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Appendix A. Auxiliary figures

Associativity Commutativity Absorption
t+ (utw) = (t+u) +w t+u = u-+tt t = 1+ (txu)
tx (uxw) = (txu) xw txu = uxt t = tx (t+u)
Distributive Identity Idempotency Annihilator
t+ (uxw) = (t4u) * (t+w) t = t+40 t = t+t I = 14t
tx (utw) = (txu) + (1xw) t = tx1 t = txt 0 = 0xt¢

Fig. A 1. Sum and product satisfy the properties of a completely distributive lattice.

Appendix B. Proofs of Theorems and Implicit Results

In the following, by abuse of notation, for every function f : V;, — Vp;, we will also denote
by f a function over the set of interpretations such that f(7)(A) = f(I(A)) for every atom A € At.
We have organized the proofs into different subsections.

Appendix B.1. Proofs of Propositions 1 to 3

Proposition 1
Negation ‘~’ is anti-monotonic. That is # < u holds if and only if ~¢ > ~u for any given two

causal terms ¢ and u. O

Proof . By definition ¢ < u iff ¢ *xu = t. Furthermore, by De Morgan laws, ~(¢ *u) = ~t + ~u and,
thus, ~(¢ *u) = ~t iff ~t 4+ ~u = ~r¢. Finally, just note that ~7 + ~u = ~t iff ~¢ > ~u. Hence,
t < u holds iff ~t > ~u. O
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Proposition 2
The map ¢ — ~~t is a closure. That is, it is monotonic, idempotent and it holds that t < ~~t for
any given causal term 7. U

Proof . To show that f — ~~t is monotonic just note that # — ~ is antimonotonic (Proposition 1)
and then ¢ < u iff ~t > ~u iff ~~t < ~~u. Furthermore, ~~(~r~t) = ~(~rrt) = ~rt, that
is, t — ~~t is idempotent. Finally, note that, by definition, t < ~~t iff t x ~~t = and

frront = txront + 0 identity)

= tdro~t + Ex~t pseudo-complement)
— (I*NNI—I—[)*(I*NNI-’—Nt)
= (t+1) % (~rt+1) % (E+~1) % (ot +~t)

(
(
(distributivity)
(
=1 % (~~t41) * (T4 ~1) % (~eot + ~r) (idempotency)
(
(
(
(

distributivity)
=1t x (t+r~t) x (~~t+1) % 1
=1t % (t+n~t) * (~~t+1)
=1 x (~~t+1)

w. excluded middle)
identity)
absorption)

=1 absorption)

Hence, t — ~~t is a closure. O

Proposition 3
Given any term ¢, it can be rewritten as an equivalent term u in negation and disjuntive normal
forms. ]

Proof . This is a trivial proof by structural induction using the DeMorgan laws and negation of
application axiom. Furthermore, using the axiom ~~~t =t no more than two nested negations
are required. Furthermore, it is easy to see that by applying distributivity of “-” and “x” over
“+,” every term can be equivalently represented as a term “+” is not in the scope of any other

operation. Moreover, applying distributivity of “-” over “x” every such term can be represented
as one in every application subterm is elementary. (|

Lemma B.1
Let ¢ be a join irreducible causal value. Then, either ¢ x ~~u = 0 or ¢ * ~~u is join irreducible
for every causal value u € V. |

Proof . Suppose that ¢ * u is not join irreducible and let W C Vy,;, a set of causal values such that
w # tx~ru forevery w € W and ¢« ~~u =Y, oy w. Since t x ~~u =Y w, it follows that
w <t x ~~u for every w € W and, since w # t * ~~u, it follows that w < t x ~~u for every
w € W. Furthermore, ¢ % ~ru+1t % ~u =t % (~rou+ ~u) =1.

Since ¢ is join irreducible, it follows that either t =t ~~u or t =t * ~u. If t =t % ~u, then
1%~ = (t % ~u) * ~~u = 0. Otherwise, t = 1 * ~~u and 7 is join irreducible by hypothesis. O



Lemma B.2
Let 7 be a term. Then AP (~t) = =AP(z). O

Proof. We proceed by structural induction assuming that ¢ is in negated normal form. In case that
t = a is elementary, it follows that A?(~a) = ~a = —A”(a). In case that t = ~a with a elemen-
tary, AP (~t) = AP (~r~a) and AP (~~a) = a = =—a = AP (~a) = AP(t). In case that t = ~~aq,
with a elementary, A” (~t) = AP (~~~a) and

