Supplementary Material for
“A Cross-Sectional Method for Right-Tailed PANIC Tests under a Moderately
Local to Unity Framework”
by Yohei Yamamoto and Tetsushi Horie

December 22, 2021
Appendix I. Results under the LTU Framework

Becheri and van den Akker (2015) and Westerlund (2015) derived the local asymptotic
power of the pooled panel unit root tests where the common factors are extracted using the
PANIC method. In doing so, the first-order autoregressive (AR) coefficients are assumed to
shrink to one at a fast rate of T, i.e. the local to unity (LTU) time series rate.! Here, we
present the local asymptotic power of the common and the idiosyncratic tests of the PANIC
and the CS tests by using the LTU framework:

Assumption A. The AR coefficients satisfy ar = 1+ ¢/T and p, 7 = 1+ ¢;/T, where
both ¢ and ¢; are the fixed constants.

The localizing coefficients ¢ and ¢; can be either positive or negative, where ¢ > 0 and
¢; > 0 relate to explosive processes and ¢ < 0 and ¢; < 0 pertain to stationary processes.
Therefore, the local asymptotic results are valid against either the explosive alternative
hypothesis or the stationary alternative hypothesis. The following theorem is obtained.

Theorem SA-1. Suppose Assumptions 1-4 and A hold. Let W (r) and W.;(r) be inde-
pendent Ornstein and Uhlenbeck processes defined on r € [0,1], We(r) = W.(r) — [W,(r)dr,
and Wei(r) = Wei(r) — [Wei(r)dr. The following hold as N,T — oo.

(i-a: The case of no deterministic components, common tests)

Jo Welr)dW (r)
[foch(TPdr] v

(i-b: The case of no deterministic components, idiosyncratic tests)

1/2
tp =c [folwc(r)2dr] +

[ Wi (r)dWi(r)

0
12"

tp(i) = ¢ [ folwc,i(r)%r} vr

[ Olwc,i(r)2dr}

(ii-a: The case of the intercept, common tests)

1/2 N Jo We(r)dW (r)

o= el [iweryear] ™

!The rate also depends on N because they consider the pooled tests.
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(1i-b: The case of the intercept, idiosyncratic tests)
-
Jo Wei(r)dWi(r)
2"
o ety

For brevity, we present the proof of Theorem SA-1 under the i.i.d. assumptions C'(L) =1
and D;(L) =1 in Appendix II. We can obtain the proof of the tests based on the regression
augmented by p lags under p — oo and p®/ min {N, T} — 0 by closely following Appendix C
of Bai and Ng (2004); hence, it is condensed. This confirms that the factor estimation errors
are immaterial in the limit distributions in a locally explosive environment. Note that the
independent Ornstein and Uhlenbeck processes reduce to the independent Wiener processes
when ¢ = 0 in cases (i-a) and (ii-a) and when ¢; = 0 in cases (i-b) and (ii-b); hence, the
results encompass the asymptotic null distributions.

This shows that the size of the common (idiosyncratic) test is robust to the LTU devia-
tions in the idiosyncratic (common and other idiosyncratic) components. As for the power,
it ensures that the common (idiosyncratic) test has the standard local power even though
the idiosyncratic (common and other idiosyncratic) components have the LTU deviations.
Hence, this theorem theoretically confirms Bai and Ng’s (2004) Monte Carlo findings in
both the left- and right-tailed tests and implies that the PANIC method can disentangle the
common and idiosyncratic explosive components.

(i) = & [ Weurar] 4

We next consider the CS tests. Note that the time dimension of the testing sample is
now h instead of T'; hence, we now denote o, = 1+ 7 and p;, = 1 + ¢ in Assumption SA.
We present Theorem SA-2 under the LTU framework For brev1ty, agam we provide a proof
under the i.i.d. assumptions C(L) =1 and D;(L) = 1 in Appendix V.

Theorem SA-2. Suppose Assumptions 1—4 and A hold. The following hold as N, T, h —
00.
(i-a: The case of no deterministic components, common tests)

1
2 fy We(r)dW (r )
+
[weteyar)
(i-b: The case of no deterministic components, idiosyncratic tests)

}1/2 fo Wi(r) '
v }/

s :>c[f0 dr]

(i) = ¢ | fy Weilr)2dr

(ii-a: The case of the intercept, common tests)

dr] /2+ [IWo(r)dW (r) .
[ wryar]

t :>c[f0



(1i-b: The case of the intercept, idiosyncratic tests)

(i) = o [ S, i(r)2dr

}1/2 N fOIWC,i(T)dWi(T) '
[folwc’i(r)%r} 2

Similar to Theorem SA-1, this theorem shows that the common test asymptotically
achieves the correct size and is consistent under the LTU framework. The idiosyncratic
test also asymptotically attains the correct size and is consistent under the LTU framework.



Appendix II. Proof of Theorem SA-1 and Theorem 1

Throughout Appendix II, we use the notation § = min {\/N, \/T} and H =V~! (f’f/T) (A'A/N),

where V is the largest eigenvalue of zz'/(NT). We also let F¢, = F,_; — F, where

F =171 Zthl F,y and F¢, = F,_y — F, where FF = T! ZtTlFt 1. Let also ff =
fi — f, where f = T-'S°7 f, and f¢ = f, — f, where f = 7' fi. In addition,
we let Ufper = Uig1 — U; where U; = lzt 1 Uit—1 and Ut | = Ult 1 Ui, where
U, =T1 Zthl Ui7t_1. Let also uf, = u;; — U;, where 4; = T~ thl uiy and 45, =t — Q;,

where 4; = T~ ! Zthl U;+. As we explained in the main text, the proofs are presented under
r=1, C(L)=1, and D;(L) =1 for all 7.

Lemma A1l. Under Assumptions 1, 3, 4, and A, the following hold.
(a) T=V2 Figy = oWe(r),

(b) T2 Fy = o [We(r

() T lztlFt 1et:a2fw dW()

(d) T2, F2 = o2 [W.(r)2dr,

(e) T=Y2U,; ) = 0sWei(r),

(f) T~ 3/221; 1 Uit = o [We,(r)dr,

(g) lzt 1 zt 1Zzt:>Uchz dW()

(W) T72 32, Ufy = 07 [ Wea(r)dr,

(i) T IZt Ve = 0 [We(r)dW (r),

(4) T2 1Ftc21:>02fw )*dr,

(k) T IZt Ui 1zzt:>Uchz )dW (),

) T2 L Ubey = 07 [We(r)2dr,

where W, (r) and Wcz(r) are independent Ornstein and Uhlenbeck processes defined on
[

r € [0,1] and W,(r) = We(r) — [W(r)dr, We,(r) = Wei(r) — [We,(r)dr

Proof of Lemma A1. See Phillips (1987) for parts (a)—(h). For parts (i)—(1), the results
are directly obtained from them.l

Lemma A2. Under Assumptions 1, 3, 4, and A, the following hold.
()T 'S 5% a p081t1ve constant,

b) E(u;t) =0 and E |u;|® = O(1),

=O(1) forallsand 7' 3.0 ST = O(1), where 7%, = NSV B(ugguiy),
¢7;] = O(1) forall j and N=1 30 S |¢7,| = O(1), where ¢7; = B(ugu;,),

4
e) (&, =O(1), where ¢, = E [N"V2 3N [u; suiy — B(uisuiy)]




Proof of Lemma A2. (a) We start with

c
fi= ?Ft—l + e;.

Squaring both sides, summing over ¢, and multiplying both sides by 7! yields

I 7 ¢ —r C T L ¢
T > i ft2 = T3 D i Ft2—1 + 2ﬁ >y Fraer + T > i ef,
= T+ I1T+T'Y0 2 B o?

because I = O,(T') by using Lemma Al (d) and IT = 0,(T"!) by using Lemma Al (c).
The convergence of the third term is implied by the weak law of large numbers in Assumption
1. Hence, the result follows.

(b) It is straightforward that
E(’UJZ'J) = E(Uz,t) - E(Ul‘7t_1) B O,

from Assumption 3 (a). Next,

8

Y

c
E |ui,t|8 = E ’TUi,t—l + Zit

3
S 28 Xmax{7+8E|Ui,t_1|87E|zi7t|8}7

but
E|U;sa|® < T*pi T Exis

so that
8

15
T_ZgE Ui |® < IR |25°

where pf% = (1+ )% — exp(8c¢;) and E|z;,[* < M from Assumption 3 (a). Hence, the
result follows.
(c) Without loss of generality, let s > ¢. Consider

C; C;
E(u;su;;) = E [(fUi,sfl + Zi,s) <fUi,t71 + zi,t)} )
C? C; Ci
= EE(Ui,sflUi,tfﬁ + ?E (Uis—12it) + TE (Uit—12is) + E(2is2i1),
= I+I1I+I1IT+1V.
However,
2
1< ZBIU2 ) = 0T,



by using Lemma A1l (e). For 11,

G &
I = TE (Uis—12it) = TEKUi,s—l —Uit)zig + Uirziz + Uir12i4),
C; C; C;
= fE[(Ui,s—l —Uit)zit) + fE<uthzt) + TE(Ui,t—lzi,t)a
= [la+1Ib+1Ilc.

: s—t—1
However, since U; s—1 = zis—1 + p;r2is—2+ -+ piT Uiy,

C; S—t—
Ila = TE[{Zi,sq + PirZis—2 T P?,Tzz‘,s—:s +ee (pi,Tt t— 1)Ui,t} Zi,t]7

G s—t— S—t—

= fE[{Zi,sq + pirZis—2 T p?,Tzi,sfi’) +ee (Pi,Tt b 1)z + pi,T(pi,Tt t— 1>Ui,t71} Zit),
Ci, gt _

= T(/%’,Tt b 1>E(Zi2,t) =O0(T 1)’

from Assumption 3 (a),

C; C; C; C;
ITh = fE[(Zi,t + ek + TPi T2 +oot Tpg,TUi,O)Zi,tL
Ci —

from Assumption 3 (a), and

C;

Ilc= Ti2

E(T?Usy-1) B(ziy) =0,
—_——

=0(1) by Lemma A1 (e)

so that 17T = O(T~1). For 11,

C;
=~ (Ui,t—l)E(zz’,s) =0,

C;
III = T]E (Ui,t_lzi,s) = T

since U; ;1 and z; s are independent as long as s > t. Therefore,

E(uisuig) = OT D +O0(T ) +O0(T™") +0+E(z2i0),
o2+ 0T ifs=t
O(T) ifs£t

We now consider

7:,t E [N_l ZZ]L Us sUst|
NISN 2 +0(T™Y) ifs=t
o(T™1) if s#t



We also have

Zstl 7:,t =N"! Zi\; 0-22 +O(1),
so that
T Zstl Zle 7:,t =N"! sz\il U? +O0(1) = 0(1).
(d) Consider
* C; C;
¢i; = Bluiuje) =B [(TUi,t—l + Zi,t) (T]Uj,t—l + Zj,t)i| ;
C;C; C; C;
= TQJ E(U;t-1Uj1-1) + TE(Ui,t—lzj,t> + %E<Uj,t—lzi,t) + E(2i:2j.4),
= I+ II+1IT+1V.
For 1,
C;C; C;C; 1 C; C;
I = TQJE(Uz‘,t—lUj,t—l) = T—zjﬁ%' [ —o(1+ f)l(l + fj)l :

and, assuming ¢; > ¢; without loss of generality, we obtain
T+ Y] <7+ 2 = o),
=0 T - T

so that I = ¢, ; x O(T"). For 11,

C;

E(TY2U;4-1)E(z4) = 0,
from Assumption 3 (a), and similarly, /11 = 0. IV = ¢, ; by definition. Therefore,

(%5:; = Cbi,j[l + O<T_1)L
so that
N
Dic1
from Assumption 3 (b) and
N~ Zz]\il Zjvz1 ‘¢:]| = [1 + O(Til)]Nil Zz]\il Zjv=1 W”’ = 0(1)7

from Assumption 3 (b) as well. Hence, the result follows.
(e) Since

¢'>ij = [1 + O(T_l)] Zfil |¢'L]‘ = 0(1)7

2
c c c
Ui sUip = ﬁUz‘,s—lUi,t—l + TUi,s—lzi,t + TUz‘,t—lzi,s + ZisZits



Consider E |®,]*.

E |®,|*

IN

IN

Gt = ‘N VIS (uistisg — Bugsuig)]|

4

62

T2 N1/2

¢ N
+W > im1 Wis—12ip — B(Uss-12i4)]
Uit-1%is — B(Uip12i5)]

4

:E‘

¢ N
TrN2 2im

1

+N1/2 Zi:l [Zi,szz’,t - E<Zi,szz’,t)]

Y

= E|®; + &y + B3+ y*,

< 4% x max {E | D | 4 , B |(I)2|4 , B |q)3|47<s,t} :

from Assumption 3 (c). Next,

E |®,|*

T4
4

T

TZ4T4 4TE ‘N—1/2 sz\il [zi12zie — B(2i2i1)]

¢ipipM = O(1),

b

:

and B |®;|* = O(1) is similarly shown. Therefore,

Cor <4 xmax {O(1), ¢, } = O(1)

8

SB[ p NN [z — Blzgzi)

4

BN [0 s iz — Yo Pl Blziazi)]

I

SN UisaUsgo1 — B(Us s 1Us 1))

Since U; s_1 = > 01pr1 Yigand Uy 1 = an 10 pf " Zim,
TZE N~1/2 Zf\il Uis—1Uit—1 —B(U; s-1U;1—1)] ‘4 ,
TZE N2 Zz 1 [le olpstl lZm oprl " 21 %im
— > 1lpz T th 10 Ple (2,2, mﬂ }4 )
TSSE S Y A T S e P ™ (Zi0Zim — B(2i02im)
TSsE S P e P ‘N71/2 S (zi0zim — B(2i02im))
TN Y, (Gt~ Bleuazin))|
cipirM = O(1),

ct 4

T—ZE N~1/2 Zf\il Uis—17it — B(Uis—12it)]|

y 4

4

bl

Y

4
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from Assumption 3 (c). Hence, the result follows.l

Lemma A3. Under Assumptions 1-4 and A, the following hold.
( ) T2 Zt 1<ft - Hft) = Op(ﬁ_l),

(b) - Zt 1(ft Hft)2 = Op(972)7
()T th (fe = Hf)uiy = OP(Q_Q),
(d) - Zt 1(ft Hft)]ft = Op(972)7
(e) T - Et 1(ft Hfy)fi = Op(9_2)a
(F) i — H'\i = O, m

Proof of Lemma A3. Part (a) follows Theorem 1 of Bai (2003). For part (b), the proof
is straightforward from Theorem 1 of Bai and Ng (2002) if their assumptions are replaced
with our Lemma A2. For parts (c), (d), and (e), the proof follows Lemmas B1, B2, and B3
of Bai (2003), respectively if their assumptions are replaced with our Lemma A2. For part
(f), we have

5\1' — )\in1 - 71H Z? 1 ftuzt
+T Zt 1( Hft)ft)\ +T Zt 1( Hft)”ztv
= TUHY, fruss + 0p(67°),

by using Lemma A3 (e) and (c). Now,

G
T ZtT:1 fruig = T Zt 1 ( Fi 1+ €t> <TUi,t71 + Zz’,t) )
= T3 FaUppq + T2 ooz
+Cl’T72 Z;Tzl Uiytflet + Til Z;TZI €tZit,
= I+ II+1I1+1V.

