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1. Maximum likelihood (ML) estimator

We estimate all models by using the ML method. The ML estimates of parameters are given by:

T
O = argmngL(Yl, LY, 0) = argmgxtz;ln f(Yi|Fiz1,0) (S.1)

where LL is the log-likelihood function and F;—1 = o(Y7,...,Y;—1, X1,Q).
In the following, the gradient vector G¢(©) and the Hessian matrix H;(©) of LL are defined. The

T x S matrix of contributions to the gradient G(Y1,...,Yr, ©) is defined by its elements:

Gia0) = - IO (52)

for period ¢t = 1,...,T, and parameter ¢ = 1,...,S. The t-th row of G(Y1,...,Yr,©) is denoted by
using G¢(©), which is the score vector for the ¢-th observation. Under the ML assumptions of the next

section, the maximization problem of Equation (S.1) is equivalent to:
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where each row of the S x S Hessian matrix:

_32 In f(Y;|Fi—1;©)

H(®) = 9000’

(S.5)

is evaluated at S different mean values © of Equation (S.4). Each © is located between g and o:

116 — Q|| < ||6 — Og||, where || - || is the Euclidean norm. From Equations (S.3) and (S.4):

T -1

VT(6 — 6g) = [—} > 1,(0)

t=1

= Gileo) (5.6)

t=1

The asymptotic covariance matrix of parameters O is estimated by using the inverse information
matrix: {(1/7) Zthl [G4(6)G4(6)]} 1. We prove the consistency and asymptotic normality of the ML
parameter estimates, and the consistency of inverse information matrix-based estimator of standard
errors of parameters in the remainder of the Supplementary Material.

2. Assumptions
(A1) © is the parameter set, for which © € © C IR®, and © is compact.

A2) Asymptoticall Yi|Fio1;00) = po(Yi|Fi1; Op) for O from the parameter set © C IR°, where
(A2) Asymp 8 ; P ; p ,

po is the true conditional density, and ©( represents the true values of ©.

(A3) Asymptotically, f(Y;|Fi—1;00) for Og is a dynamically complete density [Wooldridge (1994)].

(A4) Ny for i =1,..., N are uniformly bounded, i.e. 3 Apax € RT such that |\;+| < Apax < oo for

i=1,...,N and for all t and © € ©.
(A5) Y; is strictly stationary for 7' — oo and ergodic on RV for all © € O.
(A6) In f(:|Fi—1;0) : RN x © — R is a real-valued function.
(A7) For each © € O, In f(-|F,_1; ©) is a Borel measurable function on IRV,
(A8) For each Y; € RV, In f(V;|F;_1;-) is a continuous function on ©.
(A9) 3 function b(-) : RY — IR such that |In f(Y;|F—1; ©)| < b(Y;) for all ©, and E[b(Y;)] < .

(A10) [ f(Yi|Fio150)dY; = 1 for all ©.



(A11) O is a unique solution to:

max plimz_, ., T ZElnf (ye| Fi—1,0)] (S.7)
0co —

(A12) Each element of H;(©) is strictly stationary for ' — oo and ergodic.

(A13) For each element of Hy(O), H; j+(O) : RV x © — IR is a real-valued function.
(A14) For each © € ©, each element of Hy(©) is a Borel measurable function on IRV,
(A15) For each Y; € RV, each element of H;(0) is a continuous function on ©.

(A16) 3 function b(-) : RN — IR such that, for all elements of H,(0), |H; j+(0)] < b[H; ;+(0)] for all
©, and E{b[H; ;+(0)]} < oo.

(A17) E[G¢(©0)Gt(00)'] < o for T — oc.
(A18) (1/VT) Y], E[G1(00)'] = 0gx1 for T — oco.

(A19) (1/VT) Y], Gi(©0)" =4 N(0, By) for T — oo, where:

By = hm Var

\FZGt (©0)

(A20) Oy is an interior point within © C IR¥.

(A21) For each Y;, In f(Y;|Fi_1;-) is twice continuously differentiable on all interior points of ©.
(A22) O] fye S (VilFio13 ©)dYi) /00 = fyux [0 (Vi Fi15) /0O dYi.

(A23) Ol [y G1(O) F(VilFo150)dVi] /00 = [y [0GH(O) F(Vi|Fi-1; ©)/00]aY;.

(A24) The following matrix is positive definite:

Ap = lim —ZE [H(©g)] = hm —ZVar [G¢(00)'] (S.9)
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3. Properties of the score functions
3.1. Boundedness of the score functions and their derivatives
The results of this section are true for all ¢ and © € ©. In this section, we prove the existence of all

unconditional moments of u; ¢ and e;; for i = 1,..., N, and their derivatives.

