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Supplementary Material A: Statistical inference of t--QVARMA (p,q,r)
1. Maximum likelihood (ML) estimator
The parameters of t--QVARMA (quasi-vector autoregressive moving average) are estimated by using
the ML method, as follows:
T

Oy, = argmngL(yl, .o, yr; ©) = arg mém;ln (| Fi—1;©) (A.1)

where LL is log-likelihood, Fi—1 = (y1, ..., Yt—1, p5, ,uJ{), and © is the S x 1 vector of parameters.

The T x S matrix of contributions to the gradient G(y1,...,yr, ©) is defined by its elements:

9 f(ylFi1:0)
00;

Gti(©) = (A.2)

for period t = 1,...,T and parameter i = 1,...,.S (Wooldridge 1994). The ¢-th row of G(y1,...,yr,©)
is denoted by using G¢(0), which is the score vector for the t-th observation. Under the assumptions

of this section, the ML estimator of (A.1) is equivalent to the representation:

T T Gt,l (éML) . 91n f(yt\a](':)t;u@ML)
1 R . 1 ‘ ) '
T;Gt((—)ML) == thl . = th; : :OSXI (AS)
Gt,S(éML) Oln f(ytg}@—t;u@ML)

According to the mean-value expansion about ©g:

T T T
1 A , 1 , 1 _ A
T ; Gi(6wn)' = 7 ;Gt(@o) + 7 ;Ht(@) (G, — Op) (A.4)
where each row of the S x S Hessian matrix
0% 1n Fi—1;0
o) = - I Wl 7io1:6) (A.5)

0000/

is evaluated at S different mean values, indicated by © in (A.4) (Wooldridge 1994). Each © is located

between ©g and Oy, that is expressed as: ||© —Og|| < ||Onr, —Op||, where ||| is the Euclidean norm.



From (A.3) and (A.4):
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(A.6)

The asymptotic covariance matrix of O, is estimated according to the inverse information matrix:
{(1/T) S [Ge(OmL) G (O0p)]} 7 (Creal et al. 2013; Harvey 2013; Blasques et al. 2017).

In the following sections, we present the assumptions required for the asymptotic properties of the
ML estimator and for the use of the inverse information matrix for the ML standard errors.
2. ML assumptions
The following properties are important for the asymptotic properties of ML: (i) scaled score function
ug, and its first and second derivatives with respect to i, are bounded functions of v;. (ii) The dynamic
parameter matrix of ,u;r is set to the identity matrix (hence, it is not an estimated parameter matrix).

For the asymptotic properties of ML, results from the works of Wooldridge (1994), Creal et al.

(2013), Harvey (2013), and Blasques et al. (2017) are used. We use the following assumptions:
(S1) Parameter set © € IR® is compact.
(S2) ©y is an interior point within O c IR®, where O represents the true values of ©.
(S3) For each © € ©, In f(-|F;_1;©) is a Borel measurable function on IR.
(S4) For each y; € IR, In f(y¢|F;_1;-) is a continuous function on ©.
(S5) For each y; € IR, In f(y;|Fi_1;-) is twice continuously differentiable on all interior points of ©.
(S6) E[|In f(y:|Fi—1;0)|] < oo for all § € ©.
(S7) limy 00 (1/T) 21, EIn f (3| F_1; ©)] exists for all 6 € ©.
(S8) maxy o|(1/T) (- In f (el Fi1;0) — E[ln f (4| Fi—15©)]| = 0 if T — oo.
(S9) Jir J (Wil Fio15©)dy, = 1 for all ©,
(S10) f(ye|Fi—1;00) = po(ye|Fi—1; ©p), where pg is the true conditional density.

(S11) f(yi|Fi—1;00) = po(ye| Fi—1;Op) for O is a dynamically complete density.



(S12) 6[fIR (el Fi—1;0)dy] /00 = fm[af(yt|-7:t—1§ ©)/00]dy:.
(S13) O fgr Ge(©) f(ye| Fi—1:©)dy:] /00 = [R[OGL(O) f(yi|Fi-1;0)/0O)dy;.
(S14) ©¢ is a unique solution to:

T

glgngggo;ln (el Fi1;©) (A7)

(S15) M} converges exponentially fast almost surely (e.a.s.) to a unique strictly stationary and ergodic

sequence.
(S16) For each © € O, each element of H;(©) is a Borel measurable function on IR.
(S17) For each y; € IR, each element of Hy(©) is a continuous function on ©.

(S18) For each element of Hy(©), |H; ;+(©)| < oo for all ©.

(S19) Matrix

g = Jim i B[H(©)] = lim. ;gw[at(eo)'} = Jim gE[GxeoyGt(eon (A38)
is positive definite.
(S20) H¢(©p) converges e.a.s. to a unique strictly stationary and ergodic sequence.
(S21) E[G¢(00)G(00)'] < oo for all t.
(S22) (1/VT) I E[G+(©0)] = 0gx1 for T — oo.

