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A Appendix
A.1 Basic Properties of Typed Reductions

Lemma A.1 (Reductions preserve Typing). IfI'FM — N:AthenT' M :A and
I'EN:A

Proof. By induction on the given derivation. O
Lemma A.2 (Weakening and Exchange for Typing and Typed Substitutions).

o IfT,y:A,x:A'-M:BthenT',x:A',y:A+-M :B.
o [fT+-M:Bthen',xXA-M:B.
o fI'Fo:Tthenl’ x:Ako:T.

Proof. By induction on the given derivation; the second property relies on the first. O
Corollary A.1 (Weakening of Renamings).  IfI" <, I' then ", x:A <, I.
Lemma A.3 (Anti-Renaming of Typing). IfI" - [p]M : A and T" <, T then T =M : A.

Proof. By induction on the given typing derivation taking into account equational proper-
ties of substitutions. O

Lemma A.4 (Weakening and Exchange of Typed Reductions).

o fTFM — N:Bthenl',xXA-M — N : B.
o IfT,y:AxA'+-M —sN:BthenT,x:A',y;A-M — N : B.

Proof. By mutual induction on the first derivation. O
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Lemma A.5 (Substitution Property of Typed Reductions).  IfI',x:A+-M — M’ : B and
I'FN:AthenT'+ [N/x]M — [N/x]M' : B.

Proof. By induction on the first derivation, using the usual properties of composition of
substitutions as well as weakening and exchange. O

Lemma A.6 (Properties of Multi-Step Reductions).

IfF"M] —* My :BandT'+ M, —>*M3:BthenF|—M1 —>*M3ZB.
IfT-M —*M :A=BandT' N :AthenTHMN —*M' N :B.
IfT-M:A=BandT+-N —*N':AthenT'FMN —*M N’ : B.
IfT,xA-M —*M' :BthenTF Ax:AM —* Ax:AM' :A=B.

T, xA-M:BandTHN — N' :AthenTt [N/x|M —* [N'/x]M : B.

Nk L=

Proof. Properties [1] 2} Bl and [ are proven by induction on the given multi-step relation.
Property[3]is proven by induction on I, x:A - M : B using weakening and exchange (Lemma

[A4). O

Lemma A.7 (Simultaneous Substitution and Renaming).

l. f[T'Fo:TandTHM — N : A thenT' - [c]M — [O]N : A.
2. fTFM — N:BandI" <, T, thenT' - [p]M — [p]N : B.

A.2 Challenge 1a: Properties of sn

Lemma A.8 (Multi-step Strong Normalization). [fTHM —*M':AandTHM : A € sn
thenTHM' : A € sn.

Proof. Inductionon "M —* M’ : A.

I'tM—M:A
Case 9 = M-REFL
'M—*M:A

I'M' :A€sn byusing'FM:A €sn
'-M—N:A 'EN—"M:A
Case 7 = M-TRANS
F-M—*M:A

I'EM:Aéesn by assumption

I'EN:A€sn by usingI'-M:A €sn

I'-M':A¢€sn by IH
O

Lemma A.9 (Properties of strongly normalizing terms).

1. For all variables x :A €T, I'Fx:A € sn.

2. fTHIN/xIM:BesnandT'+=N :AthenT',x:A+-M : B € sn.
3. fT,xA-M:B€snthenT - Ax:AM:A = BEsn.

4, fTEFMN:Besnthen'-M:A=Becsnand'-N:A € sn.
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Proof. In all the proofs below we silently exploit type uniqueness and do not track explic-
itly the reasoning about well-typed terms.

| For all variablesx: A€ I, 'Fx:A € sn.

YM' . Thkx— M :A=TFM :Acsn since I' = x — M’ is impossible
I'kx:A sincex:Ael
I'kx:A€sn

|IfF|—[N/x]M:B€sn andT'FN:AthenT',x:A-M:B€sn.

Induction on '+ [N/x]M : B € sn.

Assume I, x:A-M — M’ : B

' [N/x]M — [N/x]M': B by Lemmal[A.3]
' [N/x]M':B€sn by using ' [N/x]M : B € sn
ILxAFM :Besn by IH
Lx:A-M:BEsn since I', x:A = M — M’ : B was arbitrary.

|IfF,x:A|—M:B€sn then'FAx:AM:A= B¢csn.

Inductionon ' x:A+M : B € sn.

AssumeI'FAx:AM — Q:A=B

ILxAFM — M :Band Q =Ax:A.M' by reduction rule for A.
ILxAFM :Besn by assumption I',x:A+=M : B € sn
I'-AxAM :A= Be€sn by TH
I'FQ:A=Besn since Q = Ax:A.M'
I'EAx.M:A= B€Esn since ' Ax.M — Q : A = B was arbitrary

[BfTFMN:Besnthen[FM:A=Besnand[FN:Acsn.|

We prove firstt I T'FM N:Besnthen'-FM:A= B &sn. ProvingI' FM N:B € sn
implies also ' N : A € sn is similar.
By inductiononI'M N : B € sn.

AssumeI'FM — M :A=B

I'-MN-—M N:B by reduction rule for application
I'EM'N:Besn by assumption I'=M N : B € sn
I'M':A= Besn by IH
I'EM:A=Besn since ' M — M’ : A = B was arbitrary

O

Lemma A.10 (Weak head expansion). If ' N :A €snand I'F [N/x]M : B € sn then
I'- (Ax:A.M) N : B € sn.

Proof. Proof by induction — either '+ N : A € sn is getting smaller or 't [N /x]M : B € sn
is getting smaller.



Z7U064-05-FPR

load_app 5 November 2019 17:15

4 A. Abel et. al.
Assume I'F (Ax:*A.M) N — P: B.

I'FAxAM:A=B THFN:A a

Case 7 = nd Q = [N/x|M
'+ (Ax:A.M)N — [N/x]M : B
' [N/x]M:BE¢€sn by assumption
IxA-M —M :B
I'EN:A

CFAxAM — Ax:AM' :A=B
Case I = and 0 = (Ax:AM') N
'+ (AxAM)N — (Ax:AM')N:B

T [N/x]M — [N/x]M' : B by Lemmal[A.5]
'+ [N/xM':Besn using T [N/x]M : B € sn
I'EN:A€sn by assumption
' (AxAM')N:Be€sn by IH (since I’ [N/x]M’ : B € sn is smaller)
FFAxAM:A=B THN-—N:A
Case 7 =
'k (Ax:AM)N — (Ax:AM)N':B

'CAxAM:A=B by assumption
IxAFM:B by inversion on typing
' [N/x]M —* [N'/x]M : B by LemmalA.6|(5) using TN — N': A
'+ [N'/x]M:B € sn LemmalA.8|using ' [N/x]M : B € sn
I'-N':A€sn using'FN:A €sn
' (AxAM)N' :Bé€sn by IH (since ' N’ : A € sn is smaller)

O
Lemma A.11 (Closure properties of neutral terms).

1. fTFR:AneandT-R— R : A, thenTF R : A ne.
2. f TFR:A=Bne 'FFR:A=Be€sn,and'FN:A€snthen'FRN :BE€Esn.

Proof.

|IfF|—R:A neandTTHFR — R :A,thenTHR': A ne.

By inductionon 'R : A ne.

x:Ael

Case ="~
I'Fx:Ane

Contradiction with the assumption 'R — R : A.

I'R":A= Bne 'FN:A

IC'FR"N:Bne
I'-R":A=Bne by assumption

Case 7 =

We proceed by caseson['FR — R’ : A.
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I'AxAM:A=B I'EN:A
't (AxxAM)N — [N/x]M : B

Sub-case ¥ =

Contradiction with the assumption I' - R : A ne.

