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Proof of Proposition 1 

1. Let us prove that production and consumption variables grow at the rate ݃ ൌ

ሺ1 െ ሻ݃஺ߙ െ  .ߩߙ

The production functions (1) imply ேܻ ௌܻ⁄ ൌ ሺܮே ⁄ௌܮ߮ ሻଵିఈሺܴே ܴௌ⁄ ሻఈ. The first-order 

conditions (8) imply ܴே ܴௌ⁄ ൌ ሺ ேܻ/ሺ1 ൅ ேሻሻߠ ሺ ௌܻ/ሺ1 ൅ ⁄ௌሻሻߠ . Then, 

ேܻ ௌܻ⁄ ൌ ሺܮே ⁄ௌܮ߮ ሻሺሺߠௌ ൅ 1ሻ ሺߠே ൅ 1ሻ⁄ ሻఈ ሺଵିఈሻ⁄ . As ܮே and ܮௌ are inelastic and ߠே and ߠௌ are 

constant, then  ݃௒ಿ ൌ ݃௒ೄ ൌ ݃௒. The world resource constraint (7) implies ݃௒ ൌ ݃஼. The 

Ramsey-Keynes conditions (15) then give ݃௒ ൌ ݎ െ  Using the first-order conditions (8) and .ߩ

݃௒ಿ ൌ ݃௒ೄ, one obtains ݃ோಿ ൌ ݃ோೄ ൌ ݃ோ. The Hotelling rule (10) can be rewritten using (8) like 

݃ோ ൌ ݃௒ െ Then. ݃௒ .ݎ ൌ ݎ െ above implies ݃ோ ߩ ൌ െߩ. Finally, the production functions (1) 

give ݃௒ ൌ ሺ1 െ ሻ݃஺ߙ ൅ ோ. Using ݃ோ݃ߙ ൌ െߩ, it yields ݃௒ ൌ ሺ1 െ ሻ݃஺ߙ െ Overall, ݃௒ .ߩߙ ൌ

ሺ1 െ ሻ݃஺ߙ െ ߩߙ ൌ ݃௒ಿ ൌ ݃௒ೄ ൌ ݃஼ ൌ ݃஼ಿ ൌ ݃஼ೄ. 

2. This immediately follows from ேܻ ௌܻ⁄ ൌ ሺܮே ⁄ௌܮ߮ ሻሺሺߠௌ ൅ 1ሻ ሺߠே ൅ 1ሻ⁄ ሻఈ ሺଵିఈሻ⁄  proven 

above. 

3. Let us show that ܥேሺݐሻ ൌ ሺ1 െ ఈ

ఏಿାଵ
ሻ ேܻሺݐሻ െ ሻݐௌ௉ሺܥ ,ሻݐሺܨ ൌ ሺ1 െ ሻߙ ௌܻሺݐሻ ൅  ሻ andݐሺܨ

ሻݐௌோሺܥ ൌ ሺ ఈ

ఏಿାଵ
ሻ	 ேܻሺݐሻ+	ߙ ௌܻሺݐሻ. 

Let us first develop the instantaneous budget constraints of the three groups. From the first-

order conditions (9), ݓே ൌ ሺ1 െ ሻߙ ேܻ/ܮே and  ݓௌ ൌ ሺ1 െ ሻߙ ௌܻ/ܮௌ. From the first-order 

conditions (8), ߠ݌ேܴே ൌ ߙ ேܻߠே/ሺߠே ൅ 1ሻ, ߠ݌ௌܴௌ ൌ ߙ ௌܻߠௌ/ሺߠௌ ൅ 1ሻ and ݌ሺܴே ൅ ܴௌሻ ൌ

ߙ ேܻ/ሺߠே ൅ 1ሻ ൅ ߙ ௌܻ/ሺߠௌ ൅ 1ሻ. By substituting these revenues into (11), (12) and (13) and 

rearranging, the instantaneous budget constraints become ܥே ⁄ேܮ ൅ ሶேܤ ⁄ேܮ ൌ ሺ1 െ ேߠሺ/ߙ ൅

1ሻሻ ேܻ/ܮே ൅ ேܤݎ ⁄ேܮ െ ܨ ⁄ேܮ ௌ௉ܥ , ⁄ௌܮ ൅ ሶௌ௉ܤ ⁄ௌܮ ൌ ሺ1 െ ሻߙ ௌܻ/ܮௌ ൅ ௌ௉ܤݎ ⁄ௌܮ ൅ ܨ ⁄ௌܮ  and 



ௌோܥ ൅ ሶௌோܤ ൌ ߙ ேܻ/ሺߠே ൅ 1ሻ ൅ ߙ ௌܻ ൅  .ௌோܤݎ

Moreover, we have shown above that ݃௒ ൌ ݎ െ and ݃௒ ߩ ൌ ሺ1 െ ሻ݃஺ߙ െ  These .ߩߙ

equations imply ݎ ൌ ሺ1 െ ሻሺ݃஺ߙ ൅  .ሻߩ

Next, solving the instantaneous budget constraints as first-order differential equations in ܤே, 

ܶ ௌோ, one obtains the following intertemporal budget constraints satisfied for allܤ ௌ௉ andܤ ൒ 0: 

ேሺܶሻ݁ି௥்ܤ ൅ ׬ ݐሻ݁ି௥௧݀ݐேሺܥ
்
଴ ൌ ሺ1 െ ேߠሺ/ߙ ൅ 1ሻሻ ׬ ேܻሺݐሻ݁ି௥௧݀ݐ

்
଴ െ ׬ ݐሻ݁ି௥௧݀ݐሺܨ

்
଴ ൅ ,ேሺ0ሻܤ

ௌ௉ሺܶሻ݁ି௥்ܤ ൅ ׬ ݐሻ݁ି௥௧݀ݐௌ௉ሺܥ
்
଴ ൌ ሺ1 െ ׬ሻߙ ௌܻሺݐሻ݁ି௥௧݀ݐ

்
଴ ൅ ׬ ݐሻ݁ି௥௧݀ݐሺܨ

்
଴ ൅  ௌ௉ሺ0ሻ andܤ

ௌோሺܶሻ݁ି௥்ܤ ൅ ׬ ݐሻ݁ି௥௧݀ݐௌோሺܥ
்
଴ ൌ ఈ

ఏಿାଵ
׬ ேܻሺݐሻ݁ି௥௧݀ݐ
்
଴ ൅ ൅ߙ ׬ ௌܻሺݐሻ݁ି௥௧݀ݐ ൅

்
଴  .ௌோሺ0ሻܤ

The no-Ponzi-game conditions (14) write lim்→ஶ ௜ሺܶሻ݁ି௥்ܤ ൌ 0, ݅ ൌ ܰ, ܵܲ, ܴܵ. Thus, 

taking the limit as ܶ goes to infinity and using the assumption ܤேሺ0ሻ ൌ ௌ௉ሺ0ሻܤ ൌ ௌோሺ0ሻܤ ൌ 0, 

we obtain 

׬ ݐሻ݁ି௥௧݀ݐேሺܥ
ஶ
଴ ൌ ቀ1 െ ఈ

ఏಿାଵ
ቁ ׬ ேܻሺݐሻ݁ି௥௧݀ݐ

ஶ
଴ െ ׬ ݐሻ݁ି௥௧݀ݐሺܨ

ஶ
଴ . 

׬ ݐሻ݁ି௥௧݀ݐௌோሺܥ
ஶ
଴ ൌ ఈ

ఏಿାଵ
׬ ேܻሺݐሻ݁ି௥௧݀ݐ
ஶ
଴ ൅ ߙ ׬ ௌܻሺݐሻ݁ି௥௧݀ݐ

ஶ
଴  and 

׬ ݐሻ݁ି௥௧݀ݐௌ௉ሺܥ
ஶ
଴ ൌ ሺ1 െ ሻߙ ׬ ௌܻሺݐሻ݁ି௥௧݀ݐ

ஶ
଴ ൅ ׬ ݐሻ݁ି௥௧݀ݐሺܨ

ஶ
଴ . 

