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Supplementary Material A: Statistical inference of t-QVARMA(p,q,r)

1. Maximum likelihood (ML) estimator

The parameters of t-QVARMA (quasi-vector autoregressive moving average) are estimated by using

the ML method, as follows:

Θ̂ML = arg max
Θ

LL(y1, . . . , yT ; Θ) = arg max
Θ

T∑
t=1

ln f(yt|Ft−1; Θ) (A.1)

where LL is log-likelihood, Ft−1 ≡ (y1, . . . , yt−1, µ
∗
1, µ
†
1), and Θ is the S × 1 vector of parameters.

The T × S matrix of contributions to the gradient G(y1, . . . , yT ,Θ) is defined by its elements:

Gt,i(Θ) = −∂ ln f(yt|Ft−1; Θ)

∂Θi
(A.2)

for period t = 1, . . . , T and parameter i = 1, . . . , S (Wooldridge 1994). The t-th row of G(y1, . . . , yT ,Θ)

is denoted by using Gt(Θ), which is the score vector for the t-th observation. Under the assumptions

of this section, the ML estimator of (A.1) is equivalent to the representation:

1

T

T∑
t=1

Gt(Θ̂ML)′ =
1

T

T∑
t=1


Gt,1(Θ̂ML)

...

Gt,S(Θ̂ML)

 =
1

T

T∑
t=1


∂ ln f(yt|Ft−1;Θ̂ML)

∂Θ1

...

∂ ln f(yt|Ft−1;Θ̂ML)
∂ΘS

 = 0S×1 (A.3)

According to the mean-value expansion about Θ0:

1

T

T∑
t=1

Gt(Θ̂ML)′ =
1

T

T∑
t=1

Gt(Θ0)′ +
1

T

[
T∑
t=1

Ht(Θ̄)

]
(Θ̂ML −Θ0) (A.4)

where each row of the S × S Hessian matrix

Ht(Θ) = −∂
2 ln f(yt|Ft−1; Θ)

∂Θ∂Θ′
(A.5)

is evaluated at S different mean values, indicated by Θ̄ in (A.4) (Wooldridge 1994). Each Θ̄ is located

between Θ0 and Θ̂ML that is expressed as: ||Θ̄−Θ0|| ≤ ||Θ̂ML−Θ0||, where || · || is the Euclidean norm.
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From (A.3) and (A.4):

√
T (Θ̂ML −Θ0) =

[
− 1

T

T∑
t=1

Ht(Θ̄)

]−1 [
1√
T

T∑
t=1

Gt(Θ0)′

]
(A.6)

The asymptotic covariance matrix of Θ̂ML is estimated according to the inverse information matrix:

{(1/T )
∑T

t=1[Gt(Θ̂ML)′Gt(Θ̂ML)]}−1 (Creal et al. 2013; Harvey 2013; Blasques et al. 2017).

In the following sections, we present the assumptions required for the asymptotic properties of the

ML estimator and for the use of the inverse information matrix for the ML standard errors.

2. ML assumptions

The following properties are important for the asymptotic properties of ML: (i) scaled score function

ut, and its first and second derivatives with respect to µt, are bounded functions of vt. (ii) The dynamic

parameter matrix of µ†t is set to the identity matrix (hence, it is not an estimated parameter matrix).

For the asymptotic properties of ML, results from the works of Wooldridge (1994), Creal et al.

(2013), Harvey (2013), and Blasques et al. (2017) are used. We use the following assumptions:

(S1) Parameter set Θ̃ ∈ IRS is compact.

(S2) Θ0 is an interior point within Θ̃ ⊂ IRS , where Θ0 represents the true values of Θ.

(S3) For each Θ ∈ Θ̃, ln f(·|Ft−1; Θ) is a Borel measurable function on IR.

(S4) For each yt ∈ IR, ln f(yt|Ft−1; ·) is a continuous function on Θ̃.

(S5) For each yt ∈ IR, ln f(yt|Ft−1; ·) is twice continuously differentiable on all interior points of Θ̃.

(S6) E[| ln f(yt|Ft−1; Θ)|] <∞ for all θ ∈ Θ̃.

(S7) limT→∞(1/T )
∑T

t=1E[ln f(yt|Ft−1; Θ)] exists for all θ ∈ Θ̃.

(S8) maxθ∈Θ̃|(1/T )
∑T

t=1 ln f(yt|Ft−1; Θ)− E[ln f(yt|Ft−1; Θ)]| →p 0 if T →∞.

(S9)
∫

IR f(yt|Ft−1; Θ)dyt = 1 for all Θ.

(S10) f(yt|Ft−1; Θ0) = p0(yt|Ft−1; Θ0), where p0 is the true conditional density.

(S11) f(yt|Ft−1; Θ0) = p0(yt|Ft−1; Θ0) for Θ0 is a dynamically complete density.
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(S12) ∂[
∫

IR f(yt|Ft−1; Θ)dyt]/∂Θ =
∫

IR[∂f(yt|Ft−1; Θ)/∂Θ]dyt.

(S13) ∂[
∫

IRGt(Θ)′f(yt|Ft−1; Θ)dyt]/∂Θ =
∫

IR[∂Gt(Θ)′f(yt|Ft−1; Θ)/∂Θ]dyt.