(i) From Equation (20) of the paper, u; as a function of the structural form errors is:

é
u = [(v = 2)v]"2DQy x — t+ 7z (S.10)
t

where € ~ t[0, Iy X (v —2)/v,v] with v > 2 is an i.i.d. multivariate ¢t-distribution with zero mean

and identity covariance matrix. Since €); is a diagonal matrix, the i-th element of w; is:

uiy = [(v = 2)v]V2D; i exp(Niy) x 5 _:Zzt (S.11)
- j=1 ]t

First, exp(A;) < oo due to assumption (A4). Second, for the last multiplier of Equation (S.11):

gz t . ~
—p 0 if |€i.t] = 00 (S.12)
for i = 1,...,N. In addition, since Equation (S.12) is a continuous function of ¢ ;, Equation

(S.12) is a bounded function of & ;. Hence, all unconditional moments of u; exist.

(ii) From Equation (16) of the paper, e;+ as a function of the reduced form errors is:

o _OWfi(YiylFia0) A Dul, (5.13)
bt = Oy vexp(2Xi) + vzt .
for i =1,...,N. We also write e;; as a function of the structural form errors:
(v —2 Di1&14+ ...+ DinEni)?
€it = {(V + 1) =2) X ( 27161{ R Z’Neth) 2} -1 (S.14)
’ v v+ (Di,1617t 4+ ...+ Di,NeNﬂg)

where € ~ t[0, Iy X (v —2)/v,v] with v > 2 is an i.i.d. multivariate t-distribution with zero mean

and identity covariance matrix. The multiplier

(Di1€1t+ ...+ Dinén)?

o S.15
v+ (Dig€ig+ ...+ Dinény)? €(0,1) ( )




Thus, e;; is a bounded function of €; ;, and all unconditional moments of e;; exist.

(i) Fori =1,..., N, g(ei+) = ajei—1+afsgn(—e;i—1)(ei1—1 + 1), due to the boundedness of the sgn

function, g(e;+) is a bounded function of €+, and all unconditional moments of g(e; ) exist.

(iv) By using similar arguments, under assumption (A4), we also have that Ou;/0(CX;—1), Our /0N,
0e;1/0(CXi—1), 0eir/ONiy, 0g(eir)/O(CXy—1), and Og(e; )/ are bounded functions of & ; for

i=1,...,N. Hence, all moments and covariances of u;¢, €;+, g(e;+), and their derivatives exist.

3.2. The score functions are white noise
The results in this section hold asymptotically at the true values of parameters ©y. We study the

consequences of assumption (A3) on the score functions:

(i) u¢ is a martingale difference sequence (MDS) due to the following arguments. First, due to (A3)

Gt(©p)" is a MDS:

5 [alnﬂmﬂ_l,@] B [alnfmm_l,@)]  OICXi ]

00/ CX,_1) gor - Vixs (5.16)

where F;_; indicates expectations that are conditional on F;_1. Since 9[C X;_1]/00" # Opnxs,

8lnf(Yt|]-'t1,@)] — B, (V+N2t1 « Ut) v+ N

EH{ 9CX; = — =% Bra(u) = O (817)

Since [(v + N) /YS! # Oprxar, we conclude that Fy q(ug) = Opnrxq, ie. uy is a MDS.

ii) e;4 for i = 1,..., N are MDSs due to the following arguments. Due to (A3), G;(0g)’ is a MDS:
(i) e, g arg

oln fi(Y;|Fi_1,© Oln f;(Yy|Fi—1,0 O\
B [ nf(at@/t 1 )} —E, [ nf(a;‘.: 1,0) » a@’/t = 01xg (S.18)
Since (OX;+/00") # 01xs,
Oln f; (Y| Fi—1,0
B [ nf(a;: 1 )} — By i(eis) = 0 (S.19)

Thus, e;; for i = 1,..., N are MDSs.

(iii) For i = 1, .. ,N, g(ei,t) = QG6it—1 + afsgn(—ei,t_l)(em_l + 1) is MDS.



(iv) Due to the law of iterated expectations, E(ut) = Oxx1, E(eit) =0, and Elg(e; )] = 0.
(v) uz is MDS and the second moments of u; exist, hence u; is white noise vector [White (2001)].
(vi) Fori=1,...,N, e;y is MDS and Var(e;+) < oo, hence e;; is white noise [White (2001)].

