B Appendix

B.1 Proof of Proposition 1

1) Perron—Frobenius. If B > 0 entrywise, then B has a nonnegative eigenvalue A\ (termed
the Perron root), with A = p(B). If Iz — B is an M-matrix, we have A € [0,1]. If A =1,
then Ip — B is singular. W

2) A positive definite matriz whose off-diagonal entries are nonpositive is an M -matriz.
Let P be such a matrix, expressible as P = s x (I — B) where T is the order of P and

5= 1I<r1}?x Py, > 0. The matrix B is symmetric, with B > 0 entrywise. We are left to prove

p(B) < 1, as P is nonsingular. Now P is positive definite, hence £ Ba - 1vy e RT — {0}.
Hence, the eigenvalues of B are less than one. For x # 0, the followmg inequalities are

obtained:
o x=|z| |zl (>) lz| B|z| > ‘x/B x‘ > —z Buz. (43)
a (b)

The absolute value function is applied entrywise to x in (43). The matrix P is positive
definite, which implies inequality (a). Besides, inequality (b) stems from B > 0 and the
triangular inequality. Then 'z > —z' Bz Vo # 0. Hence, the eigenvalues of B are
greater than —1. Wl
3) Proof of the proposition in the strict sense.

As P = s x (Ir — B), condition (11) applied to P = [V{F] ! is equivalent to |7 —h| =
1= By, > 0. We define a square matrix B of order T', by

|r—h| =1=B,, =By >0, |T—h| #1= B, =0.

All the entries of B and B are nonnegative, and we have B > B, where the inequality is
defined entrywise. We write B = B+ By, which is an additive lower—upper decomposition
of B. Then

0<n<T={(B)),, >0&17—h=n}, andn>T = Bj=0. (44)

A similar property holds for By. Equation (44) and the nonnegativity of all the entries
lead to the following entrywise results

(g)_:ZE:zwzz§2(3L+zﬁwlz > 1B+ (Bu)"] > 0,

neN neN 0<n<T

.-, . . . oy . T T
In addition, some of the filtering coefficients are positive (i.e., v, # 0 as v, €

(R*)" from condition (8)), which provides the proof in the strict sense. To see this, we
start from the probabilistic regression Uy ZZ 1 goTh Ug, + EF, with U¢ =U — 1 and
Cov(EF,U;p) = 0Vt e N, Vh = 1,...,T. If USO = O then Cov(U;,Us_p) = 0 Vt €

N*, Vh = 1,...,T. The matrices VUT and P = [V[ﬂ would be diagonal, which is a
contradiction to condition (11). H

B.2 Precision matrices and generalized partial autocorrelation
coefficients

We denote the residuals of the affine probabilistic regression of U, and U, with respect to
(UDeer,ts tnr 25 Up™ and UF™. Then r(Uy, U, | Uy, ..., Ur) & r(U; "7, Ur"7).
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the inner product (X,Y) = F(XY). In this vector space, the dual basis of (Uf),_, _r is
denoted by (Uy),_; ;- Then
B(UFUS) = 1y Vt,5 =1,...,T = E(U U) = P,, ¥, s (P - [VUT]”) . (45)

The precision matrix is the variance—covariance matrix of the variables of the dual basis.
From the residual definition of U;:(h’T) and U™ we have U™ € RU; + RU? for
s = h, 7. We write

U:(h’T) = as, Uy + a5, U” for s = h, 1.

The identities <US —urthm), Ut*> =0Vs,t € {h,7} and equation (45) lead to
amn ane \ _ ( P Pur \ aer [ PMOPMT
Qrp  Qrr B PTh P-m— N ph pTT '

U;:(hﬂ-) . apn  Apr U;: . Phh PhT
14 < U:(hﬂ') =V Arp Qrr U: - PTh pPTT =
*(h,T *(h,T PhT — B T
T(Uha U- | U, ..., UT) = 74(Uh(h7 )7 U’r(h7 )) - \/ Phh \/ pPTT - vV Pun \h/P = ~ B

Equation (13) is proved, as well as the equivalence

Then

([VUT}‘I)M = Py <05 Uy, U |Ur,...,Up) >0 (h % 7).

From the stationarity of U, the variance-covariance matrix V' is Toeplitz. This
property is lost in the inversion, and the entries of the precision matrix are not constant
on diagonals. This explains the “generalized” adjective.

Generalized partial autocorrelation coefficients are a tool in the “big data” literature
for variable selection. Popular methods such as the “variable selection with the lasso”
(Tibshirani, 1996; Meinshausen et al., 2006) use precision matrices and their statistical
interpretation. The surge of the “big data” challenges experience rating in non-life insur-
ance because distribution mixing reflects an unobservable information, which receives a
residual interpretation with respect to observable information. Second-order moments of
random effects decrease when observable information increases.

B.3 A formal proof of Proposition 3
The derivations related to Figure 4 are given first. We have that
Yo i AR(1); ¢1 = 0.5; vf’/U =05¢c=p (viU) =p(c1) = ay.