Subcase o [P R —P:A=B THN:A

'-R'"N— PN:B
R'— P:A=B by assumption
I'FP:A=Bne by IH
I'PN:Bne by definition of neutral terms
Subucase o LR :A=B TFN—N:B

'R'N—R'N:B
I'R":A=Bne by assumption
I'R"N':Bne by definition of neutral terms

|IfFI—R:A:Bne,FFR:A:BEsn,andFI—N:AEsnthenFl—RN:BEsn.

By simultaneous inductionon I'R:A =B esn,FN:A €sn.
Assume'FRN — Q:B

I'HAxAM:A=B TFN:A
T+ (Ax:A.M)N — [N/x]M : B

Case 7 =

Contradiction with the assumption I'- R : A = B ne.

'FR—R:A=B FEN:A
Case 7 =
'FRN—R N:B
'R :A=Be€sn by using’HFR:A = Be€sn
I'R:A= Bne by assumption
'YR— R :A=B by assumption
'R :A= Bne by Property (1)
I'FR'N:Bcsn by IH (since ' = R’ : A = B € sn is smaller)
'FR:A=B 'FN—N:A
Case 7 = = —
'FRN—RN':B
I'EN':A€sn by using’FN:A €sn
I'FRN :BEsn by IH (since ' N’ : A € sn is smaller)

O

Lemma A.12 (Confluence of sn). IfT'FM —, N:AandT' =M — N’ : A then either
N=N"orthere 30 s.t. TFN —, Q:AandT =N —* Q: A.

Proof. By inductiononI'M —, N : A.
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EN:Aesn TxAFM:B IFAxAM:A=B THN:A
Case 7 =

T (AxM)N —54 [N/x]M: B TF (Ax:AM)N —> [N/x]M : B
[N/x]M:B=[N/x]M:B by reflexivity

LxAFM —M B
I'EN:A

'FN:Aesn ILxA-M:B FFAxAM — Ax:AM' :A=B
Case 7=

C'H(Ax.M)N —, [N/x]M : B ' (Ax:AM)N — (AxxAM')N : B
WE SHOW: 30 s.t. T+ (Ax:A.M') N —4, Q: Band T+ [N/x]M —* Q: B
Let Q = [N/x]M'.
' (AxAM)N —g [N/x]M' : B by def. of —s,
T [N/x]M — [N/x]M' : B by Lemmal[A.5]
'+ [N/x]M —*[N/x]M': B by M-TRANS
Case g L V:Acsn TxArM:B I'FN—N:A THAXAM:A=B

TH (Ax.M)N —s, [N/x]M : B '+ (Ax:AM)N — (Ax:A.M)N': B
WE SHOW: 30 s.t. TH (AxAM) N —, Q:BandTH[N/x]M —* Q: B
Let 0 = [N'/x]M.
' (Ax:AM)N —, [N'/x]M : B by def. of —,
' [N/x]M —* [N'/x]M : B by Lemma [A.€] (5)

'-M— M :A=B THFN:A I'-M—M,:A=B THFN:A
I'MN—,,M{N:B I'-MN-—M,N:B

Case ¥ =

Either M, =My or APst.T'- M) —. P:A=BandT'"HFM; —*P:A=B by IH

Sub-case M, = M,
My N=M, N trivial

Sub-case IPst.T+HM, —.P:A=Band'-M; —*P:A=1B

WE SHOW: 40 st. THFMy N —, Q:Band'HFM| N —*Q:B

LetQ=PN
I'-M, N—,PN:B using def. of —g, andT'FM, —, P:A=B
'-MiN—*PN:B by Lemma [A.6] (2)

'-M—oM:A=B THN:A 'FN—N:A TFM:A=B
I'MN—,M N:B I'MN—MN':B

Case 7 =

WE SHOW: 30 s.t.TFMN —, Q:BandT'FM'N —*Q:B

Let Q=M N
TFMN —5o M N':B byT'FM —s M :A=B
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'EN—*N":A by M-TRANS
I'MN-—*MN':B by Lemma[A.6](3)
O

Lemma A.13 (Backward closure of sn).

1. [TEN:AesnT-FM:A=Besn,ITtFM — M :A=BandT+-M'N:B € sn,
thenI' M N : B € sn.
2. f TEFM —M :AandT M :Ac€snthenT =M :A € sn.

Proof.

Ifl"}—N:AGsn,FI—M:A:>B€sn,FI—M—>5nM’:A:>BandF|—M’N:B€sn,then
I'EFMN:Be€Esn.

By inductiononI'FN:A€snand'-M:A = B €sn.

AssumeI'FM N — Q: B.

Case =

' (Ax:A.M)N — [N/x]M : B

Contradiction with I' = (Ax:A.M) —s, M’ : A = B.

I'Y-M—M':A=B

Case 7 =

'-MN—M'N:B
'-M—M":A=B by assumption
't-M —uM:A=B by assumption
M =M"ordPst.THM" —¢, P:A=BandT-M —*P:A=B by Conf.
Lemma[A.12]

Sub-case I'-M' =M"

I'M'N:B¢€sn by assumption
I'M"N:B¢€sn since M' = M"

Sub-case IPst. T M —,P:A=BandT'-M —*P:A=B

I'M'N—*PN:A=B by Lemmal[A.6] (2)
I'-M'N:Besn by assumption
I'EPN:Besn by Lemma|A.§
r'-mM"—s,P:A=B by assumption
'-M—M":A=B by assumption
I'-M":A=BeEsn usinglTFM:A=B€snand'-M —M":A=B

I'M"N:B¢€sn by IH (since '~ M" : A = B € sn is smaller)
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Case 7 — 'FN—N:A
'-MN— MN':B

I'N—N:A by assumption
r-mM —,M:A=B by assumption
I'FM:Aéesn by assumption
I'-M'N:Besn by assumption
I'-M'N':B¢€sn asM'N — M'N'
I'-N':A€sn using’'FN:A€snandTFN — N': A
I'FMN :Bcsn by IH (since ' = N’ : A € sn is smaller)

R IfTFM — M :AandT-M':A€snthenTM:A€Esn.

By inductionon ' = M —¢, M’ : A.

'N:Aesn I''xAFM:B

Case 7 =

't (Ax.M)N —¢, [N/x]M : B
I'-[N/x]M:BE¢€sn by assumption
'FN:A€csn by assumption
'+ (Ax:AM)N:B € sn by Lemma[A.9| (A.10)

'-M—aM:A=B T'FN:A
Case 7 =

'-MN—MN:B
M N:Besn by assumption
'~M:A=Becsn by Lemma [A.9] @)
I'EM:A=Besn by IH
CEN:A€Esn by Lemma [A.9] (@)
I'~MN:BE¢Esn by Property (1)
O
A.3 Soundness

Lemma A.14. [fT-M:A € SNethen'FM : A ne.
Proof. By inductiononI'+ M : A € SNe.
Case @:ﬁ

I'Fx:A€SNe
I'x:Ane by definition

I'FR:A= Be&SNe I'EM:AeSN
Case 7 =

I'FRM:Bé€SNe

I'FR:A=Be€SNe by assumption
I'FR:A=Bne by IH

I'RM:Bne by definition of neutral terms
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Theorem A.1 (Soundness of SN).

1. f[TEFM:A€SNthenT'-M:A € sn.
2. IfT-M:A € SNethenT' M : A € sn.
3. U TEM — gy M :AthenT =M —s, M’ : A.

Proof. By mutual structural induction on the given derivations using the closure properties.

[LLIfCFM:AcSNthen M :A € sn.

InductiononI'FM : A € SN.

Case 9:1"|—R:A€SNe

'FR:A €SN
I'FR:AEsn by IH (2)

x:AFM:BeSN

Case 7 =

I'FAx:AM:A= BecSN
ILxxA-M:B€sn by IH (1)
I'-Ax:A.M:A= B€sn by Lemmal[A.9| (3)

TEM —gyM :A -M:AeSN
Case 7 =

I'FM:AeSN

I'-M:A€sn by IH (1)
'kM—,M:A by IH (3)
CEM:Aesn by Backwards Closure (Lemma [A.13] )

|2.IfF|—M:A€SNethenFI—M:AGsn.

