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General Remarks

Let P be a Dedalus program. Recall from Section that deducp C P is the
subset of all (unmodified) deductive rules. The semantics of deducp is given by
the stratified semantics. Although the semantics of deducp does not depend on
the chosen syntactic stratification, for technical convenience in the proofs, we will
fix an arbitrary syntactic stratification for deducpr. Whenever we refer to the stra-
tum number of an idb relation, we implicitly use this fixed syntactic stratification.
Stratum numbers start at 1.

Appendix A Run to Model: Proof Details

In the context of Section [5.2.2] we show that M is a model of P on input H.
Let G abbreviate the ground program ground,, (C,I), where C = pure(P) and
I = decl(H). To show that M is a stable model, we have to show M = N where
N = G(decl(H)). The inclusions M C N and N C M are shown respectively in
Sections [A.T] and [A.2l We use the notations of Section (£.2.21

x T.J. Ameloot is a Postdoctoral Fellow of the Research Foundation — Flanders (FWO).



A.1 Inclusion M C N
By definition,
M =decl(H)U U transgg
€N

We immediately have decl(H) C N by the semantics of G. Next, we define for
uniformity the set transg-zl] = (). We will show by induction on ¢ = —1, 0, 1, ...,
that trans%] C N. The base case (i = —1) is clear. For the induction hypothesis,
let ¢ > 0, and assume for all j € {—1,0,...,7— 1} that trans%] C N. We show that
trans%] C N. By definition,

trans%] = causgg U ﬁngg U duc%] U sndgg-

We show inclusion of these four sets in N below. Auxiliary claims can be found in
Section [A.1.5]

A.1.1 Causality

We show that caus[é] C N. Concretely, let (z,s) € N xNsuch that (z,s) <r (=, 8;).
We show before(z, s, x;, ;) € N. We distinguish between the following cases.

Local edge Suppose (z,s) <r (z;, s;) is a local edge, i.e., x = z; and s; = s + 1.
Because rule is positive, the following ground rule is always in G:

before(z,s,z,s + 1) «+ all(x), tsucc(s,s + 1)

The body facts of this ground rule are in decl(H) C N; hence, the rule derives
before(z,s,z,s + 1) = before(z, s, z;,s;) € N.

Message edge Suppose (z,s) <gr (i, s;) is a message edge, i.e., there is an earlier
transition j < ¢ with j = globg (z, s), in which x sends a message f to z; such that
ar(j,zi,f) = i. Denote f = R(a). Because rules of the form in pure(P) are
positive, the following ground rule is always in G:

before(z, s, z;, ;)  choseng(z, s, z;, 8, @)
We show choseng(z, s, z;, $;, @) € N, so that before(z, s, z;,s;) € N, as desired.
Since j = globg (z, s), we have z; = z and s; = s. Also using s; = locg (i), we have

choseng(z, s, z;, $;, ) € Snd%] C trans%]-

Lastly, we have trans%] C N by applying the induction hypothesis.

Transitive edge Suppose (z,s) <gr (i, $;) is not a local edge nor a message edge.
Then we can choose a pair (z,u) € N x N such that (z,s) <z (z,u) and (z,u) <
(2, 8;), but also such that (z,u) <z (zi,s;) is a local edge or a message edge.
Because rule is positive, the following ground rule is always in G:

before(z, s, z;, ;) « before(x, s, z,u), before(z, u, x;, s;)-
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We now show that the body of this rule is in N, so that before(z,s,z;,s;) €
N, as desired. Denote j = globg(z,u). First, because (z,s) <z (z,u), we have
before(z, s, z,u) € caus%]. Next, because (z,u) <gr (2, s;), we have j < i by
Lemma So, by applying the induction hypothesis to j, we have before(z, s, z, u) €
N. Secondly, because (z,u) <g (2;, s;) is a local edge or a message edge, we have
before(z, u, z;, s;) € N as shown in the preceding two cases.

A.1.2 Finite Messages

We show that ﬁn%] C N. Let senders%] be as defined in Section m For each of
the different kinds of facts in ﬁn%], we show inclusion in N.

Senders Let hasSender(z;,s;,z,s) € ﬁn%]. We have (z,s) € sendersg@ which
means that z during step s sends some message fact R(a) that arrives in step
s; of x;. Rules in pure(P) of the form have a negative rcvInf-atom in their
body. But since we have not added any rcvInf-facts to M, including revInf(z;, s;),
the following rule is in G:

hasSender(z;, s;, z, s)  choseng(z, s, z;, 8;, a)-

We are left to show that choseng(z, s, ;, s;, @) € N. Denote j = globg (z, s). Using
that z = z; and s = s;, we have choseng(z, s, z;,s;,a) € sndfa. Because j < 1
by the operational semantics, we can apply the induction hypothesis to j to know
sndll ¢ N

% CN.

Comparison of timestamps Let isSmaller(wz;,s;,z,s) € ﬁn%]. We have (z,s) €
senders%] and there is a timestamp s’ € N so that (z,s’) € senders%] and s < s’.

Rule is positive and therefore the following ground rule is always in G:

isSmaller(z;,s;,z,8) < hasSender(z;,s;,z,s), hasSender(z;,s;, z,s’),

s< s

We immediately have (s < s') € decl(H) C N. By construction of ﬁn%]7 we also
have hasSender(z;, s;,x,s) € ﬁn%] and hasSender(z;, s;,z,s’) € ﬁn%], and thus
both facts are also in N as shown above. Hence the previous ground rule derives
isSmaller(z;, s;,x,s) € N.

[i]

Mazximum timestamp Let hasMax(z;, s;, ) € fing. Thus z is a sender-node men-
tioned in senders%]. Let s be the maximum send-timestamp of z in sendersgg, which
surely exists because senders%] is finite. We have not added isSmaller(z;, s;,z, )
to ﬁn%], and thus also not to M. Although rule contains a negated isSmaller-

atom, isSmaller(w;, s;, z,s) ¢ M implies that the following ground rule is in G:

hasMax(z;, s;, ) + hasSender(z;, s;, , 5)-
Moreover, (z,s) € senders%] implies hasSender(z;, s;,z,s) € N, and thus the pre-
vious ground rule derives hasMax(z;, s;, z) € N, as desired.



A.1.3 Deductive

We show that ducl,é] C N. By definition, duc%] = Diﬂ #i:% where D; is the output
of subprogram deducp during transition ¢. Recall from Section that deducp
is given the following input during transition :

sti(z;) U untag(m;),

where st; denotes the state at the beginning of transition 4, and m; is the set
of (tagged) messages delivered during transition . If we can show that (st;(z;) U
untag(m;))T#% C N, then we can apply Claim [If to know that D!™* C N, as
desired.

State We first show st;(z;)T%% C N. There are two cases:

e Suppose s; = 0, i.e., i is the first transition of R with active node z;. Then
sti(z;) = H(x;) by the operational semantics, which gives st;(z;)M%% C
decl(H) C N by definition of decl(H).

e Suppose s; > 0. Then we can consider the last transition j of z; that came
before i. By the operational semantics, we have st;(z;) = stj4+1(x;), where
stj+1 is the state resulting from transition j. More concretely, st;(z;) =
H(z;) Uinducp(D;), with D; the output of deducp during transition j. As
in the previous case, we already know H (z;)"% % C decl(H). Now, by apply-
ing the induction hypothesis to j, we have duc%] - trans%] C N. Next, by
applying Claim [8} and by using s; = s; + 1, we obtain

Sti(zi)ﬂx“s’ _ H(:Ci)ﬂm“s”'UinduCP(Dj)ﬂz“s7+1
c N

Messages Now we show untag(m;)M% C N. Let f € untag(m;). We have to show
that f1* € N. First, because f € untag(m;), there is a transition k with k < i
such that (k,f) € m;, i.e., the fact f was sent to x; during transition k (by node
). Denote f = R(a). So, there must be an asynchronous rule with head-predicate
R in P, which has a corresponding rule in pure(P) of the form @ Rules of the
form @ are positive and thus the following ground rule is always in G:

R(x;, s;,a) « chosenp(zk, Sk, T;, Si, @)

We show chosenp(zx, Sk, %, 5i,a) € N, so that the rule derives f1* € N, as
desired. Because z, sends f to z; during transition k, and i is the transition in which

this message is delivered to z;, we have choseng(z, sk, i, 8, @) € sndy-i] - transyé].

By applying the induction hypothesis to &k, we have sndyé] CN.

