = 0:85; 0:90. The power
functions of the common and the idiosyncratic tests are reported in the left panels of Figure
IV, while the power functions under the known breakpoint assumption are presented in the
right panels for comparison. The top panels show power functions of the common test and
the middle panels present those of the idiosyncratic test when all the cross-sections have
explosive behaviors. These �gures show that the size and power are qualitatively unchanged
even if we use the estimated breakpoint to select the training sample. In addition, it is
concerning that the break date estimator becomes less precise when a smaller number of
idiosyncratic components have explosive behaviors. To see this, the bottom panels of Figure
IV show power functions of the idiosyncratic tests when only 10 cross-sections have explosive
components. We observe that the power functions are almost equivalent to the previous case,
because there is less contamination in the estimation window in such a case. Finally, the

2Applying the time-stamping method to
�
�Xt
	T+h
t=1

is not the only method to estimate the demarcation
date. It is stressed that the goal of this study is not to consistently estimate the break point but to provide
tests for explosive behaviors in the common and the idiosyncratic components. Indeed, if the break points
are heterogenous, there is no method of consistently estimate the �true break point�.
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power functions of the CS tests are all monotonic and standard even when the demarcation
point is estimated by a statistical method. This veri�es the advantage of the CS method
over the PANIC approach in detecting mild or large explosive behaviors as we show in the
lower right panel of Figure 1 of the main paper.
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Figure IV. Power functions of the CS tests
when the demarcation point is estimated

Common test
estimated known

Idiosyncratic test when all the idiosyncratic errors are explosive
estimated known

Idiosyncratic test when only ten idiosyncratic errors are explosive
estimated known
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Appendix V. Proof of Theorem SA-2 and Theorem 2

Throughout Appendix V, we let F ct�1 = Ft�1 � �F , where �F = h�1
PT+h

t=T+1 Ft�1 andeF ct�1 = eFt�1� eF , where eF = h�1PT+h
t=T+1

eFt�1. Let also f ct = ft� �f , where �f = h�1PT+h
t=T+1 ft

and ef ct = eft � ef , where ef = h�1PT+h
t=T+1

eft. In addition, we let U ci;t�1 = Ui;t�1 � �Ui, where
�Ui = h

�1PT+h
t=T+1 Ui;t�1 and eU ci;t�1 = eUi;t�1�eU i, where eU i = h�1PT+h

t=T+1
eUi;t�1. Let also uci;t =

ui;t� �ui, where �ui = h�1
PT+h

t=T+1 ui;t�1 and euci;t�1 = eui;t�1� eui, where eui = h�1PT+h
t=T+1 eui;t�1.

We also let �h = maxi �i;h.

Lemma B1. Under Assumptions 1�5, the following hold:

(a) For t = T + 1; :::; T + h uniformly in t;

Ft = Op(�
h
hk
1=2
h );

(b) For t = T + 1; :::; T + h uniformly in t and all i;

Ui;t = Op(�
h
hk
1=2
h );

(c) For t = T + 1; :::; T + h uniformly in t;

eFt �HFt = Op �hhk
1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;

(d)

h�1
PT+h

t=T+1(
eFt�1 �HFt�1)2 = Op� �2hh kh

min fN2; Tg

�
+Op

�
�2hh kh

min fN; Tg

�
;

(e)

h�1
PT+h

t=T+1 Ft�1(
eFt�1 �HFt�1) = Op� �2hh kh

min fN; T 1=2g

�
+Op

�
�hh�

h
hkh

min fN1=2; T 1=2g

�
;

(f)

h�1
PT+h

t=T+1
eFt�1( eFt�1 �HFt�1) = Op

�
�2hh kh

min fN; T 1=2g

�
+Op

�
�hh�

h
hkh

min fN1=2; T 1=2g

�
+Op

�
�2hh kh

min fN; Tg

�
;
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(g)

h�1=2
PT+h

t=T+1(
eFt�1 �HFt�1)et = Op �hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;

(h) For t = T + 1; :::; T + h uniformly in t;

ft = Op(�
h
hk
�1=2
h );

(i) For t = T + 1; :::; T + h uniformly in t and all i;

ui;t = Op(�
h
hk
�1=2
h );

(j) For t = T + 1; :::; T + h uniformly in t;

eft �Hft = Op �hhk
�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
;

(k)

h�1
PT+h

t=T+1(
eft �Hft)2 = Op� �2hh k

�1
h

min fN2; Tg

�
+Op

�
�2hh k

�1
h

min fN; Tg

�
;

(l)

h�1
PT+h

t=T+1(
eFt�1 �HFt�1)( eft �Hft) = Op� �2hh

min fN2; Tg

�
+Op

�
�2hh

min fN; Tg

�
;

(m)

h�1
PT+h

t=T+1(
eFt�1 �HFt�1)ft = Op� �2hh

min fN; T 1=2g

�
+Op

�
�hh�

h
h

min fN1=2; T 1=2g

�
;

(n)

h�1
PT+h

t=T+1 Ft�1(
eft �Hft) = Op� �2hh

min fN; T 1=2g

�
+Op

�
�hh�

h
h

min fN1=2; T 1=2g

�
;

(o)

h�1
PT+h

t=T+1
eFt�1( eft �Hft) = Op

�
�2hh

min fN; T 1=2g

�
+Op

�
�hh�

h
h

min fN1=2; T 1=2g

�
+Op

�
�2hh

min fN; Tg

�
;
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(p)

h�1
PT+h

t=T+1(
eft �Hft)et = Op �hhk

�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
;

(q)

h�2
PT+h

t=T+1
eF 2t�1 = h�2H2

PT+h
t=T+1 F

2
t�1 +Op

�
�2hh h

�1kh
min fN2; Tg

�
+Op

�
�2hh h

�1kh
min fN; Tg

�
+Op

�
�2hh h

�1kh
min fN; T 1=2g

�
+Op

�
�hh�

h
hh

�1kh
min fN1=2; T 1=2g

�
;

(r)

h�1
PT+h

t=T+1
eFt�1et = h�1

PT+h
t=T+1 Ft�1et

+Op

 
�hhh

�1=2k
1=2
h

min fN; T 1=2g

!
+Op

 
�hhh

�1=2k
1=2
h

min fN1=2; T 1=2g

!
:

Proof of Lemma B1.
(a) For t = T + j with j = 1; :::; h;

Ft = et + �het�1 + :::+ �
j�1
h et+j�1 + �

j
hFT ;

= �jh
Pj

s=1 �
�s
h et+j�s + �

j
hFT = Op(�

h
hk
1=2
h );

by using Lemma A5 (a). (b) The proof is the same as part (a).

(c) We start with

eFt = PN
i=1 �̂

�
iXitPN

i=1 �̂
�2
i

=
N�1PN

i=1 �̂
�
i�i

N�1PN
i=1 �̂

�2
i

Ft +
N�1PN

i=1 �̂
�
iUi;t

N�1PN
i=1 �̂

�2
i

= I + II:

For I,

I =
N�1PN

i=1(H�̂
�2
i + �̂

�
i�i �H�̂

�2
i )

N�1PN
i=1 �̂

�2
i

Ft;

=

"
H � HN

�1PN
i=1 �̂

�
i (�̂

�
i �H�1�i)

N�1PN
i=1 �̂

�2
i

#
Ft;
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but

N�1
NX
i=1

�̂
�
i (�̂

�
i �H�1�i) = N�1

NX
i=1

H�1�i(�̂
�
i �H�1�i) +N

�1
NX
i=1

(�̂
�
i �H�1�i)

2;

= Op

�
1

min fN; T 1=2g

�
;

by using Lemma A3 (f). For II;

II =
N�1PN

i=1H
�1�iUi;t +N

�1PN
i=1(�̂

�
i �H�1�i)Ui;t

N�1PN
i=1 �̂

�2
i

:

Therefore,

eFt �HFt = �HN
�1PN

i=1 �̂
�
i (�̂

�
i �H�1�i)

N�1PN
i=1 �̂

�2
i

Ft

+
N�1PN

i=1H
�1�iUi;t

N�1PN
i=1 �̂

�2
i

+
N�1PN

i=1(�̂
�
i �H�1�i)Ui;t

N�1PN
i=1 �̂

�2
i

;

= Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

N1=2

!
+Op

 
�hhk

1=2
h

min fN; T 1=2g

!
;

= Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;

uniformly in t by using (a) and (b). (d) is straightforwardly shown from (c).
(e) Since Ft = Op(�hhk

1=2
h );

Ft( eFt �HFt) = Op(�
h
hk
1=2
h )�

"
Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!#
;

= Op

�
�2hh kh

min fN; T 1=2g

�
+Op

�
�hh�

h
hkh

min fN1=2; T 1=2g

�
;

uniformly in t for t = T + 1; � � � ; T + h by using (a) and (c). Hence,

h�1
PT+h

t=T+1 Ft�1(
eFt�1 �HFt�1) = Op� �2hh kh

min fN; T 1=2g

�
+Op

�
�hh�

h
hkh

min fN1=2; T 1=2g

�
:
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(f) By using (e) and (d),

eFt( eFt �HFt) = HFt( eFt �HFt) + ( eFt �HFt)2;
= Op

�
�2hh kh

min fN; T 1=2g

�
+Op

�
�hh�

h
hkh

min fN1=2; T 1=2g

�
+Op

�
�2hh kh

min fN2; Tg

�
+Op

�
�2hh kh

min fN; Tg

�
;

= Op

�
�2hh kh

min fN; T 1=2g

�
+Op

�
�hh�

h
hkh

min fN1=2; T 1=2g

�
+Op

�
�2hh kh

min fN; Tg

�
;

uniformly in t for t = T + 1; � � � ; T + h. Hence,

h�1
PT+h

t=T+1
eFt�1( eFt�1 �HFt�1) = Op

�
�2hh kh

min fN; T 1=2g

�
+Op

�
�hh�

h
hkh

min fN1=2; T 1=2g

�
+Op

�
�2hh kh

min fN; Tg

�
:

(g) Since

( eFt�1 �HFt�1)et = Op �hhk
1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;

uniformly in t and ( eFt�1�HFt�1) and et are independent with et being i.i.d. with E(et) = 0,
we have

h�1=2
PT+h

t=T+1(
eFt�1 �HFt�1)et = Op �hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
:

(h) From (a), we obtain

ft = Ft � Ft�1 = (1 +
c

kh
)Ft�1 + et � Ft�1;