InductiononT'-M : A € SNe.

Case @:&

'Fx:A€SNe
I'kx:A€sn by Lemma [A-9] (I)

I'FR:A= BeSNe I'M:AeSN
Case 7 =

I'FRM:BecSNe

I'FR:A=Bc€sn by IH (2)
I'EM:A€sn by IH (1)
I'R:A=Bne by Lemmal|A.14]
I'FRM:B¢Esn by Lemma[A.T1] (2)

3.MTFM —gyM :AthenT =M —, M’ : A.

Induction on ' M — gy M A
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I'EN:AeSN TxA-M:B
Case 7 =
[ (Ax.M)N —gN [N/x]M : B
I'EN:AEsn by IH (1)
' (Ax.M) N —¢, [N/x]M : B by def. of —,
'FR—gyR:A=B THM:A
Case 7 =
CFRM —gNR'M:B
I'R—R:A=B by IH(3)
I'RM —.R'M :B by def. of —4, O

A.3.1 Properties of the inductive definition of SN

Lemma A.15 (SN and SNe characterize well-typed terms).

1. [TEFM:A€SNthenT' =M : A.
2. fTEM:A € SNethenT M : A.
3. fTEM —gyM :AthenT-M:AandT =M : A

Proof. By induction on the definition of SN, SNe, and —SN- O
Lemma A.16 (Renaming).

1. IfTEM:AeSNandT" <, T thenT' - [p]M : A € SN
2. IfTFM:A e SNeandT" <, T thenT' - [p]M : A € SNe
3. fTEM —gyN:AandT” <, T thenT' k= [p]M — gpy [P]N : A.

Proof. By induction on the first derivation.

Case: @:FI—R:AGSNe

I'FR:A €SN
' [p]R: A € SNe by IH (2)
'+ [p]R:A €SN by def. of SN

ILxxA-M:BecSN

Case: 7 = !

I'Ax:AM:A= BeSN
[ xA <p . TxA by def. of <,
I, xAt [p,x/x]M:B € SN by IH (1)
I+ Ax:A.[p,x/x]M : A= B € SN by def. of SN
'+ [p](Ax:A.M): A= B €SN by subst. def.

CEM—gnM A CEM':AcSN
Case: 7 =

I'EM:AeSN

'+ [p]M —sgy [pIM' : A by IH (3)
'+ [p]M': A €SN by TH (1)

'+ [p]M:A €SN by def. of SN
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Case: 7 = —X:A er
I'Fx:Ae€SNe
I'<,T by assumption
'+ [plx: A by Renaming of Typing (Lemma|A.1)
I+ [p]x: A €SNe by def. of SNe
I'FR:A= BeSNe I'EM:AeSN
Case: 7 =
I'FRM:A= BecSNe
' [p]R:A = B € SNe by H (2)
'+ [p]M:A €SN by H (1)
'+ [p]R [p]M : A= B € SNe by def. of SNe
" [p](RM) : B SNe by subst. def.
IxA-M:B I'EN:A€eSN
Case: 7 =
T (Ax:A.M) N —sgy [N/x]M : B
'+ [p]N:A €SN by IH (1)
I'<,T by assumption
I'xA<,T by Weakening of Renaming (Lemma A.1)
I xA <y Tx:A by def. of well-typed subst.
' xAt [p,x/x]M : B by Weakening Lemma|[A.2]
' (Ax:A.[p,x/x]M) [p]N —gN [P, [PIN/x]M : B by def. of —g
' [p]((Ax:AM) N) —gN [P]([N/x]M) : B by def. of subst
THR—sgyR:A=B THM:A
Case: 2 =
I'-RM —gqyR'M:B
'+ [p]R —sgy [PIR :A= B by TH(3)
' [p]M: A by Weakening of Typing (Lemma|A.2)
't [p]R [p|M —SN [p]R [p]M : B by def. of —g
T [p](RM) —g [P](R'M): B by def. of subst.
O

Lemma A.17 (Anti-Renaming).

1. fT'F [pIM:A € SNandT' <, T"thenT M : A € SN

2. IfT'F[p]M:A € SNeandT” <, T"thenT =M : A € SNe

3. If U [p]M — gy N' : A and T <, T then there exists N s.t. T=M — gy N : A
and [p]N =N'.

Proof. By induction on the first derivation. We exploit the fact that p is a renaming sub-
stitution and take into account equational properties of substitutions when considering
different cases. We only show a few cases.
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[, x:At [p,x/x]M : B €SN
Case 9 = using [p](Ax:A.M) = Ax:A.[p,x/x]M.
'+ Ax:A.[p,x/x]M:A= BeSN

I xA <y TxA by Weakening (Lemma A.1) and well-typed substitution rule

I'xxA-M:BeSN by IH (1)

I'FAx:AM:A= BecSN by def. of SN
y,'ZAl er’ .

Case 7 = using [plx; = y;

'+ [p}x,- :A; € SNe
where p =y /x1,...,yn/Xp and T = x1:A1, ... . x: A, and TV = y:Aq, ...yt

I'kx:A; since x;:A; € T
'+ [p]M —sgp N : A I'FN':AeSN
Case 9 = using [p|M =M’
'+ [p]M:AeSN
I'-M —gNN:Aand [p]N =N by IH (3)
"' [p]N:A €SN using assumption I - N": A € SN and [p]N = N’
'EN:A€eSN by IH (1)
I'EFM:AeSN by def. of —g

I'F[p]R:A=BeSNe T'+[p]M:A€SN
Case 7 = using [p](R M) = [p]R [p]M
I+ [p](RM) : B € SNe

I'FR:A=Be€SNe by TH(2)
I'EM:AeSN by TH(1)
I'HFRM:BeSNe by def. of SNe

['F[p]N:AeSN T’ .x:Al [p,x/x]M:B
Case 7 =

I [p](Ax:A.M) N) —sgp [0, [PIN/x]M : B
using [p]((Ax:A.M) N) = (Ax:A.[p,x/x]M) [p]N
and [[p]N /x|([p,x/x|M) = [p, [pIN/x]M = [p] ([N /x]M)

TFN:AcSN by IH(1)
ILxA-M:B by Anti-Renaming for Typing (Lemma [A.3)
' (AxAM)N —qN [N/x]M : B by def. of —q

Case I = tr [p]R/ snEAT S /F Clphia using [p](R M) = [p]R [p]M
I"F [pl(RM) —gN R [p]M

'EM:A by Anti-Renaming for Typing (Lemma [A.3)
'R —gNRo:A= Band [p]Ry =R by IH(3)
FI—RM—>SNR0M:B bydef.of—>SN

[p](Ro M) = [p]Ro [p]M =R’ [p|M by previous lines and subst. properties
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O

Lemma A.18 (Extensionality of SN). Ifx:A €T andTHFM x:B € SNthenT -M : A =
B e SN.

Proof. By induction on SN.

I'M x:B e SNe

Case: 2 =
I'Mx:BeSN
I'FM:A= BecSNe by def. of SNe
I'EM:A= BeSN by def. of SN
'EMx—gNQ:B I'Q:B<SN
Case: 2 =

I'Mx:BcSN

Sub-case: I'- (Ay:A.M') x —gp [x/y]M': B

't [x/y]M':B €SN by assumption
I,y A-M':B €SN by Anti-Renaming Property (Lemma|[A.17)
I'-Ay:AM' :A= BeSN by def. of SN

Sub-case: I'-M x —qy M x:Band Q =M x

'-M—gyM:A=B by def. of —g
M :A=BeSN by IH
I'FM:A= BeSN by def. of SN O

A.3.2 Reducibility Candidates
Theorem A.2.
1. CRI: IfT+M e Zc thenT' =M : C € SN.