(S23) (1/VT) I, Gi(©g)" —a N5(0, By) for T — oo, where:

By = lim Var

T—o00

1 T
ik ;Gt((%)

(S24) G(©g)" converges e.a.s. to a unique strictly stationary and ergodic sequence.

Conditions (S1) to (S9), (S12) to (S14), and (S16) to (S18) are regularity conditions, which hold

for the t-QVARMA models of this paper. Conditions (S10) and (S11) are maintained assumptions.
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Condition (S15) is proven in Proposition 5. Conditions (S16) to (S20) imply the law of large numbers
for H;(©) in (A.6) (White 2001, Theorem 3.34). Condition (S19) is proven in Proposition 4, which
uses Proposition 2. Condition (S20) is proven in Proposition 7.

Conditions (S21), (S22), (S23), and (S24) imply the central limit theorem (CLT) for G¢(0p)" in
(A.6). For (S21), we use the following result: E[H;(O¢)] = Var[G¢(0p)")] = E[G+(00)' G¢(0p)] < oo,
where the equalities hold due to (S13) (Wooldridge 1994, p. 2675) and (S12) (Wooldridge 1994,
p. 2674), respectively. Inequality E[G(©¢) G¢(0¢)] < oo is shown in Proposition 4, which implies
E[G1(00)G¢(00)'] < 0o, because the terms of the sum defined by G¢(0y)G¢(0p)’ are in the diagonal of
G1(00)'G1(Oy). For condition (S22), we use the following result: E[G¢(0)’] = 0gx1, which holds under
(S12) (Wooldridge 1994, p. 2674). Moreover, the time-invariant E[G(00)’] is proven in Proposition 3,
which uses Proposition 2. For condition (S23), we use White (2001, Theorem 5.16): (i) G¢(00)" is a
martingale difference sequence (MDS), which holds under (S11) (Wooldridge 1994, p. 2677). Therefore,
G(0p) is an adapted mixingale (White 2001, Definition 5.15, p. 125). (ii) Condition (S24) that is
proven in Proposition 6. (i) and (ii) imply (S23).

3. Propositions
Proposition 1 presents the consistency and asymptotic normality of the ML estimates.

Proposition 1: Under (S1) to (S24):
VT(© — ©g) —q Ns (0sx1, Ay BoAg') = Ng (0sx1,Ag") as T — oo (A.10)

Proof: It follows from the works of Wooldridge (1994), Creal et al. (2013), Harvey (2013), and
Blasques et al. (2017), hence it is omitted.

For Propositions 2 to 4, arguments from the work of Harvey (2013) are used. For Propositions 5
to 7, the proofs of the works of Brandt (1986), Elton (1990), and Straumann and Mikosch (2006) are

used. For the proofs of Propositions 2 to 4, we use:

(our \'
% \2—1 k,
E | (U3, (a li) < o0 (A.11)

for i =0,1,2, j,k,l = 1,...,K (Harvey 2013), which imply finite variances and covariances for the

score functions and their derivatives, and which hold for the t--QVARMA model of this paper.



Proposition 2: If the maximum modulus of eigenvalues, denoted Cy, of ®* is less than one, and
U* is non-zero, then puj is covariance stationary. Proof: For the equation M; = ®*M; | + V*U; ,,
Uy is ii.d. with zero mean and a well-defined covariance matrix for v > 2. If the maximum modulus
of eigenvalues of ®* is less than one and ¥* is non-zero, then puy is covariance stationary. QED

Proposition 3: The expected value of G¢(Op)" is time-invariant if the maximum modulus of

eigenvalues of matrix Fy = E(X] ) is less than one, where

oU;
=t A.12
R TRY A A

*

Proof: First, we focus on the following derivatives of uy with respect to ¥7 .,

where U7 j is an element
9,

of U*. Those derivatives by the chain rule are in G¢(0¢)" and I;(0p), and are given by:

OM{ _ g OMiy OV
aqji,j a‘I’z’,j ‘Nji,j

-+ Wi,jUt*—l (A.l?))

fori,j=1,...,K(p+q—1); Wi isa [K(p+q—1) x K(p+ g — 1)] matrix, in which element (¢, j) is
one and the rest of the elements are zero. Therefore, W; ;U ; is the j-th element of U} ;. By using

the chain rule, from (A.13):

OM* . i} (9M*7 .
P WUy = Xy o + Wi Uiy (A.14)
I irj

— |:®* _1_\:[]* 8Ut*71 :| 8Mt*71

N
The conditional expectation of the latter equation, conditional on F;_o, is:

oMy . OM; .
E (a\ll;’ft_2> — E(Xt71|ft_2)aT];‘1 + Wi,jE(Ut71|ft—2) (A15)
Z?] 7’7‘7

where OM;" | /07 ; is outside the conditional expectation, because it is determined by F;—5. The

unconditional expectation of the latter equation is:

OM} . oM .
E (8\11:) = E( t—l)E ( 8\:[/1 '1> + W@jE(Ut_l) (A.lﬁ)
/L?.] 1/"7

because E(X; |F;—2) and OM; ,/0V}; are independent. The last term of (A.16) is an i.i.d. time

series with zero unconditional mean. Therefore, E(9M;/0V; ) is finite if the maximum modulus of



eigenvalues of E(X; ;) is less than one.

Second, we focus on the following derivatives of p; with respect to ®; ;, where @7 ; is an element of

®*. Those derivatives by the chain rule are in G(©g)’ and I;(0y), and are given by:

OM;
P; ;

+ Wi,th*—l == + W’]Mt* 1 (Al?)

— |:¢>k +\I/* aUt*—l :| aMt*—l

oM} )| 0%}, 1aar 8(1)*

for i,j = 1,...,K(p+ q — 1). Therefore, W; ;M;" ;| is the j-th element of M; ;. The conditional
expectation of the latter equation, conditional on F;_o, is:
oM} . oM} .

E (aq>* | Fie 2> = B(X; || Fi-2) m;* =+ Wi B(M] | Fi2) (A.18)

where OM;_; /09 ; is outside the conditional expectation, because it is determined by Fi_s. The

unconditional expectation of the latter equation is:

OM; . OM;-
E (a@t) =E(X; |)E ( 5o, ) + Wi E(M} ) (A.19)
Z?]

because E(X; ;|Fi—2) and OM; ,/0®; ; are independent. Under the assumption that the maximum
modulus of eigenvalues of ®* is less than one, W; ;E(M;" ) = 0. Therefore, E(OM; /0] ;) is finite if
the maximum modulus of eigenvalues of E(X; ;) is less than one. QED

Proposition 4: Matrix F[G:(00)'G(0p)] is time-invariant if the maximum modulus of eigenvalues
of matrix F3 = E(X; ; ® X ;) is less than one, where ® is the Kronecker product. Proof: First,
we focus on a particular derivative, which contributes to the information matrix. From (A.14), the

following derivative is expressed:

/
oM [ OMy OM; | ([ OM] oM}
= X7 X7 X7 A2
a\:[]* (a\p};’l> t—1 8\112] 8‘1]7;7l ( t— 1) + t—1 aQax a\p* (Ut 1) Wk‘l ( O)
o\
+Wi7jUt*71 <8\IJZ‘_1> (Xt*fl)/ + Wi,jUt*ﬂ(Ut*A)/Wlé,z
k,l

which, by using the equation vec(ABC) = (C’ ® A)vec(B), where vec(x) indicates that the columns of



the matrix are being stacked one upon the other, (A.20) can be written as:

’ /
oMy ([oM;\ | . . OM{ [ OM;
vec | o0 <8\I’Zl> = (X{_; ® X;_4)vec aur \ v, (A.21)
%,J ) b ’
* * aM:—l * * 8Mt*_1 I
+H (Wi, Uf) @ X[ ]vec o, + [ X7 @ Wi ;U |vec o7,

tvec [Wiijt*fl(Ut*fl)/Wlé,l]

The conditional expectation of the latter equation, conditional on F;_o, is:
!/ /
oM} [ oMY oM} | [ OM;
E{ vec | o= 1t =1 = (A.22)
8\Ili7j 8\11,” awm 8\I'k,,l

* * 6Mt*—1 * * 0 — /
+E[(WrUZy) ® Xi_y|Fi—o]vec + E[X{_y ®@ Wi ;U | Fi—o]vec

|.7:t_2} = E(X]_, ® X[ | Fi—2)vec

ovy,

tvec {WZJE [Ut*fl(Ut*fl)qft—?] Wlél}

where vec[(OM;,/0¥; ;)(OM;,/0V} )], vec[(OM; /0¥] ;)], and vec[(OM;, /0V} ;)] are outside the
conditional expectations, because they are determined by F;_o. The unconditional expectation of

(A.22) is:

I
FE
{Vec ov; (aqz;;l>
oM},

E[WiUi )@ X; ]| E {VGC ( 50 > } +E [ X7, ® (Wi;Uf )] E {Vec
i,J

} = B(X{_, ® X[ )E {Vec

/

oM;, (oM,
A2
o, (axy;;,l " (4.23)

oMy,
6\1/7;1

+vec {WZJE [Ut*fl(Ut*fl)l] Wlél}

because
(i) B(X{ ® X |Fi—2) and vec[(M;_,/0¥; ;)(OM;_,/0V} ;)] are independent;
(i) E[(WkUi_y) @ X{_1|Fi—2] and vec(OM;_, /0¥ ;) are independent;
(iii) B[X; 4 ® (Wi ;U7 1)|Fi—2] and vec[(OM;",/0¥},)'] are independent.