However, by using the Cauchy—Schwarz inequality, Lemma A1 (d) and (h), and Assumptions
1 and 3 (a), we obtain

-1 -2 T 2 1/2 —2 T 2 1/2 -1
I < coT (T Zt:lFt—1> (T Zt:lUi,t—1> = O0,(T™),

1/2 1/2
II < c1r7'/? (T_2 Zthl Ff—l) (T_l Zthl Zi2,t—1>

1/2 1/2
I < T2 (T8 U2 ) (TS he) =0T ),

= OP(T_1/2)7

For IV, Assumptions 1, 3 (a), and 4 imply that {etzi,t}z’:2 is a white noise sequence so that
IV = O,(T~Y?). Therefore,

o _ _ _ 1
A= H N\ = O,(T71?) + 0,(67%) = O, (W) : (1)
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Hence, the result follows.ll

Lemma A4. Under Assumptions 1-4 and A, the following hold.
() T ff =T H YL f7+ 0,077,

(b) T2 30 B2y = T2H Y F2y + 0,(67),

(C) T Zthl Ft—lft =T'H? Zthl Ft—lft + Op(H_l),

(d) T af, =T Y ufy + 0,(07%),

() T23 U2y =T 2 UL + 0, (071,

(f) 71 Zthl Ui,tqﬁi,t =T! Zthl Usit—1uiz + Op<071)7

(@) T S Fe fe=T"H> Y[ Fe o fo+ 0,(07Y),

() 72300 B2y = T2H L B2+ 0,071,

(i) 71 Zf:l Uic,t—lﬁ’i,t =7 Z:{:l Ubpatie + Op<‘9_1)7

(j) T2 Zthl Uz‘c,%—1 =T Zthl U7 1 + O,(671).

Proof of Lemma A4. Note that Fy = 0 and Ui,O = 0 for all 4 by definition. (a) We

start with the identity

1Sl o= Tl [ -]
= T'HPY L P T L (fe— H)

2T H Y fulfo = H ),
= T H2Y fP4T+11

However, I = O,(6?) by using Lemma A3 (b) and I1 = O,(6?) by using Lemma A3 (d).
Hence, the result follows.
(b) This part closely follows Bai and Ng’s (2004) Lemma B2. Since

Foy=HF,_, + Zi;ll(fs — Hf), (2)
squaring both sides, summing over ¢, and multiplying by 72 yields
. . 2
T ZtT:1 FE, = T7°H? ZtT:1 FE,+T7 ZtT:1 [T_1/2 Zi;i(fs - Hfs)]
T H Y By [T (- B
= T2H*Y] F2 +1+11

However, I = O,(0~") by using Lemma A3 (a). For term II, we use the Cauchy—Schwarz
inequality to get

12 A 071/2
o< (TSl R {T‘lzfl (722 - 1)) } ,
= Op(l) X Opw_l):

10



by using Lemma A1l (d) for the first term and Lemma A3 (a) for the second term. Hence,
the result follows.

(c) Since F? = (Fy_1 + f1)> = F2, + f? + 2F,_1 f; by construction, we obtain
1
thlft = §(Ft2 - Ft271 - ftZ)-
Summing over ¢ and multiplying by 7! yields
_ L, . _ _
T Fiafi= §(T VR —TTUR —TT Y fD). (3)
We also have by construction

~ o 1 - o o
Et—lft = §(Ft2 - Ft2—1 - ft2)a

so that 1
TS Fafy = ST TR - T T, 7). )
Subtracting (3) multiplied by H? from (4) yields
. Ap _ 1 - 1 -
1S Fady = TS Feafo b (B~ HUED) - (R~ HORD)

(s TS 7).
= T'H>S L Fiafy + T+ 1T+ 111

For I, updating (2) to the period T, squaring both sides, and multiplying by 7! yields

1B = T [T (f - H)

.

2
J/

-~

=0,(072) by Lemma A3(a)

—|—2 T71/2FT |:T71/2 ZZ:I(fAS - Hfs)] )

/

=0p(1) by Lemma Al(a ~
p(1) by (®) =0p(0~1) by Lemma A3(a)

so that I = O,(0"). For I,
EF? — H?F2 = —H?*(Q2F? + €2 + 2arFyey),

is bounded as T — oo so that IT = O,(T~!). Term II1 is O,(6?) by using Lemma A4 (a).
Hence, the result follows.
(d) Since ;¢ = x4y — M\ify and @y = usy + NH 'H fy,

Uiy = Ujp+ NHYHf, — S\iftv
= Uit — )\inl(ft —Hf,) — (5\1 — )\inl)ft- (5)

11



Squaring both sides, summing over ¢, and multiplying by 7! yields

T i, = T, + NH T L (= HAP + (= NH )T L fF
—2\H T ZtT:l(ft — H fi)uis — 2(\; — NHH)T! Zthl ftui,t
+20(\ — NH )T Zthl(ft — Hf)fe,

= T u + T+ I+ 111+ 1V + V.

However, I = O,(07%) by using Lemma A3 (b), I] = OP(W) by using Lemma A3 (f)

and TS0, fi =1, and I1I = O,(#?) by using Lemma A3 (c). We also have

—A H_I)T_l 23:1 ftui,b
= NH T ZtT:l(ft — Hf)uiy — 2(5\1 —\NH OT'H Zthl frtig,
1

P W) x Op(07%) + Oy (m) x 0,(T7V?),

by using Lemma A3 (f) and Lemma A3 (c) for the first term and by using Lemma A3 (f)
) x 0,(07?) by using Lemma A3 (f) and Lemma

IV = —2(\
= —2(\

|
QS

for the second term, and V' = O,

A3 (e). Hence, the result follows.
(e) We have

Ui,t = 22:1 ﬂz‘,&
= 22:1 Uis — /\iH_l Zizl(fs - Hfs) - (5‘2 - )‘iH_l) 22:1 fsv
= U= U= MH 'S (fi = Hf) = (= NH ) Y0
from (5). Multiplying both sides by 7'/ would yield

1
min{7T,N2}

TR0, = TVRU, =T PU = NH TR (f = HE) | = (= HNT 2 fa
T V20, + T+ 1T+ 111
but I = O,(T~/?) from Assumption 3 (a), I = O,(6"") by using Lemma A3 (a), [I] =
O, (W) by using Lemma A3 (f) and
TR L fe = TR =T PHE + TP (f - HE),
= Op(1) + Op(é_l),

by using Lemma A1 (b) and Lemma A3 (a). This results in 7/20;, = T-/2U;, + 0,(67?)
so that squaring both sides yields

TU% = TUR+0p(07%) + 0y(071) x T72U,,
= T'U; + 0,07, (6)

12



by using Lemma A1l (e). Furthermore, summing over ¢ yields
T U =T S UL+ Op(07 )T 2, U
Multiplying both sides by T~! yields
T2Y LUl = TP UL +0,07") TP Ui

=0p(1) by Lemma Al(g)

= T2 Zthl Ui2,t + Op(e_l)-

Hence, the result follows. )

(f) We use an identity similar to (4) for U,
Ulr Uy 1 o
2T 2T 2T

_ T - N
T3 Uity =
and an identity similar to (3) for U;;

Ulr Ul 1 T 2

— T , ,
T ! Zt:l Ui,t-l“i,t = 2T - ﬁ - ﬁ t=1 u’i,t' (8)

Subtracting (8) from (7) yields
T Z?:l Ui,t—lﬁi,t -7 Zthl Ui,t—lui,t

1 - 1, 1 T . T
= ﬁ(UiT - UiQ,T) - ﬁ(UiQ,o - UZO) T or ( t=1 U?,t — > i1 “?t) )
= J+IT+111.

However, I and I are O,(0~") from (6) and II1 is O,(0~*) by using Lemma A4 (d). Hence,
the result follows. B
(g) Since F2 = (F,_y + f; — F)? = (F£., + f)? = F, + 2 + 2Ff | f; by construction,
we obtain
(& 1 C. C
Fofe = §(Ft2 - Ft—21 - ft2)7
1

= E(FtZ_Fthl_QFft_ff)-
Summing over ¢ and multiplying by 7! yields
_ c 1, N _ -
TS B fo= (T ER - T 2B - TS ) 9

We also have by construction

e f 1 ne ne £
Ft—1ft = _(Ft2_ﬂ—21_ft2)a

2
1 - N = A N
= §(Ft2_Ft2—1_2Fft_ft2)a

13



so that ! o
TS By = S (T B TR —2Ff - TS ), (10)

Subtracting (9) multiplied by H? from (10) yields

A 1 - 1 -
T7125=1Ftilft = TﬁleZthlFtc—lft—i_ﬁ(F%_HzF%)_ﬁ<F02_H2F02)

— (TSt TSl 12) - (Ff - HRF)),
= TH*S  Fiafi+ I+ 11+ 11T +1V.

For the terms I + I + I11, we follow the proof of part (c) to obtain O,(6~"'). Term IV is

Ff—HFf = (F—HF)Hf + HF(f — Hf) + (F — HF)(f — Hf),
= O(T'?07") x 0,(T"V?)
+0,(T'?) x O, (TV?67Y)
O,(TY207Y) x O,(T~12071),
b(071),

Il
QS +

because H f = O,(T~1/?),

= T'H Zthl Fiq+ T Zle(ﬁt—l - HFt—l)’
= T HY B+ T S0 S0 (f — HE),
HE +0,(TV*67),

|
|

and
f = TilHZthl fit TV (fi = HE),
= Hf +0,(T7'%™).
(h) We have
72T g opersT p2o_oppeT po ol
N —=2
= T2 B2 -T'F =T+11
However,

I[=T7H" 25:1 FZ o+ Op<9_1)=
by using Lemma A4 (b) and
IT =T H>F? +0,(07).

14



Hence,
I+11 = T2H?Y [ F2, —T'H?’F? + 0,007,
= TPH S (Fia = F)?+ 0,007,
(i) The proof follows part (g) by using an identity similar to (10)

N 1 N N - _
T Y Uiy = §(T_1U3T =T '0% = 200 — TV Y0y ),
and an identity similar to (9) for U,
1 —
T Y Uiy = 5(T7 U = TR — 20500 = TV 50, ).
(j) We have
~ = N - A =2
T2 U = U)? = T2 U =270 Ui + T2 L, U
. —2
= T Z;f:l Uiz,t—1 - T_lUi =1+1I

but

[=T" Zthl Uz%tfl + Op(0_1)7
by using Lemma A4 (e) and

I =-T'U?+0,07").
Hence,
I+11 = T72 ZtT:1 Uz%t—l - Tﬁle? + Op(971)7

= T3 (U — U2+ 0p(07Y),

and the result follows.H

Proof of Theorem SA-1. (i-a) The common test is

~

Té
tp = - — 7 (11)
o <Tﬁ2 Zt:2 Ft2—1>

Under Assumptions 1-4 and A, we can use Lemma A4 (b) and (c) so that the numerator
becomes

76 — T Zle FtA—lft
T2 Zthl 2

T H2Y [ Fiafi +0,(07Y)
T2H?Y ) F2, 4+ 0,(67")
cT*H? Ele Ft2—1 + T 1 Z?:l Fiaer + Op(eil)

T—2H? 23:1 F2y+0,(07) .

Y

)
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The variance estimate

~92 —1 T 2
o =T Zt:1<t_5thl> 5

Ak A Ak A A 2
= TN [ He— (8 = ) HF .+ (fi— Hf) + 8 HF o =86,
2
= T 3:1 <Z?:1 Dj) < T ZtT:1 i) <Z?:1 Df) )
o TT'H? ZZ;I Fi_1ft

where 6 =
T-tH? Zj:l FPy
stochastic orders of the five terms. First, T-' S0 D? = T-' "7 H?e2,

To ensure this is a consistent estimate, we compute the

[T—lezT F 6]2
1 t=1 L t—1Ct

1T 2
T =t T—2H? ZtT—l FEy

= Op(T_1)7

by using Lemma Al (c¢) and (d).

Ty Di=T"%., (ft - Hft)2 = 0,(607?),

by using Lemma A3 (b).

2
[T_1H2 ZTzl thlft]
T Z?:l DZ =7 T—2 2 ZtT 2 - Op<T71)7
t=1t-1

by using Lemma Al (c) and (d). Finally,

. 12
[T_l ETzl thlft]
! Z?ﬂ D=T" T2 ZtT 2 = 0,(T7),
t=14"t—1

by using Lemma A4 (b) and (c). Therefore, the first term dominates and the variance
estimate satisfies 6° = Q7202 + 0,(07) with Q™' = plim H, for any fixed c¢. Hence,
plugging (12) into (11) and applying Lemma A1 (c) and (d), we obtain

Jo Wer)dW (r)

[foch(TPdr] v

1/2
tp =c [folwc(r)2dr] +

(i-b) We follow the same steps as above by replacing ft and Ft,l with 4;, and Ui,t,l and
using the corresponding lemmas to show the results. Hence, the proof is condensed.
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(ii-a) The common test is

~

- o (13)

— 1-1/2°

G| T2 ,(Foy — F)2

where

L T Zf:l(pt—l — F)ft
T2 S (B — B
T HY  (Fia — F)fi + 0,(67")
T2H>Y (Fr— F)+0,(07")°
_ e S (Fra = PP+ TUH2 Y (Fio — Flee+0,(67) (14)
T2H2Y [(Frey — F)? 4+ 0,(07) 7

by using Lemma A4 (g) for the numerator and Lemma A4 (h) for the denominator. For the
variance estimate, we can show that 6> = Q=202 + 0,(6?) as follows.

