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Appendix A Proofs
A.1 Splitting Lemma
We use the splitting lemma (Ferraris et al. 2009) to prove a few theorems below.

Splitting Lemma

Let F be a first-order sentence, and let p, q be lists of distinct predicate constants.
If each strongly connected component of DG[F; pq] is a subset of p or a subset of q
then

SM[F;pq] is equivalent to SM[F;p]ASM[F;q] .

The statement is slightly more general than the one from (Ferraris et al. 2009) in
that p and q are not required to be disjoint. The proof of this enhancement follows
from the Version 3 of the Splitting Lemma from (Ferraris et al. 2009).

A.2 Proof of Lemma 77

Lemma 77
X is a module answer set of (I, Z, O) iff X is an answer set of HU{{p} «+ | p € T}.

Proof
X is an answer set of TU{p«+ |pe (ZNX)}
iff
X is an answer set of ITU {p < not not p | p € I}
iff

X is an answer set of TU {{p} + | p€ L} .



The equivalence between the first and the second follows from the equivalence
between the reducts of each program relative to X.

The equivalence between the second and third is because the transformation
preserves strong equivalence. 1

A.3 Proof of Theorem 77

Theorem 77
Let F, G, H be first-order sentences, and let p, q be finite lists of distinct predicate
constants. If

(a) each strongly connected component of DG[F'AG A H; pq] is a subset of p or
a subset of q,

(b) F is negative on q, and

(¢) G is negative on p

then

SM[F AG A H; pq] is equivalent to SM[F A H; p] ASM[G A H; q] .

Proof
By the Splitting Lemma above, SM[F A G A H; pq] is equivalent to

SMIFAGAH; p)ASM[FAGAH; q .
Since G is negative on p, the first conjunctive term can be rewritten as
SM[FAH; p|AG . (A1)
Similarly, the second conjunctive term can be rewritten as
SMIGAH; qAF . (A2)

It remains to observe that the second conjunctive term of each of the formulas (A1)
and (A2) is entailed by the first conjunctive term of the other.
|

A.4 Proof of Proposition 77

Proposition 77
For any first-order modules F, Fo, and F3, the following properties hold:

F1 UF5 is defined iff F5 LU F; is defined.

SMI[F; U F5] is equivalent to SM[F3 Ll Fy].

(F1 UF3) UF;3 is defined iff F; U (Fo U F3) is defined.
SMI[(F, UF5) UF3] is equivalent to SM[F; U (Fy UF3)].



Proof
Claims (a) and (b) follow immediately from the definitions.

We prove Claim (c). Let F; = (F};,Z;, 0;) for each i € {1,2,3} and without loss
of generality assume that each F; is a conjunction of the form F; 1 A~ A Fj ;.

From left to right: Assume that (F; U F5) U F3 is defined. Since F; and Fo are
joinable,

(i) O1N Oy = 0;
(ii) each conjunctive term of Fy is negative on Oy, or is one of the conjunctive
terms of Fy;
(iii) each conjunctive term of Fy is negative on Oy, or is one of the conjunctive
terms of F;
(iv) each strongly connected component of DG[F} A Fa; O104] is a subset of O
or a subset of Os.

Also, since (F; UF5) and F3 are joinable,
(v) (O1U02)N O3 =0

(vi) each conjunctive term of Fy A Fy is negative on Os, or is one of the conjunctive
terms of F3;
(vii) each conjunctive term of Fj is negative on @1 UQ3, or is one of the conjunctive
terms of F} A Fy;
(viii) each strongly connected component of DG[F} A Fy A F3;010303] is a subset
of O1 U0y or a subset of Os.

We first prove that Fy L F3 is defined.

(ix) From (v), it follows that Oy N O3 = 0.

(x) From (vi), it follows that each conjunctive term of Fy is negative on O3 or is
one of the conjunctive terms of F3.

(xi) We prove that each conjunctive term of Fj is negative on Oy or is one of the
conjunctive terms of F5.
Consider any conjunctive term C' of F3. By (vii), C is negative on 01 U O,
or is one of the conjunctive terms of F} A F5.

— Case 1: C is negative on 01 U O,. Clearly, it is negative on Oy as well.