=
c

kh
Ft�1 + et = Op(�

h
hk
�1=2
h );

uniformly in t. (i) The proof is the same as (h).
(j) We start with

eft = PN
i=1 �̂

�
ixitPN

i=1 �̂
�2
i

=
N�1PN

i=1 �̂
�
i�i

N�1PN
i=1 �̂

�2
i

ft +
N�1PN

i=1 �̂
�
iui;t

N�1PN
i=1 �̂

�2
i

= I + II;
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where

I =

"
H � HN

�1PN
i=1 �̂

�
i (�̂

�
i � �iH�1)

N�1PN
i=1 �̂

�2
i

#
ft;

= Hft +Op

 
�hhk

�1=2
h

min fN; T 1=2g

!
;

and II = Op

�
�hhk

�1=2
h

N1=2

�
+Op

�
�hhk

�1=2
h

minfN;T 1=2g

�
= Op

�
�hhk

�1=2
h

minfN1=2;T 1=2g

�
: Hence,

eft �Hft = Op �hhk
�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
;

uniformly in t. (k) is straightforwardly shown from (j).
(l) (c) and (j) imply that

( eFt�1 �HFt�1)( eft �Hft) =

"
Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!#

�
"
Op

 
�hhk

�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!#
;

= Op

�
�2hh

min fN2; Tg

�
+Op

�
�2hh

min fN; Tg

�
;

uniformly in t, which yields the result.
(m) Since

( eFt�1 �HFt�1)ft =

"
Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!#
�Op(�hhk

�1=2
h );

= Op

�
�2hh

min fN; T 1=2g

�
+Op

�
�hh�

h
h

min fN1=2; T 1=2g

�
;

uniformly in t, which yields the result.
(n) (a) and (j) imply that

Ft�1( eft �Hft) = Op(�
h
hk
1=2
h )�

"
Op

 
�hhk

�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!#
;

= Op

�
�2hh

min fN; T 1=2g

�
+Op

�
�hh�

h
h

min fN1=2; T 1=2g

�
;

uniformly in t, which yields the result.
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(o) By using (n) and (l), we geteFt�1( eft �Hft) = HFt�1( eft �Hft) + ( eFt �HFt)( eft �Hft);
= Op

�
�2hh

min fN; T 1=2g

�
+Op

�
�hh�

h
h

min fN1=2; T 1=2g

�
+Op

�
�2hh

min fN2; Tg

�
+Op

�
�hh�

h
h

min fN3=2; Tg

�
+Op

�
�2hh

min fN; Tg

�
;

= Op

�
�2hh

min fN; T 1=2g

�
+Op

�
�hh�

h
h

min fN1=2; T 1=2g

�
+Op

�
�2hh

min fN; Tg

�
;

uniformly in t, which yields the result.
(p) From part (j), we obtain

h�1
PT+h

t=T+1(
eft �Hft)et = Op �hhk

�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
:

(q) We havePT+h
t=T+1(

eFt�1 �HFt�1)2 =
PT+h

t=T+1
eF 2t�1 +H2

PT+h
t=T+1 F

2
t�1 � 2H

PT+h
t=T+1

eFt�1Ft�1;
=

PT+h
t=T+1

eF 2t�1 +H2
PT+h

t=T+1 F
2
t�1

�2H
PT+h

t=T+1(
eFt�1 �HFt�1)Ft�1 � 2H2

PT+h
t=T+1 F

2
t�1;

=
PT+h

t=T+1
eF 2t�1 �H2

PT+h
t=T+1 F

2
t�1

�2H
PT+h

t=T+1(
eFt�1 �HFt�1)Ft�1:

This yields PT+h
t=T+1

eF 2t�1 = H2
PT+h

t=T+1 F
2
t�1 +

PT+h
t=T+1(

eFt�1 �HFt�1)2
+2H

PT+h
t=T+1(

eFt�1 �HFt�1)Ft�1;
or

h�2
PT+h

t=T+1
eF 2t�1 = h�2H2

PT+h
t=T+1 F

2
t�1 + h

�2PT+h
t=T+1(

eFt�1 �HFt�1)2
+2h�2H

PT+h
t=T+1(

eFt�1 �HFt�1)Ft�1;
= h�2H2

PT+h
t=T+1 F

2
t�1

+Op

�
�2hh h

�1kh
min fN2; Tg

�
+Op

�
�2hh h

�1kh
min fN; Tg

�
+Op

�
�2hh h

�1kh
min fN; T 1=2g

�
+Op

�
�hh�

h
hh

�1kh
min fN1=2; T 1=2g

�
;
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by using (d) and (e).
(r) We have

h�1
PT+h

t=T+1
eFt�1et = h�1H

PT+h
t=T+1 Ft�1et + h

�1PT+h
t=T+1(

eFt�1 �HFt�1)et;
= h�1H

PT+h
t=T+1 Ft�1et

+Op

 
�hhk

1=2
h h�1=2

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h h�1=2

min fN1=2; T 1=2g

!
;

by using (g).�

Lemma B2. Suppose Assumptions 1�4 and A hold or Assumptions 1�5 and the following

condition hold:
�hh�

h
hh

1=2k
�1=2
h

min fN1=2; T 1=2g ! 0:

Then, we have
�̂2

p! Q�2�2;

as N; T; h!1, where
�̂2 = h�1

PT+h
t=T+1(

eft � �̂� eFt�1)2;
with

�̂
�
=

PT+h
t=T+1

eFt�1 eftPT+h
t=T+1

eF 2t�1 :
Proof of Lemma B2.
We start with the AR coe¢ cient estimator,

�̂
�
=

PT+h
t=T+1

eFt�1 eftPT+h
t=T+1

eF 2t�1 :
Since

eft = eFt � eFt�1;
= HFt �HFt�1 + ( eFt �HFt)� ( eFt�1 �HFt�1);
= H

c

kh
Ft�1 +Het + ( eFt �HFt)� ( eFt�1 �HFt�1);

=
c

kh
eFt�1 +Het + ( eft �Hft)� c

kh
( eFt�1 �HFt�1);
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we obtain

�̂
�
=

c

kh
+
H
PT+h

t=T+1
eFt�1etPT+h

t=T+1
eF 2t�1 +

PT+h
t=T+1

eFt�1( eft �Hft)PT+h
t=T+1

eF 2t�1
+
c

kh

PT+h
t=T+1

eFt�1( eFt�1 �HFt�1)PT+h
t=T+1

eF 2t�1 ;

=
c

kh
+
��2hh k�2h H

2
PT+h

t=T+1 Ft�1et

��2hh k�2h
PT+h

t=T+1
eF 2t�1 +

��2hh k�2h H
PT+h

t=T+1(
eFt�1 �HFt�1)et

��2hh k�2h
PT+h

t=T+1
eF 2t�1

+
��2hh k�2h

PT+h
t=T+1

eFt�1( eft �Hft)
��2hh k�2h

PT+h
t=T+1

eF 2t�1 +
c

kh

��2hh k�2h
PT+h

t=T+1
eFt�1( eFt�1 �HFt�1)

��2hh k�2h
PT+h

t=T+1
eF 2t�1 :

This yields

��hh k
�1
h

�
�̂
� � c

kh

�
=

��hh k
�1
h H

2
PT+h

t=T+1 Ft�1et

��2hh k�2h
PT+h

t=T+1
eF 2t�1 +

��hh k
�1
h H

PT+h
t=T+1(

eFt�1 �HFt�1)et
��2hh k�2h

PT+h
t=T+1

eF 2t�1
+
��hh k

�1
h

PT+h
t=T+1

eFt�1( eft �Hft)
��2hh k�2h

PT+h
t=T+1

eF 2t�1 +
c

kh

��hh k
�1
h

PT+h
t=T+1

eFt�1( eFt�1 �HFt�1)
��2hh k�2h

PT+h
t=T+1

eF 2t�1 ;

= I + II + III + IV:

For the denominator,

��2hh k�2h
PT+h

t=T+1
eF 2t�1 = ��2hh k�2h H

2
PT+h

t=T+1 F
2
t�1 +Op

�
hk�1h

min fN2; Tg

�
+Op

�
��2hh �2hh hk

�1
h

min fN; Tg

�
+Op

�
hk�1h

min fN; T 1=2g

�
+Op

�
��hh �

h
hhk

�1
h

min fN1=2; T 1=2g

�
;

by using Lemma B1 (q) and the four terms of the factor estimation errors are op(1) under
the stated conditions.
The numerator of I is op(1) by using Lemma A5 (c). For the numerator of II,

��hh k
�1
h

PT+h
t=T+1(

eFt�1 �HFt�1)et = Op h1=2k
�1=2
h

min fN; T 1=2g

!
+Op

 
��hh �

h
hh

1=2k
�1=2
h

min fN1=2; T 1=2g

!
;

by using Lemma B1 (g) and it is op(1) under the stated conditions.
For the numerator of III,

��hh k
�1
h

PT+h
t=T+1

eFt�1( eft �Hft) = Op

�
�hhhk

�1
h

min fN; T 1=2g

�
+Op

�
�hhhk

�1
h

min fN1=2; T 1=2g

�
+Op

�
��hh �

2h
h hk

�1
h

min fN; Tg

�
= op(1);
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by using Lemma B1 (o) and it is op(1) under the stated conditions.
For the numerator of IV ,

��hh k
�2
h

PT+h
t=T+1

eFt�1( eFt�1 �HFt�1) = Op

�
�hhhk

�1
h

min fN; T 1=2g

�
+Op

�
�hhhk

�1
h

min fN1=2; T 1=2g

�
+Op

�
�hh�

2h
h hk

�1
h

min fN; Tg

�
;

by using Lemma B1 (f) and it is op(1) under the stated conditions so that we proceed with
�̂
� � c

kh
= Op(�

�h
h k

�1
h ) and �̂

�
= Op(k

�1
h ). Then,

�̂2 = h�1
PT+h

t=T+1(
eft � �̂� eFt�1)2;

= h�1
PT+h

t=T+1[Hft � �̂
�
HFt�1 + ( eft �Hft)� �̂�( eFt�1 �HFt�1)]2;

= h�1
PT+h

t=T+1[Hft �H
c

kh
Ft�1 � (�̂

� � c

kh
)HFt�1 + ( eft �Hft)� �̂�( eFt�1 �HFt�1)]2;

= h�1
PT+h

t=T+1[Het � (�̂
� � c

kh
)HFt�1 + ( eft �Hft)� �̂�( eFt�1 �HFt�1)]2;