~

# = 15, [fi-f-b (R - F)].
= 77! Zthl :Hft — Hf_8<ﬁt—l —E) + <ft — Hft) — (?— H?)]
— T'SL, [Hey— He+ 6 (HF . — HF) 8" (HF, — HF) + (fi - H,)

2
9

~(F~HT)+8" (HF .~ HF) -8 (F 1~ Hf)r ,
= T2, [He— He— (8 —6) (HF o — HF) + (f,— H}) - (F - HT)

+8" (HFyy = HF) =6 (i~ F )| y

= TSl (S D) < T EL (S 03).

sk Tolp? ZT_ (Fi_1—F)f T _ T 1T
where 6 = pa— ZtT:(thl—F); However, T-'y D} =T 'H?Y, e}, T°'>, Di=
H?e* = 0,(T™1),

_ 2
. [T—1H2 ST (Froy — F)et}
Tt Zt:l D?2> =T T = = OP(T_l)a
TS (Fiy — F)?

by using Lemma A1 (i) and (j),
ANT 2 _peiT (f 2 2
T Zt:l Dy=T Zt:l (ft_Hft> :Op(g )

17



by using Lemma A3 (b),

TS 02 = (F-H7) = [1 S (G- 0] = 0,07,

by using Lemma A3 (a),

_ 2
. THEY (Fe — B
T Zt:l Dg =T T = = Op<T_1)v
T=2H?) 0 ((F — F)?

by using Lemma A1 (i) and (j),

~ — .12
T S (B - )
71y pEoT — o1,
t=1 7 T A < P
123 (Fio — F)?

by using Lemma A4 (g) and (h). Therefore, by plugging (14) into (13) and applying Lemma
A1 (i) and (j), we obtain

1 /2 fo ) |
[fo ] 1/2

te = o[y Wer)?ar| "+

as N, T — oo. R
(ii-b) We follow the same steps as above by replacing f; and F;_ with 4;; and U;;—; and
using the corresponding lemmas to show the results. Hence, the proof is condensed.Hl

Lemma AS5. Under Assumptions 1 and 5, the following hold.
a) kp Jo Zt 1aT e; = N(0,02/2c),
b) zt By = Oy (ke T'7) +0< ),

d) 2ka Zt 1F2 O (1)7
e) T 1Zt 1ft = (O‘%TT 1)+Op<1)-

Under Assumptions 3 (a) and 5, the following hold for all i:

(f) k 1/2215 L Pi rzip = N(0,02/2¢;),

() thl it = p(kTT1/2) + Op( ;T,:Tk%ﬂ%
(h) P; TiTk'_ Z? 1 zt 124t = 0p<1)7

(1) pz T72Tk Zt 1 Uz2t Op(]')7

G) 7! Zt:l i1 = Op( &T’l) + Op(1).

18



Proof of Lemma A5. Here, we present the proof of only parts (a) to (e). The proofs of
parts (f) to (j) are shown in the same way but with U;; instead of F; and with Assumption
1 replaced by Assumption 3 (a). We suppress the proofs to conserve space.

(a) See Lemma 4.2 of Phillips and Magdalinos (2007).

(b) We start with the expression

T o T t T—1 ¢ T—2 ¢
Zt:l F = Zt:@ Qo + Zt:(] Qpey + Zt:@ Qpey + -+ +er,

1
= 1 o [(OéT—CYT )F0+(1—06T)€1+(1—a )62+"'+<1—OLT>6T],
— o
k
Bt ol o).
k a1k _ k
B % Z;f:l et — d Et arie + 7T(O‘T — o) Fy,
= I+ II+1I1.

However, I = O,(kyT"?) from Assumption 1, IT = O,(c%k/?) by using Lemma A5 (a),
and I1] = O,(atkr) from Assumption 1. Hence, the result follows.
(c) We start with the expression for F,_;

Fii=e1+are ot ..+ak’er+abh ' Fy=ai 'S ar’e, + of ' Fy.
Multiplying both sides by a;” k;'e; and summing over ¢ yield

ar kit S Fiaer = ap"kpt S (Ui o) e+ agp ki Fy Yoy, ok ey,
= JT+1I.

The expected value of this is zero because of Assumption 1. To show that this is 0,(1), we
confirm that the second moments of both terms are bounded as T — oco. For I, we can
simplify the second moment as follows by using Assumption 1.

[ ok Zt 1(25 oatTS le)etr

_ —2T1-2 4 t—1 2(t—s—1)
= ap” kp'o Zt:l Dm0 O 5
2 -4 2T
)

T fr(aZ —1) \kr(a2 — 1) kra

B aZot < 11—t a;QTT)
kr(az —1) \kr(ap —1)  krag )’

19



However, since kr(a2 — 1) — 2¢, a2 — 1, and a;?’ T = o(1), this is O(1). For I,

2
E Tk 1FOZt 1ozT Le,|

2T]€ 1 E(F)o? (a2T —1)

k (aT N
1 E(Fz) 2T\ —1
kr m(l—% ) =O0(kr"),

so that the second moment of 1 diminishes. Therefore, the result follows.

(d) We take squares of both sides of F; = arF,_1+e; and take summations over t = 1, ...

to obtain
1
23:1571&2—1 = 2 _1{ Zt 16t QOéTZt 1Ft 161;}
T
Ty -2~ ~T 2 1 04;2T 2 2 72h
el F = Fr— F
0T Th T F ,W%_l){ A IR v
90 2T +1
_1];— Zthl Ft—let} s
T
1
= —— T JI-1III

where kr(af — 1) — 2¢c. Now we can show that I = O,(1), because
1/2
Fr = 25104; ]eJ ng/ (\/—Z] 1 Qp ej),
Ff = af'kr (\/—Z _1 O 6J> = Oy(a7 kr),

so that
O‘fﬂ 2 O‘;2T 2 —oT ;-1
I= " F; " F; = 0,(1) + Op(az™ kp) = Op(1).

For I1,

a TN 1 k
IT = ( . ) T € =0 (%) x Op(1) = 0p(1).
For I11 (divided by 2),

—2T+1

«
1 = Tk S Fiae
ar —2T+1 T 3
= Ztl<Z] 1(1;1] >€t+F0<\/—)\/—Zt1 e et,
= IIIa+IIIb.
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For I11a, because we have

s t—1 t-1-j ’ olor” r t—1  2(t—j—1)
T -1 t-1— T - —j-
E { kep Zt:l (Zj:l Qp J‘ej) et] = k% Zt:l 23:1 Qp =,
otaz*" T 2(t-1) _oT
- BaroT oer ) -T] =0,

T
I11a = 0y(1). For I11b, because Fy = Op(1), (%) =0 (@) = 0p(1), and <ﬁ ST a;(Tft)et> =

O,(1), 111b = 0,(1). Hence, 111 = 0,(1). The result follows.l
(e) We start with

c
fi= k_Ft—l + €.
T

Squaring both sides, summing over ¢, and multiplying by 7! yields

62

1 T T 2c T 1 T

T fi = T Y B+ Thoy 2t=1 Pl 5 20 e,
= I+I11+111.

However, I = O,(a2'T™') by using Lemma A5 (d), IT = o,(arT~!) by using Lemma A5

(c), and III = O,(1) by Assumption 1. Hence, the result follows.l

Proof of Theorem 1. We start with equation (A.1) of Bai and Ng (2004). Let u; = [uy,
Ugy -+ unt) be alx N vector of the first differences of the idiosyncratic errors at time t.
fo = Hfi+VIINTIT fulf+ VIINTIT ' fA
+V AN frua,
or

fi = Aifi+Asfi+ N1 Zf\il a1, ¢ + Nt ZlNzl (23U ¢
= Afi+ Nt Zf\il ;Ui ¢,

where A = A; + Ay and a; = a1; + az;. We also have 4; = VIN-IT-Lf FA’A from
the definition of the H matrix, Ay = VIN"2T-1f'uA, a; = Vﬁlelf'f)\;, and ag; =
V=T f'u;. In the following, because V! appears in every component Ay, As, a;; and as,
we multiply them by V' to ease computation and separately derive the bound of V.
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(i) If ¢ > 0 and ¢; = 0 for all 4, then

1/2
= OP(O‘TT_lﬂ)?

VA, < [T 72

~~
=1

-1\~T 2

T ZS:]. fS

=0p(aXT-1/2) by Lemma A5(e)=0p(1) from Assumption 2
1/2

-1 T £2 -1 N -1 T 2 -1 N 2

T Zs:l I N Z’i:l T Zs:l s N Zi:l A;

=1 =0p(1) =0p(1)
1/2

1/2
g

IS IIPY,
—————

1/2

<
&
IN

= OP(1)7

e N\ S/

1T 2 1T 2| V? Trp—1/2
Vay, < (T X fs| (T X fe| Nl =0p(a T77),
;rl :Opa¥T71/2)

1/2 1/2
= Op(l)-

J/

) —

N A\

T 2 AT 2
Vag, < |T7 Y, fs T 25:1%,3
=1 —oy(1)

(ii) If c =0 and ¢; > 0 for all 7, then

11/2 1/2
va, < et g7 e st g v s v = 0,0,
=1 —0,(1) ~0,(1)
11/2 1/2
VA, < |T7! ZST:1 ff N~ Zf\il T Zstl U’?,s N~ Zfil )‘? = Op(pZTTilm)’
-1 :Op(pZTTfl/Q)be Lemma A5 (j) :5;(1)
o 11/2 1/2
Val,z‘ S Til Z:f:l fs2 Til ZZ:1 f32 ‘)‘Z| = Op(1>7
=1 =0,(1)
o 11/2 1/2
Vag, < |T! stzl f2 T 23:1 “?,s = OP(IOZTT_I/Q)'
=1 =0T, 1)

The largest eigenvalue V of N~'T~'za’ satisfies V1/2 = || N~/2T~1/2z||, where ||| denotes
the Euclidean norm, so that

Vo= NTT |,
= N7 Y e
O,(aET=1/2), for case (i)

= . (15)
Op(pET=1%),  for case (ii)

Hence, the results follow if the stochastic bound for V' is sharp and the expression is asymp-
totically dominated by the mildly explosive components.ll
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Appendix III. Proof of Factor Estimation Errors in Theorem 1(i)

In the following, we provide two additional facts pertaining to consistency of factor esti-
mation in Theorem 1 (i).

First, we show that the differenced factors can be consistently estimated. From Proof of
Theorem 1 (i) in Appendix II, we have

ft — (A1 +A)fi = N! Zfil a1,;Ui ¢ + Nt Zf\il a2 ;U; ¢,
= I+11, (16)

where Ay = VINTIT-Uf/ fAA, Ay = VIINTITUf'ul, ay; = VAT U/ fXL and ag; =
V=Tt f'u; as we previously defined. Then,

[=V T HNTSY Mg,
with V = O,(alT~1/2) from (15) and

1/2 1/2

@< TS 2T TS = OplelT ),

=1 =0p(aXT-1/2) by Lemma A5(e)

Hence,
I= OP(O‘ZFTTUQ) X Op(agT_l/Q) X 0p(1) = 0p(1).

We also have, by using the definition of ay; in Proof of Theorem 1,

1 = v NS AN g,

. 1/2 1/2
< voir! ZST:1 [s N~ Zz]\il u?,s ‘N_l sz\il U?,t )
|l =T 2 1T R | L IR v Y
<V )T 28:1 I )T 23:1 ‘N Zizl U s ‘N Zizl U; ¢ 5
=1 —0,(1)

but V = O,(afT~1/2) from (15), T-' 31,
O,(1) under ¢; = 0. Hence,

-1V 2
N Zi:lui,s

= Op(l)a and N~! sz\il uzz,t =

IT = O,(az;"TY?) x O,(1) = 0,(1).

We also show that the level factors involve factor estimation errors of order O, (TY/2N~1/2).
Using (16), the level factor estimate is

E = Zizl fs = (A1 + Az) 22:1 fs + 22:1 N~! Zil a1 ,iUis + 22:1 N~! Z,j\il A2,;Uj s,

or

Ft — (A +A)F = 22:1 N~ Zi\il a1,3Ujs + 22:1 N ZZZL 2,iUi,s)
= [+1II=0,(TY*N"1?), (17)
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because

I = Vﬁl(Tflf/f) Zizl N Zf\il Ailli g,
_ V*l(Tflflf)Tl/2N71/2(Tfl/2N71/2 EZZI Zl]\il )\iu’i,t);

where V1T f'f) = 0,(1) because V' = O,(azrT"?) and T~ f'f = O,(ahT~1/2) as we
showed in term I of the differenced factor. We also have

TN 22:1 fo\il Aitig = Op(1).

Hence,
I=0,(1) x TY2N"Y2 x 0,(1) = O,(T"2N~1/?).

and

— — — T ; N
II = VTN 1Zl:1lei=1uileZ=1ui’s’
< VHrT LA S N e el

1/2

Y

20 Ly .
’ ’N ! D i1 Dosm1 “?,s

where V = O, (aZT~/?) from (15), T3, fr=1,17" S ‘Nfl SV uz;| = Op(1), and

1/2
}N D DARD DN ufs‘ = O,(T"/?). Hence, II is dominated by I. Therefore, (16) implies
that the factor estimation errors in the differenced factor are o,(1) and (17) implies that the
factor estimation errors in the level factor are O,(TY2N~1/2).
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Appendix IV. Finite Sample Properties of the CS Tests when the Training
Sample is Selected by a Statistical Method

In Appendix IV, we investigate the size and power of the CS tests when we split the
sample at the estimated origination date of explosive behavior in the cross-sectional average
(or an index) X, = N} Zf\il X+ using the time-stamping method proposed by Phillips et
al. (2011). This method sequentially computes the DF test statistics ¢ 5 (7) from a subsample

(T+h
1

of {)_(t LT: ) where [-] denotes the integer part. 7 can take values over 7o < 7 < 1, where

To is a small positive trimming value before which no explosive behavior is assumed. In
particular, we follow Phillips et al. (2011) and use 79 = 0.01 +1.8/+/T + h. Then, the break
date (as a fraction of the total sample size T'+ h) is estimated by

7= inf {7:tx(7) > cv(7)}
TE€[T0,1]

where cv(7) is the 5% critical value. Under our setting of Section 4, all the cross-sectional
units have the same origination dates, thus {)_(t}tT:lh is considered to be a single time series
which follows a random walk for 1 < t < T and an explosive process for T+ 1 <t < T
regardless of N. Hence, the time-stamping method of Phillips et al. (2011) is straightfor-
wardly applied. It is natural to use the critical value such as cv(7) = log(log(7(T + h)),
which diverges as T'4+ h — oo as the t statistic diverges as T+ h — oo, although developing
theoretical properties of the break date estimator is beyond the scope of this paper. We
obtain the 5% critical value via 5,000 Monte Carlo simulation. We also adopt a strategy that
7 is identified only if ¢ (7) exceeds cv(r) for 2log(T + h) consecutive periods.? Once 7 is
obtained, the CS tests are computed by setting the training sample 1 < ¢ < [7(T + h)| and
the explosive window [7(T' + h)] +1 <t <T + h.