(vii) For i = 1,..., N, g(eir) = ajei—1 + afsgn(—¢€;1—1)(eir—1 + 1) is MDS and Var[g(e;+)] < oo,
hence g(e;+) is white noise [White (2001)].

3.8. The score functions are stationary and ergodic

We show that u; and e;; for i = 1,..., N are stationary and ergodic for all ¢ and © € o.

(i) Scaled score function w; is a continuous function of (€1, ..., €). Under (A4), u; is an F-measurable

function of (€éi,...,€&) [White (2001)].

(ii) Scaled score function wy is strictly stationary and ergodic, because u; is an F-measurable function

of (é1,...,€), and & is strictly stationary and ergodic [White (2001, Theorem 3.35)].
(iii) Score function e; ¢ is i.i.d., because e; is a continuous function of &, and & is i.i.d. [White (2001)].

(iv) Score function e;; is an F-measurable function of &, because e;; is a continuous function of the

F-measurable & error term [White (2001)].

(v) Score function e;; is strictly stationary and ergodic, because e;¢ is an F-measurable function of

€, and €& is strictly stationary and ergodic [White (2001, Theorem 3.35)].

(vi) Fori=1,...,N, g(eit) = ajeir—1 + afsgn(—e;—1)(ei—1 + 1) is strictly stationary and ergodic,

because g(e;¢) is an F-measurable transformation of & [White (2001, Theorem 3.35)].

4. Propositions and proofs

The following Propositions 1(a) and 1(b) use arguments from proofs of the work of Harvey (2013).

Proposition 1(a): If the maximum modulus of the eigenvalues of A < 1, and BD~! is non-zero, then

Xy, asymptotically and at the true values of parameters Oy, is covariance stationary.

Proof: For filter X; = AX;_1 4 Buy, scaled score function u; is white noise, asymptotically and at the
true values of parameters ©g, with zero mean and a well-defined covariance matrix for v > 2. If
the maximum modulus of the eigenvalues of A is less than one and BD~! is non-zero, then X; is

covariance stationary, asymptotically and at the true values of parameters ©g. QFED



Proposition 1(b): Fori=1,...,N,if |3;] <1, and «; or o is non-zero, then \;;, asymptotically and

at the true values of parameters O, is covariance stationary.

Proof: For filter A\;; = w; + BiXit—1 + g(eir), the updating terms g(e;) for ¢ = 1,..., N are white
noise, asymptotically and at the true values of parameters ©¢, with zero mean and finite variance.
If |8;] <1 and oy or « is non-zero, then \;; is covariance stationary, asymptotically and at the

true values of parameters ©g. QFED

The following Propositions 2(a) and 2(b) adopt conditions from the works of Elton (1990), Alsmeyer
(2003), and Gerencsér et al. (2008).

Proposition 2(a): X; converges almost surely (a.s.) to a unique strictly stationary and ergodic vector
sequence for all © € ©, when the following conditions hold: (i) Define X; = 9X;/0X|_, (N xN).
Suppose that E(In™ ||X1]|2) < oo, where InT(z) = 0if 0 < < 1 and In"(z) = In(z) if x > 1,

and [|W]||2 is the spectral norm. (ii) E(In* [|[BD~'uq||2 < co. (iii) The Lyapunov exponent is:

] } <0 (S.20)

(iv) BD~ 'y is strictly stationary and ergodic. (v) A} is strictly stationary and ergodic.

In

n
[
t=1

. 1
Inv, = SUPgcg {mfnzl ﬁE

Proof: (i) and (ii) hold due to the results of Section 3.1 of this Supplementary Material. (iii) is a
maintained assumption. (iv) is due to the properties of the scaled score function u;. (v) is due
to the following arguments: X} is an F-measurable function of (€1, ...,€;). Variable A} is strictly
stationary and ergodic, because & is strictly stationary and ergodic [White (2001, Theorem 3.35)].
Due to the results of Elton (1990), Alsmeyer (2003), and Gerencsér et al. (2008), X; converges

a.s. to a unique strictly stationary and ergodic vector sequence for all © € ©. QED

Proposition 2(b): \;y fori=1,..., N converge a.s. to unique strictly stationary and ergodic sequences
for all © € ©, if: (i) Define A;y = dN;+/ONis_1 for i =1,...,N. Suppose that E(In* |A;1]) < oo
fori=1,...,N. (ii) E(In" |g(e;1)| < oo for i = 1,...,N. (iii) For i = 1,..., A, the Lyapunov

exponents are:

In

} <0 (S.21)

1
Invy; = su = inf,>1—F
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(iv) g(ei¢) for i =1,..., N is strictly stationary and ergodic. (v) A; for i = 1,..., N is strictly

stationary and ergodic.