— Case 2: C is one of the conjunctive terms of I} A Fy. If C is one of the
conjunctive terms of Fy, the claim trivially follows. If C' is one of the
conjunctive terms of Fy, by (ii), it is either negative on O or is one of the
conjunctive terms of F5. In either case, the claim follows.

(xii) We first prove that each strongly connected component of DG[F} A Fy A
F3; 010203] is contained in only one of Oy, O3 or O3, from which the fact that
each strongly connected component of DG[F> A F3; O203] is contained in O or
03 fOHOWS, as DG[F2 /\F3; 0203] isa subgraph of DG[F1 /\F2 A Fg; 010203].
By (i) and (v), Oy, Oy and O3 are pairwise disjoint. Consider any strongly
connected component S of DG[F}y A Fy A F5;O10203]. By (viii) S is a subset
of O1 U4 or a subset of O3. Assume that S is a subset of O7 U Q. Clearly,
S is also a strongly connected component of DG[Fy A Fy A F3;010s]. In view



of (vii), DG[Fy A Fy A F3; O105] is the same as DG[F; A Fy; O105], so that S
is a strongly connected component of DG[F} A Fy; O105] as well. By (iv) S is
contained in O or Os.

We now prove that Fq U (F U F3) is defined.

e From (i) and (v), it follows that O1 N (O2 U O3) = 0;

e From (ii) and (vi), it follows that each conjunctive term of Fj is negative on
05 U O3 or is one of the conjunctive terms of Fy A Fj;

e From (iii) and (vii), it follows that each conjunctive term of F» A F is negative
on O; or is one of the conjunctive terms of Fi;

e From the claim proven in (viii), it follows that each strongly connected com-
ponent of DG[Fl A F2 A Fg; 010203} is contained in 01 or 02 U 03.

From right to left: Assume that Fy U (Fo U F3) is defined. By Claim (a), (F2 UF3) UF;
is defined, and then (F3 U F3) U F; is defined. By the first part of Claim (c) that
was proven, Fs U (Fy U Fq) is defined, and then by applying Claim (a) twice, we
have that (F; U F3) UF3 is defined.

We now prove Claim (d). Using Theorem ?? and Claim (c),
SM[(F; UF3)UFs] & SM

< SM

< SM

& SM

F; UF3] A SM[F3]

1] A SM[F3] A SM[F3)
1] A SM[F2 U F3]

F, U (FoUF3)] .

A.5 Proof of Theorem 77?7

Theorem 7?7

Let Fy = (F1,Z1,01) and Fy = (Fy, Zy, O2) be first-order modules of a signature o
that are joinable, and, for i = 0,1, let ¢; be a subset of o that contains ¢(F;) U O;,
and let I; be a c;-partial interpretation of ¢. If I; and Iy are compatible with each
other, then

L UL =SM[F, UF,] iff I, =SM[Fy] and I, = SM[F] .

Proof
Let us identify Fy with (Fy A H,Z;,01) and Fy with (Fj A H,Z5,O3) as in the
definition of join (Definition ?7?).
By definition SM[F; U Fs] is SM[F] A F§ A H; O1 U Os]. By Theorem 77,
I, UL = SM[F] A Fy A H; O1UQOy] iff
Il UIQ }: SM[F{ /\H; 01] and Il UIQ ': SM[FQ/ /\H, 02]
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Clearly, I; U I is compatible with I;. Since ¢; contains c(Fj A H) U Oy, it follows
that I; U I ): SM[F{ N H; 01} iff I ': SM[F{ N H; Ol] Similarly, I1 U I ':
SM[Fj A H; Os] iff I = SM[Fj A H; Os]. Consequently, the claim follows. 1

A.6 Proof of Proposition 77

Lemma 1
Let (B, P[t], Q[t]) be an incremental first-order theory, and let P; and Ry be as in
Proposition ?77. It holds that

Out(P;) = pr(BA P[] A---
Out(Ry) = pr(BAP[1]A---

A Pli]),
A PlE] A Q[E]).
Proof
We show the first clause by induction. The second clause is similar.
e Base case: P = FM(B,0) = (B¥, 0, pr(B)).
e Inductive step: Assume that Out(P;—1) = pr(BA P[] A--- A P[i —1]). The
module FM (P[i], Out(P;_1)) is

(P[i]“, Out(P;—1), pr(Pi])\ Out(P;_1)) .
Thus
Out(P;) = Out(P;_1) U (pr(P[i])\ Out(P;_1)) = Out(P;_1) U pr(P[i])
and by the I.H., this is then pr(B A P[1] A --- A PJi]).
|

Lemma 2

Given any two first-order formulas F}, Fo and disjoint sets of predicate constants
p1, p2 such that pr(Fy) C p1, and Fy is negative on py. Every strongly connected
component of DG[F; A Fy; p1p2] is contained in p; or ps.