To see how this procedure affects the size and power of the CS tests, we use the same
DGP as Section 4.3 with N = 100, T" = 50, h = 100, and x = 0.85, 0.90. The power
functions of the common and the idiosyncratic tests are reported in the left panels of Figure
IV, while the power functions under the known breakpoint assumption are presented in the
right panels for comparison. The top panels show power functions of the common test and
the middle panels present those of the idiosyncratic test when all the cross-sections have
explosive behaviors. These figures show that the size and power are qualitatively unchanged
even if we use the estimated breakpoint to select the training sample. In addition, it is
concerning that the break date estimator becomes less precise when a smaller number of
idiosyncratic components have explosive behaviors. To see this, the bottom panels of Figure
IV show power functions of the idiosyncratic tests when only 10 cross-sections have explosive
components. We observe that the power functions are almost equivalent to the previous case,
because there is less contamination in the estimation window in such a case. Finally, the

2 Applying the time-stamping method to {)—(t}z:rlh is not the only method to estimate the demarcation
date. It is stressed that the goal of this study is not to consistently estimate the break point but to provide
tests for explosive behaviors in the common and the idiosyncratic components. Indeed, if the break points
are heterogenous, there is no method of consistently estimate the “true break point”.
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power functions of the CS tests are all monotonic and standard even when the demarcation
point is estimated by a statistical method. This verifies the advantage of the CS method
over the PANIC approach in detecting mild or large explosive behaviors as we show in the
lower right panel of Figure 1 of the main paper.
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Figure IV. Power functions of the CS tests
when the demarcation point is estimated

Common test
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Appendix V. Proof of Theorem SA-2 and Theorem 2

Throughout Appendlx V, we let F¥, = F1 — F, where F = h_lthJrTh 41 Fi1 and
ﬁ F = =F,_ 1—F where F = h~ 1Ef+Th+1 F, ;. Let also fe=fi—f, where f = h™ 1ZtT+Th+1
and ft = ft f, where f =h! Z;‘,F“L;H ft In addition, we let U, | = U1 — U,, where

1 ~~T+h 1 ~T+h 77
U=hty" i1 Uit— 1andUt 1—Uz,t 1— Uz,whereU =h7'> T Uit—1- Let also ug,

T+h
u; ¢ — U;, where @; = h™ Zt:T—i—l Uipy and U, | = Uy q — U;, where u; = h™ Zt:T—i—l uz,t—l-
We also let p, = max; p; .

Lemma B1. Under Assumptions 1-5, the following hold:
(a) For t =T+ 1,...,T + h uniformly in ¢,

Iy = Op(a}fikilzﬂ)ﬂ
(b) For t =T +1,...,T + h uniformly in ¢ and all 4,

Uit = Op(PZkilz/2)>

(c) Fort =T +1,...,T + h uniformly in ¢,

h1.1/2 h11/2
o _ apky, Prkn
F—HE =0, <min{N, T1/2}> 0 (min{Nl/2,T1/2} ’

RS (Fy — HF, )2 =0 A +0 ik
t=T+1371 VTP min {N?, T} PA\min {N,T} )’

p-L STk o a;kn agpikn
2oeria Fia(Fioa = HE ) = Oy min (N, 7771 ) O \Gin (v 77 )

“1~T+h - D aihkh ahphkh
W 2imrp FalFion = ) = O Sy |+ O \ S, 7

2h
Ph kn
0, (i)
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(2)

t=T+1

1/2
~1/2 T+h -~ . ahkh
h / _ (Ft—l — Hﬂ_l)et = Op (m) + Op (

(h) For t =T +1,...,T 4+ h uniformly in ¢,

fi = Oplapky, "),

(i) For t =T + 1, ...,T + h uniformly in ¢ and all 7,
uie = Oy(piky, "),

(j) Fort =T+ 1,...,T + h uniformly in ¢,

hk1/2
min {N1/2,T1/2} |’

—1/2
piky

- _ ok, -
JomHii =0y (min{N,Tl/Q}> O (min{Nl/Q,T1/2}>’

2hk‘_1

WS (fe— HE)? =0, (W) + Op (

W S (B — HE ) (fi— Hf) =0
(m)
_ a2h
h*l ZZ:—;—H(Ft*l — Hthl)ft = O (W}LT,UQ})
(n)
-~ a2h
h! Et:TJrl Fy l(f Hft) = (Wth/g})
(0)

2h
_ T+h T Y X%
h 1Zt=+T+1 thl(ft _Hft) = O <mln{N TI/Z})
_ P
+0y <min{N,T})’

29

2h
P (min {N2,T}

2hk‘ 1
min{N,T}) ’

)*OP<$§,T})’

OpPp
min {NV/2 T1/2} )7

X Pn
min {N1/2 T1/2} )7

*hPh
min { N1/2,T1/2}



o~ O/ﬁk;lm p}}ikizl/Q
W i ra(fe = Hft)er = O, min {N, T"/2} O min {N1/2,T1/2} |7

min { N2, T'} min {N, T}

2hp 1 1
Oy <min{N,Tl/2}) 0 (mm{Nl/Q,Tl/?} ’

~ 2hh71k 2hh71k
B2 ijﬁl F?, = h2H? tT:+qu+1 F2,+0, (M) +0, <u)

(r)

1~—T+h = 1 ~T+h
h Zt:T_HFt—let = h Zt:T_HFt—let

o a2h71/2k}1l/2 o pzh71/2ki/2
O min { N, T1/2} T min { N1/2,T1/2} |~

Proof of Lemma B1.
(a) Fort =T+ j with j =1, ..., h,

_ Jj—1 J
F, = e +apepq+...+oy “ej1+ oy Fr,

= o Zi:l ayeryjs + g Fr = Op(a’ﬁki”),
by using Lemma A5 (a). (b) The proof is the same as part (a).

(c) We start with

ﬁtzzll)\zx_ Zzlz F—|— Zzlz :[+I[

- ~x2 Tt A*2

Zzlz NlZzlz NlZzlz

For I,

NN (HAT 4 5\*>\ HA)
I = i= F,
N~ ! Zz 1 Z

HN7'SSE A (A — H')
*2
NN

- H — F,
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but
N

N N
NN —HN) = N CHING - HTN) AN (A - HTON)
=1 =1 =1

1
= O (min{N, TW}) ’

by using Lemma A3 (f). For 11,

N S H MUy + NV (A — ')y
- _ N ~ %2 :
N ! Z’i:l )\Z

Therefore,
CHNTUYSE NG = H W)
N1 Efil 5‘:2
+N—1 SN H AU, . NN (A — H']\)U,
Ny AT NN AT

i=1""
(e N (AR o (e
P\ min {N, T1/2} P\ N2 P\ min {N, T2} |~
I S 1 W pik”
P\ min {N, T'/2} P\ min {NV2 T2} |~
uniformly in ¢ by using (a) and (b). (d) is straightforwardly shown from (c).
(e) Since Fy = O,(alk)?),
1/2 1/2
0 O‘Zkh/ L0 szh/
P\ min {N, T/2} P\ min {NV2 T2} ||’

_ 0 a;kn L0 anphkn
P\ min {N, T2} P\ min {N1/2,T1/2} )~

uniformly in ¢ for t =T 4 1,--- ,T 4 h by using (a) and (c). Hence,

Fy

F,—HF, =

F(F,— HF) = Oplapk?) x

—1~T+h = ap'kn bk
> ra Fia(Fea — HE 1) = O, min {N, TV/2} +0p min {N1/2,T1/2} |~
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(f) By using (e) and (d),

F(F,— HF,) = HF(F,— HE)+ (F,— HF,)?,
I

= 0, —_Thh

min { N, T1/2}

}

Py Fn
)+ (i)
2h 2h
ag kh Pn kh
o. | —fh™
Oy (min{NQ,T )+ P (min{N T})’
2hk’ k
= 0,(— O Kn +0, [ — ahpikn
min { N, T1/2} min { N1/2,T1/2}
2h
Ph kn
0, ()
uniformly in ¢ for ¢t =T + 1,--- ;T + h. Hence,
2h
A~T+h & T _ o, 'kn apPrkn
W Yicrm Fia(Fa —HFE ) = 0, (W) + 0, (min {N1/2’T1/2}>

2
Piv Fn
+0p (min{N,T}) ’

(g) Since

~ o/,ik,llﬂ Piﬁkllzm
(Fioy = HE-1)er = O, min { N, T1/2} 0y min {N1/2, T1/2} |~

uniformly in ¢ and (ﬁ’t_l — HF, 1) and e, are independent with e, being i.i.d. with E(e;) =0,
we have

g oy ohl”
h i=r1(Fim1 = HEi—1)e, = O, min { N, T/2} +Op min {N1/2,T1/2} |~

(h) From (a), we obtain

fi = BE—F.,1=01+ )thl‘i‘et_thly

kh
h

uniformly in ¢. (i) The proof is the same as (h).
(j) We start with

r3 Zz 1>\le75 _ Zz 1 z f + Zz 1 zui,t :I+II,

ft: 2 A*Q

t
Zij\il A N1 Zz—l i N1 Zz’:l i
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where

-1 N */3* Y. g-1

N1 Zfil 5‘:2

h1.—1/2
_ anky
- HREO (W)

pzk;1/2 pﬁk‘;l/Q sz;1/2
and IT = O, | " | + Op | vy ) = Op | gtz pivay | - Henee,

. ahk—l/Q phk—l/Q
—Hf = __“h™ h™h
Ji Je=0p (min{N,Tl/Q} 0 min { N1/2,T1/2} |7

uniformly in ¢. (k) is straightforwardly shown from (j).
(1) (¢) and (j) imply that

- ~ aZk’}le p},ikiﬂ
(Fii—HE )i —Hf) = |0 W + 0, min { N1/2 T1/2}
o (e N o (s
P\ min {N, T1/2} P\ min {NV2 TV2} ||’

_ 0 oy o Pi'
= 0 (ampiamy) O (v

uniformly in ¢, which yields the result.
(m) Since

_ aZk,ll/Q szrllﬂ
(Ft—l — HF;:—l)ft = Op W + Op min {N1/2,T1/2}

o2h alph
= Op| —Les | + O, | — b ;
min { N, T"/2} min { N1/2, T1/2}

uniformly in ¢, which yields the result.
(n) (a) and (j) imply that

X Op(aﬁk‘;?m),

Fafi—Hf) = Oplafky?) x

N L LS Phks
P\ min {N, T1/2} P\ min {NV2 TV2} ||’

o2h alph
= Op —h +Op . ik )
min { N, T1/2} min { N1/2 T1/2}

uniformly in ¢, which yields the result.
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(0) By using (n) and (1), we get

Foilfo—Hf) = HE(fi—Hf)+ (B

0, (—
__p(mMMTWQ+

— HE)(fi = Hf,),

O OhPh
P\ min {N1/2, T1/2}

2h hoh
+0, S S +0, _ OnPh
min { N2, T’} min { N3/2, T}

o
+%(mMMTQ’

0, (—
__p(mMNTWQ+

i
0, (s vy )

uniformly in ¢, which yields the result.
(p) From part (j), we obtain

h1.—1/2
apky,

“1T+h (F
h! ot (fi = Hf)er = Oy (W

(q) We have
LBy — HE )2 = SO0 FE + H

t=T+1
. T+h 12 2
= D i+ H

O ahPh
P\ min {N1/2, T1/2}

piks, )

) +0p (min {N1/2 T2}

2 T+h 1
t:T+1l171__2}{§:t:T+1lQ—1}%—h

2
t=T+1 Fiy

—2H ZT+h (ﬁt—l — HF, ,)F,_; — 2H? ijhH F?

t=T+1

. T+h 192 2
- t=T+1 Ft—l —H

t=T+1

2
Ft—l

—2H S (F_y — HF,_|)F, ;.

t=T+1
This yields

T+h 122 _ 2 \~\T+h
t=T+1 FL, = H

2
e Frn 20

S (Fo — HE )

F2H S (B — HE ) F,y,

t=T+1

or

-2 T+h 792 o —271712 T+h
h Zt:T—i-lFt—l = h™"H t=T+1

Ft2_1 + h—2 ZT+h (E_l o HFt_l)z

t=T+1

+2h P H Y (Fooy — HF, 1) Fyy,

t=T+1

_ p=2pr2~T+h 2
= hH =11 Fia

th—lk
_|_Op (M> +

min { N2, T}
Oéihh_lkh

0 pih "k
P\ min {N, T}

alplh=1k, )

o —Zr™ "
* p(min{N,Tl/Q}) * p(min{N1/2,T1/2}
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by using (d) and (e).
(r) We have

W S Fver = hHY 0 Fge + b S (Foy — HE ey,

-1 T+h
= h HZt:TJrl Fyve

1/2, 1/2,
L0 O‘Zkh/ h 1/2 Lo szh/ h 1/2
P\ min {N, T/2} P\ min {N1/2 T1/2}

by using (g).H

Lemma B2. Suppose Assumptions 1-4 and A hold or Assumptions 1-5 and the following

condition hold:
ol 2k

min { N1/2 T1/2} -

0.

Then, we have
A~ P —
52 2 O %02,
as N, T, h — oo, where
2 -1 ~T+h rs o 2
6" =h" > ra(fi =6 Fia)”,

with ran =~
+
8* _ t=T+1 Ft—lft
T+h ﬁg ’
t=T+1 " t—1

Proof of Lemma B2.
We start with the AR coefficient estimator,

T+h 17 rs
F t=T+1 thlft
- T+h 12
t=T+1 Ft—l

Since

ft = ﬁt_ﬁtfla
— HF,— HF, .y + (F,— HE) — (Fy — HF,y),

C ~ ~
= Hk—Et—l + He, + (F, — HF,) — (Fy—y — HF,_y),
h
c ~ ~ c  ~
= —F.a+He+ (fi —Hf)) — —(Fo1 — HF 1),
kn kn
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we obtain

[ < H ZtT;ThH ?t—let I Z?:Thﬂ ﬁt—l(é —Hf)
e ?:?H P2, ;F:—Zil—i—l FZy
¢ S Fi(Fy — HF, )
o raF
¢ ok, H? tT=+7{l+1 Fae ok, °H ZtT:ThH(ﬁtq — HF; )e
- k_h O‘i:2hki:2 ZZW:JFI{LH ﬁt2—1 O‘l:%kl:Z ZZ:JFY?H ﬁt2—1
00 St Falf = Bf) e o™k Yol Fa (i = HF )
a2 S R o o k2 S B |
This yields
ok <5* o ) _ ok Y Fie | o'y 3 %{Lfi )
h oy, "k T B kT D
0"k St Pl = HE) | e oih Silr BBy — HF )
aﬁzhklf ZtT:JrI{LH ﬁtal e aﬁzh’ff ZtT:J;LH ﬁt{l ’
= I+I1+1IT+1V.