Proof: (i) and (ii) hold due to the results of Section 3.1 of this Supplementary Material. (iii) is a

maintained assumption. (iv) is due to the properties of the score functions e;; for i = 1,...,N.
(v) is due to the following arguments: A;; for ¢ = 1,..., N are F-measurable functions of
(€1,...,€—1). Variables A;; for i = 1,..., N are strictly stationary and ergodic, because € is

strictly stationary and ergodic [White (2001, Theorem 3.35)]. Due to the results of Elton (1990),
Alsmeyer (2003), and Gerencsér et al. (2008), \;+ fori =1,..., N converge a.s. to unique strictly

stationary and ergodic sequences for all © € ©. QED

Proposition 3: If assumptions (A1), (A5), (A6), (A7), (A8), and (A9) hold, then In f(Y;|F;—1;©) for
all © € O satisfies the uniform weak law of large numbers (UWLLN) [Wooldridge (1994)].

Proof: For (Ab), we use Propositions 2(a-b) and White (2001, Theorem 3.35): In the heteroskedastic
t-QVAR model, X; and X;¢, for ¢ = 1,..., N, are transformed to Y;, using an F-measurable
function. Therefore, Y; is strictly stationary and ergodic for T — co. (Al), (A6), (A7), (A8), and
(A9) hold for the heteroskedastic score-driven t-QVAR model. Due to the result of Wooldridge
(1994, Theorem 4.1), In f(Y;|F;_1; ©) for all © € © satisfies the UWLLN. QED

Proposition 4: If the following assumptions hold: (Al), (A2), (A7), (A8), (A10), (All), and log-
density In f(Y|Fi—1; ©) satisfies the UWLLN, then © is weakly consistent, i.e. © —p Op.

Proof: (A2) and (All) are maintained assumptions. (Al), (A7), (A8), and (A10) hold for the het-
eroskedastic score-driven --QVAR model. The assumption ‘In f(Y;|F;_1; ©) satisfies the UWLLN’
holds due to Proposition 3. Due to the results of Wooldridge (1994), © —, ©g. QED

Proposition 5: If the following assumptions hold: (A1), (A12), (A13), (A14), (A15), and (A16), then
H;(©) for all © € © satisfies the UWLLN.

Proof: For (A12), we use the following result for the heteroskedastic score-driven t-QVAR model:
H(©) converges a.s. to a unique strictly stationary and ergodic sequence for all © € O for T — oo,

which is proven in Proposition 11. (Al), (A13), (Al4), and (A15) hold the heteroskedastic



score-driven -QVAR model. (A16) is maintained. Due to the results of Wooldridge (1994,
Theorem 4.1), Hy(0) for all © € © satisfies the UWLLN. QED

Proposition 6: If the following assumptions hold: (A17), (A18), and (A19), then G¢(©g) satisfies the

central limit theorem (CLT) with asymptotic variance By.

Proof: For (A17), we use the following result: E[H;(0g)] = Var[G:(00)")] = E[G+(00)'G(Op)] < oo,
where the equalities hold due to (A22) [Wooldridge (1994, p. 2674)] and (A23) [Wooldridge
(1994, p. 2675)], respectively. Inequality E[G¢(0g)'G¢(0g)] < oo is shown in Proposition 9,
which implies E[G¢(00)G+(00)'] < 0o, because the terms of the sum defined by G¢(0¢)G(0g)’
are in the diagonal of G4(0¢)'G¢(O¢). For (A18), we use the following result: E[G¢(00)'] = 0sx1,
which holds under (A22) [Wooldridge (1994, p. 2674)]. For (A19) we, use White (2001, Theorem
5.16): (i) G¢(©p)" is a MDS, which holds under (A3) [Wooldridge (1994, p. 2677)]. Therefore,
G(0p) is an adapted mixingale [White (2001, Definition 5.15, p. 125)]. (ii) G¢(©)" converges
a.s. to a unique strictly stationary and ergodic sequence for all © € O for T — oo, which is
proven in Proposition 10. (i) and (ii) provide (A18). Due to the results of Wooldridge (1994,

Definition 4.3), G¢(Oy) satisfies the CLT with asymptotic variance By. QED

Proposition 7: If the following assumptions hold: (A1), (A2), (A3), (A7), (A8), (A10), (A11), (A20),
(A21), (A22), (A23), (A24), In f(Y;|Fi—1; ©) satisfies the UWLLN, H;(©) satisfies the UWLLN,

and G¢(0Og) satisfies the CLT with asymptotic variance:

T
1
By = lim Var |— G:(©9) |, S.22
0 T—oo \/T; t( 0) ( )
then
VT (O — ©p) —a Ns (0sx1, Ay ' BoAy') = Ng (0sx1,45%) as T — o (S.23)

The equality in Equation (S.23) is due to (A3), which provides: (i) G¢(0¢)’ is a MDS [Wooldridge
(1994, p. 2677)], (ii) G¢(©p) is serially uncorrelated [Wooldridge (1994, pp. 2676-2677)], and
(iii) Ag = By [Wooldridge (1994, p. 2676)]. The equality in Equation (S.33) is due to (iii).

Proof: (A2), (A3), (A1l), (A20), and (A24) are maintained assumptions. (Al), (A7), (A8), (A10),



(A21), (A22), and (A23) hold for the score-driven ABCD representations of this paper. The
assumption ‘In f(Y;|Fi—1; ©) satisfies the UWLLN’ holds due to Proposition 3. The assumption
‘H;(0) satisfies the UWLLN’ holds due to Proposition 5. The assumption ‘G;(0) satisfies the
CLT asymptotic variance By’ holds due to Proposition 6. Due to the results of Wooldridge (1994,

Theorem 5.2), Equation (S.23) holds. QED

The following Propositions 8 and 9 use arguments from proofs of the work of Harvey (2013).

Proposition 8: For the heteroskedastic score-driven t-QVAR model, asymptotically at the true values
of parameters ©g, the expected value of the gradient is time-invariant if Parts 1 and 2 hold. Part 1:
The maximum modulus of the eigenvalues of E(X;) < 1, where X; = [A+ BD'0us/0X]_4].
Part 2: |[E(Ai4)| <1lfori=1,...,N, where A;; = {8 + [ + ofsgn(—e€;1—1)]0¢€;1—1/ONi1—1}-

Proof: Part 1. We focus on the derivatives of Xy, with respect to an element of A, which is denoted

A, ;, and which is in G¢(0¢)" and H;(©g). The partial derivative of X;, with respect to A; ;, is:

— |4+ BD
A, + 0x]_,| 94,

X

+ Wi, X (S.24)

where element (7, ) of matrix W ; (M x N) takes the value one and the remaining elements are
zeros. We have similar first-order dynamic equations if we consider the partial derivative of X,

with respect to the elements of BD~!. The expectation of the latter equation is:

aXt — 8Xt71 8Xt,1 -
E (&41,]) =F (Xt) E ( OAM ) + Cov <Xt, 6Aw> + WZJE(Xt,l) (8.25)

Under the asymptotic covariance stationarity of X;, at the true values of parameters ©, the
expectations on the right side of Equation (S.25) are finite due to the results of Section 3.1 of
this Supplementary Material. The covariances on the right side of Equation (S.25) are finite if
the variances of the random variables within those covariances are finite, which hold under the
same conditions. Due to these arguments, E (0X;/0A; ;) < oo if the maximum modulus of the

eigenvalues of E (X}) is less than one, asymptotically at Oy.

Part 2. We focus on the derivative of \; ;, with respect to a; for i = 1,..., N, which is in G¢(0y)’

10



and H¢(Op). The partial derivative of \;, with respect to «, is:

8)\1‘ *
8T;t _ {52. + [ + afsgn(—€; 1))

ONii—1
day;

+ei—1=Nig

Deis—1 | Ohis
Gt 1} — teir1 (S.26)

ONit—1) Ooy

We have similar first-order dynamic equations if we consider the partial derivative of \;;, with

respect to w;, f; and o). The expectation of the latter equation, that is conditional on F;_», is:

ONit—1
8ai

oN;
E ( : yﬂ_2> — B(AulFrs) T B (ei1|Frs) (5.27)

804,‘

where 0\;;—1/0q; is outside the conditional expectation, because it is determined by F;_o. We

consider the unconditional expectation of Equation (S.27), and we start with the term

ONit—1
8042'

iy
8042'

}—t—2) , (8.28)

7

ON g
E[E(Amf”) a’t ]

= E(Niy) E ( > + Cov [E (Ai

We show the boundedness of all terms in the latter equation. First, E'(A;;) < oo, due to the

boundedness of the sgn function and the boundedness of e; ;—1/0\; ;1. Second,

8/\“_1 _ 0 Z;}io Bljg(utfjfﬂ
b ( oo ) =P < 0o =% (5.29)

where the first equation is under the covariance stationarity of A;; (asymptotically and at the true
values of parameters ©), and finiteness is due to the results of Section 3.1 of this Supplementary
Material. Third, the covariance term in Equation (S.28) is bounded if the variance of both random

variables within the covariance is finite. With respect to E (A;¢|F;—2),
Var[E (Ai,t|}—t72)] = E[E2 (Ai,t|]:tf2)] — EQ[E (Ai,t|ft72)] (8.30)