2. CR2:IfTFM —gyM' :CandT=M' € Zc thenT' =M € Zc.
3. CR3:IfTFM:C &€ SNethenT' M € Zc.

Proof. We prove these three properties simultaneously, each by induction on the structure
of C.

|CRIOIfFTHM € %cthenTHM:C € SN.

By induction on the structure of C.
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Case C =i
Fl‘MG%i
I'EM:ieSN

Case C=A=1B
Ix:AFx:A € SNe

I xAFxe€ %y

T,x:A kar

IxAF [WklM x € Zp
IxAF [wk]M x: B €SN
I'x:AlF [wk]M:A=BecSN
I'M:A= BecSN

A. Abel et. al.

by assumption
by def. of sem. interpretation for i

by def. of SNe

by IH (3)

by def. of context extensions

by def. of ' x:XA+ M € Zs—p
by IH (CR

by Extensionality Lemma
by Anti-Renaming Lemma[A:17]

CRPUTHM —gnyM' :CandT+M' € ZcthenT =M € Zc |

By induction on the structure of C.

Case: C=i.
I'M':ieSN
I'-M:ieSN
FFME%i

Case: C=A=B.

Assume I" <, I, TN € %4
I'+M[p] N € %p
F'-M-—gyM:A=B

' [p]M —gN [PIM' :A=B
"= [p]M N —gy [PJM' N : B
' [p]MN e %
I'EM e Zp—p

|CRBLIFTHM:CeSNethenT-M € Zc.

By induction on the structure of C.

Case: C=.
I'M:C e SNe
I'-M:CeSN
FFME%i

Case: C=A=B.

Assume I" <, Tand I =N € Z4
I"HN:AeSN

I'M:A= BecSNe

I+ [p]M:A= BecSNe

'+ [p]M N : B € SNe

since I'-M' € %,
by closure rule for SN
by definition of semantic typing

by assumption T'- M’ € Za—p
by assumption

by Renaming Lemma
by —>SN

by IH (CR2)
since I = N € %, was arbitrary

by assumption
by def. of SN
by def. of semantic typing

by IH (CR
by assumption

by Renaming Lemma
by def. of SNe
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'+ [p]M N € %p by IH (CR[3)
I'Mc Ry—p since I" = N € %4 was arbitrary
O

A.4 Proving strong normalization
Lemma A.19 (Fundamental lemma). [fT+M:A and '+ 6 € Zr then T - [0|M € Za.
Proof. By inductionon '+ M : A.

I'x)y=A
Case 7=—"
'Fx:A
I'toe%r by assumption
'k [o)x € % by definition of [G]x and I" - ¢ € %r
Case@:FI—M:A—)B 'EN:A
I'MN:B
I'+0e%r by assumption
'+ [0]M € Bap by IH
"F[0]N € Za by IH
" [c]M [O]N € %p by I - [O]M € Zs—p
"k [o](M N) € %5 by subst. definition
Ix:AF-M:B
Case 7 =
I'FAxM:A—B
I'+0e%r by assumption
Assume I <, " and " - N : A
I+ [plo € Zr by weakening
I+ ([p]o,N/x) € Zrxa by definition of semantic substitutions
"= [[plo,N/x]M € Zg by IH
I+ (Ax.[[p]o,x/x]M) N —qp [[p]o,N/x]M by reduction —g
(Ax|lplo,x/x]M) = [[p]o](Ax.M) by subst. def
F”H[[ Jo]Ax.M) N € % by CR]
F[o](Ax.M) € Zs—p since I <, I" and I'” - N : A was arbitrary

O
Corollary A.2. I[fTHFM :AthenT' M :A € SN.

Proof. Using the fundamental lemma with the identity substitution I' - id € %r, we obtain
I'FM e %Z4. By CRI1, we know I'- M € SN. O

A.5 Extension with disjoint sums
A.5.1 Soundness of the inductive definition

Lemma A.20 (Properties of Multi-Step Reductions).



Z7U064-05-FPR

load_app 5 November 2019 17:15

16 A. Abel et. al.

Type-directed reduction: | 'FM — N: A

I'M—N:A E-INL I'-M—N:B E-INR
I'inlM —inlIN:A+B I'FinfrM —intrN:A+B

I'-M—M:A+B T,xxA-N;:C T,y:b-N,:C
'+ caseMof inlx = Ny |inry = N, — caseM’of inlx = N; |inry= N, : C

E-CASE

'M:A+B T,xAFN;, — N{:C T,y;BFN,:C
[+ caseMof inlx = Nj |inry = N, — caseMof inlx= N{ |inry=N,:C

E-CASE-L

'M:A+B T,xAFN;:C T,y BEN; —Nj:C
I'tcaseMof inlx= N |inry = N, — caseMof inlx= N, |inry=N}:C

E-CASE-R

I'tM:A T)xAEN;:C TL,y:b-Ny:C
'+ case(inl M) of inlx = Ny | inry = N, — [M/x|N; : C

E-CASE-INL

I'EM:B T',xXAFN;:C T,y:bEN,:C
I'+ case(inr M) of inlx = Ny | inry= Ny, — [M/y|N, : C

E-CASE-INR

Fig. 1. Type-Directed Reduction, Extended with Disjoint Sums

Head reduction : | I'EM —.N:A |

I'EM:Aesn I''xtAFEN;:Cesn TI',y:BEN,:C€<sn
I'F case(inl M) of inlx = Nj |inry = Ny —sn [M/x]N; : C

I'EM:Aesn I''xtAFEN;:Cesn TI',y:BEN,:C €Esn
'+ case(inr M) of inlx = Ny |inry = Ny —sn [M/y]N, : C

I'M—ssM :A+B T,x:AFN;:C T,y:BFN,:C
I+ caseMof inlx = Ny |inry = Ny —>¢, caseM’ of inlx= Ny |inry=N,:C

Fig. 2. Head Reduction, Extended with Disjoint Sums

IfT,xA-M:BandUHN — N :AthenT+ [N/x]M —* [N'/x]M : B.

=M —*M :AthenT & inlM —* inIM' : A+B.

IfT+M —*M' :BthenTF inrM —* inrM' : A+B.

IfTEM —*M': A+ B then T+ caseM of inlx=> Ny | inry = N, —* caseM’ of inlx =

Ni | inry= N, :C.

5. IfT,x:A-N; —* Nj : C thenT'\- caseM of inlx = N; | inry = N, —* caseM of inlx =
Nj |inry =N, :C.

6. IfT,y:B-N, —* N} : C thenT'F caseM of inlx=> N | inry = N, —"* caseM of inlx =

Ny |inry = N} : C.

Hwh =

Proof. (I) adds new cases to Lemma [A.6] (3). The rest of the properties are proven by
induction on the multi-step relation. O

Lemma A.21 (Properties of strongly normalizing terms).

1. f[TEFM:Ac€snthenT'FinlM : A+ B € sn.
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2. IfTF-M:BesnthenT'-inrM :A+B € sn.
3. IfT'caseM of inlx= Ny | inry =N, :C € sn, thenTHFM:A+B€snand T, x:A-
Ni:CéesnandT',y:BF- N, :C € sn.

Proof.

|IfFFM:AEsnthenFFinIM:AJrBesn.

InductiononI'M : A € sn.

AssumeI'FinlM — Q:A+B.

I'tM—M :Aand Q =inlM' by inversion on the only applicable red. rule
I'EM' :A€sn by assumption ' =M : A € sn
I'tinlM :A+Be€sn by IH
I'FinlM:A+B¢€sn since 't inl M — Q : A + B was arbitrary

IZHTHFM:BesnthenTFinr M:A+B€sn.

Similar to above.