(S14) Θ0 is a unique solution to:

max
Θ∈Θ̃

lim
T→∞

T∑
t=1

ln f(yt|Ft−1; Θ) (A.7)

(S15) M∗t converges exponentially fast almost surely (e.a.s.) to a unique strictly stationary and ergodic

sequence.

(S16) For each Θ ∈ Θ̃, each element of Ht(Θ) is a Borel measurable function on IR.

(S17) For each yt ∈ IR, each element of Ht(Θ) is a continuous function on Θ̃.

(S18) For each element of Ht(Θ), |Hi,j,t(Θ)| <∞ for all Θ.

(S19) Matrix

A0 = lim
T→∞

1

T

T∑
t=1

E[Ht(Θ0)] = lim
T→∞

1

T

T∑
t=1

Var[Gt(Θ0)′] = lim
T→∞

1

T

T∑
t=1

E[Gt(Θ0)′Gt(Θ0)] (A.8)

is positive definite.

(S20) Ht(Θ0) converges e.a.s. to a unique strictly stationary and ergodic sequence.

(S21) E[Gt(Θ0)Gt(Θ0)′] <∞ for all t.

(S22) (1/
√
T )
∑T

t=1E[Gt(Θ0)′]→ 0S×1 for T →∞.

(S23) (1/
√
T )
∑T

t=1Gt(Θ0)′ →d NS(0, B0) for T →∞, where:

B0 = lim
T→∞

Var

[
1√
T

T∑
t=1

Gt(Θ0)′

]
(A.9)

(S24) Gt(Θ0)′ converges e.a.s. to a unique strictly stationary and ergodic sequence.

Conditions (S1) to (S9), (S12) to (S14), and (S16) to (S18) are regularity conditions, which hold

for the t-QVARMA models of this paper. Conditions (S10) and (S11) are maintained assumptions.
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Condition (S15) is proven in Proposition 5. Conditions (S16) to (S20) imply the law of large numbers

for Ht(Θ̄) in (A.6) (White 2001, Theorem 3.34). Condition (S19) is proven in Proposition 4, which

uses Proposition 2. Condition (S20) is proven in Proposition 7.

Conditions (S21), (S22), (S23), and (S24) imply the central limit theorem (CLT) for Gt(Θ0)′ in

(A.6). For (S21), we use the following result: E[Ht(Θ0)] = Var[Gt(Θ0)′)] = E[Gt(Θ0)′Gt(Θ0)] < ∞,

where the equalities hold due to (S13) (Wooldridge 1994, p. 2675) and (S12) (Wooldridge 1994,

p. 2674), respectively. Inequality E[Gt(Θ0)′Gt(Θ0)] < ∞ is shown in Proposition 4, which implies

E[Gt(Θ0)Gt(Θ0)′] <∞, because the terms of the sum defined by Gt(Θ0)Gt(Θ0)′ are in the diagonal of

Gt(Θ0)′Gt(Θ0). For condition (S22), we use the following result: E[Gt(Θ0)′] = 0S×1, which holds under

(S12) (Wooldridge 1994, p. 2674). Moreover, the time-invariant E[Gt(Θ0)′] is proven in Proposition 3,

which uses Proposition 2. For condition (S23), we use White (2001, Theorem 5.16): (i) Gt(Θ0)′ is a

martingale difference sequence (MDS), which holds under (S11) (Wooldridge 1994, p. 2677). Therefore,

Gt(Θ0) is an adapted mixingale (White 2001, Definition 5.15, p. 125). (ii) Condition (S24) that is

proven in Proposition 6. (i) and (ii) imply (S23).

3. Propositions

Proposition 1 presents the consistency and asymptotic normality of the ML estimates.

Proposition 1: Under (S1) to (S24):

√
T (Θ̂−Θ0)→d NS

(
0S×1, A

−1
0 B0A

−1
0

)
= NS

(
0S×1, A

−1
0

)
as T →∞ (A.10)

Proof: It follows from the works of Wooldridge (1994), Creal et al. (2013), Harvey (2013), and

Blasques et al. (2017), hence it is omitted.

For Propositions 2 to 4, arguments from the work of Harvey (2013) are used. For Propositions 5

to 7, the proofs of the works of Brandt (1986), Elton (1990), and Straumann and Mikosch (2006) are

used. For the proofs of Propositions 2 to 4, we use:

E

(U∗j,t)2−i
(
∂U∗k,t
∂M∗l,t

)i <∞ (A.11)

for i = 0, 1, 2, j, k, l = 1, . . . ,K (Harvey 2013), which imply finite variances and covariances for the

score functions and their derivatives, and which hold for the t-QVARMA model of this paper.
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Proposition 2: If the maximum modulus of eigenvalues, denoted C1, of Φ∗ is less than one, and

Ψ∗ is non-zero, then µ∗t is covariance stationary. Proof: For the equation M∗t = Φ∗M∗t−1 + Ψ∗U∗t−1,

U∗t is i.i.d. with zero mean and a well-defined covariance matrix for ν > 2. If the maximum modulus

of eigenvalues of Φ∗ is less than one and Ψ∗ is non-zero, then µ∗t is covariance stationary. QED