We know that ܥே, ܥௌ௉ ܥௌோ ேܻ, ௌܻ and ܨ grow at the same rate ݎ െ  Note that for any .ߩ

variable ܺ such that ݃௑ ൌ ݎ െ ׬ we have ,ߩ ܺሺݐሻ݁ି௥௧݀ݐ
ஶ
଴ ൌ ׬ ܺሺ0ሻ݁ሺ௥ିఘሻ௧݁ି௥௧݀ݐ

ஶ
଴ ൌ

ܺሺ0ሻ ׬ ݁ିఘ௧݀ݐ
ஶ
଴ ൌ ܺሺ0ሻ/	ߩ. Therefore, the intertemporal budget constraints imply 

ேሺ0ሻܥ ൌ ሺ1 െ ఈ

ఏಿାଵ
ሻ ேܻሺ0ሻ െ  ,ሺ0ሻܨ

ௌ௉ሺ0ሻܥ ൌ ሺ1 െ ሻߙ ௌܻሺ0ሻ ൅  ,ሺ0ሻܨ

ௌோሺ0ሻܥ ൌ ቀ ఈ

ఏಿାଵ
ቁ ேܻሺ0ሻ ൅ ߙ ௌܻሺ0ሻ, and  

ሻݐேሺܥ ൌ ሺ1 െ ఈ

ఏಿାଵ
ሻ ேܻሺݐሻ െ ሻݐሺܨ ≡ ,ேߠேሺܥ ,ௌߠ   ,ሻݐሻሺܨ



ሻݐௌோሺܥ ൌ ቀ ఈ

ఏಿାଵ
ቁ ேܻሺݐሻ ൅ ߙ ௌܻሺݐሻ ≡ ,ேߠௌோሺܥ	  ሻ andݐௌሻሺߠ

ሻݐௌ௉ሺܥ ൌ ሺ1 െ ሻߙ ௌܻሺݐሻ ൅ ሻݐሺܨ ≡ ,ேߠௌ௉ሺܥ ,ௌߠ  .ሻݐሻሺܨ

These expressions imply that for given ேܻሺݐሻ and ௌܻሺݐሻ, ߠே has a positive effect on ܥேሺݐሻ, a 

negative effect on ܥௌோሺݐሻ and no effect on ܥௌ௉ሺݐሻ while ߠௌ has no effect on the consumption 

levels. 

 

Proof of Proposition 2 

From the above expressions of the consumption functions, note that ܥேሺߠே, ,ௌߠ ሻݐሻሺܨ ൌ

,ேߠேሺܥ ,ௌߠ 0ሻሺݐሻ െ ,ேߠௌ௉ሺܥ ሻ andݐሺܨ ,ௌߠ ሻݐሻሺܨ ൌ ,ேߠௌ௉ሺܥ ,ௌߠ 0ሻሺݐሻ ൅  .ሻݐሺܨ

a. Let us show that the governments’ optimization problems reduce to the constrained 

maximization of date 0 utilities.  

From Proposition 1, ܥே, ܥௌ௉, ܥௌோ and ܨ grow at the same rate 	݃ ൌ ሺ1 െ ሻ݃஺ߙ ൅  ,ோ. Then݃ߙ

,ேߠேሺܥ ,ௌߠ 0ሻሺݐሻ ൌ ,ேߠேሺܥ ,ௌߠ 0ሻሺ0ሻ݁௚௧, ܥௌ௉ሺߠே, ,ௌߠ 0ሻሺݐሻ ൌ ,ேߠௌ௉ሺܥ ,ௌߠ 0ሻሺ0ሻ݁௚௧,  

,ேߠௌோሺܥ ሻݐௌሻሺߠ ൌ ,ேߠௌோሺܥ ሻݐሺܨ ௌሻሺ0ሻ݁௚௧  andߠ ൌ   .ሺ0ሻ݁௚௧ܨ

Therefore, the North and South governments’ optimization problems become respectively 

max
ఏಿ,ிሺ଴ሻ

ቂܮே ln ቀ
஼ಿሺఏಿ,ఏೄ,଴ሻሺ଴ሻିிሺ଴ሻ

௅ಿ
ቁ ൅ ௌlnܮߜ	 ቀ

஼ೄುሺఏಿ,ఏೄ,଴ሻሺ଴ሻାிሺ଴ሻ

௅ೄ
ቁቃ ׬ ݁ିఘ௧݀ݐ

ஶ
଴ ൅ ሾܮே ൅

ௌሿܮߜ ׬ ݐఘ௧݀ି݁	ݐ݃
ஶ
଴ , subject to ܨሺ0ሻ ൒ 0, and max

ఏೄ
ln൫ܥௌோሺߠே, ௌሻሺ0ሻ൯ߠ ׬ ݁ିఘ௧݀ݐ

ஶ
଴ ൅

׬ ݐఘ௧݀ି݁	ݐ݃
ஶ
଴ . Since neither the second terms of these sums nor the factor ׬ ݁ିఘ௧݀ݐ

ஶ
଴  include the 

control variables, the problems are respectively equivalent to 

max
ఏಿ,ிሺ଴ሻ

ቂܮே ln ቀ
஼ಿሺఏಿ,ఏೄ,଴ሻሺ଴ሻିிሺ଴ሻ

௅ಿ
ቁ ൅ ௌlnܮߜ ቀ

஼ೄುሺఏಿ,ఏೄ,଴ሻሺ଴ሻାிሺ଴ሻ

௅ೄ
ቁቃ, subject to ܨሺ0ሻ ൒ 0, and 

max
ఏೄ

	ln	ሺܥௌோሺߠே,  .ௌሻሺ0ሻሻߠ



b. Let us develop the expressions of ܥேሺߠே, ,ௌߠ 0ሻሺ0ሻ, ܥௌ௉ሺߠே, ,ௌߠ 0ሻሺ0ሻ and 

,ேߠௌோሺܥ  .ௌሻሺ0ሻߠ

We have shown in Proposition 1 that ܥேሺߠே, ,ௌߠ 0ሻሺ0ሻ ൌ ሺ1 െ ఈ

ఏಿାଵ
ሻ ேܻሺ0ሻ, 

,ேߠௌ௉ሺܥ ,ௌߠ 0ሻሺ0ሻ ൌ ሺ1 െ ሻߙ ௌܻሺ0ሻ and ܥௌோሺߠே, ௌሻሺ0ሻߠ ൌ ቀ ఈ

ఏಿାଵ
ቁ ேܻሺ0ሻ ൅ ߙ ௌܻሺ0ሻ. Let us 

compute ேܻሺ0ሻ and ௌܻሺ0ሻ as functions of ߠே and ߠௌ. The production functions (1) imply 

ேܻሺ0ሻ ൌ ሺܣ଴ܮேሻଵିఈܴேሺ0ሻఈ and ௌܻሺ0ሻ ൌ ሺܣ଴߮ܮேሻଵିఈܴௌሺ0ሻఈ. Let us thus compute ܴேሺ0ሻ and 

ܴௌሺ0ሻ. From Proof of Proposition 1, ݃ோ ൌ െߩ. Note now that the stock of resource is 

asymptotically exhausted because extraction costs are nil. Then, from (3), ܳ଴ ൌ ׬ ܴሺݐሻ݀ݐ
ஶ
଴ ൌ

׬ ܴሺ0ሻ݁ିఘ௧݀ݐ
ஶ
଴ ൌ ܴሺ0ሻ/ߩ. Thus, we have ܴሺ0ሻ ൌ ܳ଴ߩ. Moreover, the first-order conditions (8) 

imply ܴே ܴௌ⁄ ൌ ሺ ேܻ/ሺ1 ൅ ேሻሻߠ ሺ ௌܻ/ሺ1 ൅ ⁄ௌሻሻߠ . Using (1), we then find 

ேܻ ௌܻ⁄ ൌ ሺܮே ⁄ௌܮ߮ ሻሺሺߠௌ ൅ 1ሻ ሺߠே ൅ 1ሻ⁄ ሻఈ ሺଵିఈሻ⁄ . This, in turn, implies ܴேሺ0ሻ ܴௌሺ0ሻ⁄ ൌ

ሺሺߠௌ ൅ 1ሻ ሺߠே ൅ 1ሻ⁄ ሻଵ ሺଵିఈሻ⁄ ௌሻ, which, using ܴேሺ0ሻܮே/ሺ߮ܮ ൅ ܴௌሺ0ሻ ൌ ܴሺ0ሻ, results in 

ܴேሺ0ሻ ൌ ଴ܳߩ ൣ1 ൅ ሺ߮ܮௌ ⁄ேܮ ሻሺሺߠே ൅ 1ሻ ሺߠௌ ൅ 1ሻ⁄ ሻଵ ሺଵିఈሻ⁄ ൧⁄  and 

ܴௌሺ0ሻ ൌ ଴ܳߩ ൣ1 ൅ ሺܮே ⁄ௌܮ߮ ሻሺሺߠௌ ൅ 1ሻ ሺߠே ൅ 1ሻ⁄ ሻଵ ሺଵିఈሻ⁄ ൧⁄ .  