1 05 0.25
Ifyp(0)=1:Vi=R=[ 05 1 05 | =(cicrcs).
025 0.5 1

(s(cr) s(ea)s(cs)) = (7/4 2 7/4) =
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4/7 025 1)7

A=(maa) = (& & )= | 27 05 27
1/7 025 4/7

7/3 —7/6 0

A= —4/3 10/3 —4/3

0 -7/6 7/3

A~ is the matrix of barycentric coordinates of the canonical vector basis {ej, e, e3} in
{a1, ay, az}. The lines of A~! are proportional to those of the precision matrix

4/3 —4/6 0
P=R'=| -2/3 5/3 -2/3
0 —4/6 4/3

In Figure 4, the weights used in: b, = me, + (1 — m)an (b = 1,2,3) are equal to
m = 1/2; my =5/7; m3 = 1/2. From 1/m, = 1+ (Apq1-ns(cn)) (b = 1,2,3), we obtain
A =X3 =4/T; Ay = 1/5.

The matrix of barycentric coordinates of {by, bs, b3} in {aq, as, ag} is

4/3  —4/6 0
B=| —-2/3 5/3 -2/3
0 —4/6 4/3

The columns of B are derived as averages between those of A~ and of the identity matrix
I3 with the weights 7, and 1 — 7, respectively (h = 1,2,3). The matrix of barycentric
coordinates of {ay, as, ag} in {by, by, b3} is

0.7 0.25 0.1
B'=102 05 02
0.1 0.25 0.7

These positive coordinates imply positive credibilities. Because p(ng) = ay, the credibil-
ities azy, (h = 1,2,3) are obtained from (47) as

7/8
7/2

7/8 7/8
31 = =0.7Xx — = 0175, 3o = 0.2 x % = 0025, 33 = 0.1 x L = 0.025.

72

Formal proof of Proposition 3: a geometrical interpretation of condition (8) (i.e.,
nonnegative linear filtering) is

v, = W], e ®) sl =V v, € Y Ra,

1<h<T

where ¢, is the A column of V. As the autocovariances are positive, v belongs to a
cone included in the nonnegative orthant.

We use the vocabulary of projective geometry. Write s(z) = Zle r, Vo € R, For
any scalar a, H, = s~!(a) is an affine hyperplane of R”. The function

x
p:r— — =RazNH;

s(x)
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maps RT — Hy onto Hy. The function p also maps (RT)" — {0} onto the simplex S =
(R*)T N H;. The vertices of S are the elements ey, ..., ep of the canonical basis of R”.

We write a, = p(c) (h=1,...,T). As V;' is positive definite, {c;}5=1_ 7 is a vector
basis of R and {a; }p=1, 7 is an affine basis of H;. Hence

T T
r € Hy :>$:Z7r,fah, with Zwﬁzl.

h=1 h=1

The (7} )p=1,.. 7 are the barycentric coordinates of x in the affine basis {a}n=1. 7. The
convex hull of {ap}p=1, . 7 is denoted by C'H(ay,...,ar) and is the subset of H; defined
from nonnegative barycentric coordinates in the affine basis {as}nr=1, 7. A new geomet-
rical interpretation of (8) is obtained from:

loe > Rfe,ep(l) € CHpler),...,pler)) = CH(ay, ... ar).  (46)

1<h<T

Nonnegative credibilities are interpreted in a similar way. The vector of stacked credibil-
ities per period is denoted by vl. We assume that Ay, ..., Ay > 0. From equation (4), we
have I = [A;' + V] vL. Hence

Z QT p dh, with dh = + ¢p. Then (47)
\SheT T+1-h
vec (arp) =vl € (RY) &l € Y Ridy, e p(]) e CHb,...,br), (48)
1<h<T s a ) PRI )
1<h<T
1
with by, = p(dp) = mhen + (1 — mp)apn; m, = Vh=1,...,T. (49)

L4+ (Ars1-ns(cn))
Nonnegative credibilities are obtained from the nonnegative filtering condition given in
(46) if CH(ay,...,ar) C CH(by,...,by). The weights m, defined in (49) are positive,
hence by, € |ay, ep[Vh =1,...,T. Besides, CH(ay,...,ar) C CH(ey,...,er) =S, where
S is the simplex.
The nonpositivity of the off-diagonal coefficients of the precision matrix (i.e., condition
(10)) also receives a geometrical interpretation. The equations

Y wa-(h=1,....T) (50)

1<7<T

provide the barycentric coordinates of the Vectors of the canonical vector basis in the

affine basis {ap}p=1,. 7. Then e, = ZZ L ;E; 5 Cr (h=1,...,T). As (CT)T 1.7 are the

columns of V;}, the precision matrix P is defined by P, ) = ( Vh T= ,T'. Hence,

condition (10) is related to the nonpositivity of the barycentrlc coordmates 7Teh if 7 £ h.
As I 7 =1Vh=1,...,T in (50), we have e, —ap = S.0_, 7 (a, — ah) and

eh—ahGZR s—ap)Vh=1,...,T. (51)
T#h



As by, € Jay, ep[ Vh=1,..., T, equation (51) also holds if e, is replaced by bp,.