Proposition 3: The expected value of Gt(Θ0)′ is time-invariant if the maximum modulus of

eigenvalues of matrix E2 = E(X∗t−1) is less than one, where

X∗t−1 ≡ Φ∗ + Ψ∗
∂U∗t−1

∂(M∗t−1)′
(A.12)

Proof: First, we focus on the following derivatives of µ∗t with respect to Ψ∗i,j , where Ψ∗i,j is an element

of Ψ∗. Those derivatives by the chain rule are in Gt(Θ0)′ and It(Θ0), and are given by:

∂M∗t
∂Ψ∗i,j

= Φ∗
∂M∗t−1

∂Ψ∗i,j
+ Ψ∗

∂U∗t−1

∂Ψ∗i,j
+Wi,jU

∗
t−1 (A.13)

for i, j = 1, . . . ,K(p+ q − 1); Wi,j is a [K(p+ q − 1)×K(p+ q − 1)] matrix, in which element (i, j) is

one and the rest of the elements are zero. Therefore, Wi,jU
∗
t−1 is the j-th element of U∗t−1. By using

the chain rule, from (A.13):

∂M∗t
∂Ψ∗i,j

=

[
Φ∗ + Ψ∗

∂U∗t−1

∂(M∗t−1)′

]
∂M∗t−1

∂Ψ∗i,j
+Wi,jU

∗
t−1 = X∗t−1

∂M∗t−1

∂Ψ∗i,j
+Wi,jU

∗
t−1 (A.14)

The conditional expectation of the latter equation, conditional on Ft−2, is:

E

(
∂M∗t
∂Ψ∗i,j

|Ft−2

)
= E(X∗t−1|Ft−2)

∂M∗t−1

∂Ψ∗i,j
+Wi,jE(U∗t−1|Ft−2) (A.15)

where ∂M∗t−1/∂Ψ∗i,j is outside the conditional expectation, because it is determined by Ft−2. The

unconditional expectation of the latter equation is:

E

(
∂M∗t
∂Ψ∗i,j

)
= E(X∗t−1)E

(
∂M∗t−1

∂Ψ∗i,j

)
+Wi,jE(U∗t−1) (A.16)

because E(X∗t−1|Ft−2) and ∂M∗t−1/∂Ψ∗i,j are independent. The last term of (A.16) is an i.i.d. time

series with zero unconditional mean. Therefore, E(∂M∗t /∂Ψ∗i,j) is finite if the maximum modulus of
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eigenvalues of E(X∗t−1) is less than one.

Second, we focus on the following derivatives of µ∗t with respect to Φ∗i,j , where Φ∗i,j is an element of

Φ∗. Those derivatives by the chain rule are in Gt(Θ0)′ and It(Θ0), and are given by:

∂M∗t
∂Φ∗i,j

=

[
Φ∗ + Ψ∗

∂U∗t−1

∂(M∗t−1)′

]
∂M∗t−1

∂Φ∗i,j
+Wi,jM

∗
t−1 = X∗t−1

∂M∗t−1

∂Φ∗i,j
+Wi,jM

∗
t−1 (A.17)

for i, j = 1, . . . ,K(p + q − 1). Therefore, Wi,jM
∗
t−1 is the j-th element of M∗t−1. The conditional

expectation of the latter equation, conditional on Ft−2, is:

E

(
∂M∗t
∂Φ∗i,j

|Ft−2

)
= E(X∗t−1|Ft−2)

∂M∗t−1

∂Φ∗i,j
+Wi,jE(M∗t−1|Ft−2) (A.18)

where ∂M∗t−1/∂Φ∗i,j is outside the conditional expectation, because it is determined by Ft−2. The

unconditional expectation of the latter equation is:

E

(
∂M∗t
∂Φ∗i,j

)
= E(X∗t−1)E

(
∂M∗t−1

∂Φ∗i,j

)
+Wi,jE(M∗t−1) (A.19)

because E(X∗t−1|Ft−2) and ∂M∗t−1/∂Φ∗i,j are independent. Under the assumption that the maximum

modulus of eigenvalues of Φ∗ is less than one, Wi,jE(M∗t−1) = 0. Therefore, E(∂M∗t /∂Φ∗i,j) is finite if

the maximum modulus of eigenvalues of E(X∗t−1) is less than one. QED

Proposition 4: Matrix E[Gt(Θ0)′Gt(Θ0)] is time-invariant if the maximum modulus of eigenvalues

of matrix E3 = E(X∗t−1 ⊗ X∗t−1) is less than one, where ⊗ is the Kronecker product. Proof: First,

we focus on a particular derivative, which contributes to the information matrix. From (A.14), the

following derivative is expressed:

∂M∗t
∂Ψ∗i,j

(
∂M∗t
∂Ψ∗k,l

)′
= X∗t−1

∂M∗t−1

∂Ψ∗i,j

(
∂M∗t−1

∂Ψ∗k,l

)′
(X∗t−1)′ +X∗t−1

∂M∗t−1

∂Ψ∗i,j
(U∗t−1)′W ′k,l (A.20)