= h�1
PT+h

t=T+1[H
2e2t + (�̂

� � c

kh
)2H2F 2t�1 + (

eft �Hft)2 + �̂�2( eFt�1 �HFt�1)2
+2H2(�̂

� � c

kh
)Ft�1et + 2H( eft �Hft)et � 2�̂�( eFt�1 �HFt�1)Het

+2(�̂
� � c

kh
)HFt�1( eft �Hft)� 2(�̂� � c

kh
)�̂
�
HFt�1( eFt�1 �HFt�1)

+2�̂
�
( eft �Hft)( eFt�1 �HFt�1)];

= h�1
PT+h

t=T+1H
2e2t +

P9
k=1Dk;

has nine terms of the factor estimation errors. We now show that they are all op(1) under
the stated conditions. For D1,

D1 = (�̂
� � c

kh
)2H2h�1

PT+h
t=T+1 F

2
t�1;

= Op(�
�2h
h k�2h )�Op

�
�2hh h

�1k2h
�
;

= Op(h
�1) = op(1):

For D2;

D2 = h�1
PT+h

t=T+1(
eft �Hft)2;

= Op

�
�2hh k

�1
h

min fN2; Tg

�
+Op

�
�2hh k

�1
h

min fN; Tg

�
;
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by using Lemma B1 (k) and it is op(1) under the stated conditions. For D3,

D3 = �̂
�2
h�1

PT+h
t=T+1(

eFt�1 �HFt�1)2;
= Op(k

�2
h )�

�
Op

�
�2hh kh

min fN2; Tg

�
+Op

�
�2hh kh

min fN; Tg

��
;

= Op

�
�2hh k

�1
h

min fN2; Tg

�
+Op

�
�2hh k

�1
h

min fN; Tg

�
;

by using Lemma B1 (d) and it is op(1) under the stated conditions. For D4;

D4 = 2H2(�̂
� � c

kh
)h�1

PT+h
t=T+1 Ft�1et;

= Op(�
�h
h k

�1
h )� op

�
�hhh

�1kh
�
;

= op(h
�1) = op(1);

by using Lemma A5 (c). For D5,

D5 = 2Hh�1
PT+h

t=T+1(
eft �Hft)et;

= Op

 
�hhk

�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
;

by using Lemma B1 (p) and it is op(1) under the stated conditions. For D6,

D6 = 2�̂
�
Hh�1

PT+h
t=T+1(

eFt�1 �HFt�1)et;
= Op(k

�1
h )�

"
Op

 
�hhh

1=2k
1=2
h

min fN; T 1=2g

!
+Op

 
�hhh

1=2k
1=2
h

min fN1=2; T 1=2g

!#
;

= Op

 
�hhh

1=2k
�1=2
h

min fN; T 1=2g

!
+Op

 
�hhh

1=2k
�1=2
h

min fN1=2; T 1=2g

!
;

by using Lemma B1 (g) and it is op(1) under the stated conditions. For D7,

D7 = 2(�̂
� � c

kh
)Hh�1

PT+h
t=T+1 Ft�1(

eft �Hft);
= Op(�

�h
h k

�1
h )�

�
Op

�
�2hh

min fN; T 1=2g

�
+Op

�
�hh�

h
h

min fN1=2; T 1=2g

��
;

= Op

�
�hhk

�1
h

min fN; T 1=2g

�
+Op

�
�hhk

�1
h

min fN1=2; T 1=2g

�
;
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by using Lemma B1 (o) and it is op(1) under the stated conditions. For D8,

D8 = 2(�̂
� � c

kh
)�̂
�
Hh�1

PT+h
t=T+1 Ft�1(

eFt�1 �HFt�1);
= Op(�

�h
h k

�1
h )�Op(k�1h )�

�
Op

�
�2hh kh

min fN; T 1=2g

�
+Op

�
�hh�

h
hkh

min fN1=2; T 1=2g

��
;

= Op

�
�hhk

�1
h

min fN; T 1=2g

�
+Op

�
�hhk

�1
h

min fN1=2; T 1=2g

�
;

by using Lemma B1 (e) and it is op(1) under the stated conditions. For D9,

D9 = 2�̂
�
h�1

PT+h
t=T+1(

eft �Hft)( eFt�1 �HFt�1);
= Op

�
k�1h
�
�
�
Op

�
�2hh

min fN2; Tg

�
+Op

�
�hh�

h
h

min fN3=2; Tg

�
+Op

�
�2hh

min fN; Tg

��
;

= Op

�
�2hh k

�1
h

min fN2; Tg

�
+Op

�
�hh�

h
hk
�1
h

min fN3=2; Tg

�
+Op

�
�2hh k

�1
h

min fN; Tg

�
;

by using Lemma B1 (l) and it is op(1) under the stated conditions. Therefore,

�̂2 = h�1
PT+h

t=T+1H
2e2t + op(1);

under the stated conditions, which yields the result. Note that carefully investigating all

17 terms of the factor estimation errors gives the dominating terms Op

�
�hhhk

�1
h

minfN;T 1=2g

�
; and

Op

�
�hhhk

�1
h

minfN1=2;T 1=2g

�
that appear in the numerator of IV .�

Lemma B3. Under Assumptions 1�5, the following hold:

(a) For t = T + 1; :::; T + h uniformly in t;

eUi;t � Ui;t = Op �hhk
1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;

(b)

h�1
PT+h

t=T+1(
eUi;t�1 � Ui;t�1)2 = Op� �2hh kh

min fN2; Tg

�
+Op

�
�2hh kh

min fN; Tg

�
;

(c)

h�1
PT+h

t=T+1 Ui;t�1(
eUi;t�1 � Ui;t�1) = Op� �hh�

h
hkh

min fN; T 1=2g

�
+Op

�
�2hh kh

min fN1=2; T 1=2g

�
;
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(d)

h�1
PT+h

t=T+1
eUi;t�1(eUi;t�1 � Ui;t�1) = Op

�
�2hh kh

min fN2; Tg

�
+Op

�
�hh�

h
hkh

min fN; T 1=2g

�
+Op

�
�2hh kh

min fN1=2; T 1=2g

�
;

(e)

h�1=2
PT+h

t=T+1(
eUi;t�1 � Ui;t�1)zi;t = Op �hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;

(f) For t = T + 1; :::; T + h uniformly in t;

eui;t � ui;t = Op �hhk
�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
;

(g)

h�1
PT+h

t=T+1(eui;t � ui;t)2 = Op� �2hh k
�1
h

min fN2; Tg

�
+Op

�
�2hh k

�1
h

min fN; Tg

�
;

(h)

h�1
PT+h

t=T+1(
eUi;t�1 � Ui;t�1)(eui;t � ui;t) = Op

�
�2hh

min fN2; Tg

�
+Op

�
�hh�

h
h

min fN3=2; Tg

�
+Op

�
�2hh

min fN; Tg

�
;

(i)

h�1
PT+h

t=T+1(
eUi;t�1 � Ui;t�1)ui;t = Op� �hh�

h
h

min fN; T 1=2g

�
+Op

�
�2hh

min fN1=2; T 1=2g

�
;

(j)

h�1
PT+h

t=T+1 Ui;t�1(eui;t � ui;t) = Op� �hh�
h
h

min fN; T 1=2g

�
+Op

�
�2hh

min fN1=2; T 1=2g

�
;

(k)

h�1
PT+h

t=T+1
eUi;t�1(eui;t � ui;t) = Op

�
�2hh

min fN2; Tg

�
+Op

�
�2hh

min fN1=2; T 1=2g

�
+Op

�
�hh�

h
h

min fN; T 1=2g

�
;
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(l)

h�1
PT+h

t=T+1(eui;t � ui;t)zi;t = Op
 

�hhk
�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
;

(m)

h�2
PT+h

t=T+1
eU2i;t�1 = h�2H2

PT+h
t=T+1 U

2
i;t�1 +Op

�
�2hh h

�1kh
min fN2; Tg

�
+Op

�
�2hh h

�1kh
min fN; Tg

�
+Op

�
�hh�

h
hh

�1kh
min fN; T 1=2g

�
+Op

�
�2hh h

�1kh
min fN1=2; T 1=2g

�
;

(n)

h�1
PT+h

t=T+1
eUi;t�1zi;t = h�1

PT+h
t=T+1 Ui;t�1zi;t

+Op

 
�hhh

�1=2k
1=2
h

min fN; T 1=2g

!
+Op

 
�hhh

�1=2k
1=2
h

min fN1=2; T 1=2g

!
:

Proof of Lemma B3.
(a) Since

eUi;t � Ui;t = (�̂
�
i �H�1�i)HFt +H

�1��i ( eFt �HFt)
+(�̂

�
i �H�1�i)( eFt �HFt);

= Op

 
�hhk

1=2
h

min fN; T 1=2g

!

+Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!