= E[E? (Aig|Fi—2)] — E*(Aiyp) < E[E (A} | Fi—2)] — E*(Aiy) = E (A},) — E*(Aiy) < o0

where the first inequality is due to Jensen’s inequality, and the second inequality is due to the

results of Section 3.1 of this Supplementary Material. With respect to d\;—1/0c,

Var <8)\i’t_1> = Var
80&1‘

(S.31)

02‘;‘;0 5{9(%&3‘2)] < o0
aOéi

11



which is due to the boundedness of the sgn function and the results of Section 3.1 of this Sup-

plementary Material. Therefore, the unconditional expectation of Equation (S.27) is

8)‘1 8)\1 _
E [E ( o ot ﬂ =F [E (Ai el Fi—2) 8;. 1] + E [E (e 1-1|Fi—2)] (S.32)
which is equivalent to
8Ai,t o ) 8)\2"13_1 . 8)\213 1
B(5t) = B () s cov [BuiA), St 4 By 63

Due to the previous arguments, E (OX;+/0a;) < oo if |E (A;¢) | < 1, asymptotically at ©y.

Due to the proofs of Parts 1 and 2, the expected value of the gradient it time-invariant. QFED

Proposition 9: For the heteroskedastic score-driven t-QVAR model, asymptotically at the true values
of parameters O, the expected value of the Hessian matrix is time-invariant if the following Parts
1 and 2 hold. Part 1: The maximum modulus of the eigenvalues of E(X; ® X;), where ® denotes
the Kronecker product, is less than one. Part 2: ]E(Aft)| <lfori=1,...,N. It is enough to
consider these two parts because the information matrix with respect to the parameters of X,

and \;¢ for i = 1,..., N is block diagonal.

Proof: Part 1. We focus on the derivatives of X;, with respect to elements of A, which are denoted

A; ; and Ay, and which contribute to H¢(Og):

8Xt 8X£ 8Xt 18Xt 1 8Xt 1

=& X+ & X1 Wi S.34
8A2‘7j 8Ak7l 8A’L7j 8Ak,l Ao 8A’lj t—1"V k1 ( )

X[ 4
+W,]Xt 1" Xt +W'L]Xt ]-Xt 1Wkil

DA,

aXt aX{ 6Xt_1 8th71 8Xt_1 ,
— (X ®X X ‘

vec (8141-,3» GAk;,l> (X @ Xy)vec ( 94, OAr, + Wi Xyvec A, i1 (S.35)

aX!_,
DAn

+X W, jvec <Xt1 ) + Wi Wi jvec (Xt 1Xt 1)

The expectation of the latter equation is:

X, 0X] 0X; 10X,y
E = F (X X FE .
[Vec<aAi,j aAk,l>] (X @A) [Vec<aAi,j 9Ar, (8.36)
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0Xi 1 /
+Wi  E(X%)E [Vec ( X;_ )}
' 0A;; !

0X{
8Ak,l

+E(X)W; B [VGC <Xt1 ﬂ + Wi Wi ;Elvec (X;—1X]_1)] + Cov*

For the unconditional expectation of the first three terms on the right side of Equation (S.36),
covariances appear in the same way as explained for Equation (S.25). We summarize those
covariance terms by using the notation Cov*. The expectations and the covariances on the right
side of Equation (S.36) are finite due to the asymptotic covariance stationarity of X; at ©¢ and the
results of Section 3.1 of this Supplementary Material. Hence, E {vec [(0X;/0A; ;)(0X[/0Ak;)]}

is time-invariant if the maximum modulus of eigenvalues of F(X; ® A&;) is less than one.