+Wi,jU
∗
t−1

(
∂M∗t−1

∂Ψ∗k,l

)′
(X∗t−1)′ +Wi,jU

∗
t−1(U∗t−1)′W ′k,l

which, by using the equation vec(ABC) = (C ′⊗A)vec(B), where vec(x) indicates that the columns of
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the matrix are being stacked one upon the other, (A.20) can be written as:

vec

[
∂M∗t
∂Ψ∗i,j

(
∂M∗t
∂Ψ∗k,l

)′]
= (X∗t−1 ⊗X∗t−1)vec

[
∂M∗t−1

∂Ψ∗i,j

(
∂M∗t−1

∂Ψ∗k,l

)′]
(A.21)

+[(Wk,lU
∗
t−1)⊗X∗t−1]vec

(
∂M∗t−1

∂Ψ∗k,l

)
+ [X∗t−1 ⊗Wi,jU

∗
t−1]vec

(
∂M∗t−1

∂Ψ∗k,l

)′
+vec

[
Wi,jU

∗
t−1(U∗t−1)′W ′k,l

]
The conditional expectation of the latter equation, conditional on Ft−2, is:

E

{
vec

[
∂M∗t
∂Ψ∗i,j

(
∂M∗t
∂Ψ∗k,l

)′]
|Ft−2

}
= E(X∗t−1 ⊗X∗t−1|Ft−2)vec

[
∂M∗t−1

∂Ψ∗i,j

(
∂M∗t−1

∂Ψ∗k,l

)′]
(A.22)

+E[(Wk,lU
∗
t−1)⊗X∗t−1|Ft−2]vec

(
∂M∗t−1

∂Ψ∗k,l

)
+ E[X∗t−1 ⊗Wi,jU

∗
t−1|Ft−2]vec

(
∂M∗t−1

∂Ψ∗k,l

)′
+vec

{
Wi,jE

[
U∗t−1(U∗t−1)′|Ft−2

]
W ′k,l

}
where vec[(∂M∗t−1/∂Ψ∗i,j)(∂M

∗
t−1/∂Ψ∗k,l)

′], vec[(∂M∗t−1/∂Ψ∗i,j)], and vec[(∂M∗t−1/∂Ψ∗k,l)
′] are outside the

conditional expectations, because they are determined by Ft−2. The unconditional expectation of

(A.22) is:

E

{
vec

[
∂M∗t
∂Ψ∗i,j

(
∂M∗t
∂Ψ∗k,l

)′]}
= E(X∗t−1 ⊗X∗t−1)E

{
vec

[
∂M∗t−1

∂Ψ∗i,j

(
∂M∗t−1

∂Ψ∗k,l

)′]}
+ (A.23)

E
[
(Wk,lU

∗
t−1)⊗X∗t−1

]
E

{
vec

(
∂M∗t−1

∂Ψ∗i,j

)}
+ E

[
X∗t−1 ⊗ (Wi,jU

∗
t−1)

]
E

{
vec

[(
∂M∗t−1

∂Ψ∗k,l

)′]}

+vec
{
Wi,jE

[
U∗t−1(U∗t−1)′

]
W ′k,l

}
because

(i) E(X∗t−1 ⊗X∗t−1|Ft−2) and vec[(M∗t−1/∂Ψ∗i,j)(∂M
∗
t−1/∂Ψ∗k,l)

′] are independent;

(ii) E[(Wk,lU
∗
t−1)⊗X∗t−1|Ft−2] and vec(∂M∗t−1/∂Ψ∗i,j) are independent;

(iii) E[X∗t−1 ⊗ (Wi,jU
∗
t−1)|Ft−2] and vec[(∂M∗t−1/∂Ψ∗k,l)

′] are independent.

The unconditional means in the second and third terms of (A.23) are finite because of (A.11).
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The unconditional mean of the last term of (A.23) is finite, because E[U∗t−1(U∗t−1)′] is well-defined for

ν > 2. Therefore, E[(∂M∗t /∂Ψ∗i,j)(∂M
∗
t /∂Ψ∗k,l)

′] is finite if the maximum modulus of eigenvalues of

E(X∗t−1 ⊗X∗t−1) is less than one.

Second, from (A.17) we express:

vec

[
∂M∗t
∂Φ∗i,j

(
∂M∗t
∂Φ∗k,l

)′]
= (X∗t−1 ⊗X∗t−1)vec

[
∂M∗t−1

∂Φ∗i,j

(
∂M∗t−1

∂Φ∗k,l

)′]
(A.24)

[(Wk,lM
∗
t−1)⊗X∗t−1]vec

(
∂M∗t−1

∂Φ∗i,j

)
+ [X∗t−1 ⊗ (Wi,jM

∗
t−1)]vec

[(
∂M∗t−1

∂Φ∗k,l

)′]

+vec
[
Wi,jM

∗
t−1(M∗t−1)′W ′k,l

]
The conditional expectation of the latter equation, conditional on Ft−2, is:

E

{
vec

[
∂M∗t
∂Φ∗i,j

(
∂M∗t
∂Φ∗k,l

)′]
|Ft−2

}
= E(X∗t−1 ⊗X∗t−1|Ft−2)vec

[
∂M∗t−1

∂Φ∗i,j

(
∂M∗t−1

∂Φ∗k,l

)′]
(A.25)

+E[(Wk,lM
∗
t−1)⊗X∗t−1|Ft−2]vec

(
∂M∗t−1

∂Φ∗i,j

)
+ E[X∗t−1 ⊗ (Wi,jM

∗
t−1)|Ft−2]vec

[(
∂M∗t−1

∂Φ∗k,l

)′]