AP (~mvrva) = AP (~a) = —a = —AP (~ra) = —AP (1)

In case that = u+v. Then

AP (~t) = AP (~us ~ov) = AP (~ou) AAP (~v)
By induction hypothesis A?(~u) = =A”(u) and AP (~v) = =AP(v) and, therefore, it holds that
AP(~t) = =AP(u) A=AP(v). Thus, “AP(t) = =(AP (u) VAP (v)) = =AP (u) A=AP (v) = AP (~1).
In case that f = u ® v with ® € {x,-}. Then A?(~t) = AP (~u+ ~v) = AP(~u) V AP(~v) and
by induction hypothesis A?(~u) = =AP(u) and AP(~v) = —=AP(v). Consequently it holds that

AP (~t) = =AP(2). O
Lemma B.3

Let ¢ be a term and ¢ a provenance term. If ¢ < A?(t), then A?(~¢) < —¢ and if A”(¢) < @, then
=@ < AP(~r). O

Proof. If ¢ < AP(t), then ¢ = AP(¢) * ¢ and then —¢ = —AP(¢) + —¢ and, by Lemma B.2, it
follows that —¢ = AP(~t)+ —¢. Hence AP(~t) < —¢. Furthermore if A”(¢t) < ¢, then ¢ =
AP(t) + ¢ and then —¢ = —AP(¢) x ~¢ and, by Lemma B.2, it follows that ~¢ = AP (~¢) x —¢.
Hence —~¢ < AP(~1). O

Appendix B.2. Proof of Theorem 1
The proof of Theorem 1 will relay on the definition of the following direct consequence operator
Tp()(H) < Y { (I(B1)*...xI(B,))-ri | (ri: H<By,...,B,) €P }

for any CG interpretation 7 and atom H € At. Note that the definition of this direct consequence
operator Tp is analogous to the Tp operator, but the domain and image of Tp are the set of CG
interpretations while the domain and image of 7p are the set of ECJ interpretations.

Theorem 11 (Theorem 2 from Cabalar et al. 2014a)
Let P be a (possibly infinite) positive logic program with n causal rules. Then, (i) Ifp(Tp) is the
least model of P, and (ii) lfp(Tp) = Tp 1 (0) = Tp 1" (0). O

Proof of Theorem 1. Assume that every term occurring in P is NNF and let Q be the program
obtained by renaming in P each occurrence of ~/ as [’ and each occurrence of ~~[ as I” with I
and I” new symbols. Note that this renaming implies that ~I and ~~[ are treated as completely
independent symbols from / and, thus, all equalities among terms derived from program Q are
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also satisfied by P, although the converse does not hold. Note also that, since ~ does not occur
in Q, this is also a CG program. From Theorem 11, Ifp(Tp) = Tp 1 (0) is the least model of Q.
By renaming back ’ and " as ~I and ~~I in Tp1¥ (0) we obtain Tp1* (0) for any k. Hence,
Ifp(Tp) = Tp1? (0) is the least model of P. Statement (ii) is proved in the same manner. O

Appendix B.3. Proof of Proposition 4

Lemma B.4
Let P; and P, be two programs and let U; and U, be two interpretations such that P 2O P> and
U, < U,. Let also I} and I, be the least models of PIU "and P2U 2, respectively. Then I} > I. O

Proof . First, for any rule r; and pair of interpretations J; and J, such that J; > Js,

Ji(body* (1)) > Ja(body™ (r?))

Furthermore, since U; < U,, by Proposition 1, it follows
Ur(body™ (r{")) = Un(body™ (r}?))
and, since by Definition 5 J;(body~ (rfj1 )) & Uj(body~ (rfj‘ )), it follows that
Ji(body™ (")) = Da(body™(r}?))
Hence, we obtain that J (body(riU‘ ) > Jz(body(rsz)).
Since P; D P,, it follows that every rule r; € P, is in Py as well. Thus, TPIUI (J1)(H) > szy2 (J2)(H)
for every atom H. Furthermore, since
T 1% (O)(H) = T, 17 (0)(H) = 0
it follows TPIUI 1 (0)(H) > szuz 1 (0)(H) for all 0 < i. Finally,
T O)H) £ Y T4 0)(H) = 0
j i<w ‘i
and hence TPIU1 19 (0)(H) > TPZU2 19 (0)(H). By Theorem 1, these are respectively the least

models of PIU1 and PZUZ. That is 11 > L. O

Proposition 4
I'p operator is anti-monotonic and operator 1"%, is monotonic. That is, T'p(U;) > I'p(U,) and
['2(Uy) < T%(U,) for any pair of interpretations U; and U, such that Uy < U,. O