From (48), the Credlblhtles per period are nonnegative if p (v, ) € CH(by,...,br). As
nonnegative linear filtering implies p( ) € CH(ay,...,ar), Pl"OpOSlthIl 3 is proved in
the wide sense from the following result

Proposition 12 Let {ay}n—1,. 1 be an affine basis of Hy. If (bh>h:1,..A,T are elements of
H, such that
bh—an €Y R (ar—ap)Vh=1,. .. T (52)
T#h
(i.e. by is at the opposite of ay, with respect to the (a;);zn, YVh=1,...,T), then {by}n=1,. .1
is an affine basis of Hy and CH(ay,...,ar) C CH(by,...,br).

We write: by, — ap, = Z#h prpX(ar — ap), with ppp < 0 Vh,7 from (52). The
barycentric coordinates of by, in the affine base {a,},—1 1 are W?h = prp it 7 # h, and
W;)Lh =1-> i Mz These barycentric coordinates are the entries of a matrix II, with

M=(Ir—B)xD, D= diag (th) (53)
h=1,..T
e —por, .
and: a) Bh,h =0Vh= 1, ce ,T, b) B‘r,h = th = 1—2:;hhﬂr,h if 7 7é h.

We have: B > 0 entrywise and Zle B, <1Vh=1,...,T (B is column substochas-
tic). Hence, Iy — B is a nonsingular M —matrix (see Lemma 2). The matrix II is nonsin-
gular, and {bs}n—1, . r is an affine basis of Hy. The barycentric coordinates of (ap)p=1. 7
in the affine basis {b, },—1, 7 are the entries of I"! = D™' x (I — B)™' = 3% D~'B".
The entries of [I™! are nonnegative entrywise. A convex hull is defined from nonnegative
barycentric coordinates, hence CH (ay,...,ar) C CH(by,...,br) and the credibilities are
nonnegative.

The positivity result also holds in the strict sense. If the entries of the precision matrix
are negative on the subdiagonal and on the superdiagonal, the corresponding barycentric
coordinates in (50) are also negative. The same result holds for the barycentric coordinates
of by, with respect to {a,},—1_. 1, asm, > 0in (49) for h=1,...,T. Applying Lemma 2 in
the strict sense implies positive barycentric coordinates of a; with respect to {b;},—1 7.
As p(vl) € CH(ay,...,ar), the barycentric coordinates in {b,},—1 . of p(vl ) are
positive. Therefore, the credlblhtles ary (h=1,...,T) are positive as

« hdh « hS
UTU = ZQT,h dj, = p(sz) = Zh—T Z Lk b,. B
h

Us,)

ZhaThs dh Z aTT 7')

B.4 Proof of Proposition 6

The conditions given in (23) ensure the stationarity of U because the roots of the lag
polynomial ®(z) =1 -3, @nz" (ie., defined by ®(L)U® = ¢) lie outside the unit
disk of C. The double index on the filtering coefficients is used in the proof, and ¢
is denoted by ¢, (b = 1,...,p). As ¢ is the innovation of U®, we obtain ¢r; = @,
itT >p>hand ¢orp, = 0if T" > h > p. Let us prove that the conditions ¢,; >
0 Vh =1,...,p are hereditary. The Levinson—-Durbin recursion is used backwards, with



Oph = Pp-1.h — PppPp-1p-h’ Ppp—h = Pp-1p-h — PppPp-1, for h =1,...,p—1. Then,
Oph > 0, Oppn >0 = ©p1n > CppPpip-h > €, Pp-1h, and @ < 1 (from (20))
implies ¢,_1, > 0Vh = 1,...,p — 1. From backward induction, the conditions given in
(23) entail a level N2 specification for U. They are obviously necessary.

B.5 Precision matrices of an AR(p) sequence

Proposition 1 is illustrated by the precision matrix associated with an AR(1) sequence.
This matrix is tridiagonal and such a result is extended to an AR(p) sequence. The
derivation starts from a spherization of the AR(p) sequence. Write vf; = vee, U, and let

(L7)pen- be a sequence of lower triangular matrices, with V (Lyvf) = o2 Iy VT € N*.
The constant 2 is the variance of the innovation of U. The precision matrices are obtained
from the (Lr)pcn. by

1 LypLy

V (Lrof) = Lo ViF Ly = P = [V[F] >

(54)
We now determine P for T > 2p. The definition of the AR(p) sequence provides a natural
solution for the " line of Ly if t > p, with (Lrvf) , = & We want to bypass the first
p lines of Ly, which are not detailed in the proof. The southeast block of P, which is
a square matrix of order 7" — p, is obtained from the scalar products of the last T'— p
columns of L. These scalar products are known because Ly is lower triangular. The
precision matrix is centrally symmetric (see the proof of the Levinson—Durbin recursion).
This provides the northwest block of P. The northeast and southwest square blocks of
order p must still be derived, and one derivation is enough due to the symmetry of P.
These blocks are derived from the scalar products of one of the first p columns of Ly,
and one of the last p columns. As Ly is lower triangular, the unknown entries of Ly are
eliminated in the scalar products that lead to the yet undefined blocks of P if T' > 2p.
Then, L’T L7 and the precision matrix are completely determined.