A.1.4 Sending
We show that snd%] C N. For each kind of fact in snd%] we show inclusion in N.
Candidates Let candg(z;, si,y,t,a) € snd%]. We have R(y,a) € mesg[i], t € Nand

(y,t) #r (,5:). Since D% C N (see above), we can use Claim [4f to obtain
candg(z;, 8, Y, t,a) € N, as desired.
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Chosen Let choseng(z;, s;,y,t,a) € snd%]. We have R(y,a) € mesggg and t =
locr (7)) with j = ag(i,y, R(a)). Because R(y, a) € mesgg, this fact was produced
by asyncp, and thus there is an asynchronous rule in P with head-predicate R.
This asynchronous rule has a corresponding rule in pure(P) of the form (), that
contains a negated other g-atom in the body. But by construction of snd%], we have
not added otherg(z;, s;,y,t,a) to sndg, and thus also not to M. Therefore the

following ground rule of the form isin G:
choseng(z;, $i, Y, t, &) < candg(z;, $, Y, t, a)-

Because j > i by the operational semantics, we have (y,t) Az (z;,s;) by Lemma
Thus, by construction of snd%}, we have candg(z;, s;,y,t,a) € sndé, in which case
candp (%, i, Y, t,a) € N (shown above). Hence, the previous ground rule derives
choseng(z;, s, Y, t,a) € N, as desired.

Other Let R(y,a) and t be from above. Let otherg(z;, si,y, u,a) € snd[g. We
have u € N, (y,u) Ar (2, s;) and u # t. Because rule is positive, the following
ground rule is in G:

otherg(z;, i, y,u,a) < candg(z;,Ss;,y,u,a), choseng(z;, s;,y,t,a),
u # t-

We immediately have (u # t) € decl(H) C N. Now we show that the other body
facts are in N, so the rule derives otherg(z;, s;,y, u,a) € N, as desired. Because
(y,u) Ar (@, 58;), by construction of sndé, we have candg(z;, si,y,u,a) € sndg
and thus candg(z;, $;, ¥, u,a) € N (shown above). Moreover, it was shown above

that choseng(z;, s, y,t,a) € N.

A.1.5 Subclaims

Claim 1
Let i be a transition of R. If (st;(z;) Uuntag(m;))1 % C N, then DI** C N.

Proof
Abbreviate I; = st;(z;) Uuntag(m;). Recall that D; = deducp(1;), which is com-
puted with the stratified semantics.

For k € N, we write D;?* to denote the set obtained by adding to I; all facts
derived in stratum 1 up to stratum % during the computation of D;. For the largest
stratum number n of deducp, we have D;7™ = D,. Also, because stratum numbers
start at 1, we have D;7% = I,. We show by induction on k = 0, 1, 2, ..., n, that
(DP*)ias C .

Base case For the base case, k = 0, the property holds by the given assumption
s C N
; C N.

Induction hypothesis For the induction hypothesis, assume for some stratum num-
ber k with k > 1 that (D;7F~1)f=s C N,
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Inductive step For the inductive step, we show that (D;?*)M#:s C N. Recall that
the input of stratum k& in deducp is the set D;” k=1 and the semantics is given
by the fixpoint semantics of semi-positive Datalog™ (see Section . So, we can
consider D;?* to be a fixpoint, i.e., as the set Uien A1 with 4 = kail and

A; = T(A;_4) for each [ > 1, where T is the immediate consequence operator of
stratum k. We show by inner induction on [ = 0, 1, etc, that
(A)fes C N-

For the base case (I = 0), we have Ay = Di_’k_l, for which we can apply the outer
induction hypothesis to know that (D;7"~1)1#5 = (4y)"%:% C N, as desired. For
the inner induction hypothesis, we assume for some [ > 1 that (Al_l)ﬂ’:“sz C N.
For the inner inductive step, we show that (A4;)T%% C N. Let f € A;\ A;_;.
Let ¢ € deducp and V be a rule from stratum k and valuation respectively that
have derived f. Let ¢ be the rule in pure(P) obtained by applying the transfor-
mation to ¢. Let V'’ be V extended to assign z; and s; to the new variables in
¢’ that represent the location and timestamp respectively. Note in particular that
V'(pos,) = V(pos,)"™* and V'(neg,) = V(neg,)" . Let ¢) be the positive
ground rule obtained by applying V' to ¢’ and by subsequently removing all nega-
tive (ground) body atoms. We show that ¢ € G and that its body is in N, so that
¢ derives heady, = fT* € N, as desired.

e In order for ¢ to be in G, it is required that V'(neg,) N M = (). Because V
is satisfying for ¢, and negation in ¢ is only applied to lower strata, we have
V(neg,) N D;” k=1 — (). Moreover, since a relation is computed in only one
stratum of deducp, we overall have V(negw) N D; = (). Then by Claim [2| we
have V(neg,, )" N M = (). Hence,

V'(neg, )N M =0

e Now we show that pos,, C N. Because V is satisfying for ¢, we have V(posw) C
A;_1, and by applying the inner induction hypothesis we have V(posw)ﬂzl’sl -
N. Therefore, pos,, = V'(pos, ) C N.

O

Claim 2
Let ¢ be a transition of R. Let I be a set of facts over sch(P). If I N D; = 0 then
If@esin M =),

Proof
If a fact f € M is over schema sch(P)YT and has location specifier z; and timestamp
s; then f € duc%] because (i) for any transition j there are no facts over sch(P)"T
in caus%], ﬁn%] or snd%]; (ii) we only add facts with location specifier z; to duc%] if
J is a transition of node x;; and, (iii) for every transition j of node z;, if i # j then
locr(j) # si-

Hence, it suffices to show IT%% ﬁduc%] = (). But this is immediate from IND; =

because duc%] equals Dﬁ 0% by definition. [



Claim 3
Let j be a transition of R. Let D; be the output of deducp during transition j.

Suppose duc%] C N. We have inducp(D;)1%5+1 C N,

Proof
Let f € inducp(D;). Let ¢ € inducp and V respectively be a rule and valuation
that have derived f. Let ¢’ be the rule in pure(P) that is obtained after applying
transformation to . Thus, besides the additional location variable, the rule
¢’ has two timestamp variables, one in the body and one in the head. Moreover,
the body contains an additional positive tsucc-atom. Let V' be V extended to
assign x; to the location variable, and to assign timestamps s; and s; + 1 to the
body and head timestamp variables respectively. Let 1 be the positive ground
rule obtained from ¢’ by applying valuation V'’ and by subsequently removing all
negative (ground) body atoms. We show that ¢ € G and that its body is in N, so
that ¢ derives head, = fhostl ¢ N as desired.
e For ¢ tobein G, werequire V'(neg,, )NM = 0. Since V'(neg,,) = V(negsa)ﬂz-“sﬂ,
it suffices to show V(neg¢)ﬂ$7*s-7 N M = (. Because V is satisfying for ¢, we
have V(neg,) N D; = (). Then, by Claim [2| we have V(neg, )t N M = 0.
e Now we show V’(pos,,) € N. The set V'(pos,) consists of the facts V (pos,, )1
and the fact tsucc(s;,s; + 1). The latter fact is in decl(H) and thus in N.
For the other facts, because V is satisfying for ¢, we have V(posq,) C D; and
thus V(posq,)ﬂ%"sf - DJM“S" = duc%]. And by using the given assumption

duc%] C N, we obtain the inclusion in N.

O

Claim 4 _
Let ¢ be a transition of R. Suppose Dzm"’Sz C N. For each R(y,a) € mesg%] and
timestamp ¢ € N with (y,t) Az (i, s;) we have

candg(%;, 8, y,t,a) € N-

Proof

By definition of mesgg7 we have R(y,a) € asyncp(D;). Let ¢ € asyncp and
V be a rule and valuation that have produced R(y, a). Let ¢’ € P be the original
asynchronous rule on which ¢ is based. Let ¢ € pure(P) be the rule obtained from
¢’ by applying transformation (9). Let V" be valuation V extended to assign w;
and s; to respectively the sender location and sender timestamp of ¢, and to assign
y and t respectively to the addressee location and addressee arrival timestamp. Let
1 denote the positive ground rule that is obtained from ¢” by applying valuation
V" and by subsequently removing all negative (ground) body atoms. We show that
¢ € G and that its body is in N, so that v derives head, = candg(z;,s;,y,t,a) €
N, as desired.



e For 1) to be in G, we require V" (neg,,) N M = (). By construction of ¢”, the
set V" (neg,) consists of the facts V (neg,, )" * and the fact before(y, t, z;, s;).
First, because V is satisfying for ¢, we have V(neggo) N D; = 0, and thus
V(negw)ﬂx“s* N M = () by Claim [2 Moreover, we are given that (y,t) Ar
(zi, s;), and thus we have not added before(y, t, z;, s;) to caus%], and by ex-
tension also not to M (since causg is the only part of M where we add before-
facts with last two components z; and s;). Thus overall V" (neg ) N M = 0,
as desired.

e Now we show V" (pos,,) C N. By construction of ¢”, the set V" (pos,n)
consists of the facts V (pos,)"*, all(y) and time(#). First, we immediately
have time(t) € decl(H) C N. Also, by definition of mesg%], y is a valid
addressee and thus all(y) € decl(H) C N. Finally, because V is satisfying
for ¢, we have V(pos,) C D;. Thus V(pos,,)T C D% and we are given

that Diﬂz"’si C N. Thus overall V" (pos) € N.