The unconditional means in the second and third terms of (A.23) are finite because of (A.11).



The unconditional mean of the last term of (A.23) is finite, because E[U;"_ (U} )'] is well-defined for
v > 2. Therefore, E[(OM;/0V] ;)(OM; /0¥y )] is finite if the maximum modulus of eigenvalues of
E(X} {® X/ ) is less than one.

Second, from (A.17) we express:
/ !
oM} [ OM oM, [ OM; |
- - = (X{_; ® X[ |)vec (A.24)
0P ; (aq)k,l) ! !
oMy,

vec
8<I>Z-7j 8(I)k,l
/
* * * * aM*—
(Wi M) ® Xi—y]vec ( 97, ) + [X{ 1 @ (Wi M{ q)]vec [( 8@% ;) ]

+vec [Wi M (M} ) Wy,]

The conditional expectation of the latter equation, conditional on F;_o, is:

!/ /
oM} [ OM oM oM
E t t B — * * B t—1 t—1 )
{vec [8(1)2:]‘ (8@27) | F2 2} E(X] | ® X/ {|Fi—2)vec oo, | ooy, (A.25)
!/
oMy . . oMy
+E[(Wi My ) @ X[ | Fioalvee | =1 | + E[X], @ (Wi My )| Fi—a]vec L
%] ; hy
tvec {Wi7jE [Mt*fl(Mt*flﬂ‘Ft—?] Wé,l}
The unconditional expectation of (A.25) is:
!/ /
oMy [ OM; OM; OM;
E t t —E * * t—1 t—1 ]
{vec laq)zj <a¢z7l> } (X1 @ X7 )FE {vec oo, | ooy, (A.26)

+E[(Wy M) @ Xi 4B

* * 8]\415*—1 ,
+ EIX{ @ (Wi j M )] E { vec ¥
0%y,

)

oM}
vec =1
( 0%, )

vee {Wi B [M; (M) ] Wi, }

because
i) BE(X;} , ® X} | Fi—2) and vec[(M;_,/0®* .)(OM} ,/0®% )] are independent;
t—1 t—1 t—1 1,J t—1 k,l
(ii) E[(Wgi My ) ® Xi_q|Fi—2] and vec(OM;,/0®; ;) are independent;
(iif) B[X;, ® (Wi ;M )| Fi—2] and vec[(OM;_, /0Py ;)'] are independent.



Under the assumption that the maximum modulus of eigenvalues of ®* is less than one and under
(A.11), (i) the unconditional means in the second and third terms of (A.26) are finite, and (ii) the
unconditional mean of the last term in (A.26) is finite because E[M; (M, ;)] is well-defined for
v > 2. Therefore, E[(OM;/0®};)(0OM] /0% ;)] is finite if the maximum modulus of eigenvalues of
E(X} | ® X/ ;) is less than one. QED

For the conditions of ML estimation of filter MtT, Propositions 3 and 4 are modified, by using the

parameter matrices of filter M;r (Harvey 2013):
M =otM] | +vlUl | (A.27)

Moreover, for the ML estimation of M;r , the dynamic parameter of u;r is set to the identity matrix
(see the definition of ®' after (9)), and it is not estimated (Harvey 2013, pp. 45-46 and pp. 210-212).
Therefore, for the modified versions of Propositions 3 and 4 with respect to the parameters of filter

MtT, the asymptotic properties of ML hold (Harvey 2013).

Proposition 5: Filter M;" = ®*M; | +V*U; | converges e.a.s. to a unique strictly stationary and
ergodic sequence if: (i) the following Lyapunov exponent is negative:

] } = inf {nlE (m ) } <0 (A.28)
) n>1 1

(ii) E(In™||X*||1) < oo, where || X*||; = sup{||Xjz|; : = € REP ||z||; < 1}, and InT(2) = 0 if

oM}

(M)

In ﬁXZLl

t=1

inf {nlE
n>1
t=1

0 <z <1landIn"(z)=In(z) if z > 1. (ili) E(In" [|[T*U*||1) < oo, where ||[U*U*||; = sup{||¥*Usz||; :
x € REP ||z||; < 1}. (iv) U*U} is strictly stationary and ergodic. (v) X/ is strictly stationary and
ergodic. For conditions (i) to (iii), the matrix norm ||Al|; = maxi<j<kp Zfipl la; j| is used, where
A={a;;}fori,j=1,...,Kp. Proof: It follows from the proofs of the works of Brandt (1986), Elton
(1990), and Straumann and Mikosch (2006), hence it is omitted.