+Op

�
1

min fN; T 1=2g

�
�
"
Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!#
;

= Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;

by using Lemma B1 (c) for t = T + 1; � � � ; T + h uniformly in t. (b) The result is straight-
forwardly shown from (a).
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(c) Since

Ui;t(eUi;t � Ui;t) = Op

�
�hhk

1=2
h

�
�
"
Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!#
;

= Op

�
�hh�

h
hkh

min fN; T 1=2g

�
+Op

�
�2hh kh

min fN1=2; T 1=2g

�
;

uniformly in t, the result follows.
(d) By using (b) and (c),

eUi;t(eUi;t � Ui;t) = Ui;t(eUi;t � Ui;t) + (eUi;t � Ui;t)2;
= Op

�
�hh�

h
hkh

min fN; T 1=2g

�
+Op

�
�2hh kh

min fN1=2; T 1=2g

�
+Op

�
�2hh kh

min fN2; Tg

�
+Op

�
�2hh kh

min fN; Tg

�
;

= Op

�
�2hh kh

min fN2; Tg

�
+Op

�
�hh�

h
hkh

min fN; T 1=2g

�
+Op

�
�2hh kh

min fN1=2; T 1=2g

�
;

uniformly in t for t = T + 1; � � � ; T + h. Hence,

h�1
PT+h

t=T+1
eUi;t�1(eUi;t�1 � Ui;t�1) = Op

�
�2hh kh

min fN2; Tg

�
+Op

�
�hh�

h
hkh

min fN; T 1=2g

�
+Op

�
�2hh kh

min fN1=2; T 1=2g

�
:

(e) Since

(eUi;t�1 � Ui;t�1)zi;t = Op �hhk
1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;

and (eUi;t�1 � Ui;t�1) and zi;t are independent with zi;t being i.i.d. with E(zi;t) = 0, we have
h�1=2

PT+h
t=T+1(

eUi;t�1 � Ui;t�1)zi;t = Op �hhk
1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
:

(f) This is because

eui;t � ui;t = (�̂
�
i �H�1�i)Hft +H

�1�i( eft �Hft)
+(�̂

�
i �H�1�i)( eft �Hft);

= Op

 
�hhk

�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
;

42



uniformly in t by using Lemma B1 (j).
(g) is straightforwardly shown from (f).
(h) (a) and (f) imply that

(eUi;t�1 � Ui;t�1)(eui;t � ui;t) =

"
Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!#

�
"
Op

 
�hhk

�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!#
;

= Op
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�2hh

min fN2; Tg

�
+Op

�
�2hh

min fN; Tg

�
;

uniformly in t, which yields the result.
(i) Since

(eUi;t�1 � Ui;t�1)ui;t =

"
Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!#
�Op(�hhk

�1=2
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= Op

�
�hh�

h
h

min fN; T 1=2g

�
+Op

�
�2hh

min fN1=2; T 1=2g

�
;

uniformly in t, which yields the result.
(j) Lemma B1 (b) and Lemma B3 (f) imply that

Ui;t�1(eui;t � ui;t) = Op(�
h
hk
1=2
h )�

"
Op

 
�hhk

�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g
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;

= Op

�
�hh�

h
h

min fN; T 1=2g

�
+Op

�
�2hh

min fN1=2; T 1=2g

�
;

uniformly in t, which yields the result.
(k) By using (j) and (h), we geteUi;t�1(eui;t � ui;t) = Ui;t�1(eui;t � ui;t) + (eUi;t�1 � Ui;t�1)(eui;t � ui;t);

= Op

�
�hh�

h
h
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�
+Op

�
�2hh
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�
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+Op

�
�2hh

min fN1=2; T 1=2g

�
;
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uniformly in t, which yields the result.
(l) From (f), we obtain

h�1
PT+h

t=T+1(eui;t � ui;t)zi;t = Op
 

�hhk
�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
:

(m) We havePT+h
t=T+1(

eUi;t�1 � Ui;t�1)2 =
PT+h

t=T+1
eU2i;t�1 +PT+h

t=T+1 U
2
i;t�1 � 2

PT+h
t=T+1

eUi;t�1Ui;t�1;
=

PT+h
t=T+1

eU2i;t�1 +PT+h
t=T+1 U

2
i;t�1

�2
PT+h
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eUi;t�1 � Ui;t�1)Ui;t�1 � 2PT+h

t=T+1 U
2
i;t�1;

=
PT+h

t=T+1
eU2i;t�1 �PT+h

t=T+1 U
2
i;t�1 � 2

PT+h
t=T+1(

eUi;t�1 � Ui;t�1)Ui;t�1:
Solving the �rst term on the right-hand side givesPT+h

t=T+1
eU2i;t�1 =PT+h

t=T+1 U
2
i;t�1 +

PT+h
t=T+1(

eUi;t�1 � Ui;t�1)2 + 2PT+h
t=T+1(

eUi;t�1 � Ui;t�1)Ui;t�1;
so that

h�2
PT+h

t=T+1
eU2i;t�1 = h�2

PT+h
t=T+1 U

2
i;t�1 + h

�2PT+h
t=T+1(

eUi;t�1 � Ui;t�1)2
+2h�2

PT+h
t=T+1(

eUi;t�1 � Ui;t�1)Ui;t�1;
= h�2

PT+h
t=T+1 U

2
i;t�1

+Op

�
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�1kh
min fN2; Tg

�
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�
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�
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h
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�2hh h

�1kh
min fN1=2; T 1=2g
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;

by using (b) and (c).
(n) We have

h�1
PT+h

t=T+1
eUi;t�1zi;t = h�1

PT+h
t=T+1 Ui;t�1zi;t + h

�1PT+h
t=T+1(

eUi;t�1 � Ui;t�1)zi;t;
= h�1
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;

by using (e).�

Lemma B4. Suppose Assumptions 1�4 and A hold or Assumptions 1�5 and the following
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conditions hold:
�hhhk

�1
h

min fN; T 1=2g ! 0 and
�hhhk

�1
h

min fN1=2; T 1=2g ! 0:

Then, we have
�̂2i

p! �2i ;

for any i as N; T; h!1, where

�̂2i = h
�1PT+h

t=T+1(eui;t � �̂�i eUi;t�1)2;
with

�̂
�
i =

PT+h
t=T+1

eUi;t�1eui;tPT+h
t=T+1

eU2i;t�1 :

Proof of Lemma B4.

We start with the AR coe¢ cient estimator,

�̂
�
i =

PT+h
t=T+1

eUi;t�1eui;tPT+h
t=T+1

eU2i;t�1 :

Since

eui;t = eUi;t � eUi;t�1;
= Ui;t � Ui;t�1 + (eUi;t � Ui;t)� (eUi;t�1 � Ui;t�1);
=
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kh
Ui;t�1 + zi;t + (eUi;t � Ui;t)� (eUi;t�1 � Ui;t�1);

=
ci
kh
eUi;t�1 + zi;t + (eui;t � ui;t)� ci

kh
(eUi;t�1 � Ui;t�1);

we obtain
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=
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This yields
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= I + II + III + IV:

For the denominator,

��2hh k�2h
PT+h

t=T+1
eU2i;t�1 = ��2hh k�2h

PT+h
t=T+1 U

2
i;t�1 +Op

�
�2hh �

�2h
h hk�1h

min fN2; Tg

�
+Op

�
hk�1h

min fN; Tg

�
+Op

�
�hh�

�h
h hk

�1
h

min fN; T 1=2g

�
+Op

�
hk�1h

min fN1=2; T 1=2g

�
;

by using Lemma B3 (m) and the four terms of the factor estimation errors are op(1) under
the stated conditions.
The numerator of I is op(1) by using Lemma A5 (h). For the numerator of II,

��hh k
�1
h

PT+h
t=T+1(

eUi;t�1 � Ui;t�1)zi;t = Op �hh��hh h1=2k�1=2h

min fN; T 1=2g

!
+Op

 
h1=2k

�1=2
h

min fN1=2; T 1=2g

!
;

by using Lemma B3 (e) and it is op(1) under the stated conditions. For the numerator of

III,

��hh k
�1
h

PT+h
t=T+1

eUi;t�1(eui;t � ui;t) = Op

�
�2hh �

�h
h hk

�1
h

min fN2; Tg

�
+Op

�
�hhhk

�1
h

min fN1=2; T 1=2g

�
+Op

�
�hhhk

�1
h

min fN; T 1=2g

�
;

by using Lemma B3 (k) and it is op(1) under the stated conditions. For the numerator of

IV ,

��hh k
�2
h

PT+h
t=T+1

eUi;t�1(eUi;t�1 � Ui;t�1) = Op

�
�2hh �

�h
h hk

�1
h

min fN2; Tg

�
+Op

�
�hhhk

�1
h

min fN; T 1=2g

�
+Op

�
�hhhk

�1
h

min fN1=2; T 1=2g

�
;

by using Lemma B3 (d) and it is op(1) under the stated conditions. Therefore, we proceed

with �̂
�
i � ci

kh
= Op(�

�h
h k

�1
h ) and �̂

�
i = Op(k

�1
h ). We now consider
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�̂2i = h�1
PT+h

t=T+1(eui;t � �̂�i eUi;t�1)2;
= h�1

PT+h
t=T+1[ui;t � �̂

�
iUi;t�1 + (eui;t � ui;t)� �̂�i (eUi;t�1 � Ui;t�1)]2;

= h�1
PT+h

t=T+1[ui;t �
ci
kh
Ui;t�1 � (�̂

�
i �

ci
kh
)Ui;t�1 + (eui;t � ui;t)� �̂�i (eUi;t�1 � Ui;t�1)]2;

= h�1
PT+h

t=T+1[zi;t � (�̂
�
i �

ci
kh
)Ui;t�1 + (eui;t � ui;t)� �̂�i (eUi;t�1 � Ui;t�1)]2;

= h�1
PT+h

t=T+1[z
2
i;t + (�̂

�
i �

ci
kh
)2U2i;t�1 + (eui;t � ui;t)2 + �̂�2i (eUi;t�1 � Ui;t�1)2

+2(�̂
�
i �

ci
kh
)Ui;t�1zi;t + 2(eui;t � ui;t)zi;t � 2�̂�i (eUi;t�1 � Ui;t�1)zi;t

+2(�̂
�
i �

ci
kh
)Ui;t�1(eui;t � ui;t)� 2(�̂�i � ci

kh
)�̂
�
iUi;t�1(

eUi;t�1 � Ui;t�1)
+2�̂

�
i (eui;t � ui;t)(eUi;t�1 � Ui;t�1)];

= h�1
PT+h

t=T+1 z
2
i;t +

P9
k=1Dk;

has nine terms of the factor estimation errors. We now show that they are all op(1) under
the stated conditions. For D1,

D1 = (�̂
�
i �

ci
kh
)2h�1

PT+h
t=T+1 U

2
i;t�1;

= Op(�
�2h
h k�2h )�Op

�
�2hh h

�1k2h
�
;

= Op(h
�1) = op(1):

For D2;

D2 = h�1
PT+h

t=T+1(eui;t � ui;t)2;
= Op

�
�2hh k

�1
h

min fN2; Tg

�
+Op

�
�2hh k

�1
h

min fN; Tg

�
;

by using Lemma B3 (g) and it is op(1) under the stated conditions. For D3,

D3 = �̂
�2
h�1

PT+h
t=T+1(

eUi;t�1 � Ui;t�1)2;
= Op(k

�2
h )�

�
Op

�
�2hh kh

min fN2; Tg

�
+Op

�
�2hh kh

min fN; Tg

��
;

= Op

�
�2hh k

�1
h

min fN2; Tg

�
+Op

�
�2hh k

�1
h

min fN; Tg

�
;

by using Lemma B3 (b) and it is op(1) under the stated conditions. For D4;

D4 = 2(�̂
�
i �

ci
kh
)h�1

PT+h
t=T+1 Ui;t�1zi;t;