Finally, we have 

ேܻሺ0ሻ ൌ ሺܣ଴ܮேሻଵିఈൣܳߩ଴ ൣ1 ൅ ሺ߮ܮௌ ⁄ேܮ ሻሺሺߠே ൅ 1ሻ ሺߠௌ ൅ 1ሻ⁄ ሻଵ ሺଵିఈሻ⁄ ൧⁄ ൧
ఈ

 and 

ௌܻሺ0ሻ ൌ ሺܣ଴߮ܮௌሻଵିఈൣܳߩ଴ ൣ1 ൅ ሺܮே ⁄ௌܮ߮ ሻሺሺߠௌ ൅ 1ሻ ሺߠே ൅ 1ሻ⁄ ሻଵ ሺଵିఈሻ⁄ ൧⁄ ൧
ఈ

, 

and then 

,ேߠேሺܥ ,ௌߠ 0ሻሺ0ሻ ൌ ቀ1 െ ఈ

ሺఏಿାଵሻ
ቁ ሺܣ଴ܮேሻଵିఈ ቎

ఘொబ

ቈଵା൬
കಽೄ
ಽಿ

൰൬
ഇಿశభ
ഇೄశభ

൰
భ ሺభషഀሻ⁄

቉
቏

ఈ

, 



,ேߠௌ௉ሺܥ ,ௌߠ 0ሻሺ0ሻ ൌ ሺ1 െ ௌሻଵିఈܮ଴߮ܣሻሺߙ ቎
ఘொబ

ቈଵା൬
ಽಿ
കಽೄ

൰൬
ഇೄశభ
ഇಿశభ

൰
భ ሺభషഀሻ⁄

቉
቏

ఈ

 and 

,ேߠௌோሺܥ ௌሻሺ0ሻߠ ൌ

ఈ

ሺఏಿାଵሻ
ሺܣ଴ܮேሻଵିఈ ቎

ఘொబ

ቈଵା൬
കಽೄ
ಽಿ

൰൬
ഇಿశభ
ഇೄశభ

൰
భ ሺభషഀሻ⁄

቉
቏

ఈ

൅ ௌሻଵିఈܮ଴߮ܣሺߙ ቎
ఘொబ

ቈଵା൬
ಽಿ
കಽೄ

൰൬
ഇೄశభ
ഇಿశభ

൰
భ ሺభషഀሻ⁄

቉
቏

ఈ

. 

Let us finally find an expression of the resource price ݌ሺݐሻ. From (1) and (8), one has 

ܴே ൌ ቀ ఈ

௣ሺఏಿାଵሻ
ቁ
ଵ/ሺଵିఈሻ

ே and ܴௌܮܣ ൌ ቀ ఈ

௣ሺఏೄାଵሻ
ቁ
ଵ/ሺଵିఈሻ

ሻݐௌ. Using now ܴேሺܮܣ߮ ൅ ܴௌሺݐሻ ൌ

ܴሺݐሻ ൌ ሻݐሺ݌ ଴݁ିఘ௧, one getsܳߩ ൌ ቈ
஺బ௘

ሺೣశഐሻ೟

ఘொబ
൬ቀ

ఈ

ఏಿାଵ
ቁ
ଵ/ሺଵିఈሻ

ேܮ ൅ ቀ ఈ

ఏೄାଵ
ቁ
ଵ/ሺଵିఈሻ

ௌ൰ܮ߮
ଵିఈ

቉. 

c. Let us solve the South’s maximization problem. 

This program amounts to the maximization of ܥௌோሺߠே,  ௌ. After someߠ ௌሻሺ0ሻ with respect toߠ

simplifications, ߲ܥௌோሺߠே, ௌߠ߲/ௌሻሺ0ሻߠ ൏ 0 can be shown to be equivalent to 

ቀ ௅ಿ
ఝ௅ೄ

ቁ
ଵିఈ

ቂଵା
ሺఝ௅ೄ ௅ಿ⁄ ሻሺሺఏಿାଵሻ ሺఏೄାଵሻ⁄ ሻభ ሺభషഀሻ⁄

ଵାሺ௅ಿ ఝ௅ೄ⁄ ሻሺሺఏೄାଵሻ ሺఏಿାଵሻ⁄ ሻభ ሺభషഀሻ⁄ ቃ
ିఈିଵ

ఝ௅ೄ
௅ಿ

ቀ
ሺఏೄାଵሻ

ሺఏಿାଵሻ
ቁ
ିଵ ሺଵିఈሻ⁄

൏

ቀ ௅ಿ
ఝ௅ೄ

ቁ ቀఏೄାଵ
ఏಿାଵ

ቁ
ଵ ሺଵିఈሻ⁄

ሺߠே ൅ 1ሻ. This condition can still be reduced to 

ሺߠே ൅ 1ሻିଵሺሺߠௌ ൅ 1ሻ ሺߠே ൅ 1ሻ⁄ ሻఈ ሺଵିఈሻ⁄ ൏ ሺሺߠௌ ൅ 1ሻ ሺߠே ൅ 1ሻ⁄ ሻଵ ଵିఈ⁄ , which is equivalent to 

ሺߠௌ ൅ 1ሻ ൐ 1. Thus, ߠௌ
௘ ൌ 0 maximizes ܥௌோሺߠே,  .ேߠ ௌሻሺ0ሻ for allߠ

d. Let us solve the North’s optimization problem. 

Taking as given the South’s dominant strategy ߠௌ
௘ ൌ 0, the North solves the program 

max
ఏಿ,ிሺ଴ሻ

ቂܮே ln ቀ
஼ಿሺఏಿ,଴,଴ሻሺ଴ሻିிሺ଴ሻ

௅ಿ
ቁ ൅ ௌlnܮߜ	 ቀ

஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻାிሺ଴ሻ

௅ೄ
ቁቃ, subject to ܨሺ0ሻ ൒ 0. The 

associated Lagrangian function writes 

ࣦ ൌ ேܮ ln ቀ
஼ಿሺఏಿ,଴,଴ሻሺ଴ሻିிሺ଴ሻ

௅ಿ
ቁ ൅ ௌlnܮߜ	 ቀ

஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻାிሺ଴ሻ

௅ೄ
ቁ ൅  is the multiplier ߨ ሺ0ሻ, whereܨߨ



associated to the constraint. The first-order conditions are the following: 

(C1)  ߲ࣦ/߲ߠே ൌ 0, 

(C2)  ߲ࣦ/߲ܨሺ0ሻ ൌ 0, 

(C3)  ܨߨሺ0ሻ ൌ 0, 

(C4)  ܨሺ0ሻ ൒ 0, 

(C5)  ߨ ൒ 0. 

 Case 1: ܨሺ0ሻ ൌ 0. 

(C1) becomes 
௅ಿ

஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅ ఋ௅ೄ

஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻ

డ஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
ൌ 0. 

Let us show that this has a unique solution ߠே
௘ሺߜሻ ൐ 0. 