A.2 Inclusion N C M

In this section we show that N C M. By definition, N = G(decl(H)). Following
the semantics of positive Datalog™ programs in Section we can view N as
a fixpoint, i.e., N = (J;cy Vi, where Ny = decl(H), and for each I > 1 the set N
is obtained by applying the immediate consequence operator of G to N;_;. This
implies N;_; C N; for each [ > 1. We show by induction on [ = 0, 1, ..., that
N; € M. For the base case (I = 0), we immediately have Ny = decl(H) C M.
For the induction hypothesis, we assume for some [ > 1 that N;_; C M. For the
inductive step, we show that N; C N. Specifically, we divide the facts of N;\ N;_;
into groups based on their predicate, and for each group we show inclusion in M.
As for terminology, we call a ground rule ¢ € G active on N;_1 if pos,, C Ni_1.
The numbered claims we will refer to can be found in Section

A.2.1 Causality

Let before(z,s,y,t) € Ny \ Nj_;. It is sufficient to show that (z,s) <z (y,1)
because then before(z,s,y,t) € caus%] C M where i = globg (y,t). We have the
following cases:

Local edge The before-fact was derived by a ground rule in G of the form @ (local
edge). This implies = y and ¢t = s + 1. Then (z, s) <z (v, t) by definition of <%.

Message edge The before-fact was derived by a ground rule in G of the form
(message edge):
before(z,s,y,t) + choseng(z,s,y,t,a)

Since this rule is active on N;_;, we have choseng(z,s,y,t,a) € N,_;. By ap-
plying the induction hypothesis, we have choseng(z,s,y,t,a) € M. Denoting



j = globg(z,s), the set snd%] is the only part of M where we could have added this
fact. This implies that z during its step s sends a message to y, and this message

arrives at local step ¢ of y. Then (z,s) <r (y, t) by definition of <%.

Transitive edge The before-fact was derived by a ground rule in G of the form
(transitive edge):

before(z, s, y,t) « before(z, s, z, u), before(z, u, y, t)-

Since this rule is active on N;_1, its body facts are in N;_;. By applying the induc-
tion hypothesis, we have before(z,s,z,u) € M and before(z, u, y, 1? € M. The
only places we could have added these facts to M are in the sets Causfé and causgg]
respectively, where j = globg (2, u) and k = globg (y, t). By construction of the sets
Caus%] and causy’ we respectively have that (z,s) <z (z,u) and (z,u) <z (y, 1),

and thus by transitivity (z,s) <z (v, t), as desired.

A.2.2 Finite Messages

Senders Let hasSender(z, s,y,t) € N;\ N;_1. This fact can only have been derived
by a ground rule in G of the form :

hasSender(z, s, y,t) < choseng(y,t,z,s,a)-

Since this rule is active on N;_1, we have choseng(y, ¢, z, s, a) € N;_1. By applying
the induction hypothesis, we have choseng(y,t,x,s,a) € M. We can only have
added this fact in the set snd%] with ¢ = globg (y, t). This means that y during its
step t sends a message R(a) to x, and this message arrives during step s of z. Hence,
denoting j = globg(z, s), we have (y,t) € senders%] (with Senders%] as defined in
Section . Thus we have added the fact hasSender(z, s, y,t) € ﬁn%] C M, as

desired.

Comparison of timestamps Let isSmaller(z,s,y,t) € N;\ N;—1. This fact can only
have been derived by a ground rule in G of the form :

isSmaller(z,s,y,t) < hasSender(z,s,y,t), hasSender(z,s,y,t'),
t<t

Since this rule is active on N;_1, its body facts are in N;_;. By applying the induc-
tion hypothesis, we have hasSender(z, s,y,t) € M and hasSender(z, s, y,t’) € M.
The only part of M where we could have added these facts is the set ﬁn%] with
i = globg (z, s). By construction of the set ﬁn%], this implies that (y, t) € sendersg
and (y,t') € Sendersgé]. Because (¢ < ¢') € N;_1, we more specifically know that (¢ <
t') € decl(H), which implies ¢ < ¢’. Thus we have added isSmaller(z,s,y,t) €

ﬁng , as desired.

Maximum timestamp Let hasMax(z, s, y) € N;\ N;—1. This fact can only have been
derived by a ground rule in G of the form :

hasMax(z, s,y) « hasSender(z, s, y, t)-
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Since this rule is active on N;_;, we have hasSender(z, s,y,t) € N;_;. By applying
the induction hypothesis, we have hasSender(z, s, y,t) € M. The only part of M
where we could have added this fact, is the set ﬁn%] with ¢ = globg(z, s). Thus
(y,t) € senders%], and y is a sender-node mentioned in senders%]. Hence, we have
added hasMax(z,s,y) € ﬁngg C M, as desired.

Receive infinite Let revInf(z,s) € Ny \ N;—;. This fact can only have been derived
by a ground rule in G of the form :

rcvInf(z, s) « hasSender(z, s, y, t)-

Since this rule is active on N;_1, we have hasSender(z, s, y,t) € N;—1. By applying
the induction hypothesis, we have hasSender(z, s, y,t) € M. The only part of M
where we could have added this fact, is the set ﬁngg with ¢ = globg(z,s). Thus
(y,t) € senders%]. Moreover, because the rule contains a negative hasMax-atom
in the body, and the above ground rule is in G, it must be that hasMax(z, s, y) ¢
M, and thus hasMax(z,s,y) ¢ ﬁn%]. But since y is a sender-node mentioned in
senders%], the absence of hasMax(z,s,y) from ﬁn%] is impossible. Therefore this
case can not occur.

A.2.8 Regular Facts

Let R(z,s,a) € (Ni \ Ni—1)|sch(pyrr. The fact R(z,s,a) has been derived by a
ground rule ¢y € G that is active on N;_;. Because ¢ € G, there is a rule ¢ €
pure(P) and valuation V such that v is obtained from ¢ by applying V and by
subsequently removing the negative (ground) body atoms, and such that V(neg,,)N
M = (. We have the following cases:

Deductive Rule ¢ is of the form . Let ¢’ € deducp be the original deductive rule
corresponding to ¢. By construction of ¢ out of ¢’, we can apply valuation V to
¢’ as well. Denote i = globg (z,s). We will show now that V is satisfying for ¢’
during transition ¢, which causes V(head,) = R(@) € D; to be derived, and we
obtain as desired:

R(z,s,a) € DI™* = p** = ducld ¢ M.

By definition of syntactic stratification, relations mentioned in pos,, are never com-
puted in a stratum higher than R, and relations mentioned in neg,, are computed
in a strictly lower stratum than R. Thus, it is sufficient to show that V(posw/) Cc D,
and V(neg, )N D; = 0.

First we show V(pos, ) C D;. Because ¢ is of the form , all facts in V' (pos,,)
are over sch(P)“T and have location specifier 2 and timestamp s. Moreover, since
1 is active on N;_1, we have pos,, = V(pos,) C Ni_1. By applying the induction
hypothesis, we have V(pos,,) C M, and thus V(posga)u C D; by Claim We thus
obtain V(pos,) C D; since V(pos,)¥ = V(pos,).

Next we show V(neg,)ND; = 0. Because ¢ is of the form , all facts in V (neg,,)

are over sch(P)*T and have location specifier # and timestamp s. Moreover, by
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choice of ¢ and V, we have V(neg,) N M = 0, and thus V(negw)u ND; =0 by
Claim@ We thus obtain V(neg,.) N D; = () since V(neg,)* = V(neg,).

Inductive Rule ¢ is of the form . Let ¢’ € inducp be the rule corresponding to
. First, ¢ contains in its body a fact of the form tsucc(r, s). Since v is active on
N;_1, we have tsucc(r, s) € N;—; and more specifically, tsucc(r, s) € decl(H). This
implies that s = r+ 1. Denote i = globg (z,r) and j = globg(z, s). Since s = r+1,
there are no transitions of node x between ¢ and j. By the relationship between ¢
and ¢’, we can apply V to ¢’, and we will now show that V is satisfying for ¢’
during transition . This results in V(head, ) = R(a) € inducp(D;) C sti11(x),
and since st,11(z) = st;(z) C D;, we obtain R(z,s,a) € D}ms = duc%] C M, as
desired.

First we show V(pos,) C D;. Denote I = V(pos,)|scn(pyrr, which allows us
to exclude the extra tsucc-fact in the body. All facts in I have location specifier
z and timestamp r. Because v is active on N;_1, we have I C posy, C N;_1, and
by applying the induction hypothesis, we have I C M. Thus I¥ C D; by Claim
Hence, V(pos,) = IY C D,.

Secondly, showing that V(negg,,) N D; = () is like in the previous case, where ¢
is deductive.

Delivery Rule ¢ is of the form (6]). Then 1 concretely looks as follows, where (y, t) €
N x N:

R(z,s,a) < choseng(y,t,z,s,a)

Since 1 is active on N;_1, we have choseng(y,t,z,s,a) € N;_1, and by applying
the induction hypothesis, we have choseng(y, t,z,s,a) € M. The only part of M
where we could have added this fact, is snd%] with ¢ = globg (y, t). This implies that
z will receive R(a) during its local step s, thus during transition j = globg(z, s).
Then, by the operational semantics, we have R(a) € untag(m;) C D;. Hence,
R(z,s,a) € DJTWS = duc%] C M.