+vec
{
Wi,jE

[
M∗t−1(M∗t−1)′|Ft−2

]
W ′k,l

}
The unconditional expectation of (A.25) is:

E

{
vec

[
∂M∗t
∂Φ∗i,j

(
∂M∗t
∂Φ∗k,l

)′]}
= E(X∗t−1 ⊗X∗t−1)E

{
vec

[
∂M∗t−1

∂Φ∗i,j

(
∂M∗t−1

∂Φ∗k,l

)′]}
(A.26)

+E[(Wk,lM
∗
t−1)⊗X∗t−1]E

[
vec

(
∂M∗t−1

∂Φ∗i,j

)]
+ E[X∗t−1 ⊗ (Wi,jM

∗
t−1)]E

{
vec

[(
∂M∗t−1

∂Φ∗k,l

)′]}

+vec
{
Wi,jE

[
M∗t−1(M∗t−1)′

]
W ′k,l

}
because

(i) E(X∗t−1 ⊗X∗t−1|Ft−2) and vec[(M∗t−1/∂Φ∗i,j)(∂M
∗
t−1/∂Φ∗k,l)

′] are independent;

(ii) E[(Wk,lM
∗
t−1)⊗X∗t−1|Ft−2] and vec(∂M∗t−1/∂Φ∗i,j) are independent;

(iii) E[X∗t−1 ⊗ (Wi,jM
∗
t−1)|Ft−2] and vec[(∂M∗t−1/∂Φ∗k,l)

′] are independent.
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Under the assumption that the maximum modulus of eigenvalues of Φ∗ is less than one and under

(A.11), (i) the unconditional means in the second and third terms of (A.26) are finite, and (ii) the

unconditional mean of the last term in (A.26) is finite because E[M∗t−1(M∗t−1)′] is well-defined for

ν > 2. Therefore, E[(∂M∗t /∂Φ∗i,j)(∂M
∗
t /∂Φ∗k,l)

′] is finite if the maximum modulus of eigenvalues of

E(X∗t−1 ⊗X∗t−1) is less than one. QED

For the conditions of ML estimation of filter M †t , Propositions 3 and 4 are modified, by using the

parameter matrices of filter M †t (Harvey 2013):

M †t = Φ†M †t−1 + Ψ†U †t−1 (A.27)

Moreover, for the ML estimation of M †t , the dynamic parameter of µ†t is set to the identity matrix

(see the definition of Φ† after (9)), and it is not estimated (Harvey 2013, pp. 45-46 and pp. 210-212).

Therefore, for the modified versions of Propositions 3 and 4 with respect to the parameters of filter

M †t , the asymptotic properties of ML hold (Harvey 2013).

Proposition 5: Filter M∗t = Φ∗M∗t−1 +Ψ∗U∗t−1 converges e.a.s. to a unique strictly stationary and

ergodic sequence if: (i) the following Lyapunov exponent is negative:

inf
n≥1

{
n−1E

[
ln

∣∣∣∣∣
∣∣∣∣∣
n∏
t=1

∂M∗t
∂(M∗t−1)′

∣∣∣∣∣
∣∣∣∣∣
1

]}
= inf

n≥1

{
n−1E

(
ln

∣∣∣∣∣
∣∣∣∣∣
n∏
t=1

X∗t−1

∣∣∣∣∣
∣∣∣∣∣
1

)}
< 0 (A.28)

(ii) E(ln+ ||X∗||1) < ∞, where ||X∗||1 ≡ sup{||X∗1x||1 : x ∈ IRKp, ||x||1 ≤ 1}, and ln+(x) = 0 if

0 ≤ x ≤ 1 and ln+(x) = ln(x) if x > 1. (iii) E(ln+ ||Ψ∗U∗||1) <∞, where ||Ψ∗U∗||1 ≡ sup{||Ψ∗U∗1x||1 :

x ∈ IRKp, ||x||1 ≤ 1}. (iv) Ψ∗U∗t is strictly stationary and ergodic. (v) X∗t is strictly stationary and

ergodic. For conditions (i) to (iii), the matrix norm ||A||1 = max1≤j≤Kp
∑Kp

i=1 |ai,j | is used, where

A = {ai,j} for i, j = 1, . . . ,Kp. Proof: It follows from the proofs of the works of Brandt (1986), Elton

(1990), and Straumann and Mikosch (2006), hence it is omitted.

Gt(Θ0)′ converges e.a.s. to a unique strictly stationary and ergodic sequence, if the first derivatives

of M∗t and M †t with respect to Θ, at the true parameter values, converge e.a.s. to unique strictly

stationary and ergodic sequences. In Proposition 6, we present the conditions for M∗t , which can be

modified for M †t by using the parameter matrices of filter M †t .
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Proposition 6: Filter ∂M∗t /∂Θ′ from Proposition 3, can be represented by the following equations:

∂M∗t
∂Ψ∗i,j

= X∗t−1

∂M∗t−1

∂Ψ∗i,j
+Wi,jU

∗
t−1 (A.29)