Ifl“l—caseMmc inlx=Nj |inry=N,:C€esn, thenTFM:A+Becsnand,x:AF N; :
CesnandI',y:BFN, :C € sn.

Induction on ' case M of inlx=>Nj |inry=-N, : C € sn. We show thatif ' case M of inlx =
Ni |inry=N,:C€snthen'M : A+ B € sn; the other two proofs are similar.

Assume'FM — M’ : A+B.
I'+caseMof inlx = Nj |inry = N; —> caseM'of inlx = N; | inry =N, : C by rule

E-CASE

' caseMof inlx= N; |inry= N, :C € sn by assumption
'+ caseM'of inlx = Ny |inry=N,:C € sn by definition of sn
I'-M:A+B€sn by IH
I'EM:A+Besn since ' M — M’ : A+ B was arbitrary

O
Lemma A.22 (Weak head expansion).

I.LIfTHFM:A€snand TF [M/x]Ny : C €snand T,y:B+ N, : C € sn then I' -
case(inl M) of inlx = Ny | inry = N € sn.

2.IfTEM:Besnand T)xAF N, :C€snand T'F [M/y]Ny : C € sn then T
case(inr M) of inlx = Ny | inry = N € sn.

Proof.

IFTFM:Ac€snand TH [M/x]N; :C€snand I',y: B N, :C € sn, then T -
caseinl Mof inlx = N |inry= N, :C €sn.

Proof by induction — either I' = M : A € sn is getting smaller or I',x: A= N; : C € sn is
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getting smaller or I,y : B N, : C € sn is getting smaller.
Assume I' F caseM of inlx = N |inry= N, — P: B.

CFM:A T,x:AFN;:C T,y:BFN,:C
Case I = and P = [M /x]N;

't caseinl Mof inlx= N; |inry =N, — [M/x]N; : C
't [M/x]N;:C €sn by assumption

'tM—M:A
I'inlM —inlM :A+B

I'x:AFN;:C T,y:BEN;:C

Case =
[+ caseinl Mof inlx = Ny | inry = N — caseinl M’ of inlx = N |inry= N, :C
and Q = caseinl M’ of inlx = N; | inry = N,

I'EM' :A€sn using’FM:A € sn
I'F [M/x]Ny —* [M'/x]N; : C by Lemma|A.20|(1) using'FM — M’ : A
' [M'/x]N, :C € sn by Lemma(A.8|using I'F [M /x]N; : C € sn

'+ caseM' of inlx = Ny |inry= N, :C € sn by IH (since ' = M’ : A € sn is smaller)

[LcAFN — Ny :C
Case =

[+ caseinl Mof inlx = N; | inry = N, — caseinl Mof inlx = Nj |inry=N,:C
and Q = caseinl Mof inlx = N{ | inry = N

'+ [M/x]Ny — [M/x]N} : C by Lemma[A_3|
I'H[M/x|N]:C €sn using 'F [M/x|N; : C € sn

't caseMof inlx = Nj |inry = N, : C € sn by IH (since ' - [M/x]N] : C € sn is smaller)

I,y:BFN, — N5 :C
Case = 2

[+ caseinl Mof inlx = Ny | inry = N, — caseinl Mof inlx=-N; |inry=N; :C
and Q = caseinl Mof inlx = N |inry = N},

Iy:BFN;:Céesn using I',y: BF N, : C € sn
't caseMof inlx= N |inry= N} :C € sn by IH (since '+ N} : C € sn is smaller)

IfIr'-FM:Besnand Lx:AFN; :Cé€snand T'F [M/y]N, : C € sn, then T -
caseinr Mof inlx = Nj |inry= N, :C € sn.

Similar to above. O
Lemma A.23 (Closure properties of neutral terms).

1. fTFR:AneandTFR— R : A, thenT R : A ne.
2. [ TEFM:A4+BesnTFM:A+Bne I'x:XAF-N;:C€sn,andT',y:B- N, :C € sn,
then T+ caseM of inlx = Ny | inry = N; € sn.

Proof.
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M HTFR:Aneand TFR — R : A, then TR : A ne.

By induction on I' - R : A ne. We highlight the case for disjoint sums.

I'-R":A+Bne I'xAFN,:C I'y:BFN,:C
Case
[ caseR”of inlx = Ny |inry =N, :C ne
I'R":A+Bne by assumption

We proceed by caseson'FR — R’ : A.

I'-R"— P:A+B LxAFEN :C Lyb-Ny: C
Sub-case E-CASE
[k caseR”of inlx = N; | inry = N, — casePof inlx = N; |inry=N,:C

I'R"— P:A+B by assumption
I'FP:A+Bne by IH
't casePof inlx = N; |inry= N, :C ne by definition of neutral terms

I'-R":A+B [LcAFN — Nj:C Iy BEN,:C
Sub-case E-CASE-L
[+ caseR” of inlx = N |inry = Ny —» caseR” of inlx = Nj |inry=N,:C

' caseR"of inlx = N{ | inry= N, :C ne by definition of neutral terms

I'R":A+B I''xAFN;:C I,y:BFN, — N :C
Sub-case E-CASE-R
[+ caseR” of inlx = Ny |inry = N, — caseR" of inlx = Ny | inry =N} :C

'k caseR”of inlx= Nj |inry= N} : C ne by definition of neutral terms

I'-M:A LxAEN; :C Iy bENy: C
Sub-case E-CASE-INL
I't case(inl M) of inlx = N; | inry = Np — [M/x]N; : C

Contradiction with the assumption I' = R” : A + B ne.

I'-M:B Ix:AFN;:C Lyb-N,:C
Sub-case E-CASE-INR
't case(inr M)of inlx = Nj |inry= N, — [M/y|N, : C

Contradiction with the assumption I' = R” : A + B ne.

IfFFR:AJrBEsn,FFR:AJrB ne, [, x:XAF-N;:Cé€sn,andI',y:BF N, : C € sn, then
' caseMof inlx= Ny |inry = N, € sn.

By simultaneous inductionon ' R:A+Besn, [[xXAF-N; :C€sn,and [',y:BF N, :
Cesn.

Assume I'F caseRof inlx = Nj |inry=N, — Q:C.
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I'YR— R :A+B IxAFN;:C I,y:b-Ny:C
Case E-CASE
[+ caseRof inlx = Nj | inry = N, — caseRof inlx = Ny |inry=N,:C
I'FR:A+Bé€Esn by assumption
'R :A+B¢€sn by definition of sn
I'FR:A+Bne by assumption
'R :A+Bne by (1)
[+ caseR of inlx=-N; | inry= N, € sn by IH (since ' = R' : A+ B € sn is smaller)
I'-R:A+B [LxAFN — Nj:C I,y:B-N,:C
Case E-CASE-L
[+ caseRof inlx = Nj | inry = N, —» caseRof inlx=Nj |inry=N,:C
xAFN;:Cé€sn by assumption
[LxeAEN]:Cé€sn by definition of sn

'k caseRof inlx = Ny |inry = N, € sn by IH (since I',x:A = N{ : C € sn is smaller)

I'FR:A+B IxAFN;:C I,y:BFN» — N :C
Case E-CASE-R
[+ caseRof inlx = Nj | inry = N, — caseRof inlx=-N; |inry=Nj:C

Similar to above.

I'-M:A xAEN;:C Oy bENy:C
Case E-CASE-INL
I'F case(inl M) of inlx = N |inry = N, — [M/x]N, : C

Contradiction with the assumption 'R : A+ B ne.

I'-M:B AN :C LybENy: C
Case E-CASE-INR
I't case(inr M) of inlx = N; | inry = Np — [M/y|N2 : C

Contradiction with the assumption I' - R : A + B ne.
O

Lemma A.24 (Confluence of sn). If TFM —, N:Aand T =M — N’ : A then either
N=N'orthere 30 s.t. TFN —, Q:AandT =N —* Q: A.