A.2.4 Sending

For a transition ¢ of R, let D; denote the output of subprogram deducp during
transition 1.

Candidates Let candg(z,s,y,t,a) € N; \ N;—1. The fact candg(z, s,y,t, a) is de-
rived by a ground rule ¥ € G of the form @D that is active on N;_;. Because
¥ € G, there is a rule ¢ € pure(P) and a valuation V such that ¥ is ob-
tained from ¢ by applying valuation V and by subsequently removing the negative
(ground) body atoms, and so that V(neg,) N M = (). Denote i = globg(z,s).
It is sufficient to show that R(y,a) € mesg%] and (y,t) Ar (z,s), because then
candg(z,s,y,t,a) € snd%] C M, as desired.

First, we show (y, t) A% (z, s). Because there is a negative before-atom in ¢, the
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existence of ¢ in G implies that befcre(yﬁ x,s) ¢ M. Hence, before(y,t,z,s) ¢
causgz] Then by construction of causyy we obtain (y, t) A% (z,s).

Secondly, we show R(y,a) € mebg%. Let ¢’ € P be the original asynchronous
rule on which ¢ is based. Let ¢” € asyncp be the rule corresponding to ¢'. It
follows from the constructions of ¢ out of ¢’ and ¢” out of ¢’ that valuation V
can be applied to ¢”. Note, V(head, ) = R(y, a). We show that V is satisfying
for ¢" during transition ¢ on D;, which gives R(y, a) € asyncp(D;). Moreover, the
body of ¢ contains the fact all(y) € decl(H), and thus y € N, making y a valid
addressee. Hence, R(y, a) € mesg%], as desired.

We have to show V(pos,.) € D; and V(neg,.) N D; = 0. Abbreviate I, =
V(pos,)|senpyrr and I = V(neg,)|scnpyrr- Note, Ir = V(pos,) and Iy =
V(neg,n). All facts in I U Iy have location specifier z and timestamp s.

e Because 1 is active on N;_1, we have I; C posy, C N;_1, and thus [; C M by
the induction hypothesis. Then V(pos,.) = Iu CD; by Claun

e By choice of ¢ and V, we have I N M = (). Then I N D; =0 by Clalm@
giving V(neg,.) N D; = 0.

Chosen Let choseng(z,s,y,t,a) € Ny \ N;_1. This fact is derived by a ground rule
1 in G of the form :

choseng(z, s,y,t,a) < candg(z,s,y,t,a)

Denote i = globg(z,s). We show that R(y,a) € mesg%] and that t is the actual
arrival timestamp of this message at y. Then choseng(z,s,y,t,a) € snd[g C M,
as desired.

First, since 1 is active on N;_1, we have candg(z,s,y,t,a) 6 N;_1, and thus
candg(z, s, y,t,a) € M by the induction hypothesis. The set bndR is the only part

of M where we could have added this fact, which implies R(y,a) € mesggz]

(1, £) £r (3,9).

We are left to show that ¢ is the actual arrival timestamp of the message. Because
¥ € G, there is a rule ¢ € pure(P) and valuation V such that ¢ is obtained from
¢ by applying V and by subsequently removing the negative (ground) body atoms,
and so that V(neg,) N M = (. Now, because rule ¢ contains a negative other z-
atom in its body, we have otherg(z,s,y,t,a) ¢ M and thus otherg(z,s,y,t,a) ¢
snd[ Since R(y, a) € mesgga] and (y,t) Ar (z,s) (see above), the absence of this

and

other g-fact from snd%] can only be explained by the following: ¢ = locg (j) with
j =ar(i,y, R(a)), as desired.

Other Let otherg(z,s,y,t,a) € N\ N;—1. This fact is derived by a ground rule v
of the form :

othergp(z,s,y,t,a) < candg(z,s,y,t,a), choseng(z,s,y,t’, a),
tA£t-

We have candg(z,s,y,t,a) € N;—1 and choseng(z,s,y,t,a) € N;_y since ¥ is
active on N;_1, and these facts are thus also in M by the induction hypothesis.
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Denote i = globg(z,s). The only part of M where we could have added these
candg- and chosenpg-facts to M, is the set sndgg. First, candg(z, s,y,t,a) € sndg
implies that R(y, a) € mesg%] and (y,t) Ar (z,s). Second, choseng(z,s,y,t',a) €
sndgg implies that ¢’ is the real arrival timestamp of the message R(a) at y. Finally,
since 1) is active, we have (¢t # t? € decl(H), and thus ¢ # t’. Therefore we have

added otherg(z,s,y,t,a) to sndg C M, as desired.

A.2.5 Subclaims

Claim 5

Let I be a set of facts over sch(P)LT, all having the same location specifier z € N/
and timestamp s € N. Denote ¢ = globg(z,s). If I C M then IY C D,, where D,
denotes the output of subprogram deducp during transition i of R.

Proof

The only part of M where we add facts over sch(P)*T with location specifier # and
timestamp s is duc%]. Hence I C duc%] = Diﬂz’s and thus I¥ C D;,. O

Claim 6

Let I be a set of facts over sch(P)LT, all having the same location specifier z € N/
and timestamp s € N. Denote i = globg (z,s). If I N M = () then I¥ N D; = 0,
where D; denotes the output of subprogram deducp during transition ¢ of R.

Proof

First, INM = ) implies Iﬂduc%] = () because duc%] C M. And since duc%] = pftes,
we have I ﬂDﬁ “* = (). Finally, since the facts in J LJDiﬂ “* all have the same location
specifier z and timestamp s, we obtain I¥ N D; = (. O

Appendix B Model to Run: Proof Details

Consider the definitions and notations from Section [£.3l In this section we show
that R is a run of P on input H, and that trace(R) = M| cp(pyrr. We do this in
several parts, where each part is placed in its own subsection:

e in Section we show pg = start(P, H);
e in Section [B.3] we show that every transition of R is valid; and,
e in Section we show trace(R) = M| e (pyur.

Before we start, the next subsection gives definitions and notations. The numbered
claims we will refer to can be found in Section
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B.1 Definitions and Notations

Using notations of Section let G be the ground program ground,;(C,I)
where C = pure(P) and I = decl(H). By definition of M as a stable model, we
have M = G(I).

Let ¢ € pure(P) be a rule having its head atom over sch(P)YT. From the con-
struction of pure(P), we know that ¢ belongs to exactly one of the following three
cases:

e o is of the form , i.e., deductive, recognizable as a rule in which only atoms
over sch(P)YT are used, and in which the location and timestamp variable in
the head are the same as in the body;

e ¢ is of the form , i.e., inductive, recognizable as a rule with a head atom
over sch(P)MT and a tsucc-atom in the body;

e (o is of the form @, i.e., a delivery, recognizable as a rule with a head atom
over sch(P)IT and a chosenpg-fact in the body (with R the head-predicate).

The same classification of deductive, inductive and delivery rules can also be applied
to the (positive) ground rules in G that have a ground head atom over sch(P)YT.

Recall from the general remarks at the beginning of the appendix that we are
working with a fixed (but arbitrary) syntactic stratification for the deductive rules.
Stratum numbers start at 1. If ¢ € pure(P) is deductive, we can uniquely identify
its stratum number as the stratum number of the original deductive rule in P on
which ¢ is based. Similarly, for deductive ground rules, we can also uniquely identify
the stratum number as the stratum number of a corresponding non-ground rule in
pure(P)]T]

We call a ground rule ¢ € G active if pos,, € M, which implies that head, € M
because M is stable. Now we define the following subsets of M:

o Mduc:k: the head facts of all active deductive rules in G with stratum number
less than or equal to k;

o M™d: the head facts of all active inductive rules in G;

o MdI°lv: the head facts of all active delivery rules in G.

This allows us to classify the facts in M|, (pyr as being derived in a deductive
manner, an inductive manner or being message deliveries. We also define:

MA — M|edb('P)LT U Mind U Mdcliv'

For (z,s) € N'xN, we write I|** to abbreviate (I|sc,pyur)|*°. So intuitively, when
we select the facts with location specifier x and timestamp s, we are only interested
in facts that provide these two components, which are the facts over sch(P)T.
Intuitively, for 7 € N, the set (M*)|%*% is the input for the deductive rules
during local step s; of node z;, consisting of (i) the edb-facts; (ii) the facts derived

1 We say a rather than the corresponding rule because there could be more than one. Indeed,
multiple original deductive rules in pure(P) could be mapped to the same positive ground rule
after applying a valuation and removing their negative ground body atoms. But in any case,
these non-ground rules will have the same head predicate. Hence, they have the same stratum.
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by inductive rules during a previous step (if any) of z;; and, (iii) the delivered
messages. The deductive rules then complete this information by deriving some
new facts, that are visible within step s; of z;.