The entries of L. Ly and P are now detailed. First, |h — 7| > p = Py, = 0. Hence,
the precision matrix is (2p + 1)-diagonal (which extends the tridiagonal denomination of
P if p =1). The off-diagonal entries of L/T Ly that are located at the border are equal to
—1,...,— @, if we start from the northwest or southeast corners. They are nonpositive
if U reaches level S. The first condition given in (23) is obtained. On the h" diagonal
above or below the main diagonal (1 < h < p), the entries of Ly, Ly increase from —gy,
(at the border of the matrix) to —¢p + 1<, ¢r ©r1n. Then the entries are constant,
which leads to (24). We assume T' > 2p in these derivations but this does not restrict the
result owing to the hereditarity of level S specifications.



We detail the spherization operator L, a lower triangular matrix. We have

? 0o ... o ... ... 0 0 0 0 0
? ? 0
? ? 20 0
—®p - T2 TP
Ly = 0o - ' 0

0 0 : B | 0 0
o ... 0 R 2 T2 Sl G R |

In this example, we see that the p x p northwest block of Ly can be bypassed in the
derivation of L/T Ly it T' > 2p, with the central symmetry property of the precision matrix

Vi) = =
On the k" diagonal above or below the main diagonal (1 < h < p), the entries of Ly Ly
increase from —yy, to —py, + ZlSTSp—h ©r ©r1p if we leave the border of the matrix. Then

the entries are constant.

The matrix L7 Ly is represented below.

1 -1 e . =y 0 0 0 0 0 0

LyLr=1| o . - 0
—¥p
0 0 S 2 a2 R 2 i e T Rt
0 0 —p1 + P12 1—|—g0% —(1

0 0O ... ... 0 —p, ... —a — 1 1

From (54), the precision matrix is a positive multiple of L7, L. The positivity conditions
on autoregressive specifications given in Propositions 6 and 7 are then obtained.




B.6 Proof of equation (26)

We assume that E(W) = 0 entrywise without loss of generality, as an intercept is elimi-
nated in the definition of U. The useful result is

Z ~ N(0, 6%) = Elexp(Z)] = exp(c?/2).
Then
Wi~ N(0, 7w (0)) = Elexp(Wi)] = exp(yw (0)/2).

In the fully specified framework of Section 4, every finite linear combination of the entries
of W is Gaussian. For any lag h, we have

Wi+ Wign ~ N(0, 2(yw (0) +yw(h))) =

Elexp(W; + Wiyn)] = exp(yw (0) + yw (h)) =
E lexp(Wy + Wigp)]
[exp(Wy)] x Elexp(Wign

Then, Cov(Us, Upin) = E(UsUprn) — 1 = exp(yw(h)) — 1 for any lag h implies vy =
exp(yw) — 1 entrywise.

E(Ut Ut+h> = B )] = eXp(VW(h»'

B.7 Interplay between semiparametric and fully specified mod-
els on second-order stationary random effects

Figure 5 describes two sets. The first is the convex cone of autocovariance functions and
is denoted by (). This is the parameter domain for the second-order semiparametric
analysis of stationary random effects. The convex set Cy is much larger, and relates to
the probability distributions on RZ that are second-order stationary. The subset Cy =

{Ped(,, P ((R+)Z> = 1} is used for fully specified models of Poisson mixtures with

dynamic random effects.

Let P be a probability distribution in Cy, and let v = f(P) be the related autocovari-
ance function. The set f~1(y) always intersects the set GS of Gaussian stationary dis-
tributions. To see this, perform Cholesky decompositions on nested variance—covariance
matrices related to consecutive variables and then apply the corresponding lower ma-
trices to a strong Gaussian standard white noise. Denote LGS as the set of stationary
log-Gaussian distributions. Equation (26) means:

Vye Or: fHy)NLGS # 0 < log(1 +7) € C.

In Section 4, we verify with the Levinson-Durbin recursion that this condition holds
at the horizon of a century and on a grid of parameters for the AR(p) autocovariance
functions (p = 1,2, 3) that reach level N2, and for the ARFIMA(0, d, 0) specifications.



,p1>0  ARFIMA(0,d,0)

C, C RZ .
convex cone of
autocovariance functions

Y/ =p; w
C1 N {y = 1} : autocorrelation functlonsw

(s : convex set of second-order stationary probability distributions on RZ,
Ji o O J(P) =1
Cy={PeCy, P ((R*)Z) =1 & supp(P) C (RM)"}.

Autocovariance functions v of interest for Poisson mixtures:

) nC #0

GS, GAM, LGS: sets of distributions of the Gaussian, gamma (including autoregressive
gamma), and log-Gaussian type. The sets GAM and LGS are included in C5 .

If v is AR(1), with pi(= v1/7) > 0, then f~!() intersects GS, GAM and LGS.