Part 2. We focus on the following derivative for i = 1,..., N, which contributes to H;(0y):

a)\z t 2 2 (9)\74 t—1 2 a)w t—1 2
; A ; 20, j i1+ e, S.37
< day; > it da; it day; €it—1 T €1 ( )

We have similar first-order dynamic equations if we consider the partial derivatives of \;;, with
respect to other combinations of w;, B;, a;, and . The expectation of the latter equation, that

is conditional on F;_o, is:
Mg \>

: Fi_

< 8041» ) | =2

+2E(N;ei—1|Fi—2)

E

ONit—1 2
— B3R (T (5.39)

ONiji—1
80@

+B(e} 1| Fi-2)

where O\;—1/0c; and (ON; -1/ Oa;)? are outside the conditional expectation, because they are

determined by F;_o. We consider the unconditional expectation of Equation (S.38):
o\, 2 ONit—1 2
ooy oy
ONit—1

+2E(Niqreir—1)E ( > + 2Cov [E(Ai,tei,t1|]:t2), Dor } + E(eit_l)

)

FE + Cov

= E(A?,t)E

MNis-1\?
E(Ait\}"t_ﬂ’( 8;}) ] (S.39)

i
Oai

The expectations on the right side of Equation (S.39) are finite due to the results of Section 3.1

of this Supplementary Material. The covariances on the right side of Equation (S.39) are finite
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if the variances of the random variables within those covariances are finite. In the following we

show the finiteness of those variances:
Var [E(A} | Fi—2)] = E [E*(A} | Fi—2)] — E* [E(A} | Fi—2)] (S.40)

=F [EQ(A?A}—I‘/J)] - EQ(A%,t) <E [E(A?,t|ftf2)] - EQ(AZZ,t)

= E(A;l,t) - EQ(A?,t) <

ONit—1 2
804,»

Var [E(A;e;—1|Fi—2)| = E [E2(Ai,t€i,t71|]:tf2)] — E?[B(Ajpeip—1|Fi—2)] (S.42)

Var < 00 (S.41)

= E [E*(Aigeip—1|Fio2)] — E*(Aigeiz—1) < E[E(A} e}, 1| Fi2)] — E*(Aigeii—1)

= E(Azz,tezz,t—l) - E2(Ai,t6i,t71) < 00

ONit—1
Var< D > < oo (S.43)

where < in Equations (S.40) and (S.42) is due to Jensen’s inequality. Equations (S.40) to (S.43)
are finite due to the results of Section 3.1 of this Supplementary Material. Hence, asymptotically

at ©g, [(8&7,5/80@)2} in Equation (S.39) is time-invariant if \E(Aft)| <lfori=1,...,N.

Due to the proofs of Parts 1 and 2, the expected value of the Hessian is time-invariant. QED

The following Propositions 10 and 11 adopt conditions from the works of Elton (1990), Alsmeyer
(2003), and Gerencsér et al. (2008).

Proposition 10: Vector G¢(©)" converges a.s. to a unique strictly stationary and ergodic sequence for

all © € ©, when the conditions of the following Parts 1 and 2 hold.

Part 1. We repeat the dynamic equation, which contributes to the gradient:

0X; 0Xi_1
=X i X 44
8Ai7j t 8141‘,]‘ + WZ’] =1 (S )
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The conditions of Part 1 are the following: (i) Define

a 0(0X¢/0A; ;)
X = 8(3Xt_1/3Ai7j)’ (S.45)

Suppose that E(In™ ]|X1(1)||2) < oo. (ii) E(In" || X1]]2) < co. (iii) The Lyapunov exponent is:

In

1
SUPg g {infnZlnE } <0 (846)

T
=,

(1)

(iv) X is strictly stationary and ergodic. (v) &}’ is strictly stationary and ergodic.

Part 2. We repeat the dynamic equation, which contributes to the gradient:

ONit ONit—1
~ = A; . it— 4
(90&,‘ ot 80&1' te -1 (S 7)

for ¢ = 1,...,N. The conditions of Part 2 are the following: (i) Define the variable Al(.’lt) =

(O 0/ 01;) 8(Oig—1/Da;). Suppose that E(ln* [ALY)]) < oo fori = 1,... . V. (i) E(In* |e;1]) <

oo fori=1,...,N. (iii) For i = 1,..., N, the Lyapunov exponents are:

n

[T

t=1

In

} <0 (S.48)

Supeeé {infnzlE

(iv) e;y for i = 1,..., N are strictly stationary and ergodic. (v) Ag}t) fori=1,...,N are strictly

stationary and ergodic.

Proof: Proof of the conditions of Part 1: (i) and (ii) hold due to the results of Section 3.1 of this
Supplementary Material. (iii) is a maintained assumption. (iv) is due to the following arguments:
X1 is an F-measurable function of (€1, ..., €_1). X;_1 is strictly stationary and ergodic, because
€ is strictly stationary and ergodic [White (2001, Theorem 3.35)]. (v) is due to the following
arguments: Xt(l) is an F-measurable function of (€éi,...,¢&). Xt(l) is strictly stationary and

ergodic, because € is strictly stationary and ergodic [White (2001, Theorem 3.35)].