For the denominator,
-1 —2h 2hp7.—1
—ohy—2~T+h T —2hy.— T+h o, " py " hk
ah2hkh2 thJrTH F2, = ah2h/€h2H2 M F2+ O, <—min {](Lf? T}) + O, <—r?1in {iLN Th} >

hk*l —h hhk*l
10, [ it ) 1 O, (o )
min { N, T1/2} min { N1/2,T1/2}

by using Lemma B1 (q) and the four terms of the factor estimation errors are o,(1) under
the stated conditions.

The numerator of [ is 0,(1) by using Lemma A5 (c). For the numerator of 17,

~ h1/2k—1/2 ah hhl/2]{:_1/2
~hp,—1 ~T+h _ h h Ph h

ap by, Y (Fioa — HE )er = O, (W +0p | o (N2, T )

by using Lemma B1 (g) and it is 0,(1) under the stated conditions.
For the numerator of 111,
hp g1 hp g1
—hp-1~~T+h 75 (F B aphk, prhk;,
@,k 2er Falfe—Hf) = O (W) + 0, <min (N2, T2}

—h 2hp7.—1
ay, Py, hky,
Sh Pr )
+O0p (min{N,T}) o(1),
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by using Lemma B1 (o) and it is 0,(1) under the stated conditions.
For the numerator of IV,

—hp-2~THh (T aphk;! prlky
A, kh Zt:T—i—l Ft—l(Et—l - HFt—l) = Op min {N, T1/2} + OP min {N1/2,T1/2}

o CheR bk
PA\min {N,T} )’

by using Lemma B1 (f) and it is 0,(1) under the stated conditions so that we proceed with
6 - = Op(a;,"k; ") and 5 = O,(k;'). Then,

& = w8 R
= h” ij$+1{Hft—8*HF; \+(fi—Hf) =68 (Froy — HF, )2,

= WS H = By Fa = (87— ) HE (o= HE) =8 (Fa = HE)P,

= h! E?::;L+1[H€t - (5 - k_h)HFt—l + (ft - Hft) - 5 (Ft—l - HFt—l)]Qa

_ K Cc ~ A%2  ~
= WSS [HR e+ (6 —k—h)2H2F£1+<ft—Hft>2+5 (Foy — HF,_,)?

+2H%(6 — ki)ﬂ_let +2H(f, — Hf)e, — 26" (Fy_y — HF,_)He,
h
% C ~ ~ % C  »x% ~
26"~ Y HF(fo = Hf) = 28"~ )8 HE oy (Foy = HF)

257 ( Hﬁ)(ﬁt 1= HF))
T+h
= h Zt +T+1 + Zk 1 Dk
has nine terms of the factor estimation errors. We now show that they are all 0,(1) under

the stated conditions. For Dy,

Ak C
Dy = (6 = HN L P,
h

t=T+1
Op(0, k) x O, (aihh_lki%) g
= Op(h™") = 0,(1).

Forl)%

Dy = h” thT+1]}+1( —Hf,)?,
Qhk 1 2hk71
= Oy —hih ) 0, ()
min { N2, T} min {N, T}
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by using Lemma B1 (k) and it is 0,(1) under the stated conditions. For Dj,

%2 -
Dy = & h 'Y (Fiy — HE ),
2hk 2hl{:

_ L2 A Fh Py Fn

Oplky") {Op (min{NQ,T} O min {N, T} )|’
_ ok ! Pk
= Op| — +0, | — ,

min { N2, T'} min {N, T}

by using Lemma B1 (d) and it is 0,(1) under the stated conditions. For Dy,

A% &
D4 = 2H2(6 ——>h_1Z?j;+1F1t—let7

= Opla,"ky,* ) X Op (O‘hh tn) 5
= op(h7) =0,(1),

by using Lemma A5 (c). For Ds,

D5 = 2Hh™ Zz+ﬁ+1( Hft>€t7

= 0 azk.hl/Q +O sz;1/2
P\ min {N, T"/2} P\ min {NV2 T2} |~

by using Lemma B1 (p) and it is 0,(1) under the stated conditions. For Ds,

Ds = 25 Hh 'St (F_y — HF, y)e,,

t=T+1

1/2 1/2
Op azhl/Qkh/ +Op | pzhl/Qkh/ |
min { N, T/2} min { N1/2,T1/2}
_ 0 Othl/Qk:,:l/z Lo pzhl/lezlﬂ
P\ min {N, T/2} P\ min {NV2 T2} |~

by using Lemma B1 (g) and it is 0,(1) under the stated conditions. For D,

= Op(kﬁl) X

Dr = o8 — ) HRT S Falfe— HE),

g1 aih QZPZ
= Oploy, k") x| Op min { N, T1/2} +0p min{Nl/Q,Tl/Q} ’

okt o
= 0 h™h +0 Prkp
P\ min {N, T1/2} P\ min {N1/2, T2} )~
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by using Lemma B1 (o) and it is 0,(1) under the stated conditions. For Dy,

Ds = 2(8 —k—h>6 Hh 'S Fo(Feoy — HF),

2h
_ 1 4 aikp, aypPpkn
= Oplay,"ky, ") X Op(k, ") x [Op (—min i, T1/2}> + 0y <min {N1/2,T1/2})] ;
0 apky, ' L0 Pk
P\ min {N, T2} P\ 'min {N1/2, T2} J’

by using Lemma B1 (e) and it is 0,(1) under the stated conditions. For Dy,

Dy = 26 W 'S (fe— Hf)(Fooy — HF, ),
o2h alph p2h
- 0O k‘_l O h O hFh O h
b (K7) % [ p(min{Nz,T}> * p(min{N3/2,T} O min {N,T} /|’
0, ‘Ofi%hkf:l +0, apopky +0, ‘Pihkle 7
min { N2, T} min { N3/2, T} min {N, T}
by using Lemma B1 (1) and it is 0,(1) under the stated conditions. Therefore,
=h" ZtTJrI}}H "3t2 +0,(1),
under the stated conditions, which yields the result. Note that carefully investigating all

ol hk; !

17 terms of the factor estimation errors gives the dominating terms O, i NI

, and

hyp—1
O, (%) that appear in the numerator of IV .

Lemma B3. Under Assumptions 1-5, the following hold:

(a) For t =T +1,...,T + h uniformly in ¢,

G~ U= 0, [— 0 Lo phky”
it it P min {N, Tl/g} p min {N1/2, T1/2} )

T+h (77 5 ok, P kn
Wt 3 r Uieer = Uigr)® = O, min {N2, T} O min {N, T} )’

()

W ST Uy (Togs — Ung) = O, (2008 4 £h h
t=T+1 ztl it—1 4,t—1 P mln{N,Tl/Q} p min{N1/2,T1/2} )
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(d)
2h
T+h 77 77 _ o, PR kn
h™ Zt 71 Vi1 U1 = Uigm1) = Op (min{NQ,T}) +0p <m1n{N,T1/2})

2h
+0 P ki
P\ min {N1/27T1/2} ’

(e)

1/2 ~T+h (77 042/@1/2 ka}L/z
h 1=r1(Uig—1 = Uig-1)zip = Oy W +0p min {N1/2, T1/2} |’

(f) For t =T + 1, ...,T + h uniformly in ¢,

—~1/2 —1/2
Uir —ui+ = O % + 0 pzkh :
7t it P min {]\/v7 T1/2} p min{Nl/Q,Tl/Q} )

Ten o 2 aj'ky” pil'ky”
Wty (Ui — uig)® = Oy (min{NQ,T}) 0 (min{N,T}) ’

(2)

(h)

T+h (77 ~ *h hh
W e Uier = Uspa) (lig —wig) = O W O min {N?/2, T}
Ph
Oy (min{N,T}) ’
(i)

= T+h /77 U —0 042/)’11 0 P%h
Zt T—i—l( ht—1 — i,t—l)ui,t — Yp min{N,T1/2} + p min{N1/2,T1/2} !

()

T+h agpp i
Wt 3 Ui (e — i) = O, (m) +0p (min{N1/2,T1/2}>’
(k)
2h 2h
T+h 77 _ Xh Ph
W Eri Ui (e —wig) = Oy (m) Op(min{N1/2,T1/2}>
ChPh
Oy (min{N,Tl/z}) ’
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T+h (~ agkhlp Phk;1/2
h™ Zt:Tﬂ(Uzt i) zip = Op W +0p min {N1/2, T1/2} |

2h1,—1 2h1,—1
T+h 772 2772 ~T+h 2 ahh k, Phh kp,
Sl = 0 0 (e ) <0 (S

alphh=k, phh 1k,
Oy <m1n{N,T1/2}) + 0 <min{N1/2,T1/2} ’

(n)

T+h 77 T+h
h™~ Zt:T—i—lUiﬂf—lzi,t = h~ Zt T+1 zt 124t

o Oth 1/2k’{b/2 o [)Zh_l/Qk;ll/Q
P\ min {N, T'/2} O min { N1/2,T1/2} |~

Proof of Lemma B3.
(a) Since

U — Uy = (5\* — H'\)HF, + H ')\ (F HF,)

(2

+(\, — H'\\)(F, — HF),

(2

L aw
P\ min {N, T2}
1/2 2
P\ min {N, T2} P\ min {NV/2,T1/2}
1
O (min{N, Tl/z})
h1.1/2 h11/2
apky, Prky
x [Op (min{N,T1/2}> 0 <min{N1/2,T1/2} ’

bt i
_ o, | %" .0
P\ min {N, T/2} O min {N1/2 T1/2} |’

by using Lemma B1 (c) for t =T +1,--- ,T 4+ h uniformly in ¢. (b) The result is straight-
forwardly shown from (a).
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(c) Since

U (Uis — Uy) = O, (pgk}f) x

o [ ot” \ ., Pk
P\ min {N, T/2} P\ min {NV2 T2} ||’

h okl 2h [
min { N, T1/2} min { N1/2,T1/2}

uniformly in ¢, the result follows.
(d) By using (b) and (c),

Uit(Uip — Uiy) = Ui,t(ﬁi,t —Uir) + (ﬁzt — Ui,t)Qa

_ 0 anphkn L0 P kn

P\ min {N, T2} P\ min {N1/2, T1/2}
2h/€ 2h/€
+0, _ G} O, _ P Bh :
min { N2, T} min {N, T}
2hk‘ h h/{} 2hk
— Op L + Op M + Op : Pr Fh ’
min { N2, T} min { N, T1/2} min { N1/2,T1/2}

uniformly in ¢ for ¢t =T+ 1,--- ;T + h. Hence,

1 ~T+h 7 ~ i ky, alplky,
Y Uiia(Uiger = Uigr) = O, min (N2, T} + Oy min (N, T2}

Pk
O (min{N1/2,Tl/2}> |

(e) Since

~ a’ﬁk}ll/Q szillﬂ
(Ui,tq - Ui,tfl)zi,t =0, min {N, T1/2} +0p min {N1/2, T1/2} ’

and (U;¢—1 — U;4—1) and z;; are independent with z;; being i.i.d. with E(z;;) = 0, we have

12 ~T+h (77 042/@1/2 pﬁki/z
h =1 Uit—1 — Uig—1)2ie = Op min {N, 7177} +Op min {N1/2, 7172} ) °

(f) This is because

*

Uip — Uiy = (Ai —H'\N)Hf + Hil)\i(ﬁ —Hf)
+(; = HX) (f — Hf),

P\ min {N, T/2} P\ min {NV2 T2} |~
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uniformly in ¢ by using Lemma B1 (j).
(g) is straightforwardly shown from (f).
(h) (a) and (f) imply that

5 ahky” ok
Uiamt = Vi) (W = i) =\ Op | Sy iy |+ O | i virz, 7727
S P i B phk,
P\ min {N, T/2} P\ min {NV2 TV2} ||’
2h 2h
(o R S—" o N (7 —
min {N2 T} min {N, T}

uniformly in ¢, which yields the result.
(i) Since

~ ofky” Pk’
Ustor = Vimusa = 100 | G 7oy ) + O \ mmvirz, 71y

P Pi'
- Op . (AT 1797 + Op . )
min { N, T/2} min { N1/2,T1/2}

uniformly in ¢, which yields the result.
(j) Lemma B1 (b) and Lemma B3 (f) imply that

N Y LS phky
P\ min {N, T/2} P\ min {NV2 T2} ||’

OhPh Pi'
= Op| ——75 ) O, | — ,
min { N, T1/2} min { N1/2,T1/2}

uniformly in ¢, which yields the result.
(k) By using (j) and (h), we get

X Oy (ﬂﬁkim),

Uipr (g — uig) = Oplpfky’®) x

ﬁz‘,t—l(ﬂi,t - ui,t) = Uz’,t—1(ﬂz‘,t - Ui,t) + (ﬁi,t—l - Ui,t—l)(ﬁz’,t - uz’,t);

alph p2h
= Op| — 2L~ )+ 0, | —
min { N, T1/2} min { N1/2,T1/2}
2 hh
Oh hPh
0, (gaey) O (mapvarmy)
Pi'
0, (s o)
2h hh
= 0, % +0, .O‘h—phm
min { N2, T} min { N, T2}
Pi"
+Op (min{Nl/Q,T1/2}) ’
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uniformly in ¢, which yields the result.
(1) From (f), we obtain

L~T+h  ~ O‘Zk‘i:lﬂ pzkfjl/g
h™ > (Ui — wig)zig = Op min {N, T1/2} +0y min {N1/2, T1/2} |

(m) We have
T+h (77 2 T+h 772 T+h 2 T+h 77
t:T+1<Ui,t—1 _Ui,t—l) = t:T+1Ut 1+Zt T+1 Ui,t 1 QZt T+1 zt 1Uzt 1)
. T+h 772 T+h 2
- tT+1Ut 1+Zt T+1Uit1

_22;“;11( it—1 — Uiyt—l) it—1 — 22?#‘11 Uzt—lv

. T+h 772 T+h 2 T+h (77
- t=T+1 Ui,t—l T La=T+1 Ui,t 1 t= T+1( it—1 Ui,t—l)Ui,t—l-
Solving the first term on the right-hand side gives
T+h 172 o T+h 2 T+h ry T+h r7
t=T+1 Ui,tfl - t:T+1Ut 1+Zt T+1( t—1 zt 1) +22t T+1( Gt—1 Ui,t—l)Ui,t—h
so that
—2~T+h 772 _ —2~T+h 2 T+h rr 2
=Y Uin = o U +h 2y 741 (Uit-1 = Uig1)
2 ~T+h (77
+2h” Zt T+1( i,t—1 7 Ui,tfl)Ui,tfl,
. T+h 2
= h” Zt:TJrl Ui,t—l