Figure 5: Interplay between semiparametric and fully specified models
on second-order stationary random effects.



B.8 The deterministic component of a stationary sequence an-
alyzed in both the time and frequency domains

A deterministic sequence X is defined by a null innovation, hence by an autoregressive
equation without innovation of the type X; = ZZS ©n X¢—p. Deterministic sequences can
be obtained from AR(p) specifications related to lag polynomials with roots on the unit
circle, which are conjugate because the lag polynomial is real. With p = 1,2, we obtain:
p=1: I-L)X,=X,— X, 1 =0= X, is time-invariant. This is the solution retained
in the paper in a multiplicative setting.

p=2: (I —e’L)(I—e L)X, =0 (with ¢? # 1) X; = 2cos() X; 1 — X;_o. The
solutions are of the type

X; = Asin(6t) + B cos(6t),

where A and B are random variables. The autocovariance function oscillates without
vanishing, and the same result holds for larger values of p.
A characterization of deterministic sequences requires an analysis in the frequency domain.
The time domain is Z in our setting, and the frequency domain is defined by a dual
approach on groups (Rudin (2017)). In a discrete time framework, the frequency domain
is equal to Z = R/2xZ. This domain is identified with the interval [—7, 7], and is defined
as the set of characters yg(h) = €" (§ € R, h € Z). The time domain Z can be seen
as a group G endowed with Haar measures (i.e., not identically zero, nonnegative, and
invariant with respect to translations). From the invariance property, it is clear that
every Haar measure on Z is equal to the counting measure times a positive constant.
Haar measures are equal up to a positive and multiplicative constant for every locally
compact and Abelian group. The characters on G constitute the dual group G. If G is
the time domain, then G is the frequency domain. L R

A Fourier transform of f € L'(G) is defined by f(x) = [, f(g) x(g9) du(g) Vx € G. In
this equation, u is a Haar measure on G and the Fourier transform depends on a positive
coefficient ¢ such as p = c g, with g a reference Haar measure. In a time series context,
the functions f are autocovariances if G = Z or spectral densities if G = Z = R/27Z.
They are even because we restrict our considerations to real-valued random variables.
Hence, x(g) could be replaced by x(g) in the Fourier transform, which defines an inverse

v

Fourier transform f.

A Fourier transform of a summable sequence v (with a short memory if 7 is an auto-
covariance function) is defined by s(0) =5(0) = ¢1 Y.,z y(h), 0 € [—7, 7[; ¢1 > 0.
Herglotz’s theorem implies

7 is an autocovariance function < s=7% >0 on [—7, 7|. (55)

In this case, s = 7 is a spectral density. If X is a stationary sequence such as v = 7y, then
V

we have 7x = Ax = s\;( = ¢y fjﬂ e sx(0)df if ¢ cy = 1/27. We will take ¢ = 1/27

and ¢; = 1, in which case the variance of the innovation of X defined from (27) is the

geometric mean of the spectral density sx. Then

Vh € Z, V8 € [—r, [ vx(h) ! /” e sx(0)dl ; sx(0) = Z e yx(h).  (56)

T om
- hez
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An autocovariance function yx ¢ L'(Z) can still be represented by a nonnegative
spectral measure Sy, with

T o

vx (h) ! / " i dSx(0) Vh € Z. (57)

—T

Spectral theory provides a characterization of deterministic time series.

Let us start from a time-invariant sequence X. We have Sx = 27 vx(0) &y from (57),

hence the spectral measure is proportional to a Dirac mass located at zero. If X is related
to an AR(2) specification without innovation (i.e. (I — €L)(I — e L)X, = 0 with
e #£ 1), then the spectral measure is a linear combination of Dirac masses located at 6
and —6. For higher values of p, the spectral measure has a finite support.
If p = 400, consider the component of Sy that is absolutely continuous with respect to
any Haar measure on the frequency domain (i.e. the trace of the Lebesgue measure on
R/27Z, up a positive constant). The corresponding density is denoted by sx. If the Haar
measure on the time domain is the counting measure in the definition of the spectral
density, then the variance of the innovation X of a stationary sequence X is equal to

1 K
Vrx(0) = exp [% / log(é’x(G))d@] :
The variance of the innovation is the geometric mean of the spectral density, as the Haar
measure on the frequency domain that is dual to the counting measure is a probability
measure. Then

Y (0) =0 / " log(sx(6)) d6 = —oo,

which is the Kolmogorov—Szego condition for X to be deterministic. This condition is
fulfilled, for instance, if the spectral measure equals zero for a non empty and open set of
the frequency domain.

A characterization of deterministic time series from the autocovariance function would be
more relevant for practitioners. The nonconstant autocovariance functions derived by the
author from spectral densities following the Kolmogorov—-Szego condition always oscillate
around zero. Hence, they cannot be retained in the credibility model because they do not
reach the positivity level N1.