Using the expressions of ܥேሺߠே, 0, 0ሻሺ0ሻ and ܥௌ௉ሺߠே, 0, 0ሻሺ0ሻ computed in b and after some 

simplifications, (C1) is equivalent to 	ܼ1ሺߠேሻ ൌ 0, where 

ܼ1ሺߠேሻ ≡
ሺఏಿାଵሻషభ

ሺభషഀሻ⁄

ఏಿାଵିఈ
൅

ሺఝ௅ೄ ௅ಿ⁄ ሻ

ఏಿାଵିఈ
െ

ሺఝ௅ೄ ௅ಿ⁄ ሻ

ଵିఈ
൅	ቀఋ௅ೄ

௅ಿ
ቁ ଵ

ଵିఈ
ሺߠே ൅ 1ሻିଵ ሺଵିఈሻ⁄ . For any 

ேߠ ൑ ߙ െ ,ேߠேሺܥ ,1 0, 0ሻሺ0ሻ is negative and the objective is not defined. Let us then look for 

solutions on ߠே ൐ ߙ െ 1. On this set, one can check that ܼ1ᇱሺߠேሻ ൏ 0, ܼ1ሺ0ሻ ൐ 0 and 

limఏಿ→ାஶ ܼ1ሺߠேሻ ൏ 0. These properties imply that for all ߜ ൒ 0, there exists a unique ߠே
௘ሺߜሻ 

such that ܼ1ሺߠே
௘ሺߜሻሻ ൌ 0. Moreover, ߠே

௘ሺߜሻ ൐ 0. In this case, (C2) and (C5) require	ߜ ൑

ሺܥௌ௉ሺߠே
௘ሺߜሻ, 0, 0ሻሺ0ሻ/ܮௌሻ/ሺܥேሺߠே

௘ሺߜሻ, 0, 0ሻሺ0ሻ/ܮேሻ. As 
డ஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൐ 0 for all ߠே, (C1) 

implies that ߠே
௘  is such that 

డ஼ಿ൫ఏಿ
೐ ሺఋሻ,଴,଴൯ሺ଴ሻ

డఏಿ
൏ 0. 

Let us show that ߠே
௘ሺߜሻ is increasing in ߜ. 

ܼ1ሺߠேሻ ൌ 0 can be rearranged to give ߜ ൌ ଵିఈ

௅ೄ/௅ಿ
ቂെ ଵ

ఏಿାଵିఈ
൅ ఝ௅ೄ ௅ಿ⁄

ଵିఈ
ሺߠே ൅ 1ሻଵ/ሺଵିఈሻ െ

ఝ௅ೄ
௅ಿ

ሺఏಿାଵሻభ/ሺభషഀሻ

ఏಿାଵିఈ
ቃ. Here, it is straightforward that the first term into brackets is increasing in ߠே. 



The derivative of the second and third terms is of the same sign as 
ሺఏಿାଵሻഀ/ሺభషഀሻ

ሺఏಿାଵିఈሻమ
ቆቀఏಿାଵିఈ

ଵିఈ
ቁ
ଶ
െ

ቀఏಿାଵିఈ
ଵିఈ

ቁቇ ൅ ሺߠே ൅ 1ሻଵ/ሺଵିఈሻ, which is positive for all ߠே ൐ 0. Thus, the solution ߠே
௘ሺߜሻ is 

increasing in ߜ ൒ 0. 

In particular, let us denote by ߠ଴ the solution for ߜ ൌ 0, i.e. ߠ଴ ≡ ேߠ
௘ሺ0ሻ. Its definition is then 

డ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
ൌ 0. Hence, 

డ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൏ 0 if and only if ߠே ൐ ேߠ ଴. Note thatߠ

௘ሺߜሻ ൒  ଴ for allߠ

ߜ ൒ 0. 

 Case 2: ܨሺ0ሻ ൐ 0. 

(C3) implies ߨ ൌ 0 and (C2) implies ܨሺ0ሻ ൌ ఋ௅ೄ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻି௅ಿ஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻ

௅ಿାఋ௅ೄ
. Replacing ܨሺ0ሻ 

in (C1) and simplifying, one gets 
డ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅ డ஼ೄುሺఏಿ,଴,଴ሻ

డఏಿ
ൌ 0. 

Let us show that this equation has a unique solution ߠ ൐ 0. 

Using the expressions of ܥேሺߠே, 0, 0ሻሺ0ሻ and ܥௌ௉ሺߠே, 0,0ሻሺ0ሻ computed in b and 

simplifying, (C1) becomes ܼ2ሺߠேሻ ൌ 0, where 

ܼ2ሺߠேሻ ≡ ሺܮே/	߮ܮௌሻሺߠே ൅ 1ሻିሺଵ ሺଵିఈሻ⁄ ሻ ൅ ሺ2 െ ሻ/ሺ1ߙ െ ሻߙ െ ሺߠே ൅ 1ሻ ሺ1 െ ⁄ሻߙ . 

One can check that ܼ2ᇱሺߠேሻ ൏ 0 for all ߠே, limఏಿ→ାஶ ܼ2ሺߠேሻ ൏ 0 and ܼ2ሺ0ሻ ൐ 0. These 

properties imply that there exists a unique ߠ such that ܼ1൫ߠ൯ ൌ 0. Moreover, ߠ ൐ 0. 

In this case, (C4) requires ߜ ൒ ൫ܥௌ௉൫ߠ, 0, 0൯ሺ0ሻ/ܮௌ൯/൫ܥே൫ߠ, 0, 0൯ሺ0ሻ/ܮே൯ ≡  .ߜ

 Using Cases 1 and 2, let us check that the North’s problem has a unique solution for all ߜ. 

First, note that when ߜ ൌ ሺܥௌ௉ሺߠே
௘ሺߜሻ, 0, 0ሻሺ0ሻ/ܮௌሻ/ሺܥேሺߠே

௘ሺߜሻ, 0, 0ሻሺ0ሻ/ܮேሻ, then ߠே
௘ሺߜሻ ൌ

ேߠ Thus, as .ߠ
௘ሺߜሻ is increasing in ߜ ,ߜ ൐

൬
಴ೄು൫ഇ,బ,బ൯

ಽೄ
൰

൬
಴ಿ൫ഇ,బ,బ൯

ಽಿ
൰
ൌ ேߠ is equivalent to ߜ

௘ሺߜሻ ൐  ,Second .ߠ	



after some computations, one can show that 
ങ಴ಿ൫ഇಿ,బ,బ൯ሺబሻ

ങഇಿ
ങ಴ೄು൫ഇಿ,బ,బ൯ሺబሻ

ങഇಿ

ൌ 1 ൅ ௅ಿ
ఝ௅ೄ

ሺߠே ൅ 1ሻିଵ/ሺଵିఈሻ െ ఏಿାଵିఈ

ଵିఈ
, 

which is decreasing in ߠே. Hence, െ
ങ಴ೄು൫ഇಿ,బ,బ൯ሺబሻ

ങഇಿ
ങ಴ಿ൫ഇಿ,బ,బ൯ሺబሻ

ങഇಿ

  is also decreasing in ߠே. Since 

െ
ങ಴ೄು൫ഇ,బ,బ൯ሺబሻ

ങഇಿ
ങ಴ಿ൫ഇ,బ,బ൯ሺబሻ

ങഇಿ

ൌ 1, by definition of ߠ, then െ
ങ಴ೄು൫ഇಿ,బ,బ൯ሺబሻ

ങഇಿ
ങ಴ಿ൫ഇಿ,బ,బ൯ሺబሻ

ങഇಿ

൏ 1 if and only if ߠே ൐  .ߠ

 Assume ߜ ൐
൬
಴ೄು൫ഇ,బ,బ൯

ಽೄ
൰

൬
಴ಿ൫ഇ,బ,బ൯

ಽಿ
൰
ൌ ேߠ ,Then .ߜ

௘ ൌ ௘ሺ0ሻܨ and ߠ	 ൌ
ఋ௅ೄ஼ಿ൫ఏ,଴,଴൯ሺ଴ሻି௅ಿ஼ೄು൫ఏ,଴,଴൯ሺ଴ሻ

௅ಿାఋ௅ೄ
 is a 

solution (from Case 2). Let us now show that ߠே
௘ ൌ ேߠ

௘ሺߜሻ and ܨ௘ሺ0ሻ ൌ 0 is not a solution (i.e. 

we cannot be under Case 1). 