Proof. By induction on I' - M —¢, N : A. We highlight the cases for disjoint sums.

I'EM:Aesn TLx:XAEN; :Cée€sn TI',y:BFN,:C Esn
Case 2 =I'F case(inl M)of inlx= Ny | inry = Ny —, [M/x]N; : C
I'tM:A T''xAEN;:C T,y BEN,:C
I'F case(inl M)of inlx = Ny |inry= N, — [M/x]N, : C

[M/x]N, :C=[M/x]N,:C by reflexivity

I'EM:Besn I''xXAFEN;:Cée€sn TI',y:BFN,:C€Esn
Case 2 =I'F case(inr M)of inlx = Nj |inry = Ny —¢n [M/x]N2: C
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I'M:B T',xA-N;:C T,y:BFN;:C
I't case(inr M) of inlx = Ny | inry = Ny — [M/x]N2 : C

[M/x]Ny:C=[M/x]N,: C by reflexivity

'tM — M :A+B T,xxAFN;:C T,y:BFN,:C
Case 2 =T+ caseMof inlx = N |inry = N, —>, caseM’of inlx = Nj |inry=N,:C

'-M—M":A+B
't caseMof inlx = Nj |inry = N, — caseM” of inlx = Ny |inry=N,:C

I'tM=M'":A+BoriM"T+M —M":A+BandT-M"—*M":A+B by
IH

Subcase M’ =M".

caseM’ of inlx = Ny | inry = N, = caseM” of inlx = N; |inry = N, by reflexivity

Subcase I'-M — M" :A+BandT'FM" —*M" :A+B.

'+ caseM'of inlx = Ny | inry = N, — ¢, caseM” of inlx = Nj |inry=N,:C by
definition

I'+ caseM"” of inlx = Ny |inry = N, —* caseM” of inlx= Nj |inry=N,:C by
Lemmal[A-20] (@)

I't-M—gM :A+B T,xAFN;:C TI,y;B-N,:C
Case 2 =Tt caseMof inlx = N |inry = N, —, caseM’of inlx= Ny |inry=N,:C
Cx:AFN — Nj:C
't caseMof inlx = Nj |inry = N, — caseMof inlx = N{ |inry=N,:C

'k caseMof inlx = Nj | inry = Ny —, case M’ of inlx = Nj |inry= N, : C by
definition

'k caseM'of inlx = Nj | inry = N, —* caseM’ of inlx = Nj | inry= N, : C by
E-CASE-L

'tM — M :A+B T,xxXAFN;:C T,y:BFN,:C
Case 2 =T+ caseMof inlx= N |inry = N, —>, caseM’of inlx= N; |inry=N,:C
I,y:BEN, —Nj:C
' caseMof inlx = Nj |inry = N, — caseMof inlx = N{ |inry=N,:C

Similar to above.

I'tEM:Aesn IxXAFEN;:Cée€sn I,y:BFN,:C€E€sn
Case 2 =I'F case(inl M)of inlx = N |inry = Ny —n [M/x]N, : C
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kM —M:A
I'inlM —inlIM' :A+B
I+ case(inl M)of inlx = Ny |inry = N, — case (inl M")of inlx = N; | inry =N, :C

'k case (inl M") of inlx = Ny |inry = No —¢y [M'/x]N; : C by definition
[~ [M/x]N; —* [M'/x]N; : C by Lemma|A.20)

I'EM:Aesn TLxtAEN;:Cée€sn TI',y:BFN,:C Esn
Case 2 =I'F case(inl M)of inlx = Nj |inry = Ny —¢, [M/x]N, : C
Lx:AFN — Nj:C
'k case (inl M) of inlx = N; | inry = N, — case (inl M) of inlx = N{ | inry=N,:C

'k case(inl M) of inlx = Nj | inry = Ny —¢, [M/x]N] : C by definition
[+ [M/x]Ny —* [M/x]N] : C by LemmalA.3]

I'EM:Besn T''xtAFN;:Cesn I',y:BEN,:C€sn
Case 2 =I'F case(inr M)of inlx = Ny |inry = Ny —¢, [M/y|N2: C
Iy:BFN, —N,:C
'+ case (inr M) of inlx = Nj | inry = N, — case (inr M) of inlx = N, |inry =N} : C

Similar to above.

'FM:Aesn T'xxAFN;:Cesn I y:BEN,:C€sn
Case 2 =I'F case(inl M)of inlx = Nj | inry = Ny —¢, [M/x]N; : C
T,y:BFN, —N,:C
'+ case (inl M) of inlx = N; | inry = N, — case (inl M) of inlx = N |inry =N} :C

'k case (inl M) of inlx = N; |inry = Nj —¢ [M/x]N; : C by definition
't [M/x]Ny —* [M/x]N, : C by definition

I'EM:Besn TIxXAFEN;:Céesn TI',y:BFN,:C € sn
Case 2 =I'F case(inr M)of inlx = Nj |inry = Ny —, [M/y]N2: C
Cx:AFN — Nj:C
'+ caseinr Mof inlx = N | inry = N, — caseinr Mof inlx = Nj | inry =N, : C

Similar to above.

Lemma A.25 (Backward closure of sn).

1. fTFM:A+Besn T x:XA-N;:Ccsn, I',y;BFN>:C€sn,TFM —*M':A+B,
and T+ caseM’ of inlx=> Ny | inry = N, € sn, then U= caseM of inlx = Ny | inry =
N, € sn.

2. f TEM — M :AandT =M :Ac€snthenT M :A € sn.

Proof.
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IfFI—M:A+B€sn, LxAFN :Cesn, T,y:BFNy:Cesn,'-M —*M':A+B, and
I'+caseM'of inlx = Nj |inry =N, € sn, then T'F caseM of inlx = N; | inry = N, € sn.

By inductiononI',x:AFN;:C€snandI',y:BFN,:Ce€snand'FM:A+B € sn.

Assume I'F caseMof inlx = N | inry= N, — Q0 : C.

I'M—M':A+B

Case 7 =

'+ caseMof inlx = Nj |inry = N, — caseM” of inlx = N; |inry =N, :C
I'tM—M'":A+B by assumption
'tM—,M :A+B by assumption

=M =M"or3dPst.TH-M" —,,P:A=BandT'FM —*P:A=B by Conf.
Lemmal[A24]

Sub-case ' M' =M"

I'tcaseM'of inlx = N |inry= N, :C € sn by assumption
't caseM”of inlx= N |inry=N,:C €sn since M’ = M"

Sub-case IPst.T+-M' —P:A=BandT-M —*P:A=B

I't caseM'of inlx = N | inry = N, —* casePof inlx= N |inry= N, :A+B by

Lemmal[A20] @)

't caseM'of inlx= N, |inry=N,:C €sn by assumption
't casePof inlx=N; |inry= N, :C €sn by Lemmausing '-M —*P:A=B
re-m" —,, P:A+B by assumption
'M—M":A+B by assumption
I'-M":A+Besn usinglC’-M:A=+Besnand'-M —M":A+B

I'+caseM” of inlx=>Nj |inry = N, :C € sn by IH (since ' M" : A+ B € sn is smaller)

[Lx:AFN — Nj:C

Case 7 =
[+ caseMof inlx=-Nj |inry = N, — caseMof inlx=-Nj |inry=N,:C

ILx:AFN, —N;:C by assumption
't caseM'of inlx = Ny | inry = N, — caseM’of inlx = N| | inry = N, by E-CASE-L
I'+caseM'of inlx = Ny |inry=N,:C € sn by assumption
'+ caseM’ of inlx = Nj |inry= N, :C € sn by definition of sn
I'tM—, M :A+B by assumption
I'EM:A+Bcsn by assumption
[Lx:AFENj:Céesn using,x:AFN;:Cesnand,x:A-N; — N : C

' caseMof inlx = N{ | inry= N> : B €snbyIH (since I',x: A Nj : C € sn is smaller)

I,y:BFN, —N):C

Case I =
[ caseMof inlx = Ny | inry == Ny — caseM of inlx = Nj | inry=Nj : C
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Similar to above.