∂M∗t
∂Φ∗i,j

= X∗t−1

∂M∗t−1

∂Φ∗i,j
+Wi,jM

∗
t−1 (A.30)

for i, j = 1, . . . ,K(p+q−1); Wi,j is a [K(p+q−1)×K(p+q−1)] matrix, in which element (i, j) is one

and the rest of the elements are zero. Filter ∂M∗t /∂Θ′ converges e.a.s. to a unique strictly stationary

and ergodic sequence if: (i) the following Lyapunov exponents are negative:

inf
n≥1

n−1E

ln

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
n∏
t=1

∂
∂M∗t
∂Ψ∗i,j

∂
(
∂M∗t−1

∂Ψ∗i,j

)′
∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
1


 ≡ inf

n≥1

{
n−1E

[
ln

∣∣∣∣∣
∣∣∣∣∣
n∏
t=1

Ψ̃
(1)
t−1

∣∣∣∣∣
∣∣∣∣∣
1

]}
< 0 (A.31)

inf
n≥1

n−1E

ln

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
n∏
t=1

∂
∂M∗t
∂Φ∗i,j

∂
(
∂M∗t−1

∂Φ∗i,j

)′
∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
1


 ≡ inf

n≥1

{
n−1E

[
ln

∣∣∣∣∣
∣∣∣∣∣
n∏
t=1

Φ̃
(1)
t−1

∣∣∣∣∣
∣∣∣∣∣
1

]}
< 0 (A.32)

where we define Ψ̃
(1)
t−1 and Φ̃

(1)
t−1, respectively. (ii) E(ln+ ||Ψ̃(1)||1) <∞ and E(ln+ ||Φ̃(1)||1) <∞, where

||Ψ̃(1)||1 ≡ sup{||Ψ̃(1)
1 x||1 : x ∈ IRKp, ||x||1 ≤ 1} and ||Φ̃(1)||1 ≡ sup{||Φ̃(1)

1 x||1 : x ∈ IRKp, ||x||1 ≤

1}, respectively. (iii) E(ln+ ||Wi,jU
∗||1) < ∞ and E(ln+ ||Wi,jM

∗||1) < ∞, where ||Wi,jU
∗||1 ≡

sup{||Wi,jU
∗
1x||1 : x ∈ IRKp, ||x||1 ≤ 1} and ||Wi,jM

∗||1 ≡ sup{||Wi,jM
∗
1x||1 : x ∈ IRKp, ||x||1 ≤ 1},

respectively. (iv) Wi,jU
∗
t and Wi,jM

∗
t are strictly stationary and ergodic. (v) X∗t is strictly stationary

and ergodic. Proof: It follows from the proofs of the works of Brandt (1986), Elton (1990), and

Straumann and Mikosch (2006), hence it is omitted.

Gt(Θ0)′Gt(Θ0) = Ht(Θ0) converges e.a.s. to a unique strictly stationary and ergodic sequence, if

(∂M∗t /∂Θ′)× (∂M∗t /∂Θ′)′ and (∂M †t /∂Θ′)× (∂M †t /∂Θ′)′, at the true parameter values, converge e.a.s.

to unique strictly stationary and ergodic sequences. In Proposition 7, we present the conditions for

M∗t , which can be modified for M †t by using the parameter matrices of filter M †t .

Proposition 7: Filter (∂M∗t /∂Θ′) × (∂M∗t /∂Θ′)′ from Proposition 4, can be represented by the

following equations:

vec

[
∂M∗t
∂Ψ∗i,j

(
∂M∗t
∂Ψ∗k,l

)′]
= (X∗t−1 ⊗X∗t−1)vec

[
∂M∗t−1

∂Ψ∗i,j

(
∂M∗t−1

∂Ψ∗k,l

)′]
(A.33)
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+[(Wk,lU
∗
t−1)⊗X∗t−1]vec

(
∂M∗t−1

∂Ψ∗k,l

)
+ [X∗t−1 ⊗Wi,jU

∗
t−1]vec

(
∂M∗t−1

∂Ψ∗k,l

)′

+vec
[
Wi,jU

∗
t−1(U∗t−1)′W ′k,l

]
≡ (X∗t−1 ⊗X∗t−1)vec

[
∂M∗t−1

∂Ψ∗i,j

(
∂M∗t−1

∂Ψ∗k,l

)′]
+ Ũ∗t−1

and

vec

[
∂M∗t
∂Φ∗i,j

(
∂M∗t
∂Φ∗k,l

)′]
= (X∗t−1 ⊗X∗t−1)vec

[
∂M∗t−1

∂Φ∗i,j

(
∂M∗t−1

∂Φ∗k,l

)′]
(A.34)

[(Wk,lM
∗
t−1)⊗X∗t−1]vec

(
∂M∗t−1

∂Φ∗i,j

)
+ [X∗t−1 ⊗ (Wi,jM

∗
t−1)]vec

[(
∂M∗t−1

∂Φ∗k,l

)′]

+vec
[
Wi,jM

∗
t−1(M∗t−1)′W ′k,l

]
≡ (X∗t−1 ⊗X∗t−1)vec

[
∂M∗t−1

∂Φ∗i,j

(
∂M∗t−1

∂Φ∗k,l

)′]
+ M̃∗t−1

where we define Ũ∗t−1 and M̃∗t−1, respectively, for ease of notation.