First, since ߠே
௘ሺߜሻ is increasing in ߜ, in this case, ߠே

௘ሺߜሻ ൐ ேߠ Second, by definition of .ߠ	
௘ሺߜሻ 

above, 
ቆ
಴ೄು൫ഇಿ

೐ ሺഃሻ,బ,బ൯
ಽೄ

ቇ

ቆ
಴ಿ൫ഇಿ

೐ ሺഃሻ,బ,బ൯

ಽಿ
ቇ
ൌ െߜ

ങ಴ೄು൫ഇಿ
೐ ሺഃሻ,బ,బ൯ሺబሻ

ങഇಿ

ቆ
ങ಴ಿ൫ഇಿ

೐ ሺഃሻ,బ,బ൯ሺబሻ

ങഇಿ
ቇ

, which is lower than ߜ because ߠே
௘ሺߜሻ ൐  ,Finally .ߠ	

ߜ ൐ ሺܥௌ௉ሺߠே
௘ሺߜሻ, 0, 0ሻ/ܮௌሻ/ሺܥேሺߠே

௘ሺߜሻ, 0, 0ሻ/ܮேሻ, i.e. we cannot be in Case 1. 

 Assume ߜ ൏
൬
಴ೄು൫ഇ,బ,బ൯

ಽೄ
൰

൬
಴ಿ൫ഇ,బ,బ൯

ಽಿ
൰
ൌ ேߠ Then .ߜ

௘ ൌ ௘ሺ0ሻܨ and	ߠ	 ൌ
ఋ௅ೄ஼ಿ൫ఏ,଴,଴൯ሺ଴ሻି௅ಿ஼ೄು൫ఏ,଴,଴൯ሺ଴ሻ

௅ಿାఋ௅ೄ
 is 

not a solution (because we cannot be in Case 2). Let us show that ߠே
௘ ൌ ேߠ

௘ሺߜሻ and ܨ௘ሺ0ሻ ൌ 0 is 

a solution (i.e. we are in Case 1). 

First, in this case, ߠே
௘ ൏  ,Second .ߠ

ቆ
಴ೄು൫ഇಿ

೐ ሺഃሻ,బ,బ൯
ಽೄ

ቇ

ቆ
಴ಿ൫ഇಿ

೐ ሺഃሻ,బ,బ൯

ಽಿ
ቇ
ൌ െߜ

ങ಴ೄು൫ഇಿ
೐ ሺഃሻ,బ,బ൯ሺబሻ

ങഇಿ

ቆ
ങ಴ಿ൫ഇಿ

೐ ሺഃሻ,బ,బ൯ሺబሻ

ങഇಿ
ቇ

  is greater than ߜ. 

Finally, ߜ ൏ ሺܥௌ௉ሺߠே
௘ሺߜሻ, 0, 0ሻ/ܮௌሻ/ሺܥேሺߠே

௘ሺߜሻ, 0, 0ሻ/ܮேሻ, i.e. we are in Case 1. 

 To sum up, the solution to the North’s problem is ሺߠே
௘ ,  ௘ሺ0ሻ) such thatܨ



ேߠ
௘ ൌ ேߠ

௘ሺߜሻ and ܨ௘ሺ0ሻ ൌ 0, if ߜ ൑
൬
಴ೄು൫ഇ,బ,బ൯

ಽೄ
൰

൬
಴ಿ൫ഇ,బ,బ൯

ಽಿ
൰
ൌ ேߠ where ,ߜ

௘ሺߜሻ is increasing from ߠ଴ ൌ

ேߠ
௘ሺ0ሻ to ߠ ൌ ேߠ

௘൫ߜ൯, and 

ேߠ
௘ ൌ ௘ሺ0ሻܨ and	ߠ	 ൌ

ఋ௅ೄ஼ಿ൫ఏ,଴,଴൯ሺ଴ሻି௅ಿ஼ೄು൫ఏ,଴,଴൯ሺ଴ሻ

௅ಿାఋ௅ೄ
൒ 0, if ߜ ൒

൬
಴ೄು൫ഇ,బ,బ൯

ಽೄ
൰

൬
಴ಿ൫ഇ,బ,బ൯

ಽಿ
൰
ൌ  .ߜ

 

Proof of Proposition 3 

Whether the contract is accepted or not, the South’s problem remains unchanged. In 

particular, if the contract is accepted, ܫሺݐሻ is taken as given and the South seeks to maximize its 

consumption. Thus, ߠௌ
௖ ൌ ௌߠ

௘ ൌ 0. 

The same way as in Proposition 2, one can check that the North’s problem reduces to the 

maximization of date 0 utility: 

max
ఏಿ,ூሺ଴ሻ,ிሺ଴ሻ

ேܮ ln ቀ
஼ಿሺఏಿ,ఏೄ,଴ሻሺ଴ሻିிሺ଴ሻ

௅ಿ
ቁ ൅ ௌlnܮߜ	 ቀ

஼ೄುሺఏಿ,ఏೄ,଴ሻሺ଴ሻାிሺ଴ሻାூሺ଴ሻ

௅ೄ
ቁ, subject to ܨሺ0ሻ ൒ 0, 

ሺ0ሻܫ ൒ 0 and ܥௌோሺߠே
௘ , 0ሻሺ0ሻ ൑ ,ேߠௌோሺܥ 0ሻሺ0ሻ െ  ሺ0ሻ. Since the North’s objective function isܫ

increasing with ܫሺ0ሻ, the South’s participation constraint is binding: ܫሺ0ሻ ൌ ,ேߠௌோሺܥ 0ሻሺ0ሻ െ

ேߠௌோሺܥ
௘ , 0ሻሺ0ሻ. Here, ܥௌோሺߠே, 0ሻ can be shown to decrease with ߠே: From Proof of Proposition 2 

b, one can see that ܥௌோሺߠே, 0ሻሺ0ሻ ൌ ሺ0ሻܴሺ0ሻ݌ ൌ ఈ

ఏಿାଵ
ேܻሺ0ሻ ൅ ߙ ௌܻሺ0ሻ, where ݌ሺ0ሻܴሺ0ሻ appears 

to be decreasing in ߠே. Hence, ܫሺ0ሻ ൒ 0 is equivalent to ߠே ൑ ேߠ
௘ . Taking as given the South’s 

dominant strategy ߠௌ
௖ ൌ 0, the North’s problem becomes 

max
ఏಿ,ிሺ଴ሻ

ேܮ ln ቀ
஼ಿሺఏಿ,଴,଴ሻሺ଴ሻିிሺ଴ሻ

௅ಿ
ቁ ൅ ௌlnܮߜ	 ቀ

஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻାிሺ଴ሻା஼ೄೃሺఏಿ,଴ሻି஼ೄೃ൫ఏಿ
೐ ,଴൯

௅ೄ
ቁ, subject to 

ሺ0ሻܨ ൒ 0 and ߠே ൑ ேߠ
௘ . The associated Lagrangian function writes 

ࣦ ൌ ேܮ ln ቀ
஼ಿሺఏಿ,଴,଴ሻሺ଴ሻିிሺ଴ሻ

௅ಿ
ቁ ൅ ௌlnܮߜ	 ቀ

஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻାிሺ଴ሻା஼ೄೃሺఏಿ,଴ሻି஼ೄೃ൫ఏಿ
೐ ,଴൯

௅ೄ
ቁ ൅ ሺ0ሻܨߤ ൅



ேߠሺߴ
௘ െ  are respectively the multipliers associated to the positivity ߴ and ߤ ேሻ, whereߠ

constraint on ܨሺ0ሻ and to the constraint on the tax rate. The first-order conditions are the 

following: 

(C6)  ߲ࣦ/߲ߠே ൌ 0, 

(C7)  ߲ࣦ/߲ܨሺ0ሻ ൌ 0, 

(C8)  ܨߤሺ0ሻ ൌ 0, 

(C9)  ܨሺ0ሻ ൒ 0, 

(C10)  ߤ ൒ 0, 

(C11)  ߴሺߠே
௘ െ ேሻߠ ൌ 0, 

(C12)  ߴ ൒ 0, 

(C13)  ߠே ൑ ேߠ
௘ . 