Case 7 =

't caseinl Mof inlx = N; |inry =N, — [M/x]N; : C

Contradiction with T’ inlM —,, M’ : A+ B.

Case 7 =

It caseinr Mof inlx= N; |inry =N, — [M/y]N,: C

Contradiction with T+ incr M —¢, M’ : A+ B.

IR IfCFM — M :AandT-M :A€snthenT-M:A€sn |

By induction on I' = M —s, M’ : A. We highlight the cases for disjoint sums.

Ix:AFN :Cesn ILy:BEN,:Cesn I'M:A€sn

Case 7 =
' caseinl Mof inlx = Nj |inry = Ny —¢, [M/x|N; : C
' [M/x]Ny:C €sn by assumption
I't case(inl M)of inlx = N; | inry= N, :C €sn by Lemma [A.21] (1)
x:AEN :Céesn TI'y:BFEN,:Cesn T'EM:Bé€sn
Case 7 =
It caseinr Mof inlx = Ny |inry = Ny —en [M/x]N2 : C
' [M/x]Ny:C €sn by assumption
't (caseinr Mof inlx = Nj |inry=N,):C €sn by Lemma|[A.21]2)
'-M —g M :A+B T,x:A-N;:C T,y:BFN,:C
Case 7=
[k caseMof inlx=- N |inry = N, : C —¢, T caseM'of inlx = Ny |inry=N,:C
'+ caseM'of inlx= Ny |inry= N, :C Esn by assumption
I'-M:A+Becsn by Lemma[A21] (3)
I'FM:A+Besn by IH
[x:AEN;:Céesn by Lemma[A21] (3)
[,y:BEN,:Cesn by Lemma[A21| (3)
' caseMof inlx= Nj |inry=N,:C € sn by Property
O
Lemma A.26. IfT'-M:A € SNethenT'+M : A ne.
Proof. By induction on ' M : A € SNe. We highlight the cases for disjoint sums.
I'FM:A+Be€SNe TI'xXAFN;:CeSN T,y:BFN,:C €SN
Case 7 =
't caseMof inlx = Nj |inry= N, :C € SNe
I'EM:A+BeSNe by assumption
I'EM:A+Bne by IH
't caseMof inlx=-Nj |inry=N,:C ne by definition of neutral terms

O
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Theorem. [Soundness of SN]

1. HTFM:Ac€SNthenT'HFM:A € sn.
2. fTFM:AcSNethenT'FM:A €sn.
3. fT-M—gyM :AthenT M — g, M : A.

Proof. By mutual structural induction on the given derivations using the closure properties.
We highlight the cases for disjoint sums.

[LLIfCFM:AcSNthen M :A € sn.

Inductionon ' =M : A € SN.

Case 7 — I'M:A €SN

I'HinlM:A+BeSN
I'EM:A€sn by IH (1)
ICHinlM:A+B€sn by Lemma[A21] (T)
Case 7 — I'-M:BeSN

I'FinrM:A+BeSN

Similar to above.

2.fTHFM:AeSNethenI'-M: A € sn.

Inductionon "M : A € SNe.

I'EM:A+BeSNe T''xxA-N;:CeSN T,y:BEN,:CeSN

Case 7 =

' caseMof inlx= N; |inry = N, : C € SNe
THFM:A+BE€sn by IH (2)
ILx:AFEN;:CEsn by IH (1)
[,y:BENy:CEsn by IH (1)
I'FM:A+Bne by Lemma [A-26]
[k caseMof inlx = N |inry == N, € sn by Lemma|[A.23|2)

3.TCFM —gyM :AthenT =M —, M’ : A.

Induction on ' M — gy M A

'EM:AeSN T\ xAEN;:CeSN T ,y:BFN,:CeSN

Case 7 =

[ case(inl M) of inlx = Nj | inry = Ny —gN [M/x]N; : C
CFM:A€sn by IH (1)
I'xxAFN;:CEsn by IH (1)
[,y:BF N, :C € sn by IH (1)

't case(inl M)of inlx= Nj | inry = Ny —>¢, [M/x]N; : C by def. of —,
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I'EM:BeSN T 'xxAEN;:CeSN T,y:BFN,:CeSN
Case 7 =

[t case (inr M)of inlx = Ny |inry = Ny —gN [M/y]N2: C
Similar to above.

FI—M—>SNM/:A+B LxAFN :C T,y:BEN,:C

Case =

[ caseMof inlx = N; |inry = N» —g caseM'of inlx =N |inry=N,:C
'mM —,M :A+B by IH (3)
't caseMof inlx = Ny | inry = Ny —, caseM’ of inlx = N; | inry = N, : C by def. of
—7sn D

A.5.2 Properties of the inductive definition of SN
Lemma A.27 (SN and SNe characterize well-typed terms).

1. [TEM:A€SNthenT' =M : A.
2. IfT-M:A € SNethenT' =M : A.
3. fTEM —gyM' :AthenT-M:AandT =M : A

Proof. By induction on the definition of SN, SNe, and —gN- O
Lemma A.28 (Renaming).

l. fTEM:Ae SNandT" <, T thenT’ - [p]M : A € SN
2. IfTEM:A e SNeand " <, T thenT" - [p]M : A € SNe
3. fTEM —gyN:AandT' <p T thenT' = [p]M — gy [P]N : A.

Proof. By induction on the first derivation.

I'FM:AeSN
I'inlM:A+BeSN

Case ¥ =

'+ [p]M:A €SN by TH (1)
It [p](inl M) € SN by def. of SN and subst.

I'EM:BeSN
I'EinrM:A+BeSN

Case 7 =

Similar to above.

I'FM:A+BeSNe T''xAEN;:CeSN TI,y:BFN,:CeSN

Case 7 =

't caseMof inlx = Nj |inry= N, :C € SNe
'+ [p]M: A+B e SNe by TH (2)
IV xA <, ThxA by def. of <,
I, x:At [p,x/x]N; : C € SN by IH (1)
I',y:B <py;y LB by def. of <,
I',y:Bt [p,y/y]N, : C € SN by IH (1)

I+ [p](caseM of inlx = Ny | inry = N>) € SNe by def. of SNe and subst.
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'EM:AeSN T xAEN;:CeSN T,y:BFN,:CeSN
Case 2 =

"= case (inl M) of inlx = Ni | inry = N —gN [M/x]N; : C
'+ [p]M:A €SN by H (1)
[ xA <y ToxA by def. of <,
I, xAF [p,x/x]N; : C € SN by IH (1)
I, v:B <py/y B by def. of <,
I,y:B+[p,y/y]N2 : C € SN by IH (1)
I+ case ([p](inl M)) of inlx = [p,x/x|N | inry = [p,y/y]N2 —gN [P, [P]M/x]N; : C by
def. of —rg

I [p](case (inl M) of inlx = Ny |inry = Np) —g [P]([M/x]N1) : C by def. of subst.

I'EM:AeSN T xxAFN;:CeSN TI,y:BEN,:CeSN
Case 2 =

[ case(inr M)of inlx = Ny |inry = Np —gN [M/y]N2: C

Similar to above.

M —gyM :A+B T,xA-N;:C TI,y:BEN;:C

Case =

'+ caseMof inlx = Nj |inry = Ny —g) caseM'of inlx =N |inry=N,:C
'+ [p]M —sgp p[M'] : A+ B by IH (3)
I+ case [p]M of inlx = [p,x/x|Ni |inry = [p,y/y]N2 — g case [p]M’ of inlx = [p,x/x]N; |
inry = [p,y/y|N2 by def. of —g

I = [p](caseMof inlx = Nj | inry = Np) — g [p](caseM’ of inlx = Ni | inry = N;)
by def. of subst.
O

Lemma A.29 (Anti-Renaming).