For a transition number ¢ of R, (i) we denote the source-configuration of tran-
sition i as p; = (st;,bf,); (ii) we denote the set of (tagged) messages delivered
in transition ¢ as m;; and, (iii) we denote D; = deducp(st;(x;) U untag(m;)). For
a number k € N, we write D;?* to denote the set of facts obtained by adding to
st (x; ) Juntag(m;) all facts derived in stratum 1 up to stratum & during the compu-
tation of D;. To mirror this notation, we write M ~* to denote the set M4 U pdue-k,
For uniformity in the proofs, we will consider the case k¥ = 0, which is an invalid
stratum number, and this gives D;?° = st;(z;) Uuntag(m;) and M~0 = M4,

B.2 Valid Start

We show that py = start(P, H). Denote py = (sto,bf,). Let z € N. First we show
sto(z) = H(z). By definition,

z,s ind|z,s\ ¥
sto(z) = ((Meappyer)[P° U M™9[)

with s = locps (0, z). Note, s = 0 because no elements of N x N with first component
z have an ordinal strictly less than 0 in the total order <j;. Now, there can be no
ground inductive rules in G that derive facts with head timestamp 0 because it
follows from the construction of decl(H) that the second component of a tsucc-
fact is always strictly larger than 0. Therefore M™% = ), and thus sto(z) =
((M|edb(7;)m)|x’s)u. Then by Claim EI we have sto(z) = (H(2)"*)¥ = H(z), as
desired.
Now we show bfq(z) = 0. By definition, bfy(z) is

{(globy;(y,t), R(a))| Fu: chosengr(y,t,z,u,a) € M,
globyy (3,1) < 0 < globy (z, u)}
By definition of function glob,(:), all facts of the form choseng(y,t, z,u,a) € M

satisfy glob,,(y,t) > 0. Hence, bf,(z) = 0.
We conclude that pg = start(P, H).

B.3 Valid Transition

Let i € N. We show that (p;, 2, m;, i, pi41) is a valid transition. Denote p; =
(sti,bf;) and piy1 = (stip1,0f ;1)

We start by showing m; C bf,(z;). Let (j,f) € m;. By definition of m;, there
is a fact of the form choseng(y,t,z,u,a) € M with glob,,(z,u) = 4 such that
Jj = globy(y,t) and f = R(a). Note, glob(z,u) = ¢ implies z = z; and u = s;.
Now, because rules in pure(P) of the form are always positive, the following
ground rule is in G, which is of the form :

before(y, t, z;, s;) < choseng(y,t,z;, $;, @)

Since its body is in M, this rule derives before(y, ¢, z;,s;) € M. Hence (y,t) <um
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(2;, s;) by definition of < ;. Moreover, <y respects <7, and thus (y, t) <us (z;, $;),
which implies glob,, (y,t) < globy;(z;, s;). And since glob,,(x;, ;) = i, we overall
have

globy,(y,t) < i < globy, (i, si)-

Therefore (j,f) € bf,;(z;).

Now, because m; C bf,(x;), and because transitions are deterministic once the
active node and delivered messages are fixed, we can consider the unique result
configuration p = (st,bf) such that (p;, z;, m;, i, p) is a valid transition. We are left
to show p; 11 = p. We divide the work in two parts: for each € N, we show that

() stiy1(2) = st(z), and (i) bf ;1 (2) = bf ().

B.3.1 State
Let z € N. We show st;11(z) = st(z). Denote s = locps (i + 1, z). By definition,

z,s ind|z,s\¥
stip1(2) = ((Mlegyepyre)[™° U MP52) 7

Case © # x;. By definition, st(z) = st;(z). Hence, it suffices to show st;y1(z) =
sti(z). Since x # m;, the number of pairs from A/ X N containing node z that come
strictly before ordinal i + 1 is the same as the number of pairs containing node
z that come strictly before ordinal . Formally: s = locpy (i + 1, 2) = locy (i, ).
Thus the right-hand side in the previous equation equals st;(z), and the result is
obtained.

Case ¥ = z;. By definition, st(z) = H(z)Uinducp(D;). Referring to the definition
of st;11(z) from above, by Claim [7| we have
(M\edb(P)LTW’S = H(Cﬂ)m’s'

T8 = inducP(Di)ﬂ’“"S, then we overall have, as desired:

If we can also show Mnd

T, ind|z,s\ ¥
stiy1(z) = ((Mleappyer)[*® U M%)
= H(z)Uinducp(D;)
= st(z)
Since © = z;, we have s = locy (i + 1,2;) = locy(i,2;) + 1, and using that

locy (i, 7;) = s; (Claim [§), we have s = s, + 1. Now, Claim [f] and Claim [[2] together
show M™d|zsit1 — indycp (D) Meosit1,

B.3.2 Buffer
Let z € N. We show bf,,,(z) = bf(z). Denote
5% ={(i,R(a)) | R(z,a) € asyncp(D;)}-

Like in the operational semantics, §°~% denotes the (tagged) messages that are sent
to = during transition i.
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Case © # z;. By definition, bf(z) = bf,(z) U°7*. We start by showing bf(z) C
bfii1(x). Let (j,f) € bf(z). Denote f = R(a).

e Suppose (4, f) € bf,;(z). By definition of bf,(z), there are values y € N, t € N
and v € N such that choseng(y,t,z,u,a) € M and j = glob,,(y,t) < i <
globy;(z,u). Now, since z # x;, we more specifically have i < glob,,(z, u)
and thus ¢ + 1 < globy,(z, u). Therefore (j,f) € bf ;1 (), as desired.

e Suppose (j,f) € §°7%. By definition of §°7%, this implies j = i and R(z,a) €
asyncp(D;). Then (4, f) = (4, R(a)) € bf ;1 (2) by Claim[13] as desired.

Secondly, we show bf, () C bf(z). Let (j,f) € bf,1(x). Denote f = R(a).
By definition of bf; (), there are values y € N, t € N and v € N such that
choseng(y,t,z,u,a) € M and j = globy(y,t) < i +1 < globy(z,u). So j < i.
We have the following cases:

e Suppose j < . Thus glob,,(y, t) < 4. This immediately gives (j,f) € bf,(z) C
bf(z), as desired.

e Suppose j = i. Then R(z,a) € asyncp(D;) by Claim [14 This implies that
(,f) = (i, R(a)) € 6% C bf(z), as desired.

Case x = x;. By definition, bf(z) = (bf,(x)\m;)U§*~%. Some parts of the reasoning
are similar to the case z # x;. We refer to shared subclaims where possible.

We start by showing bf(z) C bf,,,(x). Let (j,f) € bf(z). Denote f = R(a). We
have the following cases:

e Suppose (j,f) € bf,(x) \ m;. Thus (4,f) € bf,(z) and (4,f) ¢ m,. Here,
(4,f) € bf,;(z) implies there are values y € N, t € N and u € N such that
choseng(y, t,z,u,a) € M and j = globy,(y,t) < i < globy (z,u). Also,
(4,f) ¢ m; implies glob,;(z, u) # i. Hence, i +1 < globy,(z, u) and we obtain
(4,f) €bfii1(x), as desired.

e Suppose (j,f) € §°7%. By definition of §°7%, we have j = i and R(z,a) €
asyncp(D;). By Claimwe then have (i, R(a)) € bf,,,(z), as desired.

Secondly, we show bf, () C bf(z). Let (j,f) € bf,1(x). Denote f = R(a).
By definition of bf; ;(z), there are values y € N, t € N and u € N such that
choseng(y,t,z,u,a) € M and j = globy,(y,t) < i+1 < globy (z,u). Now we look
at the cases for j:

e Suppose j < 4. This gives us glob,,(y,t) < i < globy,(z,u), which implies
(4,f) € bf;(z). Moreover, i + 1 < globy,(z, u) gives glob,(z,u) # i. Hence,
(4,f) ¢ m;. Taken together, we now have (j,f) € bf,(z) \ m; C bf(z).

e Suppose j = i. Then (i, R(a)) € bf, ,(x), and by Claimwe obtain that
R(z,a) € asyncp(D;). Therefore (j,f) = (i,R(a)) € 6°7*% C bf(z), as de-
sired.
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B.4 Trace
In this section we show trace(R) = M| cp(pyrr. Recall from Section that

trace(R) = U(Di)ﬂ’”“l‘”n(i)~
ieN
For each i € N, locg (7) is the number of transitions in R before i in which z; is also
the active node. From the construction of R we know locg (i) = locps (i, 2;); indeed,
locps (i, ;) counts the number of pairs in A X N with node z; that have an ordinal
strictly smaller than 4, which is precisely the number of transitions in R with active
node z; that come before i. Moreover, by Claim we have locy (i, z;) = s,. Hence,

trace(R) = U(Di)fm”s“
€N
Thus, by Claim

trace(R) = U M|®5:.

i€N
For the next step, let us denote A = {(z;,s;) | i € N}. We show A = N x N.
First, we have A C N x N because z; € N and s; € N for each i € N. Now, let
(z,s) € N x N. Denote i = glob,;(z,s). By definition, z; = z and s; = s. Hence
(z,5) = (zi,8;) € A. Now we may write:

trace(R) = U M|®*
(z,s)€A

-y mpe

(z,5)EN XN

Finally, because M is well-formed (see Section|5.3)), for each R(v, w, a) € M |sop(pyur
we have v € N and w € N. We obtain, as desired:

trace(R) = M|cp(pyrr-

B.5 Subclaims

Claim 7
Let z € N and s € N. We have (M|.gypyur )|** = H(x)T*.