Filter (∂M∗t /∂Θ′)×(∂M∗t /∂Θ′)′ converges e.a.s. to a unique strictly stationary and ergodic sequence

if: (i) the following Lyapunov exponents are negative:

inf
n≥1

n−1E

ln

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
n∏
t=1

 ∂
∂M∗t
∂Ψ∗i,j

∂
(
∂M∗t−1

∂Ψ∗i,j

)′
×

 ∂
∂M∗t
∂Ψ∗i,j

∂
(
∂M∗t−1

∂Ψ∗i,j

)′

′∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
1


 (A.35)

≡ inf
n≥1

{
n−1E

[
ln

∣∣∣∣∣
∣∣∣∣∣
n∏
t=1

Ψ̃
(2)
t−1

∣∣∣∣∣
∣∣∣∣∣
1

]}
< 0

and

inf
n≥1

n−1E

ln

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
n∏
t=1

 ∂
∂M∗t
∂Φ∗i,j

∂
(
∂M∗t−1

∂Φ∗i,j

)′
×

 ∂
∂M∗t
∂Φ∗i,j

∂
(
∂M∗t−1

∂Φ∗i,j

)′

′∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
1


 (A.36)

≡ inf
n≥1

{
n−1E

[
ln

∣∣∣∣∣
∣∣∣∣∣
n∏
t=1

Φ̃
(2)
t−1

∣∣∣∣∣
∣∣∣∣∣
1

]}
< 0

where we define Ψ̃
(2)
t−1 and Φ̃

(2)
t−1, respectively. (ii) E(ln+ ||Ψ̃(2)||1) <∞ and E(ln+ ||Φ̃(2)||1) <∞, where

||Ψ̃(2)||1 ≡ sup{||Ψ̃(2)
1 x||1 : x ∈ IRKp, ||x||1 ≤ 1} and ||Φ̃(2)||1 ≡ sup{||Φ̃(2)

1 x||1 : x ∈ IRKp, ||x||1 ≤ 1},

respectively. (iii) E(ln+ ||Ũ∗||1) < ∞ and E(ln+ ||M̃∗||1) < ∞, where ||Ũ∗||1 ≡ sup{||Ũ∗1x||1 : x ∈

12



IRKp, ||x||1 ≤ 1} and ||M̃∗||1 ≡ sup{||M̃∗1x||1 : x ∈ IRKp, ||x||1 ≤ 1}, respectively. (iv) Ũ∗t and M̃∗t are

strictly stationary and ergodic. (v) (X∗t−1⊗X∗t−1) is strictly stationary and ergodic. Proof: It follows

from the proofs of the works of Brandt (1986), Elton (1990), and Straumann and Mikosch (2006),

hence it is omitted.
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Supplementary Material B: t-QVARMA(1,1,1) and t-QVARMA(3,1,1)

The IRF estimates for t-QVARMA(1,1,1) are presented in Figures B1 to B3. The estimates of IRF∗j,t+

IRFvj,t for j = 0, . . . , 20 are presented in Figure B1. The estimates of IRF†j,t for j = 0, . . . , 20 are

presented in Figure B2. The estimates of IRF∗j,t + IRFvj,t + IRF†j,t for j = 0, . . . , 20 are presented in

Figure B3.

The IRF estimates for t-QVARMA(3,1,1) are presented in Figures B4 to B6. The estimates of

IRF∗j,t + IRFvj,t for j = 0, . . . , 20 are presented in Figure B4. The estimates of IRF†j,t for j = 0, . . . , 20

are presented in Figure B5. The estimates of IRF∗j,t + IRFvj,t + IRF†j,t for j = 0, . . . , 20 are presented in

Figure B6.
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Supplementary Material C: t-QVARMA(2,1,1) for β2 = 1

The IRF estimates for t-QVARMA(2,1,1) for β2 = 1 are presented in Figures C1 to C3. The estimates

of IRF∗j,t+IRFvj,t for j = 0, . . . , 20 are presented in Figure C1. The estimates of IRF†j,t for j = 0, . . . , 20

are presented in Figure C2. The estimates of IRF∗j,t + IRFvj,t + IRF†j,t for j = 0, . . . , 20 are presented in

Figure C3.
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Supplementary Material D: Limiting special case of t-QVARMA

Gaussian-QVARMA

If ν →∞ for t-QVARMA(p,q,r), then vt ∼ tK(0,Σ, ν)→d NK(0,Σ) and ut = vt[1+(v′tΣ
−1
v vt)/ν]−1 →p

vt. This provides the following linear Gaussian-QVARMA(p,q,r):

yt = c∗ + µ∗t + µ†t + vt (D.1)

µ∗t =

p∑
i=1

Φ∗iµ
∗
t−i +

q∑
j=1

Ψ∗jvt−j (D.2)

µ†t = µ†t−1 +
r∑
l=1

Ψ†l vt−l (D.3)

vt ∼ NS(0S×1,Σ) = NS [0,Ω−1(Ω−1)′] i.i.d. (D.4)

where K∗ variables are I(0) and K† co-integrated variables are I(1). By using the notation of the

first-order representation (8) and the notation of the IRFs for t-QVARMA, the IRFs of Gaussian-

QVARMA can be written as: IRFj,t = IRF∗j,t+IRF†j,t+IRFvj,t, where the short-run effects are IRF∗j,t =

J(Φ∗)j−1Ψ∗J ′Ω−1 for j = 1, . . . ,∞, the long-run effects are given by:

IRF†1,t = ∂µ†t+1/∂εt = Ψ†1Ω−1

IRF†2,t = ∂µ†t+2/∂εt = (Ψ†1 + Ψ†2)Ω−1

...