Proof of the conditions of Part 2: (i) and (ii) hold due to the results of Section 3.1 of this Sup-

plementary Material. (iii) is a maintained assumption. (iv) is due to the properties of the score

functions e; 4 for i = 1,...,N. (v) is due to the following arguments: Ag}t) fori=1,...,N are

15



F-measurable functions of (€1,...,€_1). Ag’lt) fori=1,...,N are strictly stationary and ergodic,

because € is strictly stationary and ergodic [White (2001, Theorem 3.35)].

Due to the results of Elton (1990), Alsmeyer (2003), and Gerencsér et al. (2008), vector G(©)’

converges a.s. to a unique strictly stationary and ergodic sequence for all © € 6. QED

Proposition 11: Matrix H;(©) converges a.s. to a unique strictly stationary and ergodic sequence for

all © € ©, when the conditions of the following Parts 1 and 2 hold.

Part 1. We repeat the dynamic equation, which contributes to the Hessian:

Xy 0X| 0X;_ 10X, 4 0Xi—1 o,
= (X QX X, X 4
vec (&4“ n; (X ® Xy)vec 94, DA, + Wy, 1 Xyvec A, N (S.49)
8X£—1 l
+XtWZ’7jVGC Xi1 A + Wk7lWi7jVeC (Xt—lXt_l)
k,l

0X;1 0X{ 4 «
= (X R X
(X @ Xy)vec ( 94, OAr; + X7

where X} ; is defined in the last equality of Equation (S.49).

The conditions of Part 1 are the following: (i) Define

X _ O[(0X:/0A; ;) x (0X¢/0Ai;)] (S.50)

N 8[(6Xt,1/6Ai7j) X (8Xt,1/8Ai,j)}’

Suppose that E(In™ ]|X1(2)||2) < oco. (ii) E(InT || X7]||2) < oo. (iii) The Lyapunov exponent is:

] } <0 (S.51)
2

(iv) X} is strictly stationary and ergodic. (v) Xt(Q) is strictly stationary and ergodic.

In

T 2@
t];[1 t

Sup®€é {infn>1E

Part 2. We repeat the dynamic equation, which contributes to the gradient:

it M1\’ ONii—1
( davi > = A ( Ja; + QAivtT;ei’t—l +eri (S.52)
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fori=1,...,N, where A}, is defined in Equation (S.52).

The conditions of Part 2 are the following: (i) Define

A(g) N 6[(6A17t/8az) X (8)\1’,5/8(%)]

Gt O[(ONit—1/0c;) x (ONi1—1/0c)] (S.53)

Suppose that E(In™ |A§721)|) <oofori=1,...,N. (ii) E(ln™ |A}]) < oo fori=1,...,N. (i)

For i =1,...,N, the Lyapunov exponents are:

[147

t=1

In

SUDPg g {infnzlE } <0 (854)

(iv) Af, for i =1,..., N are strictly stationary and ergodic. (v) Aﬁ) fori=1,...,N are strictly

stationary and ergodic.

Proof: Proof of the conditions of Part 1. (i) and (ii) hold due to the results of Section 3.1 of this
Supplementary Material. (iii) is a maintained assumption. (iv) is due to the following arguments:
X/, is an F-measurable function of (é;,...,€&—1). X;—1 is strictly stationary and ergodic, because
¢ is strictly stationary and ergodic [White (2001, Theorem 3.35)]. (v) is due to the following

)

arguments: Xt@) is an F-measurable function of (€1,...,¢&). Xt(2 is strictly stationary and

ergodic, because € is strictly stationary and ergodic [White (2001, Theorem 3.35)].

Proof of the conditions of Part 2. (i) and (ii) hold due to the results of Section 3.1 of this Sup-

plementary Material. (iii) is a maintained assumption. (iv) is due to the following arguments:
Ay fori=1,... , N are F-measurable functions of (€y,...,&—_1). Aj, g fori=1,... ,N are

strictly stationary and ergodic, because € is strictly stationary and ergodic (White 2001, Theorem

3.35). (v) is due to the following arguments: AZ(.? for i = 1,...,N are F-measurable functions
of (1,...,€-1)- Agi) for : = 1,..., N are strictly stationary and ergodic, because & is strictly

stationary and ergodic [White (2001, Theorem 3.35)].

Due to the results of Elton (1990), Alsmeyer (2003), and Gerencsér et al. (2008), matrix H;(O)

converges a.s. to a unique strictly stationary and ergodic sequence for all © € 0. QED
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