= Op(�
�h
h k

�1
h )� op

�
�hhkhh

�1� = op(1):
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For D5,

D5 = 2h�1
PT+h

t=T+1(eui;t � ui;t)zi;t;
= Op

 
�hhk

�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
;

by using Lemma B3 (l) and it is op(1) under the stated conditions. For D6,

D6 = 2�̂
�
ih
�1PT+h

t=T+1(
eUi;t�1 � Ui;t�1)zi;t;

= Op(k
�1
h )�

"
Op

 
�hhh

1=2k
1=2
h

min fN; T 1=2g

!
+Op

 
�hhh

1=2k
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h
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!#
;
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�hhh

1=2k
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h

min fN; T 1=2g

!
+Op

 
�hhh

1=2k
�1=2
h

min fN1=2; T 1=2g

!
;

by using Lemma B3 (e) and it is op(1) under the stated conditions. For D7,

D7 = 2(�̂
�
i �

ci
kh
)h�1

PT+h
t=T+1 Ui;t�1(eui;t � ui;t);

= Op(�
�h
h k

�1
h )�

�
Op

�
�hh�

h
h

min fN; T 1=2g

�
+Op

�
�2hh

min fN1=2; T 1=2g

��
;

= Op

�
�hhk

�1
h

min fN; T 1=2g

�
+Op

�
�hhk

�1
h

min fN1=2; T 1=2g

�
;

by using Lemma B3 (j) and it is op(1) under the stated conditions. For D8,

D8 = 2(�̂
�
i �

ci
kh
)�̂
�
ih
�1PT+h

t=T+1 Ui;t�1(
eUi;t�1 � Ui;t�1);

= Op(�
�h
h k

�1
h )�

�
Op

�
�hh�

h
hkh

min fN; T 1=2g

�
+Op

�
�2hh kh
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��
;

= Op

�
�hh

min fN; T 1=2g

�
+Op

�
�hh

min fN1=2; T 1=2g

�
;

by using Lemma B3 (c) and it is op(1) under the stated conditions. For D9,

D9 = 2�̂
�
ih
�1PT+h

t=T+1(eui;t � ui;t)(eUi;t�1 � Ui;t�1);
= Op

�
k�1h
�
�
�
Op

�
�2hh

min fN2; Tg

�
+Op

�
�2hh

min fN; Tg

��
;

= Op

�
�2hh k

�1
h

min fN2; Tg

�
+Op

�
�2hh k

�1
h

min fN; Tg

�
;

by using Lemma B3 (h) and it is op(1) under the stated conditions. Therefore,

�̂2i = h
�1PT+h

t=T+1 z
2
i;t + op(1);
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under the stated conditions. Note that the two conditions

�hhhk
�1
h

min fN; T 1=2g ! 0 and
�hhhk

�1
h

min fN1=2; T 1=2g ! 0;

are obtained by carefully investigating all 17 terms of the factor estimation errors.�

Lemma B5. Under Assumptions 1�5, the following hold:

(a) eF �H �F = Op �hhk
1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;

(b) ef �H �f = Op �hhk
�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
:

Proof of Lemma B5. (a) We have

eF �H �F = h�1PT+h
t=T+1(

eFt�1 �HFt�1) = Op �hhk
1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;

by using Lemma B1 (c). (b) We have

ef �H �f = h�1PT+h
t=T+1(

eft �Hft) = Op �hhk
�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
;

by using Lemma B1 (j).�

Lemma B6. Under Assumptions 1�5, the following hold:

(a) For t = T + 1; :::; T + h uniformly in t;

F ct = Op(�
h
hk
1=2
h );

(b) For t = T + 1; :::; T + h uniformly in t and all i;

U ci;t = Op(�
h
hk
1=2
h );

(c) For t = T + 1; :::; T + h uniformly in t;

eF ct �HF ct = Op
 

�hhk
1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;
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(d)

h�1
PT+h

t=T+1(
eF ct�1 �HF ct�1)2 = Op� �2hh kh

min fN2; Tg

�
+Op

�
�2hh kh

min fN; Tg

�
;

(e)

h�1
PT+h

t=T+1 F
c
t�1( eF ct�1 �HF ct�1) = Op� �2hh kh

min fN; T 1=2g

�
+Op

�
�hh�

h
hkh

min fN1=2; T 1=2g

�
;

(f)

h�1
PT+h

t=T+1
eF ct�1( eF ct�1 �HF ct�1) = Op

�
�2hh kh
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�
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�
�hh�

h
hkh

min fN1=2; T 1=2g

�
+Op

�
�2hh kh
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�
;

(g)

h�1=2
PT+h

t=T+1(
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�hhk

1=2
h

min fN; T 1=2g

!
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�hhk

1=2
h

min fN1=2; T 1=2g

!
;

(h) For t = T + 1; :::; T + h uniformly in t;

f ct = Op(�
h
hk
�1=2
h );

(i) For t = T + 1; :::; T + h uniformly in t and all i;

uci;t = Op(�
h
hk
�1=2
h );

(j) For t = T + 1; :::; T + h uniformly in t;

ef ct �Hf ct = Op
 

�hhk
�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
;

(k)
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PT+h
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ef ct �Hf ct )2 = Op� �2hh k

�1
h

min fN2; Tg

�
+Op

�
�2hh k

�1
h

min fN; Tg

�
;

(l)

h�1
PT+h

t=T+1(
eF ct�1 �HF ct�1)( ef ct �Hf ct ) = Op� �2hh

min fN2; Tg

�
+Op

�
�2hh

min fN; Tg

�
;
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(m)

h�1
PT+h

t=T+1(
eF ct�1 �HF ct�1)f ct = Op� �2hh

min fN; T 1=2g

�
+Op

�
�hh�

h
h

min fN1=2; T 1=2g

�
;

(n)

h�1
PT+h

t=T+1 F
c
t�1(

ef ct �Hf ct ) = Op� �2hh
min fN; T 1=2g

�
+Op

�
�hh�

h
h

min fN1=2; T 1=2g

�
;

(o)

h�1
PT+h

t=T+1
eF ct�1( ef ct �Hf ct ) = Op

�
�2hh

min fN; T 1=2g

�
+Op

�
�hh�

h
h

min fN1=2; T 1=2g

�
+Op

�
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�
;

(p)

h�1
PT+h
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min fN; T 1=2g

!
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�hhk

�1=2
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(q)
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PT+h

t=T+1
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t�1 +Op

�
�2hh h

�1kh
min fN2; Tg

�
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�
�2hh h

�1kh
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�
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�
�2hh h

�1kh
min fN; T 1=2g

�
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�
�hh�

h
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�1kh
min fN1=2; T 1=2g

�
;

(r)

h�1
PT+h

t=T+1
eF ct�1et = h�1

PT+h
t=T+1 F

c
t�1et

+Op

 
�hhh

�1=2k
1=2
h

min fN; T 1=2g

!
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�hhh

�1=2k
1=2
h

min fN1=2; T 1=2g

!
:

Proof of Lemma B6.
(a) We have

F ct�1 = Ft�1 � h�1
PT+h

t=T+1 Ft�1;

= Op(�
h
hk
1=2
h );
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by using Lemma B1 (a). (b) The proof is the same as (a).

(c) We have

eF ct�1 �HF ct�1 = ( eFt�1 �HFt�1)� ( eF �HF );
= Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;

uniformly in t; for t = T + 1; � � �T + h; by using Lemmas B1 (c) and B5 (a). (d) is straight-
forwardly shown from (c).
(e) We have

F ct�1( eF ct�1 �HF ct�1) = Op(�
h
hk
1=2
h )�

"
Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!#
;

= Op

�
�2hh kh

min fN; T 1=2g

�
+Op

�
�hh�

h
hkh

min fN1=2; T 1=2g

�
;

uniformly in t; for t = T + 1; � � �T + h, by using (a) and (c). The result follows.
(f) We have

eF ct�1( eF ct�1 �HF ct�1) = HF ct�1( eF ct�1 �HF ct�1) + ( eF ct�1 �HF ct�1)2;
= Op

�
�2hh kh

min fN; T 1=2g

�
+Op

�
�hh�

h
hkh

min fN1=2; T 1=2g

�
+Op

�
�2hh kh

min fN2; Tg

�
+Op

�
�2hh kh

min fN; Tg

�
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�
�2hh kh

min fN; T 1=2g

�
+Op

�
�hh�

h
hkh

min fN1=2; T 1=2g

�
+Op

�
�2hh kh

min fN; Tg

�
;

uniformly in t; for t = T + 1; � � �T + h, by using results derived in (e) and (d). The result
follows.
(g) We have

( eF ct�1 �HF ct�1)et = ( eFt�1 �HFt�1)et � ( eF �HF )et;
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so that

h�1=2
PT+h

t=T+1(
eF ct�1 �HF ct�1)et = h�1=2

PT+h
t=T+1(

eFt�1 �HFt�1)et + ( eF �HF )h�1=2PT+h
t=T+1 et;

= Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk
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�hhk
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min fN; T 1=2g

!
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�hhk

1=2
h

min fN1=2; T 1=2g

!
;
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�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;

by using Lemma B1 (g) and Lemma B5 (a).
(h) We have

f ct = ft � h�1
PT+h

t=T+1 ft = Op(�
h
hk
�1=2
h ):

(i) can be shown same as (h).
(j) We have

ef ct �Hf ct = ( eft �Hft)� ( ef �H �f);
= Op

 
�hhk

�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
;

uniformly in t; for t = T + 1; � � �T + h, by using Lemma B1 (j) and Lemma B5 (b). (k) is
straightforwardly shown from part (j).
(l) We have

( eF ct�1 �HF ct�1)( ef ct �Hf ct ) =

"
Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g
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�
"
Op

 
�hhk
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!
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!#
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min fN2; Tg

�
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�
�2hh
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�
;

uniformly in t; for t = T + 1; � � �T + h, by using the results obtained in (c) and (j). This
yields the result.
(m) We have

( eF ct�1 �HF ct�1)f ct =

"
Op

 
�hhk
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h

min fN; T 1=2g

!
+Op

 
�hhk
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;
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uniformly in t; for t = T + 1; � � �T + h, by using the result obtained in (c). This yields the
result.
(n) (a) and (j) imply that

F ct�1(
ef ct �Hf ct ) = Op(�

h
hk
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h )�
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Op