2hh71k, 2hh71k
0, _ Ot B +0, Pn
min { N2, T'} min {N, T}

hohh=1p 2hp =1
O e e L
min { N, T1/2} min { N1/2,T1/2}

by using (b) and (c).
(n) We have

T+h 77 T+h T+h 75
h™ Zt 71 Uig—1Zip = h- Zt 741 Uig—12ig +h~ Zt T+1( i1 — Uit1)zig,

o T+h
= h” Zt T+1 t—1%4t

Othkfl/Q phkl/Z
0] h™h 19) h™Vh
T (min{N,Tl/Q} T min {N1/2, T2} |’

by using (e).H

Lemma B4. Suppose Assumptions 1-4 and A hold or Assumptions 1-5 and the following
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conditions hold:

hp 7.1 1
ik Pk
——F——"——— — (0 and — 0.
min { N, T1/2} U in {]\71/2 T'/2}
Then, we have
2 P 2
o; = o5,

for any 7 as N,T, h — oo, where

= W S (e — 803

with ran
+ ~
5 Zut=T41 Ui, fluit
t=T+1
Proof of Lemma BA4.
We start with the AR coefficient estimator,
T+h 77~
S t=T+1 Uit—luit
(2 T+h 2 ’
t=T+1 U
Since
W = Upp—U;sa,
= Uit —Uip1+ (Uip — Uip) = (Uir—1 — Ui 1),
ci ~
= 2 —Ui—1 + zig + (U —Uit) — (Uit—1 — Uiz-1),
h
C;i ~ Ci  ~
= —Uito1+ 2zig + (Wip — wip) — k__(Ui,t—l —Uii—1),
h h
we obtain
T+h 77 T+h 75 ~
oo G =111 Uit—17%it i1 Uii—1 (Ui — Uiy)
i T L T+h 779 T+h 179
kn =711 Uin—1 =11 Uitq
T+h 77 ~
¢i Dperyr Uig—1(Uig—1 — Up1)
Ty T+h 179 ’
kn =741 Uiy
—2h T+h 2h T+h (75
_ G b Y Vi1 Zia L Pk P i U1 — Uig)zi
N pr 2k T+h 172 P T+h 772
Kn ky, Zt—T+1 Ui t—1 ky, Zt—T—H U‘ -
—2h T+h 77 —2h T+h 77 ~
k Zt T+1 zt 1(uzt — Uy t) Cz ph k Zt T+1 zt 1(Uz t—1 — Ui,t—l)
—2h1,—2 T+h 2 _oh — T+h 5 .
Pn kD i U kn IR D P T+1 U
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This yields

h kf Zt T+1 UiQt 1 k Zt T+1 UiQt 1
hk’ Z?#ﬁrl ~zt 1(uzt — Uy t) Ci. Phhk thﬁﬂ ~zt 1(Ui,t—1 - Ui,t—l)
Ph 2hk7h ? ZtT:JrIfLH Uz%t—l kh i:thh ZZ:_Y’}—H ijz%t—l
= I+I1+1IT+1V.

For the denominator,

—ohp—2~~T+h 7172 —2hy—2 ~~T+h 2 ah Ph%hk hki:l
o e U = o Lo Ui ¥ O \ i ry ) 9 \ v,y

h _hhk_l hk_l
10, (b T2 ) 1 O, [ :
min { N, T1/2} min { N1/2,T1/2}
by using Lemma B3 (m) and the four terms of the factor estimation errors are o,(1) under

the stated conditions.
The numerator of I is 0,(1) by using Lemma A5 (h). For the numerator of /1,

—hp1/27.-1/2 1/21.~1/2
o T+h 77 _ oy W%k, "k
k’ Zt T+1( it—1 — Ui,t—l)zi,t = Op ( min {N, T1/2} > + OP <min {N1/2,T1/2} )

by using Lemma B3 (e) and it is 0,(1) under the stated conditions. For the numerator of

11,

h hp.—1
h T+h 77 _ ' pp - hky prlky
ky, Zt 741 Ui— (Ui —uie) = Op (mm{N?,T}) +0p (min {N1/2 T1/2}

hhkfl
+0, [ — Qp Uiy 7
min { N, T1/2}
by using Lemma B3 (k) and it is 0,(1) under the stated conditions. For the numerator of

1V,
h hy.—1
—h T+h 77 77 _ Oy Py Ry, aphky,
kn, Zt 741 Vitm1(Uiis = Uiim1) = Oy (mln{NQ,T}) +0p <min{N,T1/2}

L0 phhky
P\ min {N1/2,T1/2} )~

by using Lemma B3 (d) and it is 0,(1) under the stated conditions. Therefore, we proceed

with 6 — & = O,(p, "k, ") and 5;=0 (K, 1). We now consider
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A — e *rT
g? = h 1 ZZ”;’}_H(UZ t — 51 Uz‘,t—1>27
-1 T+h * 7 S 2
= h Zt T+1[Uzt 0;Ui—1 + (Uip — uig) — 6;(Uip—1 — Uip1)]7,
C; &

= h” ZtTJrJiLH[ k’h —Ujp—1 — (8: - k—h)Ui,t—l + (Ui — uiy) — 8:([71',1;1 — Ui,tfl)]Zy

&

= h! ZtTJrq]}H[Zzt (Sj — k_h)Ui,t—l + (Ui — uit) — 8:(ﬁi,t—1 —Uis))?,

*

A~ A%D ~
= h” Z$+7§+1[ ; (5z K ) U2t 1+(uzt—u”) +5i (Ui,t—l _Ui,t—1)2

(5 T )Uzt 12it +2(Wip — uig)ziz — 23:([7@7&71 —Uit-1)%iz
h

sk Ci ~k

+2(61 — k_)Ui,t—l(ﬂi,t — Ui,t) — 2(6Z
h
+28:(ai,t uzt)(Uzt 1= Uzt 1)],
= h_l ZZ+1]“1+1 zt + Zk 1 Dka

has nine terms of the factor estimation errors. We now show that they are all 0,(1) under
the stated conditions. For Dy,

C; \ o* ~
- k_h)éz Ui,t—l(Ui,t—l - Ui,t—l)

oF C; _
D, = (5i - k_h)2h 121?;;“ Uzt—p
Op(p, "k *) % Oy (pi%hh_lkizz) g
= Op(lfl) = 0p(1).

For Ds,
D2 = h_lzf_'—j]}_i_l(ﬂzt ui,t)27
2h]€ 1 2hk71
- 0, : Oh Ry +0, .Ph h 7
min { N2, T} min {N, T}

by using Lemma B3 (g) and it is 0,(1) under the stated conditions. For Ds,
D3 - h Zf_'_j’“:_l(’vzt 1 Ui,t—1)27
k 2
_ -2 h Rh Pr Fh
00 00 (vt ) + O (i )|
_ oo (i o (it
P\ min {N2, T} PA\min{N,T} )’
by using Lemma B3 (b) and it is 0,(1) under the stated conditions. For Dy,
D4 = ((S - —)h 254_7{14_1 it—1%0t,
= 0,6 o (™) = op(1).
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For Ds,

D5 = 2h,71 Ez”;lﬂ(ﬂ” ui,t)z’i,ta

N . +0 phky
P\ min {N, T1/2} P\ min {NV2 T2} |~

by using Lemma B3 (1) and it is 0,(1) under the stated conditions. For D,

D6 = 2(5 h™ Zf+jil+1(~zt 1= Ui,tfl)zi,ta

1/2 1/2
Op (.Xhhlﬂkh/ +Op | thl/Zk'h/ |
min { N, T/2} min { N1/2,T1/2}
_ 0 a}}ihl/zk}:l/z Lo pzhl/ngl/Q
P\ min {N, T/2} P\ min {NV2 T2} |~

by using Lemma B3 (e) and it is 0,(1) under the stated conditions. For Dy,

= Op(kfjl) X

D7 = (5 - —)h, Z?J’_’]]}_‘_l i,t— l(uzt_uzt)
h  h 2h
B —hy.-1 OhPh Ph

- Op(ﬂh Ky ) X lop <min {N, T1/2}) +0, <min {Nl/Q,Tl/Q})] ’

alk;! k!
= 0O ____"h™™ +0 h™'h
P\ min {N, T/2} P\ min {NV/2,T1/2} )’

by using Lemma B3 (j) and it is 0,(1) under the stated conditions. For Ds,

DS - (3 - ]{3_)6 h~ Zf+;+1 i,t— I(Uz‘,t—l - Ui,t—1>7

_ —hy—1 aypykn P%Lhkh
= %@h@)Xl%<ﬁﬁﬁﬁmﬁ)+q«mmﬂw&Tw} =

h
_ ap Ph
= 0 (smpermy) + O ()

by using Lemma B3 (c) and it is 0,(1) under the stated conditions. For Dy,

Dy = 25%_1 Z:{Jrjfb_i_l(azt Ui,t)(ﬁi,t—l —Ui-1),
1 ap’ i
= O, (k;, Op | ——5— O, | ——+
b (ki) [ p(min{N2,T}) * p(min{N,T})}’

_ o, (R o, (A

min {N?,T'} min {N, T}
by using Lemma B3 (h) and it is 0,(1) under the stated conditions. Therefore,

o =ht Zf+1il+1 Zit + op(1),
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under the stated conditions. Note that the two conditions

hp g1 hpp—1
‘ aphk), 0 and — prhk, .
min { N, T1/2} min { N1/2,T1/2}

0,

are obtained by carefully investigating all 17 terms of the factor estimation errors.ll

Lemma B5. Under Assumptions 1-5, the following hold:
(a)

= _ ol phk1/2
F—-HF =0, —th ___ O hZh
P (min{N,T1/2} O min { N1/2,T1/2} |’

(b)

— B ahk—l/Q phk_1/2
—Hf = h™Vh h™h )
/ f=0 <min{N,T1/2} 0 min { N1/2,T1/2}

Proof of Lemma B5. (a) We have

— — 1 T+h = Oézklll/2 ka}lL/Q
F—HF =0 Sl (i — HF) = 0, | ity ) +0,

by using Lemma B1 (c). (b) We have

min { N1/2,T1/2}

Irs H r_ h*l T+h ra H -0 O‘Zk}:l/z 10) ka;;l/Q
foHP =0 2o = HI) = Op | (omy iy | 9 v, 77y

by using Lemma B1 (j).H
Lemma B6. Under Assumptions 1-5, the following hold:
(a) For t =T+ 1,...,T + h uniformly in ¢,
Ff = Oy(ajky),
(b) For t =T + 1,...,T + h uniformly in ¢ and all 1,
Uiy = Op(pzkflbm)a

(¢c) Fort =T +1,...,T + h uniformly in ¢,

h1.1/2 h11/2
Se c__ ok Prkn
Fy — HF = O, (min {N, T1/2}> + 0y <min {N1/2 112} |
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YT (e - HEE ) = 0, (i) o, (pi
t=T+1\" 11 = TP min {N2, T} "\min{N,T} )’
(e)
2h

-1 T+h c e c . ay, kh ahphkh

h Et:T—&-l th1(th1 - Hth) - Op (min {N, T1/2}> + OP (min {Nl/Q,T1/2}> )
(f)

2h

-1 T+h c e c o Qayp, kh ahphkh

h Zt T+1F (thl _Hthl) - OP (min{N,T1/2}) +OP (min{N1/27T1/2}>

2h
Ph kn
Oy (min{N,T}) ’

(2)

1/2~T+h (75 O‘Zkilzﬂ ka:,llﬂ
h t:T+1<Ft71_Hthl>et:Op min {N, T1/2} +0p min {N1/2,T1/2} |7

(h) For t =T +1,...,T + h uniformly in ¢,

fi= Op<a2k/;1/2)a
(i) For t =T 4 1,...,T 4+ h uniformly in ¢ and all 7,
u, = Oy (phky ),

(j) Fort =T+ 1,...,T + h uniformly in ¢,

~ ok 12 phk71/2
c_Hf =0 h'Vh O h'Vh
/i /i P (min{N,Tl/Q} % min { N1/2,T1/2} |7

T+h 2 a%thk}: ' P %Lhk’: '
O SN O} -WU:Q«EHﬁTQ+Q(EHﬁﬁ)

2h 2h
Tih o (Fe _gpe V(o Hf) =0, (—Ch SO,
W (Fy = HEL)(ff = HfP) = Oy (min{N2,T}) tO (mm{N,T}) ’

20



(m)
2h h h
-1 T+h I c c o, *hPh
h Zt:TH(th - Hth)ft = Op (min {N, T1/2}) + OP (min {N1/2,T1/2}> ’
(n)
2h h h
-1 T+h c re c\ a—h Qp Pp,
h Zt:T—H th(ft - Hft) - Op (min {N, T1/2}> + OP (min{Nl/Q,T1/2}> )
(o)
2h h h
-1 T+h  T17c re c o a—h apPp,
h Zt:T—H Fff—HfY) = O <min {N, T1/2}) +0p <min {N1/2,T1/2}>

PR
Oy (min {N,T}) ’

(p)

Cern aZk‘;l/? ka;1/2
h Zt:T—H(ft_Hft)et:OP W + 0, min { N1/2, T1/2} |

(a)

Zt:TJrl t—1 t=T+1 " t—1 + P min {N2 T} + P min {N T}

L0 a?hh =k, Lo alplh=1k,
P\ min {N, T2} P\ min {N1/2,T1/2} )~

(r)

1 ~T+h T 1 T+h c
h Zt:T—f—lthlet = h Zt:T—Hthlet

o @Zh_l/zkfll/Q o ch_l/zk}z/?
O min { N, T/2} O min { N1/2,T1/2} |~

Proof of Lemma B6.
(a) We have

Ftcfl = k- h! ZtT:JrIfLH Fiq,
1/2
= O,(afky),

o1



by using Lemma B1 (a). (b) The proof is the same as (a).

(c) We have

Ff,—HF:, = (F,.y—HF,_,)— (F—HF),

B S U W ok
P\ min {N, T1/2} P\ min {NV2 T2} |’

uniformly in ¢, for ¢ =T +1,---T + h, by using Lemmas B1 (c) and B5 (a). (d) is straight-
forwardly shown from (c).
(e) We have

F(FE, — HES) = Op(alky?) x

1/2 1/2
19) O‘Zk"h/ +0 pzkh/
P\ min {N, T/2} P\ min {NV2,TV2} | |’
B R
P\ min {N, T1/2} P\ min {NV/2,T1/2} )’

uniformly in ¢, for t =T + 1,---T + h, by using (a) and (c). The result follows.
(f) We have

E;C—1<Ftc—1_HFtc—1) = HFtc1(FC HFtc1 HFtC 1)7

= O (mm{N T1/2}) Op<mm{a]‘}}/1)72 Tm})
)

O (rmn{N? 1) " p(mm{N T})

_ *hPh
= O <m1n{N T1/2} O <mln{N1/2 Tl/Q})

_|_O i
PA\min {N,T} )’
uniformly in ¢, for t = T 4+ 1,---T + h, by using results derived in (e) and (d). The result
follows.