 Case 1: ߠே ൌ ேߠ
௘ ሺ0ሻܨ , ൌ 0. 

Then, (C6) is equivalent to 

௅ಿ
஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅ ఋ௅ೄ

஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻ
ቂడ஼ೄು

ሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅ డ஼ೄೃሺఏಿ,଴ሻሺ଴ሻ

డఏಿ
ቃቚ
ఏಿୀ	ఏಿ

೐
ൌ ߴ ൒ 0. 

Using the expressions of the consumption levels and after some computations, one can check 

that 
ି
ങ಴ೄೃ൫ഇಿ,బ൯ሺబሻ

ങഇಿ
ങ಴ೄು൫ഇಿ,బ,బ൯ሺబሻ

ങഇಿ

ൌ 1 ൅ ௅ಿ
ఝ௅ೄ

ሺߠே ൅ 1ሻିଵ/ሺଵିఈሻ. This implies that 
ି
ങ಴ೄೃ൫ഇಿ,బ൯ሺబሻ

ങഇಿ
ങ಴ೄು൫ഇಿ,బ,బ൯ሺబሻ

ങഇಿ

൐ 1 for all ߠே, 

which is equivalent to 
డ஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅ డ஼ೄೃሺఏಿ,଴ሻሺ଴ሻ

డఏಿ
൏ 0, since 

డ஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
ൌ ሺ1 െ ሻߙ డ௒ೄ

ሺ଴ሻ

డఏಿ
൐

0. Hence, from the expression of (C6) above, ߠே
௘  is such that 

డ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
ቚ
ఏಿୀ	ఏಿ

೐
൐ 0 which is 

contradicted by 
డ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
ቚ
ఏಿୀ	ఏಿ

೐
൏ 0 from Proof of Proposition 2. Thus, ߠே ൌ ேߠ

௘ ሺ0ሻܨ , ൌ 0 

cannot be a solution. 



 Case 2: ߠே ൌ ேߠ
௘ ሺ0ሻܨ , ൐ 0. 

Then, (C6) is equivalent to 

௅ಿ
஼ಿሺఏಿ,଴,଴ሻሺ଴ሻିிሺ଴ሻ

డ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅ ఋ௅ೄ

஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻାிሺ଴ሻ
ቂడ஼ೄು

ሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅ డ஼ೄೃሺఏಿ,଴ሻሺ଴ሻ

డఏಿ
ቃቚ
ఏಿୀ	ఏಿ

೐
ൌ  .ߴ

For the same reason as in Case 1, this cannot be a solution. 

 Case 3: ߠே ൏ ேߠ
௘ ሺ0ሻܨ , ൌ 0. 

Then, (C6) is equivalent to 

௅ಿ
஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅ ఋ௅ೄ

஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻା஼ೄೃሺఏಿ,଴ሻି஼ೄೃ൫ఏಿ
೐ ,଴൯

ቂడ஼ೄು
ሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅ డ஼ೄೃሺఏಿ,଴ሻሺ଴ሻ

డఏಿ
ቃ ൌ

0. Let us denote any solution to this equation by ߠே
௖ ሺߜሻ. As 

డ஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅ డ஼ೄೃሺఏಿ,଴ሻሺ଴ሻ

డఏಿ
൏ 0 

from above, ߠே
௖ ሺߜሻ is such that 

డ஼ಿ൫ఏಿ
೎ ሺఋሻ,଴,଴൯ሺ଴ሻ

డఏಿ
൐ 0. Note that, from Proof of Proposition 2, 

డ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൐ 0 is equivalent to ߠே ൏ ேߠ ଴, thus implying that any solutionߠ

௖ ሺߜሻ is such that 

ேߠ
௖ ሺߜሻ ൏ ߜ ଴ for allߠ ൐ 0. One can check that ߠே

௖ ሺ0ሻ ൌ  .଴ߠ

Moreover, (C7) implies ߤ ൌ ௅ಿ
஼ಿ൫ఏಿ

೎ ሺఋሻ,଴,଴൯ሺ଴ሻ
െ ఋ௅ೄ

஼ೄು൫ఏಿ
೎ ሺఋሻ,଴,଴൯ሺ଴ሻା஼ೄೃ൫ఏಿ

೎ ሺఋሻ,଴൯ሺ଴ሻି஼ೄೃ൫ఏಿ
೐ ,଴൯ሺ଴ሻ

. 

Hence, (C10) requires ߜ ൑
ቀ஼ೄು൫ఏಿ

೎ ሺఋሻ,଴,଴൯ሺ଴ሻା஼ೄೃ൫ఏಿ
೎ ሺఋሻ,଴൯ሺ଴ሻି஼ೄೃ൫ఏಿ

೐ ,଴൯ሺ଴ሻቁ ௅ೄൗ

஼ಿ൫ఏಿ
೎ ሺఋሻ,଴,଴൯ሺ଴ሻ ௅ಿ⁄

. 

 Case 4: ߠே ൏ ேߠ
௘ ሺ0ሻܨ , ൐ 0. 

Then, (C7) implies ܨሺ0ሻ ൌ
ఋ௅ೄ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻି௅ಿൣ஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻା஼ೄೃሺఏಿ,଴ሻሺ଴ሻି஼ೄೃ൫ఏಿ

೐ ,଴൯ሺ଴ሻ൧

௅ಿାఋ௅ೄ
. 

Replacing ܨሺ0ሻ and simplifying, (C6) becomes 
డ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅ డ஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅ డ஼ೄೃሺఏಿ,଴ሻሺ଴ሻ

డఏಿ
ൌ

డ௒ಿሺ଴ሻ

డఏಿ
൅ డ௒ೄሺ଴ሻ

డఏಿ
ൌ డ௒ሺ଴ሻ

డఏಿ
ൌ 0. One can check that the unique solution to this equation is ߠே ൌ 0. 

Moreover ܨሺ0ሻ ൐ 0 requires ߜ ൐
ቀ஼ೄುሺ଴,଴,଴ሻሺ଴ሻା஼ೄೃሺ଴,଴ሻሺ଴ሻି஼ೄೃ൫ఏಿ

೐ ,଴൯ሺ଴ሻቁ ௅ೄൗ

஼ಿሺ଴,଴,଴ሻሺ଴ሻ ௅ಿ⁄
≡  .ߜ

 Let us now review the solutions to the North’s problem for all ߜ. 



First, one can check that for ߜ ൌ
ቀ஼ೄು൫ఏಿ

೎ ሺఋሻ,଴,଴൯ሺ଴ሻା஼ೄೃ൫ఏಿ
೎ ሺఋሻ,଴൯ሺ଴ሻି஼ೄೃ൫ఏಿ

೐ ,଴൯ሺ଴ሻቁ ௅ೄൗ

஼ಿ൫ఏಿ
೎ ሺఋሻ,଴,଴൯ሺ଴ሻ ௅ಿ⁄

ேߠ ,
௖ ሺߜሻ ൌ 0. 

Second, as ߠே ൒ 0	 is equivalent to 
డ௒ሺ଴ሻ

డఏಿ
൑ 0, it is also equivalent to െ ቂడ஼ೄು

ሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅

డ஼ೄೃሺఏಿ,଴ሻሺ଴ሻ

డఏಿ
ቃ ൒ డ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
. 

 Assume ߜ ൐  .ߜ

Then, ߠே
௖ ൌ 0 and ܨ௖ሺ0ሻ ൌ

ఋ௅ೄ஼ಿሺ଴,଴,଴ሻሺ଴ሻି௅ಿൣ஼ೄುሺ଴,଴,଴ሻሺ଴ሻା஼ೄೃሺ଴,଴ሻሺ଴ሻି஼ೄೃ൫ఏಿ
೐ ,଴൯ሺ଴ሻ൧

௅ಿାఋ௅ೄ
 is a solution. 