Proof

First, by construction of decl(H) we have (decl(H)|cappyer)|™* = H(z)1"*. Be-
cause decl(H) C M, and because facts over edb(P)“T can not be derived by rules
in pure(P), we have M| qypyrr = decl(H )|cqppyrr. Hence,

(M\edb(P)LTW’s = (deCZ(H)\edb(P)LT)V’S = H(CU)M’S'
O
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Claim 8
Let ¢ € N. We have s; = locp (i, 2;).

Proof

Recall that (z;, s;) € N xN is the unique pair at ordinal i in <y, i.e., globy, (z;, s;) =
i. Suppose we would know for all s € N and ¢ € N that s < t implies glob,,(z;, s) <
glob (i, t). Then locy (i, x;), which is

[{s € N| globy(z,s) < i},
is precisely
s €N s < s}l

The latter is just s;.

We are left to show for any s € N and ¢ € N that s < ¢ implies glob,, (z;, s) <
globys(z;, t). It is actually sufficient to show for any s € N that (z;, s) <u (i, s+1).
Indeed, this would imply for any ¢ € N with s < ¢ that

(zi,8) <m (i, s+ 1) <pr (2,8 +2) <pr oo <nr (25, 8)

And since <js is a partial order, it is transitive, and thus (x;,s) < (24, ¢).
Next, since <ps respects <y, we obtain (z;, s) <ps (i, t) and thus globy,(z;, s) <
globy(z;, t), as desired. To show (;, s) <pr (2i, s + 1), we observe that the rule
in pure(P) is positive. Hence, for any s € N, the following ground rule is always
in G, and it derives before(z;,s,;,s + 1) € M because all(z;) € decl(H) and
tsucc(s, s+ 1) € decl(H):

before(z;, s, z;, s + 1) < all(z;), tsucc(s,s + 1)

Thus (z;,s) <um (%, s+ 1) by definition of <. [

Claim 9
Let i € N. We have Mnd|%:5+1 C inducp (D;) M=+,

Proof
Let f € Mnd|@si+1 We show f € inducp (D;)s+1,

By definition of M4, there is an active inductive ground rule ¢ € G with
heady, = f. Because ¢ € G, there is a rule ¢ € pure(P) and a valuation V so
that 1 can be obtained from ¢ by applying V and by subsequently removing all
negative (ground) body literals, and so that V(neg,) N M = (). The rule ¢ must be
of the form , which implies that V must assign z; and s; to the body location
and timestamp variable respectively, and that it must assign z; and s; + 1 to the
head location and timestamp variable respectively.

Let ¢’ € P be the original inductive rule on which ¢ is based. Let ¢ € inducp
be the rule corresponding to ¢’. It follows from the construction of ¢ out of ¢’ and
¢ out of ¢’ that valuation V can also be applied to rule ¢”. Indeed, rule ¢ just
has more variables for the location and timestamps. We show that V is satisfying
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for " with respect to D;, so that ¢” and V together derive V(heady) = fle
inducp(D;), which gives f € inducp(D;)T%%+1 as desired.

We must concretely show V(pos,.) C D; and V(neg,.) N D; = (). We start by
showing V'(pos,.) C D;. From the relationship between 1,  and ", we know that

Mzi,8i .

p08w|sch(P)LT = V(posga”sch("P)LT = V(posz,a”)

Since 9 is active with respect to M, we have pos,, C M, and thus V(poscp,,)ﬂ‘c“sb -
M. Then by Claim [10| we have V(pos,.) C D, as desired.

Now we show that V'(neg,) N D; = 0. By the relationship of ¢ and ¢", we have
V(neg, )5 = V(neg,). By choice of ¢ and V, we have V(neg,) N M = (.
Hence, V(negw/,)ﬂz“s" N M = (). Finally, by Claim we have V(neg,,) N D; =,
as desired. [

Claim 10
Let i € N. Let I be a set of facts over sch(P)LT that all have location specifier ;
and timestamp s;. If I C M then I'¥ C D;, with D; as defined in Section

Proof
We are given I C M. By the assumptions on I, we more specifically have I C
M |*>%_ Then by Claimwe have I C (D;)"#% Hence I'* C D;, as desired. [

Claim 11
Let i € N. Let I be a set of facts over sch(P)T that all have location specifier z;
and timestamp s;. If INM = () then I¥ N D; = 0, with D; as defined in Section

Proof

We are given that I N M = (). This implies I N M|*% = (). By Claim we
have I N (D;)™>% = (). Hence, by the assumptions on I, we have I¥ N D; = (), as
desired. [

Claim 12
Let i € N. We have inducp (D;)M@s+1 C pind|zsitl,

Proof

Let f € inducp(D;). We show that 17T ¢ prind
Recall the semantics for inducp from Section Let ¢ € inducp and V be

the rule and valuation that together derived f € inducp(D;). Let ¢’ € P be the

original inductive rule on which ¢ is based. Let ¢ € pure(P) be the inductive rule

that in turn is based on ¢’, which is of the form (2). Let V" be the valuation for

¢©" that is obtained by extending V to assign z; and s; to respectively the location

zi,8i+1

and timestamp variables in the body, and to assign s; + 1 to the head timestamp
variable. Let 1 be the positive ground rule obtained from ¢” by applying the



21

valuation V", and by subsequently removing the negative (ground) body literals.
Note that heady = V(head,)t s+l = f1#5+1 We will show that ¢ € G and
that pos, C M, so that this ground rule derives fheosth e pr. And since 1 is

inductive, we more specifically have f1%5%1 ¢ pind|zsit1 a5 desired.

e For ¢ € G, we require V" (neg,,) N M = (). From the construction of rule
¢, we have V" (neg,.) = V(neg,)™ . We show V(neg, )" n M = 0.
Because V is satisfying for ¢ with respect to D;, we have V(neg,) N D; = 0.
This gives V (neg,,)1* N (D;)1% = (). Then V(neg, )M N M|** = @ by
Claim Next, we obtain V (neg, )N M = () since V(neg,,)"** contains
only facts over sch(P)T with location specifier z; and timestamp s;.

e Now we show pos,, C M. From the construction of rule ", we have

pos, = V" (pos,) = V(pos, )1 U {tsucc(s;, s + 1)}

We immediately have tsucc(s;,s; + 1) € decl(H) C M. Moreover, since
V is satistying for ¢ with respect to D;, we have V(posso) C D,. Hence
V(pos,)tse C (D). By Claimwe then have V (pos,, )15 C M|%% C
M, as desired.

Claim 13
Let i € N. Let 2 € N. For each R(z, a) € asyncp(D;), we have (i, R(a)) € bf;,(z).

Proof

The main approach of this proof is as follows. We will show there is a timestamp
u € N such that choseng(2;, $;, x,u,a) € M. Next, because rules of the form
are positive, in G there is always the following ground rule:

before(z;, s;, ¢, u) < choseng(x;, s;, T, u, a)-

Thus if choseng(w;, s, z,u,a) € M then before(z;, s;, z,u) € M, which implies
(i, 8i) <um (z, ) by definition of <. Since <7 respects <7, we obtain (z;, $;) <
(z,u) and thus glob,, (z;, ;) < globy,(x,u). Also, since glob,,(z;, s;) = i, we overall
get

globy(zi, s:) < i+ 1 < globy(z, u),

which together with choseng(zi,s;,z,u,a) € M gives (globy,(z;,s;), R(a)) =
(i,R(a)) € bf,,1(x), as desired.

Now we are left to show that such a timestamp u exists. Recall the semantics
for asyncp from Section .1.2] Let ¢ € asyncp and V be a rule and valuation
that together have derived R(z,a) € asyncp(D;). Let ¢/ € P be the original
asynchronous rule on which ¢ is based. Let ¢ € pure(P) be the rule obtained by
applying transformation @[) to ¢’. To continue, because <, is well-founded, there
are only a finite number of timestamps v € N of node z such that (z,v) <um (2, s;).
So, there exists a timestamp u € N such that (z,u) Ay (2, ;). Now, let V" be
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the valuation for ¢ that is the extension of valuation V to assign z; and s; to the
body location variable and timestamp variable respectively (both belonging to the
sender), and to assign u to the addressee arrival timestamp. Note that from the
construction of ¢” we also know that V (and thus V") assigns the value z to the
addressee location variable and the tuple @ to the message contents. Let ¢ denote
the ground rule obtained by applying V" to ¢”, and by subsequently removing
the negative (ground) body literals. We will first show that ¢» € G, and then we
show that pos,, C M, meaning that 1 derives head, = candg(;, 8,2, u,a) € M.
Then Claim [17| can be applied to know that there is a timestamp w’, with possibly
u' = u, such that choseng(z;, s;,z,u’,a) € M, as desired.