B.9 Ergodicity properties of stationary time series

Stationary time series have properties that relate to ergodicity in the mean. Consider the
dynamic random effect U defined in Section 5. If U = @, U is purely nondeterministic and

the autocovariance function 7 vanishes. The mean square convergence of time averages

U = %Zle U (T € N*) towards E(U) = 1 follows. This weak ergodicity result is

easily obtained from the variance of UT, equal to the mean of the entries of the variance—
covariance matrix V;¥. This variance is also a mean of 7y with a triangular kernel. As 7y,
vanishes and as the weights of the kernel go to zero for any lag when the length goes to

infinity, the limit of V(U T) is equal to zero. The convergence almost everywhere of T
towards E(U) = 1 is obtained if U is strictly stationary. This strong ergodicity result is
obtained from subadditive ergodicity concepts (Kingman, 1968; Liggett, 1985).
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If the sequence U is strictly stationary but not ergodic, then there is still a limit almost

everywhere for U from Birkhoff’s theorem. However, this limit is not a constant. In this
paper, the random effect is defined as U; = P @Q;. In a fully specified context (e.g. with

log-Gaussian sequences), we may assume strict stationarity, and UT = P@T converges
almost everywhere towards P x E(Q) = P. This result is exploited in Table 3, with
between—within derivations on the random effects.

B.10 Proof of Proposition 8

Equation (30) implies V7 = (1 + 02) [VQT + ( i JTH , with Jp = 17 1/n. Then

([T + uvl)_l =17 — N ii,v Vu,v e RT, o # -1 = (58)
a VI 1y ( v 1T)/
VE+adn)] ™ = VA - Vol 1 (WG] 1r) (59)

1+ <a 1, [va)™ 1T)
Equation (58) is proved with (uv/) (uv/) = u'v (uv/). Equation (59) is obtained from
[Vg + aJT]_l = (Ir + uv’)_l [Vg}_l, with v = a [VQT]_I 17, v = 1p. The first part of
Proposition 8 is proved because level S in a wide sense (resp. in a strict sense) is related to
the nonpositivity of off-diagonal entries (resp. to the supplementary negativity of entries
for the subdiagonal and the superdiagonal) for precision matrices. The hereditarity is
obtained from (22), with Y, , .7 ¢rn, < 1land ¢r, >0Vh=1,...,T.

Let Q be an AR(p) sequence that reaches level S. With the notations of Section B.5,
we write ¢ = L:[ Lrly = 03 [VQT} - Ly, with T > 2p. We have a) ¢ = ¢ (¢, = cp1-p Vh =
1,...,7); b)cg =1— Z1§hgp90h§ ¢) chy1 = cn —oper Yh = 1,...,p; d) ¢pi1 = &35 €)
ch = Cpp1 if p+1 < h <T —p. Hence, ¢, decreases from c¢; to cpp1 = c% as h increases
from 1 to p + 1, which implies [VQT ] - 17 € (R*)T. The result also holds for T" < 2p, due
to hereditarity.

A geometrical interpretation of the condition [Vg } r e (R*)T is obtained with the
framework defined in Sections A.2 and B.3. If VJ = (¢} ... ¢4, this condition is equivalent
to p(1r) € CH(p(c}), ..., p(c})). Because p(1r) = 17/, the latter condition means that
the center of the simplex belongs to the aforementioned convex hull.

B.11 Limit credibility in the short memory case

Consider equation (18) applied to X. The filtering coefficients (i.e., the credibilities) and

the autocorrelation coefficients are nonnegative. Then, (v7 | vg) >0=0 < pacps1 <
Sig%. For positive lags, we have 7y = vx and px = v /7x(0). As sin®(1r) decreases
with 7, sin®(gr) > lim_sin?(,) = 17 (0)/7x(0).

T——+00
A lower bound is needed for v,x (0). Equation (16) implies B = A+ |Uf — Y1, O Xion|-

Then V(ET) > V(A;) = 1/, as A is a white noise sequence uncorrelated with U. The
sequence E7T is stationary because it was obtained from X by linear filtering. Hence,

1 1
nyT(O) > ’}/A(O) = X VT € N = lim ’YET(O) = ”)/IX(O) > X VA > 0,

T—+o0
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P41 (T +1) 1
sin®(yYr) — yx(0) < (0)/7x(0)
Then, vy = 7o € L' (Z) = pac = pacx € L'(N*). As vx is positive definite, we have
pacx € [0, 1]V . From (33), the limit credibility £2° is less than one by a classic result on
infinite products.

Equation (34) is obtained from (16), written as ®7(L) X; = EI, with
Or(z) = 1=, cper prn 2" The spectral density is transformed by linear filtering as
follows:

and: 0 < pacry; < < Av(T+1).

El = op(L) X, = spr(0) = |0r(e)|" sx(6) (60)
for any 7' € N* and any ¢ € [—7, n[. Equation (56) implies sx(0) = >, ., vx(h) =

%"‘ > nezVq(h) = % + |voll, as U = Q, 79 > 0 and vx = yw + ‘570 Writing (60) with
0 =0 yields ®7(1) =1 -3 7 @rn = 1 —t. Hence,

(1 =42 ((1/N) + |ell,) = sp(0).