IRF†K−1,t = ∂µ†t+K−1/∂εt = (Ψ†1 + . . .+ Ψ†K−1)Ω−1

IRF†j,t = ∂µ†t+j/∂εt = (Ψ†1 + . . .+ Ψ†K)Ω−1 for j ≥ K

(D.5)

and the contemporaneous effects are IRFvj,t = Ω−1 for j = 0.

Empirical application

In the empirical application, the following Gaussian-QVARMA(2,1,1) is estimated (the VAR lag-order

is chosen by using the AIC, BIC, and HQC metrics):


y1,t

y2,t

y3,t

 =


c∗1

c∗2

c∗3

+


µ∗1,t

µ∗2,t

µ∗3,t

+


µ†1,t

µ†2,t

µ†3,t

+


v1,t

v2,t

v3,t

 (D.6)
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
µ∗1,t

µ∗2,t

µ∗3,t

 = φ∗1


µ∗1,t−1

µ∗2,t−1

µ∗3,t−1

+ φ∗2


µ∗1,t−2

µ∗2,t−2

µ∗3,t−2

+


Ψ∗1,11 Ψ∗1,12 Ψ∗1,13

Ψ∗1,21 Ψ∗1,22 Ψ∗1,23

Ψ∗1,31 Ψ∗1,32 Ψ∗1,33



v1,t−1

v2,t−1

v3,t−1

 (D.7)


µ†1,t

µ†2,t

µ†3,t

 =


µ†1,t−1

µ†2,t−1

µ†3,t−1

+


0 0 0

0 Ψ†1,22 Ψ†1,23

0 β2Ψ†1,22 β2Ψ†1,23



v1,t−1

v2,t−1

v3,t−1

 (D.8)

vt ∼ t3




0

0

0

 ,


Ω−1
11 0 0

Ω−1
21 Ω−1

22 0

Ω−1
31 Ω−1

32 Ω−1
33

×


Ω−1
11 Ω−1

21 Ω−1
31

0 Ω−1
22 Ω−1

32

0 0 Ω−1
33

 , ν
 i.i.d. (D.9)

The specification of Ψ†1 ensures that R = 1. Variables µ∗t and µ†t are initialized by using 3× 1 vectors

of zeros. The co-integration vector for y2,t and y3,t is given by (−β2, 1)′.

The ML parameter estimates for Gaussian-QVARMA(2,1,1) are presented in Table 3. Those esti-

mates indicate that both short-run and long-run dynamic effects are significant, as several elements of

φ∗1, φ∗2, Ψ∗1, and Ψ†1 are significant. In Table 3, the AIC, BIC, and HQC model selection criteria are also

presented, which indicate that the likelihood-based statistical performances of the t-QVARMA(2,1,1)

specifications are superior to the statistical performance of Gaussian-QVARMA(2,1,1).

The IRF estimates for Gaussian-QVARMA(2,1,1) are presented in Figures D1 to D3. The estimates

of IRF∗j,t+IRFvj,t for j = 0, . . . , 20 are presented in Figure D1. The estimates of IRF†j,t for j = 0, . . . , 20

are presented in Figure D2. The estimates of IRF∗j,t + IRFvj,t + IRF†j,t for j = 0, . . . , 20 are presented in

Figure D3.
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Supplementary Material E: Classical alternatives to t-QVARMA

The ML estimates for Gaussian-VAR(2) are presented in Table 3 (the VAR lag-order is chosen by using

the AIC, BIC, and HQC metrics). For Gaussian-VAR(2), the estimates of IRFj,t for j = 0, . . . , 20 are

presented in Figure E1.

For Gaussian-VAR(2)-VECM, the following specification is estimated, where y1,t is I(0), and y2,t

and y3,t are I(1) and co-integrated:


y1,t − c1

∆y2,t

∆y3,t

 = αβ′


y1,t−1 − c1

y2,t−1

y3,t−1

+


Γ1,11 Γ1,12 Γ1,13

Γ1,21 Γ1,22 Γ1,23

Γ1,31 Γ1,32 Γ1,33



y1,t−1 − c1

∆y2,t−1

∆y3,t−1

+


v1,t−1

v2,t−1

v3,t−1

 (E.1)

where α = (0, α2, α3)′ and β = (0, β2, 1)′.

The ML estimates for Gaussian-VAR(2)-VECM are presented in Table 3. With respect to the

IRFs of Gaussian-VAR(2)-VECM, the estimation results indicate that the IRF confidence intervals are

significantly wider for Gaussian-VAR(2)-VECM than for Gaussian-VAR(2). Therefore, the Gaussian-

VAR(2)-VECM IRF results are not reported in this paper.

We also studied the use of the multivariate t-distribution in the VAR framework, because t-VECM

is more robust to outliers than Gaussian-VECM (Lucas 1997). The estimation results for t-VECM

indicate that the IRF confidence intervals are significantly wider for t-VECM than for Gaussian-VECM.

As a consequence, t-VAR and t-VECM results are not reported in this paper.
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