In order for 1 to be in G, we require V" (neg,,) N M = (). Tt follows from the
construction of ¢ out of ¢’ and ¢ out of ¢’ that

V" (neg,n) = V(neg,)™* U{before(z, u,z;, s;)}-

We have before(z, u,z;,s;) ¢ M because (z,u) Anr (2, ;) by choice of u. Next,
we show that V(neg¢)ﬂzl’sl N M = (). Because V is satisfying for ¢ with respect to
D;, we have V(neg,) N D; = (), and thus
V(negw)ﬂz“sf N (Di)ﬂm“si = 0.
Then, by Claim [T5]
V(negw)ﬂz“s” N M|%s = ().

Since I/(negqgo)ﬂg”i’sz contains only facts over sch(P)LT with location specifier z; and
timestamp s;, we have

V(negw)ﬂz“sl nNM =0

We now show pos,, C M. Note, pos,, = V" (pos). From the construction of ¢
we have

V" (pos i) = V(pos,)T™* U{all(z), time(u)}-

Because € A and u € N, we immediately have {all(z), time(u)} C decl(H) C
M. We are left to show V(poscp)ﬂ’”“s' C M. Because V is satisfying for ¢ with
respect to D;, we have V(pos,) € D;. Hence V (pos,)Ts C (D;)M*. By again
using Claimwe then obtain V (pos,, )5 C M|* C M, as desired. [J

Claim 14
Let i € Nand z € NV. For each (i, R(a)) € bf;, (), we have R(z, @) € asyncp(D;).

Proof
By definition of bf, , (), the pair (i, R(a)) € bf;,(z) implies that there are values
y €N, teNand u € N such that choseng(y, t,z,u,a) € M, glob,,(y,t) = i and
globy(y,t) < i+ 1 < globy(z,u). And globy,(y,t) = i gives us that y = x; and
t = s;. Thus choseng(x;, s;, x,u,a) € M.

All ground rules in G that can derive choseng(z;, s;,z,u,a) € M are of the
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form 7 and hence candg(z;, s;, 2, u,a) € M. Let ¢ € G be an active ground rule
with head candg(z;, s;, z, u, a). Because ¢ € G, there is a rule ¢ € pure(P) and
a valuation V so that ¢ is obtained from ¢ by applying V and by subsequently
removing all negative (ground) body literals, and so that V(neg,) N M = (). The
rule ¢ is of the form @D, which implies that V must assign x; and s; respectively to
the body location and timestamp variable that correspond to the sender, and that
it must assign z and w respectively to the location and timestamp variable that
correspond to the addressee. Let ¢’ € P be the original asynchronous rule on which
¢ is based. Let ¢ be the corresponding rule in asyncp. From the construction of
@ out of ¢ and ¢” out of ¢, it follows that V can also be applied to ¢”. Note,
V(head,) = R(z,a). We now show that V is satisfying for ¢” with respect to
D;, which causes R(z,a) € asyncp(D;), as desired. Specifically, we have to show
V(pos,n) € Dy and V(neg,.) N D; = 0.
First we show V(pos,.) C D;. By construction of ¢ and ¢", we have
POSylsenipyrr = V(p0s,)lsenpyrr = V(posw,,)ﬂm“s’-
Since v is active, we have pos,|schpyrr € M, and therefore V(poswu)ﬂm”sl C M.
Then, because the facts in V(pos,,.)1* are over sch(P)FT and have location
specifier z; and timestamp s;, we can apply Claimto know that V(possa,,) C D,
as desired.
Now we show V(neg,.) N D; = 0. By construction of ¢ and ¢", we have

V(negtp) ‘sch(P)LT = V(negw/l)ﬂzz,s, A

By choice of ¢ and V, we have V(neg,) N M = (). Hence, V(negw,,)ﬂzi’s' NM =0.
Then, because the facts in V(negw)ﬂz“si are over sch(P)¥T and have location
specifier z; and timestamp s;, we can apply Claimto know that V(negw,,)ﬂDi =
(), as desired. O

Claim 15

Let i € N. We have M|*% = (D)% Intuitively, this means that the operational
deductive fixpoint D; during transition 7, corresponding to step s; of node z;, is
represented by M in an exact way.

Proof

Recall the notations from Section [B:1] Let n denote the largest stratum number of
the deductive rules of P. We show by induction on k£ =0,1,...,n that

(Mak) TiySi (ka)ﬂm“si~

This will give us (M™")
that (M —™)|%% = M|%>%, and thus we obtain M

@8 = (D) Tees = (D;)M:si. Moreover, Claimsays
%8 = (D;)1%:%  as desired.
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Base case (k =0) By definition,
M—>O — MA U Mduc,O_

But since there are no deductive ground rules in G with stratum 0, we have
M0 — (), Hence,

(M—>0)|-’1)1,751 — (MA)|$Z737,

= (M'edb('p)LT) TisSi | Mind TirSi | MdeliV|z,£,s,. (Bl)

Using Claimand Claim we can rewrite expression (B1)) to the desired equality:

(MO = sty(a) % U untag(me) 15
= (sti(z;) Uuntag(m;))te

= (Do

Induction hypothesis For the induction hypothesis, we assume for a stratum number
k > 1 that

(Mﬁkfl) Tiysi (Dﬁk—l)ﬂmusi,
i

Inductive step We show that

(Mﬁk) Tiysi (D?k)ﬂzzisl,

We show both inclusions separately, in Claims [20|and I} O

Claim 16
Let i € N. We have st;(z;)1%% = (M|edb(7;)m)|%si U Mind|zisi

Proof
By definition,

TS ind|z;,s\ ¥
sti(x;) = ((M\edb(P)LT” vy Mg ) )

where s = locy (i, z;). Using Claim |8, we have s = s;. Therefore,

sti() 1% = (M eappyie) ™% U MR

O

Claim 17
For each fact candgr(z,s,y,u,a) € M, there is a timestamp u’ € N such that
choseng(z, s, y,u’,a) € M, with possibly v’ = u.
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Proof

Towards a proof by contradiction, suppose there is no such timestamp u’. Now,
because candg(z, s, y, u, @) € M, the following ground rule, which is of the form ,
can not be in G, because otherwise choseng(z, s, y, u,a) € M, which is assumed
not to be possible:

choseng(z,s,y, u,a) < candg(z, s, y, u, a)-

Because rules of the form contain a negative other  -atom in their body, the
absence of the above ground rule from G implies otherg(z,s,y,u,a) € M. This
otherg-fact must be derived by a ground rule of the form :

otherg(z,s,y,u,a) < candg(z,s,y,u, a), choseng(z,s,y,u’,a), u # u'

But this implies that choseng(z, s, y, v, a) € M, which is a contradiction. [J

Claim 18
Let ¢ € N. Let n denote the largest stratum number of the deductive rules of P.
We have (M 7")|%:% = M

Ti,Si

Proof

First, since M—" C M, we immediately have (M ~")|%*% C M
Now, let f € M|*>%. We show f € (M ~™)|%*%. Since f has location specifier z;

and timestamp s;, we are left to show f € M ™. We have the following cases:

i, Si

e Suppose f € M|cqppyrr. Then f € MA C M7™.

e Suppose f € Mlidb('p)LT. Then there is an active ground rule ¢ € G with
heady = f. As seen in Section rule v can be of three types: deductive,
inductive and delivery. The last two cases would respectively imply f € M4
and f € M9V, giving f € MA C M~". In the deductive case, rule 1) has a
stratum number no larger than n, and hence f € Maw™ C M—™,

Claim 19
Let i € N. We have MdeV|zusi = yntag(m;)Tes.

Proof
Let f € Mdeiv|zs We show f € untag(m;)"™%. Denote f = R(x;,s;,a). By
definition of M1V, there is an active delivery rule ¢ € G that derives f:

R(I’iy Siy a’) — chosenR(y, ta Tiy Siy El)

Because this rule is active, we have choseng(y, ¢, z;, s;, @) € M. Now, by definition
of z; and s;, we have glob,,(z;,s;) = i. Hence, (glob,,(y,t), R(a)) € m; and thus
R(a) € untag(m;). Finally, we obtain f = R(z;, 8;, a) € untag(m;)™% as desired.

Let f € untag(m;)™ 5. We show f € MIV|%:5 Denote f = R(w;,s;,a). We
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have R(a) € untag(m;). Thus, there is some tag j € N such that (5, R(a@)) € m,.
By definition of m;, there are values y € N, t € N, 2 € N and u € N such that

choseng(y,t,z,u,a) € M,
where glob,,(y,t) = j and globy,(z,u) = i. Here, glob,;(z,u) = i implies z = x;
and u = s;. Hence, choseng(y, t, z;, s;, a) € M. Now, the following ground rule ¢
is in G because (delivery) rules of the form @ are always positive:

R(z;, s;,a) « chosengr(y, t,z;, s;, @)

This rule derives f = R(w;,s;,a) € M because its body-fact is in M. Hence, f €
MAelv|@isi - as desired. [

Claim 20
Let ¢ € N. Let k£ be a stratum number (thus £ > 1). Suppose that

(M—>k—1)|m,,s, — (D?k—l)ﬂm,,s,.
We have

(Mak) Ti,Si g (ka)ﬂm“si~

Proof
We consider the fixpoint computation of M, i.e., M = |,y M; with My = decl(H )
and M; = T(M;_1) for each [ > 1, where T is the immediate consequence operator
of G. By the semantics of operator T, we have M;_1 C M;.