Let us show that ߠே
௖ ൌ ேߠ

௖ ሺߜሻ and ܨ௖ሺ0ሻ ൌ 0 cannot be solution. From Case 3, any ߠே
௖ ሺߜሻ must 

satisfy ߜ ൑
ቀ஼ೄು൫ఏಿ

೎ ሺఋሻ,଴,଴൯ሺ଴ሻା஼ೄೃ൫ఏಿ
೎ ሺఋሻ,଴൯ሺ଴ሻି஼ೄೃ൫ఏಿ

೐ ,଴൯ሺ଴ሻቁ ௅ೄൗ

஼ಿ൫ఏಿ
೎ ሺఋሻ,଴,଴൯ሺ଴ሻ ௅ಿ⁄

≡ ேߠሺߜ
௖ ሺߜሻሻ, where ߜሺߠே

௖ ሺߜሻሻ is 

strictly decreasing in ߠே
௖ ሺߜሻ since ߠே

௖ ሺߜሻ is such that 
డ஼ಿ൫ఏಿ

೎ ሺఋሻ,଴,଴൯ሺ଴ሻ

డఏಿ
൐ 0 and 

డ஼ೄುሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅

డ஼ೄೃሺఏಿ,଴ሻሺ଴ሻ

డఏಿ
൏ 0 for all ߠே. Moreover, ߜሺ0ሻ ൌ ேߠሺߜ Hence, if .ߜ

௖ ሺߜሻሻ ൒ ߜ ൐ ேߠ then any ,ߜ
௖ ሺߜሻ 

is strictly negative. Then, by definition of ߠே
௖ ሺߜሻ,  

ேߠሺߜ
௖ ሺߜሻሻ ൌ

ቀ஼ೄು൫ఏಿ
೎ ሺఋሻ,଴,଴൯ሺ଴ሻା஼ೄೃ൫ఏಿ

೎ ሺఋሻ,଴൯ሺ଴ሻି஼ೄೃ൫ఏಿ
೎ ሺఋሻ,଴൯ሺ଴ሻቁ ௅ೄൗ

஼ಿ൫ఏಿ
೎ ሺఋሻ,଴,଴൯ሺ଴ሻ ௅ಿ⁄

ൌ

െ
ఋ൤
ങ಴ೄು൫ഇಿ

೎ ሺഃሻ,బ,బ൯ሺబሻ

ങഇಿ
ା
ങ಴ೄೃ൫ഇಿ

೎ ሺഃሻ,బ൯ሺబሻ

ങഇಿ
൨

ങ಴ಿ൫ഇಿ
೎ ሺഃሻ,బ,బ൯ሺబሻ

ങഇಿ

, which is strictly lower than ߜ since ߠே
௖ ሺߜሻ ൏ 0 is equivalent to 

െ ቂడ஼ೄು
ሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
൅ డ஼ೄೃሺఏಿ,଴ሻሺ଴ሻ

డఏಿ
ቃ ൏ డ஼ಿሺఏಿ,଴,଴ሻሺ଴ሻ

డఏಿ
. Thus, 

ேߠሺߜ
௖ ሺߜሻሻ ൌ

ቀ஼ೄು൫ఏಿ
೎ ሺఋሻ	,଴,଴൯ሺ଴ሻା஼ೄೃ൫ఏಿ

೎ ሺఋሻ	,଴൯ሺ଴ሻି஼ೄೃ൫ఏಿ
೎ ሺఋሻ	,଴൯ሺ଴ሻቁ ௅ೄൗ

஼ಿ൫ఏಿ
೎ ሺఋሻ	,଴,଴൯ሺ଴ሻ ௅ಿ⁄

൏  .i.e. we cannot be in Case 3 ,ߜ

 Assume ߜ ൏  .ߜ

Then ߠே
௖ ൌ 0 and ܨ௖ሺ0ሻ ൌ

ఋ௅ೄ஼ಿሺ଴,଴,଴ሻሺ଴ሻି௅ಿൣ஼ೄುሺ଴,଴,଴ሻሺ଴ሻା஼ೄೃሺ଴,଴ሻሺ଴ሻି஼ೄೃ൫ఏಿ
೐ ,଴൯ሺ଴ሻ൧

௅ಿାఋ௅ೄ
 is not a 

solution. Let us show that any ߠே
௖ ሺߜሻ together with ܨ௖ሺ0ሻ ൌ 0 is solution. From above, ߠே

௖ ሺߜሻ 



cannot be negative. Then, ߠே
௖ ሺߜሻ ൒ 0, thus implying 

ேߠሺߜ
௖ ሺߜሻሻ ൌ

ቀ஼ೄು൫ఏಿ
೎ ሺఋሻ,଴,଴൯ሺ଴ሻା஼ೄೃ൫ఏಿ

೎ ሺఋሻ,଴൯ሺ଴ሻି஼ೄೃ൫ఏಿ
೎ ሺఋሻ,଴൯ሺ଴ሻቁ ௅ೄൗ

஼ಿ൫ఏಿ
೎ ሺఋሻ,଴,଴൯ሺ଴ሻ ௅ಿ⁄

ൌ

ఋ൤
ങ಴ೄು൫ഇಿ

೎ ሺഃሻ,బ,బ൯ሺబሻ

ങഇಿ
ା
ങ಴ೄೃ൫ഇಿ

೎ ሺഃሻ,బ൯ሺబሻ

ങഇಿ
൨

ങ಴ಿ൫ഇಿ
೎ ሺഃሻ,బ,బ൯ሺబሻ

ങഇಿ

൒  .which is consistent with Case 3 ,ߜ

 Since we are restricting our attention to ߜ ൒ ேߠ ,ߜ
௘ ൌ  ,from Proposition 2. Hence ߠ

ߜ ≡
ቀ஼ೄುሺ଴,଴,଴ሻሺ଴ሻା஼ೄೃሺ଴,଴ሻሺ଴ሻି஼ೄೃ൫ఏ,଴൯ሺ଴ሻቁ ௅ೄൗ

஼ಿሺ଴,଴,଴ሻሺ଴ሻ ௅ಿ⁄
. 

Then, to sum up, the solution to the North’s problem is  

௖ሺ0ሻܫ ൌ ேߠௌோሺܥ
௖ , 0ሻሺ0ሻ െ ,ߠௌோ൫ܥ 0൯ሺ0ሻ and 

ேߠ
௖ ൌ ௖ሺ0ሻܨ ,0 ൌ

ఋ௅ೄ஼ಿሺ଴,଴,଴ሻሺ଴ሻି௅ಿൣ஼ೄುሺ଴,଴,଴ሻሺ଴ሻା஼ೄೃሺ଴,଴ሻሺ଴ሻି஼ೄೃ൫ఏ,଴൯ሺ଴ሻ൧

௅ಿାఋ௅ೄ
, if ߜ ൒  and ,ߜ

any ߠே
௖ ሺߜሻ, such as defined above, and ܨ௖ሺ0ሻ ൌ 0, if ߜ ൏  .ߜ

In this latter case, one can hardly tell something precise about ߠே
௖ ሺߜሻ. However, we know 

that ߠே
௖ ሺ0ሻ ൌ ேߠ ,଴ߠ

௖ ሺߜሻ ൌ 0 and that any solution ߠே
௖ ሺߜሻ for all ߜ in ሺ0, ሻ is such that 0ߜ ൏

ேߠ
௖ ሺߜሻ ൏  .଴ߠ

In this case, the objective function is continuous in ߜ ൒ 0 and in ߠே ൐ െ1, except at point 