As the mean square convergence of E] towards I;* holds V¢ € N*, we have Tlirf ver(h) =
—+00

vrx (h) = v;x(0) do(h) Vh € Z because the innovation I¥ is a white noise process. The
limit and the sums that define the spectral densities can be interchanged under condition
(35) by the dominated convergence theorem, which yields (34).

Although condition (35) is not discussed in this paper, we have verified it numerically
on AR(p) specifications (with p = 1,2,3). An example is given in the document that
comments the programs, Section 6.

B.12 Cesaro convergence
From (30), lim ~g(h) =0, and from vx = v + (d/\), we have  lim yx(h) = o%.
h—4oc0 h—=o0
The hth column of V¥ is denoted by c?h. If 17 is the intercept, then

<1,T V;)h =1 c?h Vh= 1, VE < max <1/T c§h> 1y,

where the inequality is taken entrywise. Nonnegative credibilities imply

" yT T ©Th\ 4 T
IpVx v, < max (1TcX ) Lpvg,-

Equation (15) implies V{ vl = vl . With 17 vl =tk and 1ol = > i<ner Vx(h), we

X Yox T "vx
obtain X
7 2 a<n<r ¥x(h)
1

T max D icner Vx(h—7)°

-----

T
t, >

The proposition follows from

1 , 1
lim — Z vx(h) = lim max Z vx(h —7) = 0% > 0. (61)

T—so00 T
1<h<T 1<h<T

Equation (61) implies ¢2° > 1, and the result as t2° < 1.
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The first limit in (61) follows from a Cesaro convergence result

lim %Zleyx(h) = lim 7yx(h). The second limit relies on uniform Cesaro conver-
T—00 h—so00

gence. The proof of the uniform convergence follows.
We obviously can assume that hlirf vx(h) = 0 without loss of generality. However,
—+00

this cannot be assumed at the inception of the proof because of the ratio.
The mean of yx on a non-empty set S, S C Z is denoted by Fx°. Let us prove

1i | =0 62
T—1>I}-100 |:S,SCH%D§=T‘7X ‘} ’ (62)

where | S| denotes the cardinality of S. This uniformity result is stronger than our primary
goal. Then hlirf vx(h) =0=Ve >0, dn. € N* / |yx(h)| <e/2Vh € Z, |h| > n.. The
—+00

set SN| — ne, n.| is denoted by S.. Then

e 1S g S\ s
— € 1_ 5
T [|5| T %K 51)

with |S.| < 2n.— 1. The sets S; or S — S; may be empty, in which case we may associate
them to any given average because the corresponding weight is null. Hence,

) < [ il + | (1= ) 5

Then [7x5| < =l 4 £ and [75%| < e if |S] > (4n: — 2) [|7x| /2.

B.13 Length of the memory and spectral measures of the ran-
dom effects

Let Sy be the spectral measure of the random effect U defined by (57), and consider the
related distribution function Cy(0) = Sy ([—, 0]) defined on [—m, w]. The function Cy
is increasing, since Sy is a nonnegative measure from Herglotz’s theorem. This function
is bounded, as Cy(m) = Sy ([—7, 7]) = 27y (0) from (57), with A = 0. The regularity
level of this increasing function at # = 0 in the frequency domain depends on the length
of the memory in U and determines the limit credibility. Three cases may occur.

1. There is a jump of Cy for = 0 if hlirin vr(h) = 0% > 0. The constant autoco-
—*+oo

variance function vp is related to a spectral measure of the Dirac type from (57),
with Sp = 27 0% dp. The length of the memory is at the highest level, and the limit
credibility is equal to one from Proposition 11.

2. The function Cy is differentiable for § = 0 if 0% = 0 and 7o € L'(Z). Indeed,
Y = g, and C;(0) = Y, ., yw(h) from (56). From Proposition 10, the limit
credibility is less than one. This short memory level is reached with the AR(p)
models defined in Section 3.4.

3. The intermediate level in terms of regularity (i.e., Cy is continuous but not differen-
tiable for 6 = 0) corresponds to 03 = 0 and Y, _, 7o (h) = +00. This long memory
level is obtained with ARFIMA(0,d,0) semiparametric specifications on U = Q.
Equation (34) suggests that t° = 1. An example supporting this intuition is given
in Section 7.2.
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B.14 Stationary time series of the AR(3) type, and their filtering
coeflicients
Let us explicit the stationarity conditions for the AR(3) family from the Levinson-Durbin

recursion used backwards. First, we have the obvious condition |pacs| = |p33| = |ps] < 1,
with @3, = ¢ (h =1,2,3). From the Levinson-Durbin recursion, we obtain

(1) P11 =931 = P21 — P3P22

(2) P2 = P39 = P9 — P3P21 -

Then, ¢3(1) + (2) € @22 = pacy = %@, and the second condition is

[pacs| = |an| < 1< P13 + 2| < 1— 5.