Proof

Since F» is negative on pj, we have that head(F) N p; = 0. Thus every outgoing
edge in the dependency graph from a predicate constant in p; must be obtained
from Fj. Since pr(F;) C pi1, such outgoing edge always leads to a vertex in pj.
Consequently, every strongly connected component of DG[F} A Fy; p1p2| containing
a predicate constant from head(Fy) is contained in pq, so the claim follows. |}

Proposition 77?7
If an incremental first-order theory (B, P[t], Q[t]) is acyclic, then the following mod-
ules are defined for all k > 0.

Py = FM(B,0),

P, = P,_, UFM(Pli], Out(P;_y)), (1<i<k)

R = P, U FM(Q[K], Out(Py)) .
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Proof
We first prove by induction that P; is defined.

Base case: It is clear that Py = FM (B, () is defined.

Inductive step: Assume that P;_1 = (F;—_1,Z;—1,0;_1) is defined for any i > 0.
Also,

FM(P[i], Oi—1) = (P[], Oi—1, pr(P[i))\O;-1)
is trivially defined. To show that they are joinable, we will check the following:
(i) head(Fi—1) N (pr(PEN\Oi-1) = 0;

(i) head(P[i]*) N O;—1 = 0;
(iii) every strongly connected component of

DG[Fi—1 A Pli]*; Oi—1 U (pr(P[i])\Oi-1)]
is a subset of O;_1 or pr(P[i])\O;—1.
Note that
pr(Fi—1) Cpr(BA P[] A...Pli—1]) (A3)
and
head(P[i]*) C head(Pli]) . (A4)

Proof of Claim (i): By Lemma 1, O;_1 is pr(B A P[1] A--- A P[i —1]), and Claim
(i) trivially follows in view of (A3) and the fact that head(F;—1) C pr(F;_1).

Proof of Claim (ii): Since the theory is acyclic,
head(Pli]) N pr(BAP[I]A---AP[i—1]))=0,
and from (A4) and Lemma 1, we have that

head(P[i]*) N O;—1 =0 . (A5)
Proof of Claim (iii): The claim follows from (A5) and Lemma 2.

We next show that Ry is defined. By our previous result, Py = (Fy,Zy, Of) is
defined. It also holds that

FM(Q[K], Or) = (Q[K]*, Ok, pr(Q[K]) \ O)

is defined trivially. The rest of the reasoning is similar to the previous one.

A.7 Proof of Proposition 77

Proposition 77
Let (B, P[t], Q[t]) be an acyclic incremental first-order theory and let Ry be the



7

module as defined in the statement of Proposition ?7?. For any nonnegative integer k,

Ip UlppU---Ulpp Ulgp = SM[Ry]
iff Iy = SM[FM (B, 0)]
and Ippy) = SM[FM (P[1], Out(Py))]
and ...
and Ipp, = SM[FM (P[E], Out(Py_1))]
and Igp = SM[FM (Qk], Out(Py))] -
where I'p (Ippy, - - -, Ipp), Ik, respectively) is a c(B)-partial interpretation (c(P[1]),

.., ¢(P[k]), c(Q[k])-partial interpretation, respectively) such that Ip, Ippy, - - -, Ipp), 1ok
are pairwise compatible.

Proof
Via repeated applications of Theorem 7?7 on Ry as indicated by Proposition ?77.
|
A.8 Proof of Proposition 77
Lemma 3

Let (B, P[t], Q[t]) be an acyclic incremental first-order theory, let k be a nonnegative
integer, let H, = B A P[1] A --- A P[k], and let Ry be the k-expansion of the
incremental theory. It holds that Ip U IppjU---Ulpp Ulgp F SM[Ry] iff

Ip = SM[B; pr(B)]

and Ippy |= SM[P[1]; pr(P[1])\ pr(Ho)]
and ... (A6)

and Ipp = SMIP[E]; pr(P[k]) \ pr(H-1)]
and Iqgp = SMIQ[K); pr(Q[K]) \ pr(Hy)]
where I'p (Ippy, . - -, Ipp, Ik, respectively) is a ¢(B)-partial interpretation (c(P[1]),
..,c(PIk]), C(Q[k]) partial interpretation, respectively) such that I, Ippy, ..., Ip), Lok

are pairwise compatible.