ேߠ ൌ ߙ െ 1. Moreover, the objective is not maximized for ߠே ൑ ߙ െ 1 and as ߠே tends to ߙ െ 1 

or to ൅∞, because, then, the objective would tend to െ∞. Finally, it is bounded from above 

because ܥேሺߠே, 0,0ሻሺ0ሻ ൅ ,ேߠௌ௉ሺܥ ,ௌߠ 0ሻሺ0ሻ ൅  ሺ0ሻ is lower than ܻሺ0ሻ, finite. Thus, for anyܫ

ߜ ൒ 0, the existence of a global maximum is ensured. Hence, for any ߜ ∈ ቂ0,  ቃ, there exists atߜ

least one ߠே
௖ ሺߜሻ ∈ ሾ0,  .଴ሿߠ

 

 



Proof of Proposition 4 

The utility of northern households is obviously increased with an additional instrument. The 

southern rich are indifferent as their participation constraint is binding. We thus only have to 

show that the southern poor are better-off when the contract is used by the North. We will 

consider two cases: ߜ ൑ ߜ and ߜ ൐  .ߜ

 Case 1: ߜ ൑  .ߜ

 If ߜ ൑  aid is nil whether the contract is used or not. Let us then show ,ߜ

ேߠௌ௉ሺܥ
௖ ሺߜሻ,0,0ሻ ൅ ௖ܫ ൒ ேߠௌ௉ሺܥ

௘ , 0,0ሻ. Replacing ܫ௖, this is equivalent to ܥௌ௉ሺߠே
௖ ሺߜሻ,0,0ሻ ൅

ேߠௌோሺܥ
௖ ሺߜሻ,0ሻ ൒ ேߠௌோሺܥ

௘ , 0ሻ ൅ ேߠௌ௉ሺܥ
௘ , 0,0ሻ, which is satisfied because ܥௌ௉ሺߠே, 0,0ሻ ൅

,ேߠௌோሺܥ 0ሻ is decreasing in ߠே and ߠே
௖ ሺߜሻ ൑ ேߠ

௘ . 

If ߜ ൏ ߜ	 ൏  aid is nil under the contract and is positive without it. Let us then show ,ߜ

ேߠௌ௉ሺܥ
௖ ሺߜሻ,0,0ሻ ൅ ௖ܫ ൒ ,ߠௌ௉൫ܥ 0,0൯ ൅  ௘. This is equivalent toܨ

ேߠௌ௉ሺܥ
௖ ሺߜሻ,0,0ሻ ൅ ேߠௌோሺܥ

௖ ሺߜሻ,0ሻ െ ,ߠௌோ൫ܥ 0൯ ൒ ,ߠௌ௉൫ܥ 0,0൯ ൅
ఋ௅ೄ஼ಿ൫ఏ,଴,଴൯ି௅ಿ஼ೄು൫ఏ,଴,଴൯

௅ಿାఋ௅ೄ
 which can 

be rearranged to give the necessary and sufficient condition 
௅ಿ
ఋ௅ೄ

ேߠௌ௉ሺܥൣ
௖ ሺߜሻ, 0,0ሻ ൅

ேߠௌோሺܥ
௖ ሺߜሻ, 0ሻ െ ,ߠௌோ൫ܥ 0൯൧ ൒ ,ߠௌோ൫ܥ 0൯ ൅ ,ߠௌ௉൫ܥ 0,0൯ ൅ ,ߠே൫ܥ 0,0൯ െ ேߠௌ௉ሺܥ

௖ ሺߜሻ, 0,0ሻ െ

ேߠௌோሺܥ
௖ ሺߜሻ, 0ሻ. Here, left-hand side is positive. Then, if right-hand side is negative, the condition 

is satisfied. Let us assume this term is positive to check the condition is also satisfied in this case. 

Then, the inequality is equivalent to 

ߜ ൑
ቀ஼ೄು൫ఏಿ

೎ ሺఋሻ,଴,଴൯ା஼ೄೃ൫ఏಿ
೎ ሺఋሻ,଴൯ି஼ೄೃ൫ఏ,଴൯ቁ ௅ೄൗ

ൣ஼ೄೃ൫ఏ,଴൯ା஼ೄು൫ఏ,଴,଴൯ା஼ಿ൫ఏ,଴,଴൯ି஼ೄು൫ఏಿ
೎ ሺఋሻ,଴,଴൯ି஼ೄೃ൫ఏಿ

೎ ሺఋሻ,଴൯൧ ௅ಿ⁄
. We have shown that the case 

where aid is nil under the contract requires (from Case 3 of Proof of Proposition 3) ߜ ൑

ቀ஼ೄು൫ఏಿ
೎ ሺఋሻ,଴,଴൯ା஼ೄೃ൫ఏಿ

೎ ሺఋሻ,଴൯ି஼ೄೃ൫ఏ,଴൯ቁ ௅ೄൗ

஼ಿ൫ఏಿ
೎ ሺఋሻ,଴,଴൯ ௅ಿ⁄

. It is thus sufficient to have ܥேሺߠே
௖ ሺߜሻ, 0,0ሻ ൒ ,ߠௌோ൫ܥ 0൯ ൅



,ߠௌ௉൫ܥ 0,0൯ ൅ ,ߠே൫ܥ 0,0൯ െ ேߠௌ௉ሺܥ
௖ ሺߜሻ, 0,0ሻ െ ேߠௌோሺܥ

௖ ሺߜሻ, 0ሻ. This is satisfied because 

ேߠேሺܥ
௖ ሺߜሻ, 0,0ሻ ൅ ேߠௌோሺܥ

௖ ሺߜሻ, 0ሻ ൅ ேߠௌ௉ሺܥ
௖ ሺߜሻ, 0,0ሻ ൒ ,ߠே൫ܥ 0,0൯ ൅ ,ߠௌோ൫ܥ 0൯ ൅ ,ߠௌ௉൫ܥ 0,0൯, 

where both sides equal total output, decreasing in ߠே for all ߠே ൒ 0, and where ߠே
௖ ሺߜሻ ൏  .ߠ

 If ߜ ൒ ௌ௉ሺ0,0,0ሻܥ aid is positive with or without the contract. Let us show ,ߜ ൅ ௖ܨ ൅

௖ܫ ൒ ,ߠௌ௉൫ܥ 0,0൯ ൅ ேሺ0,0,0ሻܥ ௘, one gets the equivalent conditionܨ ௖ andܫ ,௖ܨ ௘. Developingܨ ൅

ௌ௉ሺ0,0,0ሻܥ ൅ ௌோሺ0,0ሻܥ ൒ ,ߠே൫ܥ 0,0൯ ൅ ,ߠௌ௉൫ܥ 0,0൯ ൅ ,ߠௌோ൫ܥ 0൯, which is satisfied since total 

output is maximized for ߠே ൌ 0. 

 Case 2: ߜ ൐  .ߜ

 If ߜ ൑  aid is nil with and without the contract. The proof is the same as in Case 1 ,ߜ

ሺߜ ൑  .ሻߜ

 If ߜ ൒  aid is positive with and without the contract. The proof is the same as in Case 1 ,ߜ

ߜ) ൒  .(ߜ

If ߜ ൐ ߜ ൐  aid is nil without the contract and positive under it. Let us then show ,ߜ

,ௌ௉ሺ0ܥ 0,0ሻ ൅ ௖ܨ ൅ ௖ܫ ൒ ேߠௌ௉ሺܥ
௘ , 0,0ሻ. This is equivalent to ܥௌ௉ሺ0,0,0ሻ ൅ ,ௌோሺ0ܥ 0ሻ െ

ேߠௌோሺܥ
௘ , 0ሻ ൅ ௖ܨ ൒ ேߠௌ௉ሺܥ

௘ , 0,0ሻ. Since ܨ௖ ൐ 0, a sufficient condition is ܥௌ௉ሺ0,0,0ሻ ൅

,ௌோሺ0ܥ 0ሻ ൒ ேߠௌ௉ሺܥ
௘ , 0,0ሻ ൅ ேߠௌோሺܥ

௘ , 0ሻ, which is satisfied because ܥௌ௉ሺߠே, 0,0ሻ ൅ ,ேߠௌோሺܥ 0ሻ is 

decreasing in ߠே and ߠே
௘ ൐ 0. 