G+(Op)’ converges e.a.s. to a unique strictly stationary and ergodic sequence, if the first derivatives
of M} and MtJr with respect to ©, at the true parameter values, converge e.a.s. to unique strictly
stationary and ergodic sequences. In Proposition 6, we present the conditions for M, which can be

modified for MtT by using the parameter matrices of filter MtT.
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Proposition 6: Filter 9M; /00’ from Proposition 3, can be represented by the following equations:

OM; oM,
= X* Wi [* A2
8\1121] t—1 8\1’:"7 + 7‘7Ut71 ( 9)

8Mt* * 8Mt*71
* -1 *
oy 1 oer

+ Wi,j t*—l (A.30)

fori,j=1,...,K(p+q—1); W, isa [K(p+q—1)x K(p+qg—1)] matrix, in which element (i, j) is one
and the rest of the elements are zero. Filter OM; /0O’ converges e.a.s. to a unique strictly stationary

and ergodic sequence if: (i) the following Lyapunov exponents are negative:

- - -
n O ==t n

. —1 97 _ -1 g (1)

Tllgfl n " E |In H 78 o\ = Tllgfi n " E |In H v, <0 (A.31)
L[ ( vy > 14 = !
— n 8ggt _ n ( )

; -1 iy _ . —1 = (1

Tgfl n " E |In H NI - = 71}5 {n E |In H(Dt_l } <0 (A.32)
L[ ( 9% ; ) 14 = !

where we define \ilgi)l and igl, respectively. (ii) E(In* [[#M]];) < oo and E(In* ||®M|];) < oo, where
18Dy = sup{|[#{Vzll + = € RE? |lzfl < 1} and [|@O|; = sup{||@Valy + 2 € RE?, ||af|y <
1}, respectively. (iii) E(In ||W;;U*|[1) < oo and E(In* ||W;;M*||1) < oo, where [|[W;,;U*|l; =
sup{|[WiyUtalls s @ € RE?, [[ofly < 1} and |[Wi;M*[|s = sup{lIWi; Mol : @ € RE?,|[af] < 1},
respectively. (iv) W; ;U and W; j M} are strictly stationary and ergodic. (v) X/ is strictly stationary
and ergodic. Proof: It follows from the proofs of the works of Brandt (1986), Elton (1990), and
Straumann and Mikosch (2006), hence it is omitted.

G1(00) G¢(©¢) = H(Og) converges e.a.s. to a unique strictly stationary and ergodic sequence, if
(OM[/0©") x (OM; /0O')" and (8M;r/8@’) X (8MJ/8®’)’, at the true parameter values, converge e.a.s.
to unique strictly stationary and ergodic sequences. In Proposition 7, we present the conditions for
M, which can be modified for M,:r by using the parameter matrices of filter MJ .

Proposition 7: Filter (OM;/00") x (0M;/0©’)" from Proposition 4, can be represented by the
following equations:

oy ((omy\
ov;, \ 0wy,

vec

/
oMy, (oM
= (X}, ® X |)vec = =1 (A.33)
t—1 t—1 a\IJZJ a\I,kJ

11




klYi—1 t—1/Vec " t—1 i,jUi—1/veC *
8\Ijkz,l ’ a\yk,l

/
* % X « oM} | [ OM; ~
+vec [Wi ;U (U 1) Wyy| = (XP © X{ q)vee 8\112‘]-1 ( 8\1/% ;) +U;
and
! /
8Mt* 8Mt* 8Mt*71 o Mt*fl

= (X ® Xy A34

v |oa (8%) (X ® XioyJvee [ sac | o0, (A34)

I
[(Wry M) ® X[ q]vec ( 8<I>t* 1) + [ Xi o @ (W j M )]vec [( 6<I>i 1) ]
i k,l

+ My,

!
o oMr | (oM;
+vec [Wi My (M)W, ] = (X] © X[ |)vec [ 8@}; ( 8(1)% ;)

where we define U} | and M;" ,, respectively, for ease of notation.
Filter (OM;/0©") x (OM;/0©") converges e.a.s. to a unique strictly stationary and ergodic sequence

if: (i) the following Lyapunov exponents are negative:

!/

oM 9 OM;
. 057 ov;
;Lgf E |In 1;[ ( ), X 8(5){M;‘_1)’ (A.35)
T, av; .
T
) _ = (2
Eégfi{n IE |In E\Pt 1 1]}<O
and
!
OM}* OM*
. 1 a 88‘1)57 88(1)57‘
inf ¢ n " F |In H | X L (A.36)
n>1 i1 a <8Mt71> 8 (8Mt71>
= 907 907