 
�hhk
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�
;

uniformly in t, for t = T + 1; � � �T + h, which yields the result.
(o) We haveeF ct�1( ef ct �Hf ct ) = HF ct�1(

ef ct �Hf ct ) + ( eF ct �HF ct )( ef ct �Hf ct );
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;

uniformly in t, for t = T + 1; � � �T + h, by using the results obtained in (n) and (l). This
yields the result.
(p) We have

h�1
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ef ct �Hf ct )et = h�1

PT+h
t=T+1(

eft �Hft)et + ( ef �H �f)h�1PT+h
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by using Lemma B1 (p) and Lemma B5 (b). Hence,
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(q) We havePT+h
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PT+h

t=T+1(
eF ct�1 �HF ct�1)Ft�1 � 2H2

PT+h
t=T+1 F

c2
t�1;

=
PT+h

t=T+1
eF c2t�1 �H2

PT+h
t=T+1 F

c2
t�1

�2H
PT+h

t=T+1(
eF ct�1 �HF ct�1)F ct�1:

This yields PT+h
t=T+1

eF c2t�1 = H2
PT+h

t=T+1 F
c2
t�1 +

PT+h
t=T+1(

eF ct�1 �HF ct�1)2
+2H

PT+h
t=T+1(

eF ct�1 �HF ct�1)F ct�1;
or

h�2
PT+h

t=T+1
eF c2t�1 = h�2H2

PT+h
t=T+1 F

c2
t�1 + h

�2PT+h
t=T+1(

eF ct�1 �HF ct�1)2
+2h�2H

PT+h
t=T+1(

eF ct�1 �HF ct�1)F ct�1;
= h�2H2

PT+h
t=T+1 F

c2
t�1

+Op

�
�2hh h

�1kh
min fN2; Tg

�
+Op

�
�2hh h

�1kh
min fN; Tg

�
+Op

�
�2hh h

�1kh
min fN; T 1=2g

�
+Op

�
�hh�

h
hh

�1kh
min fN1=2; T 1=2g

�
;

by using (d) and (e).
(r) We have

h�1
PT+h

t=T+1
eF ct�1et = h�1H

PT+h
t=T+1 F

c
t�1et + h

�1PT+h
t=T+1(

eF ct�1 �HF ct�1)et;
= h�1H

PT+h
t=T+1 F

c
t�1et

+Op

 
�hhk

1=2
h h�1=2

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h h�1=2

min fN1=2; T 1=2g

!
;

by using (g).�

Lemma B7. Suppose Assumptions 1�4 and A hold or Assumptions 1�5 and the following

condition hold:
�hh�

h
hh

1=2k
�1=2
h

min fN1=2; T 1=2g ! 0:
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Then, we have
�̂2

p! Q�2�2;

as N; T; h!1, where
�̂2 = h�1

PT+h
t=T+1(

ef ct � �̂� eF ct�1)2:
Proof of Lemma B7. The proof follows that of Lemma B2 by replacing Lemma B1

with Lemma B6. Thus, it is not repeated.

Lemma B8. Under Assumptions 1�5, the following hold:

(a) For t = T + 1; :::; T + h uniformly in t;

eU ci;t � U ci;t = Op
 

�hhk
1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;

(b)

h�1
PT+h

t=T+1(
eU ci;t�1 � U ci;t�1)2 = Op� �2hh kh

min fN2; Tg

�
+Op

�
�2hh kh

min fN; Tg

�
;

(c)

h�1
PT+h

t=T+1 U
c
i;t�1(

eU ci;t�1 � U ci;t�1) = Op� �hh�
h
hkh

min fN; T 1=2g

�
+Op

�
�2hh kh

min fN1=2; T 1=2g

�
;

(d)

h�1
PT+h

t=T+1
eU ci;t�1(eU ci;t�1 � U ci;t�1) = Op

�
�2hh kh

min fN2; Tg

�
+Op

�
�hh�

h
hkh

min fN; T 1=2g

�
+Op

�
�2hh kh

min fN1=2; T 1=2g

�
;

(e)

h�1=2
PT+h

t=T+1(
eU ci;t�1 � U ci;t�1)zi;t = Op

 
�hhk

1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

1=2
h

min fN1=2; T 1=2g

!
;

(f) For t = T + 1; :::; T + h uniformly in t;

euci;t � uci;t = Op
 

�hhk
�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
;

(g)

h�1
PT+h

t=T+1(euci;t � uci;t)2 = Op� �2hh k
�1
h

min fN2; Tg

�
+Op

�
�2hh k

�1
h

min fN; Tg

�
;
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(h)

h�1
PT+h

t=T+1(
eU ci;t�1 � U ci;t�1)(euci;t � uci;t) = Op

�
�2hh

min fN2; Tg

�
+Op

�
�hh�

h
h

min fN3=2; Tg

�
+Op

�
�2hh

min fN; Tg

�
;

(i)

h�1
PT+h

t=T+1(
eU ci;t�1 � U ci;t�1)uci;t = Op� �hh�

h
h

min fN; T 1=2g

�
+Op

�
�2hh

min fN1=2; T 1=2g

�
;

(j)

h�1
PT+h

t=T+1 U
c
i;t�1(euci;t � uci;t) = Op� �hh�

h
h

min fN; T 1=2g

�
+Op

�
�2hh

min fN1=2; T 1=2g

�
;

(k)

h�1
PT+h

t=T+1
eU ci;t�1(euci;t � uci;t) = Op

�
�2hh

min fN2; Tg

�
+Op

�
�2hh

min fN1=2; T 1=2g

�
+Op

�
�hh�

h
h

min fN; T 1=2g

�
;

(l)

h�1
PT+h

t=T+1(euci;t � uci;t)zi;t = Op
 

�hhk
�1=2
h

min fN; T 1=2g

!
+Op

 
�hhk

�1=2
h

min fN1=2; T 1=2g

!
;

(m)

h�2
PT+h

t=T+1
eU c2i;t�1 = h�2H2

PT+h
t=T+1 U

c2
i;t�1 +Op

�
�2hh h

�1kh
min fN2; Tg

�
+Op

�
�2hh h

�1kh
min fN; Tg

�
+Op

�
�hh�

h
hh

�1kh
min fN; T 1=2g

�
+Op

�
�2hh h

�1kh
min fN1=2; T 1=2g

�
;

(n)

h�1
PT+h

t=T+1
eU ci;t�1zi;t = h�1

PT+h
t=T+1 U

c
i;t�1zi;t

+Op

 
�hhh

�1=2k
1=2
h

min fN; T 1=2g

!
+Op

 
�hhh

�1=2k
1=2
h

min fN1=2; T 1=2g

!
:
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Proof of Lemma B8. They can be shown straightforwardly from Lemma B3 as we did
in Lemma B6 from Lemma B1. Thus, the proof is not repeated.�

Lemma B9. Suppose Assumptions 1�4 and A hold or Assumptions 1�5 and the following

conditions hold:
�hhhk

�1
h

min fN; T 1=2g ! 0 and
�hhhk

�1
h

min fN1=2; T 1=2g ! 0:

Then, we have
�̂2i

p! �2i ;

for any i as N; T; h!1, where

�̂2i = h
�1PT+h

t=T+1(euci;t � �̂�i eU ci;t�1)2:
Proof of Lemma B9. The proof follows that of Lemma B4 by replacing Lemma B3

with Lemma B8. Thus, it is not repeated.�

Lemma B10. Let � � N(0; �2=2c) and �i � N(0; �2i =2ci). Under Assumptions 1-5,
the following hold as T and h!1.
(a) Suppose c > 0.
If T=kh ! 0, then

��2hh k�2h
PT+h

t=T+1 F
2
t�1 �

1

2c
�2:

If T=kh ! � (0 < � <1), then

��2hh k�2h
PT+h

t=T+1 F
2
t�1 �

1

2c

�
FTp
T

p
� +�

�2
:

If T=kh !1, then

��2hh k�1h T
�1PT+h

t=T+1 F
2
t�1 �

1

2c

�
FTp
T

�2
:

(b) Suppose ci > 0.
If T=kh ! 0, then

��2hi;h k
�2
h

PT+h
t=T+1 U

2
i;t�1 �

1

2ci
�2i :

If T=kh ! � (0 < � <1), then

��2hi;h k
�2
h

PT+h
t=T+1 U

2
i;t�1 �

1

2ci

�
Ui;Tp
T

p
� +�i

�2
:
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If T=kh !1, then

��2hi;h k
�1
h T

�1PT+h
t=T+1 U

2
i;t�1 �

1

2ci

�
Ui;Tp
T

�2
:

Proof of Lemma B10.
(a) We take squares of both sides of Ft = �TFt�1 + et to obtain

F 2t = �2hF
2
t�1 + 2�hFt�1et + e

2
t ;

(�2h � 1)F 2t�1 = F 2t � F 2t�1 � 2�hFt�1et � e2t :

We then take summations over t = T + 1; :::; T + h to obtain

(�2h � 1)
PT+h

t=T+1 F
2
t�1 = F 2T+h � F 2T �

PT+h
t=T+1 e

2
t � 2�h

PT+h
t=T+1 Ft�1et;PT+h

t=T+1 F
2
t�1 =

1

�2h � 1

n
F 2T+h � F 2T �

PT+h
t=T+1 e

2
t � 2�h

PT+h
t=T+1 Ft�1et

o
;

��2hh k�2h
PT+h

t=T+1 F
2
t�1 =

1

k2h(�
2
h � 1)

n
��2hh (F 2T+h � F 2T )� ��2hh

PT+h
t=T+1 e

2
t

�2��2h+1h

PT+h
t=T+1 Ft�1et

o
;

=
1

kh(�2h � 1)

�
��2hh

kh
(F 2T+h � F 2T )�

��2hh

kh

PT+h
t=T+1 e

2
t

�2�
�2h+1
h

kh

PT+h
t=T+1 Ft�1et

�
;

=
1

kh(�2h � 1)
fI � II � IIIg :

We now consider terms II; III; and I in order. For II,

��2hh

kh

PT+h
t=T+1 e

2
t =

�
��2hh

h

kh

��
1

h

PT+h
t=T+1 e

2
t

�
= o(1)�Op (1) = op(1);

by using Proposition A.1 of Phillips and Magdalinos (2007) ��2hh = o(k2hh
�2) for the �rst

component and the weak law of large numbers for the second component.
For III, by plugging

Ft�1 = �
t�T�1
h FT +

Pt�T�j�1
j=1 �t�T�j�1h eT+j;
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in III (divided by 2) yields