L. IfT'F[pIM:AcSNandT” <, T"thenT M :A € SN

2. fT'F[p]M:A € SNeandT” <, T thenT =M : A € SNe

3. IfT'F [p]M — g N : A and T <, T then there exists N s.t. T =M — gp N : A
and [p]N = N'.

Proof. By induction on the first derivation.

TF[p]M:A€SN

Case 2 =
't [p](inlM):A+Be SN
I'EM:AeSN by IH (1)
I'FinlM € SN by def. of SN
' [p]M:B < SN
Case 7 =

'+ [p](inrM):A+B e SN

Similar to above.
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Case 7 I'[p]M:A+BeSNe T ,xAl[p,x/x]N;:C€SN T,y:BF[p,y/y]N>:C €SN

ase 9=

I't- [p](caseM of inlx = Ny | inry = N,) : C € SNe

I-M:A+BcSNe by IH (2)
IV xA <, ThxA by def. of <,
I'x:AEN;:CeSN by IH (1)
I',y:B <pypy LB by def. of <,
Iy BEN,:CeSN by IH (1)
't caseMof inlx = Nj | inry = N, € SNe by def. of SNe
Case 9 I'-[p]M:A€SN T,xAlF[p,x/x]N;:C€SN T,y:BlF[p,y/y]N>:C €SN

ase 9=

[+ [p](case(inl M) of inlx = Ny |inry = N2) —g [P [P]M /x]N; : C

I'-M:AeSN by IH (1)
I xA <, TxA by def. of <,
I'x:AEN;:C €SN by IH (1)
I",y:B <y, T,y:B by def. of <,
I,y:BFN,:CeSN by IH (1)
[ case(inl M) of inlx = Nj | inry = Ny —gN [M/x]N; : C by def. of — g
Case 9 I'H[pM:AeSN T',x:Ab[p,x/x]N;:CeSN TI,y:BF[p,y/y]N>:C €SN

ase 9=

[ [p](case(inr M)of inlx = Ny |inry = N2) —gN [0, [P]M/yIN2 : C
Similar to above.

Lk [plM —gyM :A+B

Case =
I+ [p](caseMof inlx = Ni | inry = Np) —sg caseM’ of inlx = Ny |inry=N;:C

and N| = [p,x/x]N1, N5 = [p,y/y|N2

[p](caseM of inlx = N |inry = N,) = case[p]Mof inlx= Nj |inry= N} by def. of

subst. =M —qy Mo : A+ B and [p]My = M’ by IH (3)
[t caseMof inlx = Nj | inry = Ny —g caseMyof inlx = Nj [inry = N, by def. of
—’SN

O

A.5.3 Reducibility Candidates

Theorem.

1. CRI: fT'EM € %c thenT'=M : C € SN.
2. CRIFTHFM —gNM' :CandT'HM' € Zc then =M € Zc.
3. CR3::fI'M:C&SNethenI'-M € Zc.

Proof. Mutually, by induction on the structure of types C. We highlight the case for disjoint
sums.

|CRIIfTHM € %cthenTHM:C € SN.
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Case C=A+B
I'FMe Zaip by assumption

We consider different subcases and prove by an inner induction on the closure defining
RpipthatT' M : A+ B e SN.

Subcase T-FM e {inlN|T-N € %}

M=inINandT'FN € %4 by assumption
TFN:AeSN by IH (CR[T)
I'inlN:A+B €SN by definition of SN

Subcase I'-M € {inrN|TFN € %g}

Similar to the case above.

Subcase I'FM : A+ B € SNe

I'EM:A+BeSN by definition of SN

Subcase I'-M — g\ M':A+BandT'-M' € Za,p

I'-M-—gnyM :A+BandTHEM' € %y, by assumption
I'-M':A+BeSN by inner TH
I'EM:A+BeSN by definition of SN

CRPUTHM —gyM' :CandT =M € Zc then T+ M € Zc.

Case C=A+B
F'-M-—gnyM :A+BandTEM € Zp.p by assumption
I'Mée Zarp by definition of %Z4.p

|CRBIIFTHM:CeSNethen - M € Zc.

Case C=A+B
I'EM:A+BeSNe by assumption
I'tMée Zap by definition of %4 p

O

A.5.4 Proving strong normalization
Lemma. [Fundamental lemma] If UM :CandI"+ 0 € Zr then I - [0|M € Zc.
Proof. By induction on ' M : C. We highlight the cases involving disjoint sums.

I'-M:A

Case 9=_ — "'~
I'FinlM:A+B
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I'+0e%r by assumption
[+ [0]M € % by IH
I"kFinl [O]M € Zayp by definition of %5
't [o]inlM € Za+p by subst. definition
Case 9 — I'-M:B

I'inrM:A+B

Similar to the case above.

I'-M:A+B IxAFEM,:C Iy BEM, :C
Case 7 =
I'tcaseMof inlx= M, |inry= M, :C
I'+0e%r by assumption
'+ [0]M € Zats by IH

We consider different subcases and prove by an inner induction on the closure defining
Ra+p that ' - [o](caseM of inlx = M |inry = M>) € Zc.

Subcase I" - [G]M € {inlN |T" =N € %4}

[6]M = inl N for some I" = N € %4 by assumption
I"FN:AeSN by CR[]]
I'inlIN:A+BeSN by definition
I'toe%r by assumption
't [0,N/x] € Zrxa by definition
'k [0,N/x]M, € Z%c by IH
" xAbFx €%y by definition
I, xAt [0,x/x] € Zr xa by definition
' xAF [0,x/x]M| € Zc by IH
" x:AF [0,x/x]M; : C € SN by CR[I]
I",y:Bt-ye %Zp by definition
I',y:BF[0,y/y] € Zrys by definition
I',y:B& [0,y/y]M, € %c by IH
I',y:B\ [0,y/y]M,:C € SN by CR[I]
I - case (inl N) of inlx = [0, x/x|M | inry = [0,y/y|M> —gN [0,N/x]M; : C by
~’SN

case(inl N)of inlx = [o,x/x|M| |inry = [0,y/y|M>

= [o](caseM of inlx = M |inry = M) by subst. definition and [c]M = inl N
[+ [o](caseM of inlx = M, | inry = My) € Zc by CR[2J

Subcase I" - [c]M € {inrN |I"+N € Zp}
Similar to the case above.

Subcase I - [6]M : A+ B € SNe.
I'toe%r by assumption
I x:AbFx € Ru by definition
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I',y:BtFye %Zp

. xAF [0,x/x] € Zrxa
I',y:Bl[0,y/y] € %rys
I, xAl [0,x/x]M| € Zc

I y:BF[o0,y/y|M> € Zc

" x:At+ [o,x/x]M; : C € SN
I y:BF[o,y/y]M; : C € SN

I+ case[c]M of inlx = [o,x/x]M] |inry = [0,y/y|M> : C € SNe

'+ [o](caseMof inlx = M, |inry = M>) : C € SNe
I+ [o](caseMof inlx = M, |inry = M>) € Zc

Subcase I' - [6]M —qy M’ :A+Band " =M’ € Zy1
'+ [o]M —sgy M :A+Band T’ - M' € Za 5

It caseM’ of inlx = [0, x/x|M, | inry = [0,y/y|M> € Z%c
[+ case[c]M of inlx = [0,x/x]M, |inry = [0,y/y|M>
—rgN CaseM’ of inlx = [0, x/x]M |inry = [0,y/y|M; : C
I+ [o](caseM of inlx = M | inry = M>) € Zc

31

by definition
by definition
by definition
by IH

by IH

by CR

by CR

by definition of SNe

by substitution def.
by CR

by assumption
by inner IH

by —>SN

by CR
O
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