Proof. Since U; < U,, by Lemma B .4, it follows I} > I, with I} and I, being respectively the
least models of PUI and PY2. Then, I'p(U;) = I; and T'p(U) = I and, thus, Tp(U;) > T'p(U3).
Since [p is anti-monotonic it follows that I'4 is monotonic. O

Appendix B.4. Proof of Theorem 2

The proof of Theorem 2 will rely on the relation between ECJ justifications and non-hypothetical
WnP justifications established by Theorem 9 and it can be found below the proof of that theorem
in page 13.



Appendix B.5. Proof of Theorem 3

Definition 17
A term t € Vp, is join irreducible iff t =Y, u implies that u = ¢ for some u € U and it is join
prime iff t <Y . u implies that u < ¢ for some u € U. O

Proposition 5
The following results hold:

1. A term is join irreducible iff is join prime.
2. If Lb is finite, then every term ¢ can be represented as a unique finite sum of pairwise
incomparable join irreducible terms. |

Proof . The first result directly follows from Theorem 1 in (Balbes and Dwinger 1975, page 65).
Furthermore, from Theorem 2 in (Balbes and Dwinger 1975, page 66), in every distributive lattice
satisfying the descending chain condition, any element can be represented as a unique finite sum
of pairwise incomparable join irreducible elements and it is clear that every finite lattice satisfies
the descending chain condition. g

Lemma B.5
Let P be a positive program over a signature (A, Lb) where Lb is a finite set of labels and Q be

the result of removing all rules labelled by some label / € Lb. Let I and J be two interpretations
such that J such that p.;(I) > J. Then, p;(I'p(I)) <Tp(J). O

Proof. By definition T'p(1) and T (J) are the least models of programs P/ and Q”, respectively.
Furthermore, from Theorem 1, the least model of any program P is the least fixpoint of the
Tp operator, that is, Tx (Y) = Tyr 1° (0) with X € {P,Q} and X¥ € {P!,P/}. Then, the proof
follows by induction assuming that u < Ty T B (0)(H) implies p.;(u) < Ty 18 (0)(H) for any
join irreducible u, atom H and every ordinal 8 < .

Note that Ty, 10(0)(H) = 0 = p;(0) = Tp: 1° (0)(A) for any atom H and, thus, the statement
holds vacuous.

If & is a successor ordinal, since u < Tp: 1% (0)(H), there is a rule in P of the form (4) such that
u < (up, *...%up, ¥uc, *...xuc,) i
where up; < Tp 1%~ (0)(B;) and uc; < ~I(C;) for each positive literal B; and each negative

literal not C; in the body of rule r;. Then,

1. By induction hypothesis, it follows that p; (up;) < Ty 1¢=1(0)(B;), and
2. from p(I(H)) > J(H), it follows that uc; < ~I(C;) implies p~;(uc;) < ~J(C;).
Furthermore, if r; # [, then r; € Q and, thus,

Do) < (Potlam,) 5Pt oy ) o poslic,)) 17 < Ty 1 (0)(H)
If otherwise r; = I, then p;(u) = 0 < Ty, 1% (0)(H).
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In case that o is a limit ordinal, u < Tpr 7% (0) iff u < Tpr 1P (0) for some B < « and any join
irreducible u. Hence, by induction hypothesis, it follows that p;(u) < Ty 1#(0) < Ty 1 (0)
and, thus, p;(Tpr 1% (0)) < TQJ 1%(0). O

Proof of Theorem 3. In the sake of simplicity, we just write p instead of p.,,. Note that, by
definition, for any atom H, it follows that Wy (H) = Lx (H) with X € {P,Q}. The proof follows
by induction in the number of steps of the I'> operator assuming as induction hypothesis that
FzQ 18.(0) < p(T21P (0)) for every B < a. Note that FZQ 10(0)(H) =0 < p(I'31° (0))(H) and,
thus, the statement trivially holds for o =0 .