1

. _ = (2
Eégfi {n IE |In tl:!‘l)g)l }< 0

where we define \I’( ) and <i)§2_)1, respectively. (i) E(In" |[[T?)]|;) < oo and E(In" [|®?)||;) < oo, where

1

18| = sup{|[TP 2] - 2 € REP, [|z][; < 1} and |[8P|; = sup{||®Pa||s : & € REP,||z||; < 1},

8

respectively. (iit) E(In* ||U*[|1) < oo and E(In" ||[M*||1) < oo, where ||U*||; = sup{||Uiz||; : = €

12



REP ||2||; < 1} and ||M*||; = sup{||[Mjz|; : © € REP,||z||; < 1}, respectively. (iv) Uj and M; are
strictly stationary and ergodic. (v) (X;_ ; ® X[ ;) is strictly stationary and ergodic. Proof: It follows
from the proofs of the works of Brandt (1986), Elton (1990), and Straumann and Mikosch (2006),

hence it is omitted.
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Supplementary Material B: --QVARMA(1,1,1) and --QVARMA(3,1,1)
The IRF estimates for --QVARMA(1,1,1) are presented in Figures B1 to B3. The estimates of IRF}t +
IRF}; for j = 0,...,20 are presented in Figure Bl. The estimates of IRF;[J for 5 = 0,...,20 are
presented in Figure B2. The estimates of IRF;t + IRF}, + IRF}t for j = 0,...,20 are presented in
Figure B3.

The IRF estimates for --QVARMA(3,1,1) are presented in Figures B4 to B6. The estimates of
IRF;; + IRF}, for j = 0,...,20 are presented in Figure B4. The estimates of IRF;’t for j=0,...,20
are presented in Figure B5. The estimates of IRF;t +IRF;, + IRF} ,for 7 =0,...,20 are presented in

Figure B6.
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Supplementary Material C: --QVARMA(2,1,1) for 2 =1

The IRF estimates for t-QVARMA(2,1,1) for 53 = 1 are presented in Figures C1 to C3. The estimates
of IRF;, +IRF}, for j = 0,...,20 are presented in Figure C1. The estimates of IRF;J forj=0,...,20
are presented in Figure C2. The estimates of IRF}, +IRFY, + IRF}}t for j =0,...,20 are presented in

Figure C3.

21



"A[oA1100dsal ‘9jel spunj [eIopaj 9AI109Jo puR ‘9jel UOIIRPUI G() ‘UIMoI3 JO) [BdI §() oI Y IAH PUe “TANI ‘ddS 'Peysiyes ore T o[qR], JO SUOIOLIISOI oYY [IIYM IOJ ‘SUOIJRNUUIS
UOI[[IWL T 89U} JO N0 Z(F'6 10§ SI [PAIOIUI SOUOPYUOD oYL, 930N T = & UM (IT2) VINIVAD- 10§ (so[pueosad 9406 PUe ‘%0¢ ‘%0T) *5aMI + " LAyl uni-goqg 1D omsig

0¢ 81 91 v <l a6 8 £ 9 ¢ v ¢ ¢ | O [oF4 81 gl vl Zh oL 6 8 L 9 6 v ¢ < L O

° > S
o
e | |
I I I i
S ES [N}
2
o I 16
2 2
=} |
> o
° o
5
o
o 2
g
o o
~ IS
o
g
o
o g
©
ooy N PR S S S S S S S S ] S S S S S S S S S S SR S S B
5 5 s
[+ ¢ . 49 ¢ ) [+ ‘ .
Ve g aad + 16 yaad (1) FIVE g ad + 7% TaANT (W) e gaad + P aap (8)
oz 8l gl YL zl oﬁmmhmm¢mwﬁ0nw (74 al 9l 7l zL oﬁmmh©m¢mwﬁ0nf 0z a1l gl YL zl oﬁmwhmm¢mwﬁobu
[}
F 1o
g
I s
\,
o
————— /f
H e
H 1o
2
L ]e
2
o
[ NES
-y e -y e -y e
o -~ co
r+1e ¢ . (+g ¢ . r+3'g ¢ .
&l TANI + *€ 4444 “(3) &l TANI  #% TANI “(°) &l TANI < *P dao “(p)
[or4 8l gl Yl zl ofmwh®m¢mwfoh (o144 g1l 9l i zL ofmwhomAwafoO 0z 81 gl Yl zl omeBmm¢mmfoO
[}
F 1e
5
|
I 18
~
|
o
g
PR I S T S S S S R L= T S T S S T S T ST MY SUN R e R T T T T T S S S T T T S MR P
ES ES >

I gap «+ ¥ vdaad () I gap <+ ¥ AN ((q) I gap + 1 gan (e)