��2h+1h

kh

PT+h
t=T+1 Ft�1et =

��2h+1h

kh

PT+h
t=T+1

�Pt�T�1
j=1 �t�T�j�1h eT+j

�
et

+
1

kh
FT�

�2h+1
h

PT+h
t=T+1 �

t�T�1
h et;

=
��2hh

kh

PT+h
t=T+1

�Pt�T�1
j=1 �t�T�jh eT+j

�
et +

1

kh
FT�

�h
h

PT+h
t=T+1 �

t�T�h
h et;

=
��2hh

kh

PT+h
t=T+1

�Pt�T�1
j=1 �t�T�jh eT+j

�
et

+

�
FTp
T

�
| {z }
=Op(1)

 r
T

kh
��hh

!
| {z }
=o(T 1=2h�1=2)

�
1p
kh

PT+h
t=T+1 �

t�T�h
h et

�
| {z }

=Op(1)

;

=
��2hh

kh

PT+h
t=T+1

�Pt�T�1
j=1 �t�T�jT eT+j

�
et + op

�
T 1=2h�1=2

�
;

because
q

T
kh
��hh =

q
T
kh
�o (khh�1) = o

�
T 1=2k

1=2
h h�1

�
= o

�
T 1=2h�1=2

�
. For 1p

kh

PT+h
t=T+1 �

t�T�h
h et =

Op(1), we used Lemma 4.2 of Phillips and Magdalinos (2007). In addition, we can show

��2hh

kh

PT+h
t=T+1

�Pt�T�h
j=1 �t�T�jh eT+j

�
et = Op(�

�h
h ) = op(1);

by following Phillips and Magdalinos (2007).
Finally, we consider term I as follows.

��2hh k�2h
PT+h

t=T+1 F
2
t�1 =

1

kh(�2h � 1)

�
��2hh

kh
(F 2T+h � F 2T ) + op

�
T 1=2h�1=2

��
;

=
1

kh(�2h � 1)

�
��2hh

kh

�
F 2T+h

� 1

kh(�2h � 1)

�
��2hh

T

kh

�
F 2T
T
+ op

�
T 1=2h�1=2

�
;

because kh(�2h� 1)! 2c. But the second term is op(Th�1) because ��2hh = o(khh
�1) so that
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��2hh (T=kh) = o (Th
�1) and F 2T=T = Op(1). Furthermore,

��2hh k�2h
PT+h

t=T+1 F
2
t�1 =

1

kh(�2h � 1)

�
��2hh

kh

�
F 2T+h + op

�
Th�1

�
;

=
1

kh(�2h � 1)

�
��2hh

kh

��
�hhFT +

Ph
j=1 �

h�j
h eT+j

�2
+ op

�
Th�1

�
;

=
1

kh(�2h � 1)

�
1

kh

��
FT +

Ph
j=1 �

�j
h eT+j

�2
+ op

�
Th�1

�
;

=
1

kh(�2h � 1)

 
FTp
T

r
T

kh
+

1p
kh

Ph
j=1 �

�j
h eT+j

!2
+ op

�
Th�1

�
:

Therefore, if T=kh ! 0, then T=h! 0 by Assumption 5 and

��2hh k�2h
PT+h

t=T+1 F
2
t�1 �

1

2c

�
1p
kn

Ph
j=1 �

�j
h eT+j

�2
) 1

2c
�2;

by Lemma A5 (a). If T=kh ! � (0 < � <1), then T=h! 0 and

��2hh k�2h
PT+h

t=T+1 F
2
t�1 �

1

2c

�
FTp
T

p
� +�

�2
:

If T=kh !1, then

��2hh k�1h T
�1PT+h

t=T+1 F
2
t�1 =

1

kh(�2h � 1)
kh
T

 
FTp
T

r
T

kh
+

1p
kh

Ph
j=1 �

�j
h eT+j

!2
+ op

�
khh

�1� ;

=
1

kh(�2h � 1)

0BBB@ FTp
T
+

r
kh
T| {z }

=o(1)

1p
kh

Ph
j=1 �

�j
h eT+j| {z }

=Op(1) by Lemma A5(a)

1CCCA
2

+ op
�
khh

�1� ;
� 1

2c

�
FTp
T

�2
:

(b) We follow the same steps as above by replacing F ct and Ft with U
c
i;t and Ui;t to show

the results. Hence, the proof is condensed.�

We now provide a proof for the asymptotic properties of the CS tests under the LTU
framework (Theorem SA-2) provided in Appendix I and under the MLTU framework (The-
orem 2) presented in Section 4.

Proof of Theorem SA-2.
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(i-a) The t test statistic is

t�eF = h�1
PT+h

t=T+1
eFt�1 eft

�̂
�
h�2

PT+h
t=T+1

eF 2t�1�1=2 :
The numerator is

h�1
PT+h

t=T+1
eFt�1 eft =

c

h2
PT+h

t=T+1
eF 2t�1 + h�1H2

PT+h
t=T+1 Ft�1et

� c

h2
PT+h

t=T+1(
eF 2t�1 �H2F 2t�1)

+h�1H
PT+h

t=T+1(
eFt�1 �HFt�1)ft

+h�1
PT+h

t=T+1
eFt�1( eft �Hft);

=
c

h2
PT+h

t=T+1
eF 2t�1 + I + II + III + IV;

but I = op(1). Further, II; III; and IV are shown to be op(1) by using Lemma B1 (q), (m),
and (o) because �hh; �

h
h = O(1) when kh = h. For the denominator,

h�2
PT+h

t=T+1
eF 2t�1 = h�2H2

PT+h
t=T+1 F

2
t�1 +Op

�
1

min fN2; Tg

�
+Op

�
�2hh

min fN; Tg

�
+Op

�
1

min fN; T 1=2g

�
+Op

�
�hh

min fN1=2; T 1=2g

�
= op(1);

by using Lemma B1 (q). The consistency of �̂ is shown in Lemma B2 because under kh = h,
�hh�

h
hh

1=2k
�1=2
h

minfN1=2;T 1=2g = o(1). Therefore,

t�eF = c
�
h�2

PT+h
t=T+1 F

2
t�1

�1=2
+

h�1
PT+h

t=T+1 Ft�1et

�
�
h�2

PT+h
t=T+1 F

2
t�1

�1=2 + op(1);
which leads to the result.

(i-b) The t test statistic is

t�eU(i) = h�1
PT+h

t=T+1
eUi;t�1eui;t

�̂i

�
h�2

PT+h
t=T+1

eU2i;t�1�1=2 :
The numerator is

h�1
PT+h

t=T+1
eUi;t�1eui;t =

ci
h2
PT+h

t=T+1
eU2i;t�1 + h�1PT+h

t=T+1 Ui;t�1zi;t �
ci
h2
PT+h

t=T+1(
eU2i;t�1 � U2i;t�1)

+h�1
PT+h

t=T+1(
eUi;t�1 � Ui;t�1)ui;t + h�1PT+h

t=T+1
eUi;t�1(eui;t � ui;t);

=
c

h2
PT+h

t=T+1
eU2i;t�1 + I + II + III + IV;
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but I = op(1). Further, II; III; and IV are shown to be op(1) by using Lemma B3 (m), (i),
and (k). For the denominator, under kh = h

h�2
PT+h

t=T+1
eU2i;t�1 = h�2

PT+h
t=T+1 U

2
i;t�1 +Op

�
�2hh

min fN2; Tg

�
+Op

�
1

min fN; Tg

�
+Op

�
�hh

min fN; T 1=2g

�
+Op

�
1

min fN1=2; T 1=2g

�
;

by using Lemma B3 (m) and the four terms of the factor estimation errors are op(1). The

consistency of �̂i is shown in Lemma B4 because under kh = h, �hhhk
�1
h

minfN;T 1=2g = op(1) and

�hhhk
�1
h

minfN1=2;T 1=2g = op(1). Therefore,

t�eU(i) = ci
�
h�2

PT+h
t=T+1 U

2
i;t�1

�1=2
+

h�1
PT+h

t=T+1 Ui;t�1zi;t

�i

�
h�2

PT+h
t=T+1 U

2
i;t�1

�1=2 + op(1);
which leads to the result.
(ii-a) The result is directly shown from (i-a) by using Lemmas B6 and B7 instead of

Lemmas B1 and B2.
(ii-b) The result is directly shown from (i-b) by using Lemmas B8 and B9 instead of

Lemmas B3 and B4.�

Proof of Theorem 2.

(a) When c = 0, the t test statistic is

�t�eF = h�1
PT+h

t=T+1
eF ct�1 ef ct

�̂
�
h�2

PT+h
t=T+1

eF c2t�1�1=2 :
The numerator is

h�1
PT+h

t=T+1
eF ct�1 ef ct = h�1H2

PT+h
t=T+1 F

c
t�1et + h

�1H
PT+h

t=T+1(
eF ct�1 �HF ct�1)et

+h�1
PT+h

t=T+1
eF ct�1( ef ct �Hf ct );

= h�1H2
PT+h

t=T+1 F
c
t�1et +Op

 
h�1=2k

1=2
h

min fN; T 1=2g

!