We show by induction on [ =0, 1, 2, ..., that

(Ml a M*)k) T;,Si g (D?k)ﬂm“s""

This will imply that

(L))

Hence, we obtain, as desired

TiySi (Dﬁk)ﬂzz,sl_
= T

(M ) M—»k)|x¢,s, — (M—>k)|a:z,s,v g (Di—%)ﬂm“s,.
Before we start with the induction, recall from Section [B.I] that

M*}k} — MA U Mduc,k
— M|edb(P)LT U Mind U Mdeliv U Mduc,k.
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Base case (I = 0) We have My = decl(H). Thus My contains no facts derived by
deductive, inductive or delivery ground rules. Therefore,

Moyn M™% = M|, gpyr
Hence,
(MO N M—)k) zi,Si g (MA) Ti,S;
g (M—>k—1) Ti,8;

And by using the given equality (M ~F~1)|%s = (D;7F~1)fesi we obtain, as

desired:
(MO N M—)k)lzl,s, (Dzﬁkfl)ﬂzl,s,

-
C (Dzﬁk)ﬂmz,sz',

Induction hypothesis Let [ > 1. We assume

(Mo 1 M08 € (D,

Inductive step We show
(Ml N M—>k)|x“sl g (Di—ﬂc)ﬂxl,sz_

Let f € (M;n M=k)|@si If f € M;_y then f € (M1 N M7F)|* and the
induction hypothesis can be immediately applied. Now suppose that f € M;\ M;_;.
Then there is a ground rule ¢ € G with heady = f that is active on M;_;. We
have pos,, C M;_;. As we have seen in Section rule v can be of three types:
deductive, inductive or a delivery. If ¥ is an inductive rule or a delivery rule then

f c Mind|a:l,si U Mdeliv|zi7sl
C (M‘) T;,5; C (M%kfl)
_ (Dlﬁkfl)ﬂxt,sl C (ka)ﬂx,,s,.

Li,Si

Now suppose 9 is deductive. If ¥ has stratum less than or equal to & — 1, then
f € (M~F=1)|%:5 In that case, the given equality (M ~F=1)|%5 = (D?F=1)hes
gives f € (Di_)k_l)ﬂ%s’ C (Djk)yfeisi as desired. Now suppose that 1 has stratum
k. Because ¢ € G, there is a rule ¢ € pure(P) and valuation V so that ¢ is
obtained from ¢ by applying valuation V and subsequently removing the negative
(ground) body literals, and so that V(neg,) N M = (). Let ' € P be the original
deductive rule on which ¢ is based. Thus ¢’ € deducp (see Section [5.1.2). By
construction of ¢ out of ¢, valuation V can also be applied to rule ¢’. We now
show that V is satisfying for ¢’ during the computation of D;, in stratum k. Since
V(head,) = heady, = f, this results in the derivation of V(head, ) = fYeDnrk
and thus f € (D;7%)0%% as desired. It is sufficient to show V(pos,) € D;** and
V(neg,)ND;” k=1 — () because by the syntactic stratification, if ¢’ uses relations
positively then those relations are in stratum k or lower, and if ¢’ uses relations
negatively then those relations are in a stratum strictly lower than k.
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e We show V(pos,) C D7k, First, by the relationship between ¢ and ¢/,

and because valuation V assigns z; and s; to respectively the body location
variable and body timestamp variable of ¢, we have pos, = V(posw) =
V(posw,)m“sl. By choice of 9, we already know pos,, C M;_;. If we could
show pos,, C M~% then pos,, C (M;_y N M~%)|%% | to which the induction
hypothesis can be applied to obtain pos, = V(posy,,)ﬂx“sl C (Dk)tzes
resulting in V (pos,,) € D;*", as desired.
Now we show pos,, C M7 Let g € posy. If g € M* then we immediately
have g € M~*. Now suppose that g ¢ M*. Since pos,, © M|"* we have g €
M|*>5\ MA. Then Claim [1§|implies there is an active deductive ground rule
Y’ € G with heady = g. But we are working with a syntactic stratification,
and thus the stratum of ¢’ can not be higher than the stratum of 1, which is
k. Hence g € Mduek C M=k,

e We show V(neg, )N D=1 = (). By choice of ¢ and V, we have V(neg,) N
M = (. So,

TS — ().

V(neg,) N (M1

By applying the given equality (M —~*=1)|% = (D;7F=1)1%:5  we then have
V(neg,)N (D;7F=1yh#is — (). By the relationship between ¢ and ¢, we have
V(neg,) = V(neggpl)ﬂz“s". Thus V(neg, )N D77 = ), as desired.

Claim 21
Let i € N. Let k£ be a stratum number (thus £ > 1). Suppose that

(M—>k—1) TisSi (Dﬁkfl)ﬂx,,si_
K3

We have

TiySi,

(D7E )t € (M)

Proof

Recall that the semantics of stratum k in deducp is that of semi-positive Datalog ",
with input kail. So, we can consider D;** to be a fixpoint, i.e., as the set Uien A1
with Ag = kail and A; = T(A4;-1) for each [ > 1, where T is the immediate
consequence operator of stratum k in deducp. We show by induction on [ = 0, 1,
2, etc, that

Zi,8i

(A== € (M)

This then gives us the desired result.

Base case (I =0) We have 4y = kail. By applying the given equality, we obtain
(Ao)ﬂw“si _ (Dﬁkfl)ﬂwl,s, _ (M—>k—1)|a:1,sl C (M—Hc)'x,,s,.
K3 =
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Induction hypothesis Let | > 1. We assume
(Al—l)ﬂz“sz C (M*}k)

TiySi

Inductive step Let f € A;. We show f1%% c (M~F)|zs If f € A;_; then the
induction hypothesis can be applied to obtain the desired result. Now suppose
fe A\ Ai_1. Let p € deducp and V be respectively a rule with stratum k and a
valuation that together have derived f € A;. Let ¢’ € pure(P) be the rule obtained
from ¢ by applying transformation . Let V' be the extension of V to assign ;
and s; respectively to the body location and timestamp variable of ¢’, which are
also both used in the head of ¢’. Let ¢ be the ground rule obtained from ¢’ by
applying valuation V'’ and by subsequently removing all negative body literals. We
show ¢ € G and pos,, C M, which then implies

heady = V'(heady) = V(head, )™ = fi%% ¢ M.

Moreover, because ¢ (and thus ¢’) has stratum k, rule ¢ is an active deductive
ground rule with stratum k, and thus f1%% e (Mduck)jzos C (M—F)
desired.

Zi,Si
, as

e To show ) € G, we require V'(neg, ) N M = (). Because V is satifying for ¢,
and because negation is only applied to lower strata, we have

V(neg,) N D7kt =
Thus
V(neg, )% 0 (D7) = g

By the relationship between ¢ and ¢', we have V(neg, )™ = V'(neg,),
which gives us

V'(neg,) N (DR 1)mes = g.
And by using the given equality (M —5=1)|%5 = (D;7*~1)1%:5  we have
V'(neg@/) N (Mﬁk’l) TS — (.

Now, for the last step, we work towards a contradiction: suppose that there

is a fact g € V'(neg,) N M. From the construction of ¢’, we know that g is
over sch(P)“T and has location specifier z; and timestamp s;.

— 1If g is over edb(P)"T then g € (M|.appyer)|™*. Thus g € (M*)[* C
(M—k=1)|z:si which is a contradiction.

— If g is over idb(P)T then there is an active ground rule ¥/ € G with
heady = g. As seen in Section rule v’ is either deductive, inductive or
a delivery. The last two cases would imply that g € (MU Mdelivy|zus C
(M*)|¥>% which gives a contradiction like in the previous case. Now sup-
pose that ¢’ is deductive. Because the predicate of g is used negatively in
¢’ and thus negatively in ¢, the syntactic stratification assigns a smaller
stratum number to 1’ than the stratum number of v, which is k. Hence,
g € (M~*=1)|2:5  which is again a contradiction.

Zi,
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We conclude that V'(neg,,) N M = 0.
e We show pos,, C M. Because V is satisfying for ¢, we have

V(pos,) C Ai—1-

By the relationship between ¢ and ¢’ (and ), we have V(posg,)ﬂ’c“sf =
V'(pos,,) = pos,,. Thus

pos,, C (Agq) s
By now applying the induction hypothesis, we obtain, as desired:

pos,, C (Mﬁk) Tisi C M.
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