22



"A[oA1300dsa1 ‘ojel Spuny [RI9Paj SAIJD9)S pue ‘9jel UOIJePuI S ‘Ym0 JOO) [ed1 SN oI YA H Pue ‘“TANI ‘ddD "Poysiies are T S[qR], JO SUOIIDLIISAI ST} YDIYM IOf
‘SUOTYRINUILS UOI[[IW T 9} JO N0 Z(OF‘6 10] SI [RAIDIUI 90USPYUOD O J, :§270N ‘T = ¢ Yam (T1‘1‘2) VINUVAD-? 10] (so[rueoiad %06 pue ‘%0g ‘%0T1) N“Mmmﬂ un1-8uory :gD omSrq

oz 3 gl vl zh oL 6 B8 £ 9 S v ¢ T L 01 0z 2l 91 43 1 0L 6 8 £ 9 § v ¢ T | 0o oc 81 9l vl 13 oL 6 B8 £ 9 G v ¢ T L 01
I 1o i 2 : 1:
5 N

L 1o L 12 L 1=
8 5

| o |

I 1s I 1s I 15
= o b

| o |

i o ] Is ‘ 15
N oo @

| . |

5 . 1: ! 15

° © IS

L 1o | 1z L b
N S e
e R P s NG
ES -~ o

f+r'e ¢ . {+1'e ‘ . f+1'e ¢ .
T aaad < e gadd -(3) 1 9AAH + % TANT "(9) i 944 <+ Y1 4ad (p)

oz 8l gl vl zL oL 6 8 L 9 6 v ¢ C L 01 (o174 8l gl vl zL oL 6 8 £ 9 6§ v ¢ 2 L 04 [oF4 al gl vl zL oL 6 8 £ 9 6 v ¢ C L 0
I 1s I o i i
@ b N

I 1a I |o I i
> e =]

| o |

I 18 I Is I 15
s o o

| o |

B 5 I 1s I i
N oo @

| - |

o . 1; ! 15

> o s

| 1o L iz L S
2 s °

IS -~ o

o+

Perd AN - T ap (e)

P8 AN + #6 gaad () 8 NI + ¥ TaNT *(Q)

23



"A[9A1300ds01 ‘9el SpUNJ [RISPS] SAII9)S pUe ‘9)el UOIJRPUI S ‘YIMOIS JOO) [8d1 S o1 Y IAH PU® “TANI ‘ddD POYsiyes aIe T o[qR], JO SUOIIOLIISAI oY} YOTYM IO] ‘SUOI)e[NUIS

UOI[[I T 943 JO N0 ZOF'G 10§ SI [PAIOUL 9DUSPYUOD ST L, 270N T = &g Ypa (['T7) VINUVAD-# 103 (so[rueozod %06 pue ‘%0g ‘%01) * 44l + ﬁ?m: + ¥La4I 1esog, gD omSiyg

oz

8l gl vl zL oL 6 8 L 9 6 v ¢ C L O

(074

8L

gl vl zL oL

6 8 £ 9

S v ¢ ¢

L

90— 0l—=

0

T0—

[oF4

8l gl vl zL oL 6 8 L 9 6 v ¢ T

[ [43¢ ¢ [ [ ¢ [ [N ¢
P 4 P g ad < 7' qaad (1) 0 TR g aad ¢+ e ANt (1) P 4 PR g gam < 1 dap (9)
oz 8l gl 43 zl oL 6 8 £ 9 S ¥ ¢ T | O\,y [oF4 8l 9l i 13 oL 68 8 £ 9 S ¥ ¢ ¢ | O,O [o14 8t gl 43 zl oL 6 8 £ 9 ¢ ¥ ¢ T |
| | [
| i
|
FEVer 4 % AT« ¥8 yaad () FH781 4 C8 AN - 9 TANT (0) FHS 4 P N« ¥ dap ()
0T 8l 9l 43 zl 0oL 6 8 £ 9 S ¥ ¢ T | O\,, [of4 8l 9l i 13 oL 6 8 £ 9 S ¥ ¢ ¢ | O,O 0z 81 9l 43 zl oL 6 8 £ 9 S v ¢ T |

s

80—

v0-

00—

I gap «+ ¥ vdaad ()

0

I gap <+ ¥ AN ((q)

I gap < Y aap (e)

9l-

=

00— ¥0- 80—

0

80

ol

9=

80—

v'0-

00—

0

80

00

24



Supplementary Material D: Limiting special case of --QVARMA
Gaussian-Q VARMA
If v — oo for t-QVARMA (p,q,r), then vy ~ tx(0,,v) =4 Nk (0,%) and u; = ve[1+ (v}, toy) /] 7L =,

v¢. This provides the following linear Gaussian-QVARMA (p,q,r):

e = ¢+ i 4 pl + v (D.1)
p q
pe=> Wi+ v (D.2)
i=1 j=1
T
= pl > Ul (D.3)
=1
vy ~ Ns(0sx1,%) = N[0, Q7 H(Q71)] iid. (D.4)

where K* variables are I(0) and K co-integrated variables are I(1). By using the notation of the
first-order representation (8) and the notation of the IRFs for t--QVARMA, the IRFs of Gaussian-
QVARMA can be written as: IRF;; = IRF}, —l—IRF;r-’t +IRFj,, where the short-run effects are IRF}, =