Proof

Formula Hy, is trivially negative on pr(Q[k])\pr(Hy), and since the theory is acyclic,
Q] is negative on pr(Hy). Also, by Lemma 2, every strongly connected component
of DG[Hj A Q[k]; pr(Hy) U pr(Q[k])] is a subset of pr(Hy) or pr(Q[k]) \ pr(Hy).
By Theorem 77, it then holds that

I, Ulgp ESM[R,] iff Iy, | SM[H] and Igp E SM[Q[K]; pr(Q[k]) \ pr(Hy)]

where g, is a c(H},)-partial interpretation that is compatible with g



Next we check by induction that Iy, E SM[H}] is equivalent to

Ip = SM[B]
and Ipy) = SM[P[1]; pr(P[1]) \ pr(Ho)]
and ... (AT)
and Ippy = SM[P[K]; pr(P[k]) \ pr(Hk-1)] .

Base case: when k = 0, H, = B. Trivial.

Inductive step: Let the property hold for Hy_;. By definition, H, = Hy_1 A P[k].
Hj,_1 is trivially negative on pr(P[k])\pr(Hk—1) and since the theory is acyclic, P[k]
is negative on pr(Hy_1). Also, by Lemma 2, every strongly connected component
of DG[Hy; pr(Hy)| is a subset of pr(Hg—1) or pr(P[k]) \ pr(Hi—-1). By Theorem
77, it then holds that

Iy, = SM[H,] iff Iy, , = SM[Hk 4] and Ippy = SM[P[K]; pr(P[K)\pr(Hy_1))-

The property then holds by the LH.

Lemma 4
For any first-order formula F'; SM[FM (F,T)] is equivalent to SM[F; pr(F)\Z].

Proof
We introduce a notion that helps us prove. By Simpl(F) we denote the least fixpoint
of the sequence Fy, Fy,...: formula Fy is defined as F, and Fj;; is defined as

Filhead(F,)-

Forn(lula SM[FM(F,T)] is SM[(F“,Z, pr(F)\Z)], which in turn is defined as
SM[F¥; pr(F)\ Z]. By Theorem 2 from (Ferraris et al. 2011), this is equivalent to
SM[F¥ A Choice(Z); pr(F)]. From the definition of Simpl, the latter is equivalent
to SM[Simpl(F A Choice(T)); pr(F)], and, furthermore, by Theorem 4 from (Fer-
raris et al. 2011), is equivalent to SM[F' A Choice(Z); pr(F)]. 1

Proposition 77?7

Let (B, P[t], Q[t]) be an acyclic incremental theory, let k be a nonnegative integer,
let Ry be the k-expansion of the incremental theory, and let Ry be the module as
defined in Proposition ??. For any c-partial interpretation I such that ¢ 2 c(Ry),
we have that

I = SM[Ry] iff I = SM[Ry].

Proof
Without loss of generality, let I = Ip U Ip;y U -+ U Ipp U lgp)- By Lemma 3,



I = SM[Ry] is equivalent to (A6), and by Lemma 1, this is further equivalent to
I |= SM[B; pr(B)]
and Tppy = SMIP(]; pr(P[1])\ Out(Py)]
and ...
and Tpyy = SMIP[k); pr(P[E])\ Out(Py_1)]
and Iopy = SMIQIK]: pr(Q[k])\ Out(Py)]
We check the following:
e Ip = SM[B; pr(B)] iff Ip = SM[FM(B,0)];
o Ipp = SM[P[i]; pr(Pli])\ Out(P;1)] iff Ipp) = SM[FM(P[i], Out(Pi-1))];
o Iop = SMIQ[K]; pr(Q[K])\ Out(P)] iff Iop = SMIFM (Q[K], Out(Py))].

The first clause is clear. The last two clauses follow from Lemma 4.
Therefore, by Proposition 77,

IBUIp[l]U“'UIp[k] UIQ[k] = SM[Ry] .
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