(g) We have

(F¢,— HFS e, = (Fyoy — HF,_\)e, — (F — HF )ey,

52



so that

W RS (Fey — HFf e, = h™'2 10 (Froy — HF,_y)e, + (F — HF)h™'/? tT:ThH €5

t=T+1 t=T+1

1/2 1/2
P\ min {N, T"/2} P\ min { N2, TV/2}
1/2 1/2
P\ min {N, T/2} P\ min {NV2 T2} |~

ahky” Pk
_ o, %) Lo
P\ min {N, T/2} O min {N1/2 T1/2} |’

by using Lemma B1 (g) and Lemma B5 (a).
(h) We have

fe=fo— DV fo= Oylalkk, ).

(i) can be shown same as (h).
(j) We have

fi—Hff = (f—Hf) = (f = Hf),
—~1/2 —1/2
P\ min {N, T"/2} P\ min {NV2, T2} |~
uniformly in ¢, for t = T + 1,---T + h, by using Lemma B1 (j) and Lemma B5 (b). (k) is

straightforwardly shown from part (j).
(1) We have

- ~ aﬁk,ll/Q pﬁk,ll/Q
(F—HE)(ff —Hff) = Op W + 0, min{Nl/z,Tl/Q}
x |0 —al’;k’zl/z +0 phh,
P\ min {N, T/2} P\ min {NV2 T2} ||’

o o 0 Ph'
= 0 (ampiamy) O (v

uniformly in ¢, for t = T+ 1,---T + h, by using the results obtained in (c) and (j). This
yields the result.
(m) We have

~ aﬁki/Q ka’}ll/z
(thl_Hthl)ft = Op min{N,Tl/Q} +OP min{Nl/Q,Tl/Q}

2h h h
= 0 A +0 hPh
P\ min {N, T/2} P\ min {NV/2,T1/2} )’

23
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uniformly in ¢, for t = T + 1,---T + h, by using the result obtained in (c). This yields the

result.
R Y T
P\ min {N, T'/2} P\ min {NV2 TV2} ||’

(n) (a) and (j) imply that
— O ahh +0 QZPZ
min { N, T/2} P\ min {N1/2,T1/2} )~

uniformly in ¢, for t =T 4+ 1,---T + h, which yields the result.
(o) We have

Foo(fe = Hfp) = HFL(JF— HI) + (Ff — HE)(f; = HY),
— O a/lQLh O ahPZ
min { N, T1/2} P\ min {N1/2, T1/2}
2h h h
*h AnPh
*Q(mMW¢Q+@(mMMQﬂ>
Pi
Oy (min {N, T}> ’
_ o, oy L0 4P
min { N, T1/2} P\ min {N1/2, T1/2}

_ P
+%(MMMT0’

uniformly in ¢, for t = T+ 1,---T + h, by using the results obtained in (n) and (1). This
yields the result.
(p) We have

h™~ Z?+ﬁ+1< —Hff)es = h™ Ztﬂz?ﬂ( — Hf;)es + (f— Hf)hfl Zf+;+1 et,

1/2 ~1/2
- 0 apky / L0 Pikn /
P\ min {N, T/2} P\ min {NV/2 T1/2}
—1/2 ~1/2
P\ min {N, T/2} P\ min {NV2 T2} |~

P\ min {N, T/2} P\ min {NV2 T2} |~

by using Lemma B1 (p) and Lemma B5 (b). Hence,

FE(fe—HI) = Op(akky?) x

Oézk—l/2 pzk—1/2

T+h c _ h h
W S (= Hf)er = O, (m) +0p <min {N1/2,T1/2}> ‘

o4




(q) We have

?:Jriilﬂ(ﬁf—l — HF{))? = Z=+7’}+1 ﬁtczl + H? tT:JrJiLH F? —2H ZtT:JrJiLH ﬁtcletc—la
= tT=+Th+1 F? + H? Z:—Iil—l-l 2
—2H ZZ’:JFThH(ﬁtC—l — HFf |)F,_y — 2H? tT:+7iL+1 2,
= tT:+7il+1 Ftc—21 —-H? ZEThH Ftc—21

—2H ij:FhH(Ftc—l - HFtc—1>Ftc—1-
This yields

T+h ﬁcQ
t—1

_ 2 T+h c2 T+h e c 2
t=T+1 = H t=T+1 Ft—l + Zt:T+1(Ft—1 - HFt—l)

T+h ~c C C
+2H Zt:+T+1(F1t—1 — HF{ ) Ff ),
or
o ~T+h e _ T4h e _o~T+h e .
h? Zt:T+1 F?, = h?H? t:+T+1 F2 +h™? Et:TH(Ft—l — HFf )
— T+h ~c C C
+2h 2H Zt:TJrl(Ft—l - Hthl)thb

_ —2772 T+h c2
= h°H t=T+1 Ft—l

2hp—1 2hp—1
Qg h k?h Ph h k‘h
Oy <min{N2,T}> O (min{N,T}

Oé2hh_lkih a/hphh_l kh
19) h 19) hFh
I (rnin{zv, Tw}) T <mm{N1/2,T1/2}> |

by using (d) and (e).
(r) We have

h! Z?:t.lﬁl ﬁtc—let = h'H ZZ::IfLH Fy e+ ht ZTHL (ﬁtc—l — HF} ))ey,

t=T+1
o —1 T+h c
= h H Zt:T—i—l Fy e

1/24 1/2, _
L0 O'/Zkh/ h 1/2 Lo szh/ h 1/2
P\ min {N, T1/2} P\ min {NV2 T2} |’

by using (g).H

Lemma B7. Suppose Assumptions 1-4 and A hold or Assumptions 1-5 and the following

condition hold:
ok 2y

min { N1/2,T1/2} -

0.
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Then, we have
52 2 020
as N, T, h — oo, where
T+h  Fe  *Tee
=W i (=0 P

Proof of Lemma B7. The proof follows that of Lemma B2 by replacing Lemma Bl
with Lemma B6. Thus, it is not repeated.

Lemma B8. Under Assumptions 1-5, the following hold:

(a) Fort =T+ 1,...,T + h uniformly in ¢,

1/2 1/2
TN L L ok
W e P\ min {N, T'/2} P\ min {NV2, T2} |’

1 —~T+h [T7c e \2 o kn —pihkh
h Zt:TJrl(Ui,t—l_Ui,t—l) =0y m +0p min {N,T} )’

(c)
-1 \~T+h c rrc c _ Oéhlohkh P%hkh
h Zt:T—H Ui,t—l(Ui,t—l - Uz’,t—l) - Op (W) + Op <min {N1/2,T1/2} >
(d)
_ ~. o~ . ok, alplky
h ! ZtT:JFJ?H Uz’,t—l(Ui,t—l - Ui,t—l) = Op (h—> + Op ( bk )

min { N2, T} min { N, T1/2}

Pi kn
0, (i)

(e)

1/2 ~T+h (77 aﬁkim ngllm/z
h t:T+1<Ui,t—1 - Uz’,t—1>zi,t = Op W + OP min {N1/2, T1/2} ’

(f) For t =T+ 1,...,T + h uniformly in ¢,

~1/2 ~1/2
ORI . i W phk !
R P\ min {N, T"/2} P\ min {NV/2, T2} ]’

T+h [~ 2 aplky ik
h 'y, T (Ui = Ui)” = Op (mm{]\m,T}) +0p <min{N, T}) ’

26




(h)
W (U, — UG )@, —ug,) = O, (ﬁf\i?ﬂ}) Op <$)
0 ()
(i)
ht EtT:qilﬂ(ﬁic,t—l — Ui )uiy = Oy (%) +0p (mm {]Vpl%l/};,Tlﬂ}) 7

()

h—l T+h e Nc cY—0 OCZPZ O p%zh
Yo Ui (Ui, —uiy) = Oy N T2y (N, T2} +Up min {NY/2, T2} )’
(k)
h 2h
-1 T+h c ~c c _ ) Ph
h Zt:T+1 Uzt 1( U’i,t) - Op (mln{N2,T}) +Op (min{N1/27T1/2}>

L0 Ph
P\ min {N,T¥2} )’

e (XZ]{J;I/Z p’ﬁk’;lm
W ST i)z = O | Sren ey | O \ v oy )

2hp—1 ohy —1
T+h 772 —2 772 \~T+h 2 ap'h™ ky, Py h™ kp
er Uiger = B7H" Y 0 Uiy 1 + 0y <min {N2 T}> O (W

vo (RN R N o (R
» \ min {N, T/} » \ min {NV2, 712} )

— T+h c — T+h Ue
h 1Zt:+T+1 it—17it = h 1Zt:+T+1 it—17it
hh71/2k,1/2 hh71/2k1/2
4o, [ 2t T ) Lo [ L h _
min { N, T1/2} min { N1/2 T1/2}
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Proof of Lemma B8. They can be shown straightforwardly from Lemma B3 as we did
in Lemma B6 from Lemma B1. Thus, the proof is not repeated.ll

Lemma B9. Suppose Assumptions 1-4 and A hold or Assumptions 1-5 and the following

conditions hold: N . 1
althk, Phliky
— Thh L and — 0.
min {N, T'/2} —uand {N1/2 T1/2}

Then, we have

V)

@q>
q
=

for any i as N, T, h — 0o, where

=h" ZtT+1il+1(~c 81 Uic,tfl)z'

Proof of Lemma B9. The proof follows that of Lemma B4 by replacing Lemma B3
with Lemma B8. Thus, it is not repeated.l

Lemma B10. Let © ~ N(0,0%/2c) and ©; ~ N(0,02/2¢;). Under Assumptions 1-5,
the following hold as T" and h — oo.

(a) Suppose ¢ > 0.

If T/kp, — 0, then

Cohp—2~T+h 2 L 9
a, ky, Zt:T—H Ft—1~2_c@~

IfT/k, — 7 (0 <7< 00), then

2
o S B ( NG @) .

If T'/kp, — oo, then

1/ Fr\?
— — — T+h T
a; T Zt:+T+1 F? |~ 5 <ﬁ) .

(b) Suppose ¢; > 0.

If T/kp, — 0, then
1

(2

IfT/kh—>7r(0<7r<oo),then

_ 1 (Ur 2
zhk ZZJrThH Uz%t—l ~ % <\/Tﬁ+ @i> .
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If T/ky, — oo, then

Cohp 11 ~T+h 772 1 (Ur\?
Pi,h kh T Zt:TJrlU t—1 "~ 5. .

Proof of Lemma B10.
(a) We take squares of both sides of F; = arF;_1 + €; to obtain

Ff = oz,%Ff_l + 2apFi_1ep + e?,
(ad —1)F2, = F}—F? | —20,F_1e; — €.

We then take summations over t =71 + 1,...,T + h to obtain

2 T+h 2 2 2 T+h T+h
(a, — 1) t=T+1 Fiy = Frog,—Fr—) T41 et 2ap, Zt:TJrl Fy e,
T+h 2 1 2 2 T+h 2 T+h
t=T+1 Ft—l - o? —1 {FT—I—h - FT - t=T+16 — 2ay, Zt:T—H Ft—let} )
h
Cohg—2~~T+h 2 1 ok 2 5 _oh ~T+h
o, kT e By = —kz(az ) { (Fpon — F7) — o, ™" 320 e/
R\

—2h+1 T+h
20y, Et—T+1 Fiep,

_ 1 af:2h<F2 o @, —rn o2
- kh(a% _ 1) kh T+h T kh t=T+1"*t
9~ 2hH1
_I;{;—h f+T+1E let}
1
= —— {71 - II-1III}.
kn(ag — 1) t J

We now consider terms I, 11, and I in order. For I,

Oéh2h T+h 2 —2h h 1 T+h 2
kn t=T+1 6 = | & kh 7, Let=T+1 e; | =o(1) x Op (1) = Op(1)7

by using Proposition A.1 of Phillips and Magdalinos (2007) a;,*"* = o(k?h~2) for the first
component and the weak law of large numbers for the second component.
For 111, by plugging

_ T 1 t—T—j—1 t—T—j—1
F_ = Fr+ Z Qay €T+j,
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in I11 (divided by 2) yields

a72h+1 Toh a72h+1 Tih T
h + h + t—T—1 t—T—j—1 '
™ =11 P16 fp | At=THL (Zj:1 A 6T+]> €t

1
—2h+1 T+h t T-1
+l<: Fray, DT Y €,

—2h

« 1
oy T+h t—T—1 t-T—j T+h  _t-T—h
= Tk, t=T—+1 (Zj:l QO €T+J> e + hl T, Zt 7+1 O €t,

o-2h ,
oy T+ t—T—1 t-T—j
. t=T+1 <2j:1 Qp €T+J> €t

+@ <\/7 )( fzféﬁl )

N——
=0p(1) =o(T1/2h—1/2) 701,( )
ay, T+h t—T—1 t—T— _
- ]];h t=T+1 (Zj:l Qo ]€T+j> et + 0p (T1/2h 1/2) ,

t=T+1 Y
O,(1), we used Lemma 4.2 of Phillips and Magdalinos (2007). In addition, we can show

because , /%a,:h =/ xo (k™) =0 (Tl/Qk,llﬂh_l) = o (T**h~1/2). For \/kah STl The, =

—2h
a T+h t—-T—h T— _
gh t:TJrl <Zj:1 O‘Z ]€T+j> €t = Op(@hh) = Op(l):

by following Phillips and Magdalinos (2007).
Finally, we consider term I as follows.

1 —2h
aﬁzh’ﬁ?? ZtT:IfLH Ft2—1 = { (FJ%-Fh - F%) +0p (Tl/2h1/2)} )

1 o T F7 1/27 —
- ~ |\ T T /2h 1/2
kn(aZ — 1) (O‘h kh) 7 Tl )

because kp(a? — 1) — 2c. But the second term is 0,(Th™') because a;, *" = o(k,h™!) so that
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o, (T /ky) = o (Th™') and F2/T = O,(1). Furthermore,

—2h71.—2 T+h 2 .
o, kY0 F, =

t=T+1

72h
)F%+h+0p (Th )

(
= (Oéh ) FT+Z 1% €T+J> + o0, (Th™"),
= (i

1
) Fr + Z] 1 O, eT+J> +0p (Thil) )

= k’h( 2 _ ( \/k: \/—Z _1 0y €T+J> +0p(Th )

Therefore, if T'/k;, — 0, then T'/h — 0 by Assumption 5 and

1L/ 1 < 21,
2 \ Vi dimiap’eryy | = 2.9
by Lemma A5 (a). If T'/k, — 7 (0 < m < 00), then T'/h — 0 and

—2hy.—2 ~T+h 2
ay, "ky, Zt:T+1 F =~

O‘f:%kf? ZZJT}LH Ft2 1~ (\/—\/_ + @) .