J(@*)j_l\II*J’Q_l for j =1,...,00, the long-run effects are given by:

IRFl, = oul, /0 =v]0"!
IRFY, = 0pl /0 = (W] +w)o!
: (D.5)
IRF}{_M = 8MI+K_1/8Q = (‘I’I t. Tt ‘P}(—l)Q*l
IRFl, = opl, /0 =0+ . +0)Q ! for j>K

and the contemporaneous effects are IRF7;, = Q! for j=0.

Empirical application

In the empirical application, the following Gaussian-QVARMA (2,1,1) is estimated (the VAR lag-order
is chosen by using the AIC, BIC, and HQC metrics):

Yit cl Mg Mi,t V1t
Yo | T L5 | T ma | T M;t T vz (D-6)
Y3t C3 M§,t H:Tg t U3t
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v ~ t3

0

,UT,tfl MT,th ‘I’T,n ‘I’T,m
M§,t—1 + #3 ME,t—Q + ‘I’T,m q’f,zz
M;,t—l M§,t—2 ‘I’f,:n ‘I’T,sz
il 0 0 0 U1
H;t 1| T O ‘1’1,22 ‘1’1,23 V2,t-1
/L;,t—l 0 52‘1’1,22 62‘1’1,23 U3,t—1
—1 -1 -1 -1

Oy 0 0 Qp QO

-1 -1 -1 —1

| Qo Qg 0 X 0 O Qi
-1 -1 -1 —1

g1 33 Slgg 0 0 Qg

*

\1’1,13
*

\111,23

*
\Ijl,33

iid.

V1,t—1
V2t—1 (D.7)
V3t—1
(D.8)
(D.9)

The specification of \Iﬂi ensures that R = 1. Variables uy and ,ui are initialized by using 3 x 1 vectors

of zeros. The co-integration vector for ys; and y3; is given by (—f2,1)".

The ML parameter estimates for Gaussian-QVARMA (2,1,1) are presented in Table 3. Those esti-

mates indicate that both short-run and long-run dynamic effects are significant, as several elements of

o1, ¢35, V7, and \Iﬂ; are significant. In Table 3, the AIC, BIC, and HQC model selection criteria are also

presented, which indicate that the likelihood-based statistical performances of the t-QVARMA(2,1,1)

specifications are superior to the statistical performance of Gaussian-QVARMA(2,1,1).

The IRF estimates for Gaussian-QVARMA(2,1,1) are presented in Figures D1 to D3. The estimates

of IRF;, +IRFY, for j = 0,...,20 are presented in Figure D1. The estimates of IRF;[,t forj=0,...,20

are presented in Figure D2. The estimates of IRF; , +IRF7, + IRF}’t for j =0,...,20 are presented in

Figure D3.
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Supplementary Material E: Classical alternatives to t-QVARMA
The ML estimates for Gaussian-VAR(2) are presented in Table 3 (the VAR lag-order is chosen by using
the AIC, BIC, and HQC metrics). For Gaussian-VAR(2), the estimates of IRF;; for j = 0,...,20 are
presented in Figure El.

For Gaussian-VAR(2)-VECM, the following specification is estimated, where y;; is 1(0), and ya

and y3 ¢+ are I(1) and co-integrated:

Y1t — €1 Y1,t—1 — C1 I Tie T Y11 — C1 V11
_ /
Ayay =af Yo,6—1 t | Ti21 Ti2e T3 Aya -1 + | voer | (E1)
Ays Y3,t—1 a1 Tize Tiss Ayz -1 V3,41

where o = (0, a2, 3)” and 8 = (0, B2, 1)’.

The ML estimates for Gaussian-VAR(2)-VECM are presented in Table 3. With respect to the
IRFs of Gaussian-VAR(2)-VECM, the estimation results indicate that the IRF confidence intervals are
significantly wider for Gaussian-VAR(2)-VECM than for Gaussian-VAR(2). Therefore, the Gaussian-
VAR(2)-VECM IRF results are not reported in this paper.

We also studied the use of the multivariate ¢-distribution in the VAR framework, because t-VECM
is more robust to outliers than Gaussian-VECM (Lucas 1997). The estimation results for --VECM
indicate that the IRF confidence intervals are significantly wider for t-VECM than for Gaussian-VECM.

As a consequence, t-VAR and t-VECM results are not reported in this paper.
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