We also obtain (1) + ¢3(2) & @91 = %ﬁfﬁpg’. From the first step of the Levinson-Durbin
3

®2,1 P1+P2¢3
= Q11 = pac; = .
1—¢2,2 R T Rt

The denominator of the last ratio is equal to 1 — g9 5 and is positive as [pacs| = |22
1. Hence the stationarity conditions: |pacy| < 1 for h = 3,2, 1 are

recursion, we have o1 = @11 X (1 — ¢a2) =

<

3] < 1; |p1s + o] <1 — @3 |1 + paps| < 1— 5 — p1p3 — . (63)

Let us interpret the last condition derived from |[paci| < 1: we have

P14 a3 <1 —@F — P13 — w2 & (1 +92) X (1+¢3) <1 -3
© Py <1—(p1+3), and —p1 — o3 < 1 — 05 — P13 — P2 & Y2 < 14 (01 + p3).
To summarize, we obtain the equivalence

lpaci| <1 2 <1— g1+ w3 (64)

From (63), we have |pacs| < 1 < |13 + pa] < 1—p3. The inequality p1p3+@s < 1— 3
is always fulfilled from (64). Indeed, we have

02 <1— |1+ @3] = 2 <1— 13— 5 =1—[p3 x (p1 + ¢3)],

as 3 X (p1 + ¢3) < [ws] X |1 + @3] <1 + @3], with [ps] = |pacs| < 1.
The only working inequality derived from |pacs| < 11is 93 —1 < p1p3+ P2 & 03 — P1p3 —
1 < 9. The domain related to stationary AR(3) sequences is then defined by

lps] < 1; 05 —pro3 — 1 <o < 1— |1 + 3] (65)

The graphs of the two functions of ¢; and ¢3 that bound ¢, look respectively like a saddle
and a roof. The constraint |ps — ¢1| < 2 is easily derived from (65). The parameter
domain is below the roof and above the saddle, and its projection on coordinates 1 — 3 is
the parallelogram defined by |ps| < 1 and |p3 — ¢1| < 2. The representation is given in
Figure 6, with a red roof and a green saddle.
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Figure 6: Set of filtering coefficients for stationary AR(3) time series.

phi3

phit

Figure 7: AR(3) sequences that reach level S.

Let us represent the subsets related to distributions that reach levels N2 and S. The
intersection of the preceding set with the nonnegative orthant is related to distributions
that reach level N2. As seen in Proposition 6, the related set is defined by ¢y, o, @3 >
0; 1 4+ ws + 3 < 1. The representation is obvious. The subset related to level S is
related to the additional constraints 1 > @109 + a3 and @9 > p1¢3. The set related
to level S is described by Figure 7. From left to right, we first see the face related to the
binding constraint ¢y = 1¢p3. The estimation given in the case study is located in this
face. Then the frontier related to the linear constraint ¢, + 5 4+ 3 < 1 is seen, and the
second nonlinear constraint generates the face on the right side of the figure.
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B.15 Limits for the between and within sample variances of the
random effects

The variable y = U, with U;; = P; Q;; from (29) is defined on a virtual and balanced
panel dataset, with T; = T'Vi = 1,...,m. The total variance of U splits into a between

and a within variance as follows:

b 2o e b U2
mT;<Uz,t Uoo) - mZ(Uz,o Uoo) + mT Z(Uz,t Uz,o) . (66>

i it
The within variance is a sample average on the policyholders of the variable

1 - (UUZ-T)/ Cr. Cr vUL
T ;(Um —Uie)" = T ;

with vUl = veci<i<r (Uiy). The matrix Cp = Ip — JTT (JT = 1p 1'T) , 1s symmetric and
idempotent, hence

Trace |Cy B (U (WUF) )| Trace [Cr (o + V)]
T N £ |

As Vij =op Jr+ (1+0%) VS (see Section B.10), and Crp Jp = 0, we have
Cr (Jr+Vy)=CrVy =(1+0})Cr V.

Then ( )
1 Trace (JpV2
t
. Trace(JTVg) . T A . .
The ratio ——5—* = V(Q;.) equals the mean of the entries of Vj;. As the within

variance is a sample average, the convergence towards the expectation given in (67) holds
when m goes to infinity. The convergence holds almost everywhere if the random effects
(Uit),en- are ii.d. across policyholders in fully specified models following the semipara-
metric constraints. In a semiparametric setting, the mean square convergence follows
from fourth order conditions on the moments of U. The variance V(Q;.) goes to zero
when T goes to infinity, from the weak ergodicity result mentioned in Section B.9. This
justifies the last line of Table 3.
The total variance equals

1 1
— Uz _U002:_§
mT it( ot ) m

%

— U2

1
T Z Uﬁt
t

and converges almost everywhere towards E(U?) — E*(U) = vy(0) = 0% 4+ (1 +0%) 70(0).
The convergence holds almost everywhere or mean square, depending on the assumptions
on the random effects discussed earlier. Hence, the limit almost everywhere or mean
square of the between variance is equal to

Trace (JTVQT )
T2

, (1+0}) Trace (JrV}))

1w (0) = (1+05) |7(0) —

From a weak ergodicity result applied on @, the limit of the between variance of U is 0%

when T goes to infinity.
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