If T/k;, — oo, then

2
o 1
athkh e ZtT;ThH Ft2—1 - kn(ai — 1) ( TV kh \/_ Z] 19, €T+J> T 0p (khh ) ’

2

1 | kn
= FnoZ = 1) \/_ Z o’ eTﬂ + 0, (knh™'),

_0(1) Op(1) by Lemmd Ab5(a )
1 [ Fr\?
2 \\VT )

(b) We follow the same steps as above by replacing Fy and F; with U, and U;; to show
the results. Hence, the proof is condensed.l

Q

We now provide a proof for the asymptotic properties of the CS tests under the LTU
framework (Theorem SA-2) provided in Appendix I and under the MLTU framework (The-
orem 2) presented in Section 4.

Proof of Theorem SA-2.
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(i-a) The t test statistic is
Tvh
t +T+1 F1t 1ft

tt = )
F ~ 1/2
T+h
(h P PR

The numerator is
A~T+h = F _ C "T+h T2 —1 772 ~T+h
h Zt:T+1 Ft—lft - ﬁ t=T+1 Ft 1T h™—H =T+1 Fi_ie;
C T+h 732 2 12
(K — HFy)

_ﬁ t=T+1

+h T H Y (Feoy — HE ) f,

—|—h71 ZZ:;L_H E—l(ft - Hft)v
ST BRI+ T+ T +1V,

= h2 Let=T+1
but I = 0,(1). Further, /1, I11, and IV are shown to be 0,(1) by using Lemma B1 (q), (m),
and (o) because af, p' = O(1) when k;, = h. For the denominator

~ 1 P
p2N~ TR g2 pe2pre Nt THh e Op | —57 Op | —
Z t—1 t=r+1 i1 T Op min {N2,T} T min {N, T}

t=T+1
1 Ph

- O =0,(1

0, (o) + O (i ) = o0

by using Lemma B1 (q). The consistency of ¢ is shown in Lemma B2 because under kj, = h,

1/2
RORI 2l (1). Therefore,

mln{Nl/2 T1/2}
h 1 h Fi_ie
Zt_Z—H t—1%t p(1)7

1/2

— h

= C (h, 2 ZZ—:_T+1 Ft271> =+ 1/2
“ <h72 I FE_1>

t=T+1

which leads to the result.

(i-b) The t test statistic is
T+h 7

tt(Z) . h~ Zt T+1 Zt luzt

v T+h 2 )1/ 2

(h ZZt T+1 zt 1

Ci T+h 77
: ; (Uz%t—l - Uiz,t—l)

The numerator is
T+h
zt 125t — h2 t=T+1

Ci T+h 772
Ui +h™ Zt —T4+1

T+h 77
h™ Zt i1 Uity = 12 Lat=T+1
+h Z;T—Z{:_l(’vzt 1= Uzt 1>uzt + h~ ZS+Q{L+1 Nzt 1<Uzt — U; t)
c
= T UR L+ T+ I+ 111+ 1V,
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but I = 0,(1). Further, I, II1, and IV are shown to be 0,(1) by using Lemma B3 (m), (i),
and (k). For the denominator, under k;, = h

2h
— T+h 77 T+h Q
W2y Ul = B2 Un + O, (W)

1 0/,1
O (mm{N, T}) tO (mm{N, TW})

0 1
O min {N1/2 T1/2} )7

by using Lemma B3 (m) and the four terms of the factor estimation errors are o,(1). The

hhk !
N m = 0p<1) and

consistency of &; is shown in Lemma B4 because under k;, = h

phk; !

m 0p(1). Therefore,

1/2 h~ ZT+h —_1%4

* [ - T+h T 1 1,

t(0) = e (T D) 4 ST o)),
0 <h72 Zt:T—i—l Uz?,tq)

which leads to the result.

(ii-a) The result is directly shown from (i-a) by using Lemmas B6 and B7 instead of
Lemmas B1 and B2.

(ii-b) The result is directly shown from (i-b) by using Lemmas B8 and B9 instead of
Lemmas B3 and B4.1

Proof of Theorem 2.
(a) When ¢ = 0, the ¢ test statistic is

S1T+h Te  Fe
P W Y ra Feafi

F — /2"
o (h_2 Zf:£+1 F;tczl)

The numerator is
W Fo s = R TTHE Y Fe e+ T H Y (B — HEY ey
_ h c
+hT S B (FE - HE),

—1772 ~T+h ¢ h_l/Qkfll/Q
= W e et O i ey

o, (AR N o (L
P\ min {N1/2 T1/2} P\ min {N, T/2}

ph o
O o, —%+——
I (mm {NW,TU?}) I (min{zv, T}) |
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by using Lemma B6 (g) and (o) and the five terms of the factor estimation errors are o,(1)
under the stated condition. For the denominator,

B2 Tth pe2 o pe2ppa TR e 19 —h_lkh O —p%hh_lkh
Zt:T—i—l t—1 t=r+1 121 T Up min { N2, T} T p min {N, T}

h~tk "hk
+Op —h + Op i Ph h 7
min { N, T1/2} min { N1/2, T1/2}
by using Lemma B6 (q) and the four terms of the factor estimation errors are o,(1) under

the stated condition. The consistency of ¢ is shown in Lemma B7 under the same condition.
Therefore,

-1 T+h c
. 'y Fae

* t=T+1
tﬁ _ 5 ~T+h ) 1/2 + Op(1>7
o <h_ Zt:T-{—l Ftc—1>

which leads to the result.
When ¢ > 0, the ¢ test statistic is

-1 T+h ¢ e
o K D i—r FEA T

F — 1/2°
~ -2 T+h 2
o (kh Zt:T-H thl)

The numerator is
_ T+h T5e Te c T+h o - T+h c
ky, ! Zt:+T+1 Foafe = k_i Zt:+T+1 Ft31 + Ky, 'H? t:+T+1 Fi e

C T+h (e c

_ﬁ zt:TJrl(Ft—zl - Hzﬂ—zﬂ
h
- T+h e c

+kh1HZt=+T+1(Ft4 — HF{ ) fq
- T+h e re c

+ky, ! Zt;T-i-l FE(ff — HfY),

C ~

= = S FR T+ T+ 111+ 1V.
h

Therefore, if we scale the t test by a,;h

~ 1/2
a’;ht*ﬁ = g (O‘l:%k;Q ZtT:ThH Fgl)
a}:Qh
+ 1/2(I+II+III+IV).

A —2h1.—-2~~T+h  Te2
0(‘)% ky, Zt:T—H Fe=y

We now show that the first term is asymptotically equal to a positive value or diverges to
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positive infinity and the second term disappears. The first term is

—2h1.—-2~"T+h  Tac2 _ —2h1.—2 172 \~T+h c2 —2h1.—2 \~T+h c2 2 1e2
o, "k, Zt:TJrl F~ = o,7k,"H t=T+1 FZ + o,k Zt:TH(FtA — H Ff7),
— a—2hk—2H2 T+h FCQ + O hk:;1
h h t=T+1"t—1 p min {]\[27 T}

Lo (catehk Y L hk, '
P\ min {N, T} P\ min {N, T2}

—h _
+0, [ —— ik, :
min { N1/2,T1/2}
by using Lemma B6 (q) and the four terms of the factor estimation errors are o,(1) under

the stated condition. We next consider the second term.

—2h _ —ohp-tp2~THh e
a, X T =y, Tk T HT YD FY e = op(1),

by using Lemma A5 (c),

ca; 2 TH+h 5

—2h + c2 2 1c2

ah X _[I = kh2 t:T+1<Ft—1 — _H E—l) = Op<].),
h

as shown in the first term,

apt < IIT = oMk ' H Y (Fe — HEE ) e,

O hk; v o (" Phhky”
P\ min {N, T/2} P\ min {N1/2,T1/2} )~

by using Lemma B6 (m) and it is 0,(1) under the stated condition, and

X IV = Mk S B (ff - HEY),
Y ey’ N\ o (—_nphhky
P\ min {N, T/2} P\ min {N1/2, T1/2}

vo. (PR k!
P\ min{N,T} )’

by using Lemma B6 (o) and it is 0,(1) under the stated condition. The consistency of & is
shown in Lemma B7 under the stated condition. Therefore,

—hpx C —ohq.— T+h c 1/2
ay, htﬁ = p (ah 2hkhz Zt:T+1 Ft—21) +0,(1),

under the stated conditions.

Finally,
_ c 1/2
0"t = S (eI FE) T+ 0(1),
_\N1/2
= = (kP H S P = ok PRHEY) 4 o)1), (18)
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but because F? = O,(k2h~1) + O,(a?"k3h=?) from Lemma A5 (b) and kyh™! = 0,(1),
o, 2k PhHP F? = Oy, ") + O, (kph ™) = 0,(1).

By using Lemma B10 (a), a, *"k; 2H? Y[ | F2 | or o 2k "' T H? S0 F2 | s asymp-

totically equal to the stated values. Plugging these into (18) yields the final results.

(b) When ¢; = 0, the ¢ test statistic is

T+h ~
f*l(i) _ t=T+1 Ct 1u1,t

1/2°
~ (-2 N T+h 2
i (h Zt:TJrl Ui,tfl

The numerator is

-1 T'+h c ~c  __ -1 T+h c -1 T+h rre c
h Zt:T—H it—1Uis = h Zt:T-i—l Uio1zip + h Zt:T+1(Ui,t—1 - Ui,t—l)zivt
-1 T+h t7¢ ~c c
+h Zt:T-H Ui,t—l(ui,t - ui,t)a

hy—1/27.1/2
R N s oaph™ "k,
= h > Uiz + O (min {N, T1/2}>

0 pzh 1/2k:1/2 o a%h
P mln{Nl/2 T/2} P\ min {N2,T}

P min{N1/2,T1/2} P\ min {N, T2} )’

by using Lemma B8 (e) and (k) and the five terms of the factor estimation errors are o,(1)
under the stated condition. For the denominator,

—2x~T+h  T7e2 T+h - pre2 —a’%hh_lkh
W=y ra Ui, = h™ Zt 711 Uii—1 T Op min {N2, T}

2hp 1 h ohp—1
Pk hPrl " kn
Oy (min{N,T}) 0 (min{N,Tl/Q}

i) Pk
v\ oim (V072,777 )

by using Lemma B8 (m) and the four terms of the factor estimation errors are o,(1) under
the stated condition. The consistency of 4; is shown in Lemma B9 under the same condition.

Therefore,
T+h rre

oy 71 U, it—171,t
te(i) = : T; o\ /2 +0p(1),
T (h_2 DT Uic,tfl>

which leads to the result.
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When ¢; > 0, the t test statistic is
—1~T+h ~c
£ (i) = Ry D i T+1 Ct 1 Uit

B 1/2°
o (kS U

The numerator is
kﬁl ZZ:_Y’}—Q—l Ui 177; = ;_% tT=+Th+1 (75%71 + kﬁl ZZ:_Y’}—Q—l Uii12it — ;_]% tT:+Th+1(Uzt 1 Uzt 1)
"‘kﬁ:l ZtT;ThH(Nf,t—l - Uft—l)“z‘,t + kﬁl ijq{lﬂ szt—1<ﬂ§,t - “f,t>7
- ’S_i T U2 4+ T+ 11+ I +]1V.

Therefore, if we scale the t test by p;h, then

C; _ T+h 1/2
pht() = a< Qhk Zt+T+1 )

i
—2h

P
+ . (L + 1T+ IIT+1V).

~ —9h7.— T+h 717¢

0; (/)h2 kh Zt:TJrl Uz’,%—l)
We now show that the first term is equal to a positive value or diverges to positive infinity
and the second term disappears. First,

—2h1.—-2~T+h 772 _ —2h1,—2 \~T+h 2 2h T+h (772 2
Ph, kh Zt:TﬂUi,tq = Py kh Zt:T+1Ut 11+ P k' Zt T+1(U't71_Ui,t—1)7

~2hp 1.~1 hik !
— ) 2hp-2 T+h U2 O L o, —h
pr kT 2 Ui + min {N2, T} T min {N, T}

—h 1 -1
hk, hk
+0, _onp Rk Y O, | — 5 ,
min {N, T1/2} min { N1/2,T1/2}
by using Lemma B8 (m) and the last four terms of the factor estimation errors are o,(1)

althk; !
min{ N,71/2}

under — 0. We next consider the second term.

h _ ony—1~~T+h c _
x I =p, "k Zt:T—H Ui,t—lzi,t = 0,(1),

by using Lemma A5 (h),

cipi? —Tih

_2h )

X II = k}; t:T+1(Uzt1 Uztl) Op(1>»
h

as shown in the first term,

p 2t X LT = pp 2kt ZtT:ﬂilﬂ(ﬁit—l — Ui 1)uig,
= 0O M + O hkﬁl
7P \min {N, T2} P\ min {N1/2,T1/2} )~
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by using Lemma B8 (i) and it is 0,(1) under the stated condition, and
Pt IV = ZZJ;H ﬁit—l(ﬁi,t — Uig),
_ Op aihpg2hhk;1 N Op | hk;l
min { N2, T} min { N1/2 T1/2}

o (ko ky
P\ min {N, T2} )’

by using Lemma B8 (k) and it is 0,(1) under the stated condition. The consistency of 4; is
shown in Lemma B9 under the stated condition. Therefore,

—hTx /- C; — — T+h c 1/2
o htﬁ(l) = j (Pthkhz Et:T+1 Ui,?—l) + 0p(1).

Finally,
—hTx /- C; _ _ T+h c 1/2
P, htﬁ(l) = U_i <Ph Qhkh 2 Zt:T—i—l Ui,?—l) + Op(1)7
& ok — oo —o\1/2
= = (phzhk,h2 ZtT:;H Ut271 _ ph2hkh2hU2> +o,(1), (19)

but because U? = O,(kih™1) + O,(a"k3h=2) from Lemma A5 (g) and kyh~! = 0,(1),
P}tzhklzzhﬁz = Op(af:%) + Op(knh™") = 0p(1).

By using Lemma B10 (b), p; 2k, 2 S " UE or p 2k M T ST "1 U7 is asymptotically
equal to the stated values. Plugging these results into (19) yields the final results.l
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