+Op

 
�hhh

�1=2k
1=2
h

min fN1=2; T 1=2g

!
+Op

�
1

min fN; T 1=2g

�
+Op

�
�hh

min fN1=2; T 1=2g

�
+Op

�
�2hh

min fN; Tg

�
;

63



by using Lemma B6 (g) and (o) and the �ve terms of the factor estimation errors are op(1)
under the stated condition. For the denominator,

h�2
PT+h

t=T+1
eF c2t�1 = h�2H2

PT+h
t=T+1 F

c2
t�1 +Op

�
h�1kh

min fN2; Tg

�
+Op

�
�2hh h

�1kh
min fN; Tg

�
+Op

�
h�1kh

min fN; T 1=2g

�
+Op

�
�hhh

�1kh
min fN1=2; T 1=2g

�
;

by using Lemma B6 (q) and the four terms of the factor estimation errors are op(1) under
the stated condition. The consistency of �̂ is shown in Lemma B7 under the same condition.
Therefore,

�t�eF = h�1
PT+h

t=T+1 F
c
t�1et

�
�
h�2

PT+h
t=T+1 F

c2
t�1

�1=2 + op(1);
which leads to the result.
When c > 0, the t test statistic is

t�eF = k�1h
PT+h

t=T+1
eF ct�1 ef ct

�̂
�
k�2h

PT+h
t=T+1

eF c2t�1�1=2 :
The numerator is

k�1h
PT+h

t=T+1
eF ct�1 ef ct =

c

k2h

PT+h
t=T+1

eF c2t�1 + k�1h H2
PT+h

t=T+1 F
c
t�1et

� c

k2h

PT+h
t=T+1(

eF c2t�1 �H2F c2t�1)

+k�1h H
PT+h

t=T+1(
eF ct�1 �HF ct�1)ft

+k�1h
PT+h

t=T+1
eF ct�1( ef ct �Hf ct );

=
c

k2h

PT+h
t=T+1

eF c2t�1 + I + II + III + IV:
Therefore, if we scale the t test by ��hh

��hh t
�eF =

c

�̂

�
��2hh k�2h

PT+h
t=T+1

eF c2t�1�1=2
+

��2hh

�̂
�
��2hh k�2h

PT+h
t=T+1

eF c2t�1�1=2 (I + II + III + IV ):
We now show that the �rst term is asymptotically equal to a positive value or diverges to
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positive in�nity and the second term disappears. The �rst term is

��2hh k�2h
PT+h

t=T+1
eF c2t�1 = ��2hh k�2h H

2
PT+h

t=T+1 F
c2
t�1 + �

�2h
h k�2h

PT+h
t=T+1(

eF c2t�1 �H2F c2t�1);

= ��2hh k�2h H
2
PT+h

t=T+1 F
c2
t�1 +Op

�
hk�1h

min fN2; Tg

�
+Op

�
��2hh �2hh hk

�1
h

min fN; Tg

�
+Op

�
hk�1h

min fN; T 1=2g

�
+Op

�
��hh �

h
hhk

�1
h

min fN1=2; T 1=2g

�
;

by using Lemma B6 (q) and the four terms of the factor estimation errors are op(1) under
the stated condition. We next consider the second term.

��2hh � I = ��2hh k�1h H
2
PT+h

t=T+1 F
c
t�1et = op(1);

by using Lemma A5 (c),

��2hh � II = c��2hh

k2h

PT+h
t=T+1(

eF c2t�1 �H2F c2t�1) = op(1);

as shown in the �rst term,

��2hh � III = ��2hh k�1h H
PT+h

t=T+1(
eF ct�1 �HF ct�1)f ct ;

= Op

�
hk�1h

min fN; T 1=2g

�
+Op

�
��hh �

h
hhk

�1
h

min fN1=2; T 1=2g

�
;

by using Lemma B6 (m) and it is op(1) under the stated condition, and

��2hh � IV = ��2hh k�1h
PT+h

t=T+1
eF ct�1( ef ct �Hf ct );

= Op

�
hk�1h

min fN; T 1=2g

�
+Op

�
��hh �

h
hhk

�1
h

min fN1=2; T 1=2g

�
+Op

�
��2hh �2hh hk

�1
h

min fN; Tg

�
;

by using Lemma B6 (o) and it is op(1) under the stated condition. The consistency of �̂ is
shown in Lemma B7 under the stated condition. Therefore,

��hh �t
�eF = c

�

�
��2hh k�2h

PT+h
t=T+1 F

c2
t�1

�1=2
+ op(1);

under the stated conditions.
Finally,

��hh �t
�eF =

c

�

�
��2hh k�2h H

2
PT+h

t=T+1 F
c2
t�1

�1=2
+ op(1);

=
c

�

�
��2hh k�2h H

2
PT+h

t=T+1 F
2
t�1 � ��2hh k�2h hH

2 �F 2
�1=2

+ op(1); (18)
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but because �F 2 = Op(k2hh
�1) +Op(�

2h
h k

3
hh

�2) from Lemma A5 (b) and khh�1 = op(1),

��2hh k�2h hH
2 �F 2 = Op(�

�2h
h ) +Op(khh

�1) = op(1):

By using Lemma B10 (a), ��2hh k�2h H
2
PT+h

t=T+1 F
2
t�1 or �

�2h
h k�1h T

�1H2
PT+h

t=T+1 F
2
t�1 is asymp-

totically equal to the stated values. Plugging these into (18) yields the �nal results.

(b) When ci = 0, the t test statistic is

�t�eU(i) = h�1
PT+h

t=T+1
eU ci;t�1euci;t

�̂i

�
h�2

PT+h
t=T+1

eU c2i;t�1�1=2 :
The numerator is

h�1
PT+h

t=T+1
eU ci;t�1euci;t = h�1

PT+h
t=T+1 U

c
i;t�1zi;t + h

�1PT+h
t=T+1(

eU ci;t�1 � U ci;t�1)zi;t
+h�1

PT+h
t=T+1

eU ci;t�1(euci;t � uci;t);
= h�1

PT+h
t=T+1 U

c
i;t�1zi;t +Op

 
�hhh

�1=2k
1=2
h

min fN; T 1=2g

!

+Op

 
�hhh

�1=2k
1=2
h

min fN1=2; T 1=2g

!
+Op

�
�2hh

min fN2; Tg

�
+Op

�
�2hh

min fN1=2; T 1=2g

�
+Op

�
�hh�

h
h

min fN; T 1=2g

�
;

by using Lemma B8 (e) and (k) and the �ve terms of the factor estimation errors are op(1)
under the stated condition. For the denominator,

h�2
PT+h

t=T+1
eU c2i;t�1 = h�2

PT+h
t=T+1 U

c2
i;t�1 +Op

�
�2hh h

�1kh
min fN2; Tg

�
+Op

�
�2hh h

�1kh
min fN; Tg

�
+Op

�
�hh�

h
hh

�1kh
min fN; T 1=2g

�
+Op

�
�2hh h

�1kh
min fN1=2; T 1=2g

�
;

by using Lemma B8 (m) and the four terms of the factor estimation errors are op(1) under
the stated condition. The consistency of �̂i is shown in Lemma B9 under the same condition.
Therefore,

�t�eU(i) = h�1
PT+h

t=T+1 U
c
i;t�1zi;t

�i

�
h�2

PT+h
t=T+1 U

c2
i;t�1

�1=2 + op(1);
which leads to the result.
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When ci > 0, the t test statistic is

�t�eU(i) = k�1h
PT+h

t=T+1
eU ci;t�1euci;t

�̂i

�
k�2h

PT+h
t=T+1

eU c2i;t�1�1=2 :
The numerator is

k�1h
PT+h

t=T+1
eU ci;t�1euci;t =

ci
k2h

PT+h
t=T+1

eU c2i;t�1 + k�1h PT+h
t=T+1 U

c
i;t�1zi;t �

ci
k2h

PT+h
t=T+1(

eU c2i;t�1 � U c2i;t�1)
+k�1h

PT+h
t=T+1(

eU ci;t�1 � U ci;t�1)ui;t + k�1h PT+h
t=T+1

eU ci;t�1(euci;t � uci;t);
=

ci
k2h

PT+h
t=T+1

eU c2i;t�1 + I + II + III + IV:
Therefore, if we scale the t test by ��hh , then

��hh �t
�eU(i) =

ci
�̂i

�
��2hh k�2h

PT+h
t=T+1

eU c2i;t�1�1=2
+

��2hh

�̂i

�
��2hh k�2h

PT+h
t=T+1

eU c2i;t�1�1=2 (I + II + III + IV ):
We now show that the �rst term is equal to a positive value or diverges to positive in�nity
and the second term disappears. First,

��2hh k�2h
PT+h

t=T+1
eU2i;t�1 = ��2hh k�2h

PT+h
t=T+1 U

2
i;t�1 + �

�2h
h k�2h

PT+h
t=T+1(

eU2i;t�1 � U2i;t�1);
= ��2hh k�2h

PT+h
t=T+1 U

2
i;t�1 +Op

�
�2hh �

�2h
h hk�1h

min fN2; Tg

�
+Op

�
hk�1h

min fN; Tg

�
+Op

�
�hh�

�h
h hk

�1
h

min fN; T 1=2g

�
+Op

�
hk�1h

min fN1=2; T 1=2g

�
;

by using Lemma B8 (m) and the last four terms of the factor estimation errors are op(1)

under �hhhk
�1
h

minfN;T 1=2g ! 0. We next consider the second term.

��2hh � I = ��2hh k�1h
PT+h

t=T+1 U
c
i;t�1zi;t = op(1);

by using Lemma A5 (h),

��2hh � II = ci�
�2h
h

k2h

PT+h
t=T+1(

eU c2i;t�1 � U c2i;t�1) = op(1);
as shown in the �rst term,

��2hh � III = ��2hh k�1h
PT+h

t=T+1(
eU ci;t�1 � U ci;t�1)ui;t;

= Op

�
�hh�

�h
h hk

�1
h

min fN; T 1=2g

�
+Op

�
hk�1h

min fN1=2; T 1=2g

�
;
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by using Lemma B8 (i) and it is op(1) under the stated condition, and

��2hh � IV = ��2hh k�1h
PT+h

t=T+1
eU ci;t�1(eui;t � ui;t);

= Op

�
�2hh �

�2h
h hk�1h

min fN2; Tg

�
+Op

�
hk�1h

min fN1=2; T 1=2g

�
+Op

�
�hh�

�h
h hk

�1
h

min fN; T 1=2g

�
;

by using Lemma B8 (k) and it is op(1) under the stated condition. The consistency of �̂i is
shown in Lemma B9 under the stated condition. Therefore,

��hh �t
�eU(i) = ci

�i

�
��2hh k�2h

PT+h
t=T+1 U

c2
i;t�1

�1=2
+ op(1):

Finally,

��hh �t
�eU(i) =

ci
�i

�
��2hh k�2h

PT+h
t=T+1 U

c2
i;t�1

�1=2
+ op(1);

=
ci
�i

�
��2hh k�2h

PT+h
t=T+1 U

2
t�1 � ��2hh k�2h h

�U2
�1=2

+ op(1); (19)

but because �U2 = Op(k2hh
�1) +Op(�

2h
h k

3
hh

�2) from Lemma A5 (g) and khh�1 = op(1),

��2hh k�2h h
�U2 = Op(�

�2h
h ) +Op(khh

�1) = op(1):

By using Lemma B10 (b), ��2hh k�2h
PT+h

t=T+1 U
2
t�1 or �

�2h
h k�1h T

�1PT+h
t=T+1 U

2
t�1 is asymptotically

equal to the stated values. Plugging these results into (19) yields the �nal results.�
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