In case that « is a successor ordinal, by induction hypothesis, it follows that
I3 (0) < p(T31e (0))
and, from Lemma B.5, it follows that
Lot (0)
51" (0)(H)))
Thatis, [ 1% (0) < p(T31% (0).

p(Tp(T31471(0)))
p(CA(T311 (0)))

IN IV

Finally, in case that a is a limit ordinal, every join irreducible u satisfies u < l"é 1%(0) =
Yp<a Fé 18(0) iff u < Fé 18 (0) for some B < & and, thus, by induction hypothesis p(u) <
217 (0) <T31% (0). Consequently, I 1 (0) < p(I'3 1 (0) and Wo(A) < p(Wp(A) for any
atom A. O

Appendix B.6. Proof of Theorem 5

By I'p(I) we denote the least model of a program P! Note that the relation between ['p and T'p is
similar to the relation between 7p and Tp: the I'p operator is a function in the set of CG interpre-
tations while I'p is a function in the set of ECJ interpretations. Note also that the evaluation of
negated literals with respect to CG and ECJ interpretations and, thus, the reducts Pl and P! may
be different even if I(A) = I(A) for every atom A.

Lemma B.6
Let P be a labelled logic program, I and J be respectively an CG and a ECJ interpretation such
that [ > A¢(J). Then ['p(I) < A¢(Tp(J)). O

Proof . By definition T'p(I) and I'p(J) are respectively the least model of the programs Pland P’
Furthermore, from Theorem 1 the least model of any program P is the least fixpoint of the Tp
operator, that is, [p(7) = T,/ 1 (0) and T'p(J) = Tps 1 (0). In case that & = 0, it follows that
T 12 (0)(H) = 0 < A°(Tps1° (0))(H) for every atom H. We assume as induction hypothesis

that 7,; 17 (0) < A¢(Tp 1P (0)) for all B < .
In case that o is a successor ordinal, E < T,;1% (0)(H) = T,;(T,;1*~" (0))(H) if and only if

there is a rule R in P! of the form

ri:H <+ By,...,By,
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which is the reduct of a rule R of the form (4) in P and that satisfies E < (Ep, *...*Ep,,)-r; with
each Ep; < T,;1*~! (0)(B;) and I(C;) = 0 for all B; and C; in body(R). Hence there is a rule in
P’ of the form

ri:H < By,...,By, J(notCy),..., J(notC,)
and, by induction hypothesis, Ep; < A° (Tps 1*~1 (0)(B;)) for all B;. Furthermore, by definition
(Tpr 171 (0)(B1) % ... % Tps 1971 (0)(Byy) ¥ (notCy) %... % J(n0tCy)) -r; < Tps 1% (0)(H)

From the fact that [(C
and, thus, 1 < A¢(~.

J(

A ((Tp 1% L(0)(By)*...xTp 1971 (0)(B m) % J(notCy) *...xJ(notCp)) - 1i) =

= QL”((TJTO‘ L0)(By) #...x Tp 1% (0)(Bi)) *A°(J (ot Cy) ) % ... x A (J (notCpy)) ) - i

A (T 1 (O)(By) s T 19 (0)(Ba) 1. x1) 1y

= AT (0)(B1)%...x T 171 (0)(Bn))) -1
and, thus,

AT 15 O)(B1) o T 1 (0)(Ba)) i < A(Tor 19 (0)()

Since Ep; < A°(Tps 1%~ (0)(B;)) for all B, it follows that

i)=0 and the lemma’s hypothesis 7 > A¢(J), it follows that 0 > A¢(J(C;))
Cj)) = A°(J(notCj)). Hence,

E < (Ep *..%Ep)-r; < A°(Tw 1% (0))(H)

Finally, in case that « is a limit ordinal, it follows from Theorem 1 that o = @. Furthermore,
since I is a CG interpretation, it follows that Plis a CG program and, thus, E < T,; 1 (0) iff
E < Ty 1" (0) for some n < @ (see Cabalar et al. 2014a). Hence, by induction hypothesis, it
follows that E < Tps 1 (0) < Tpr 1% (0). O

Lemma B.7
Let P be a labelled logic program over a signature (A, Lb) where Lb is a finite set of labels, I and
J respectively be a CG and a ECJ interpretation such that / < A¢(J). Then ['p(I) > A¢(T'»(J)). O

Proof. Since Lb is finite, it follows that Vy, is also finite. Furthermore, since Vj, is a finite
distributive lattice, every element ¢ € Vy;, can be represented as a unique sum of join irreducible
elements (Proposition 5).

Assume as induction hypothesis that u < Tps 8 (0)(H) implies A¢(u) < Ty 18(0)(H) for every
join irreducible u, atom H € At and ordinal 8 < .

In case that o is a successor ordinal. For any join irreducible justification u < Tps 1% (0)(H) there
is a rule R’ in P/ of the form (6) and there are join irreducible terms ug, < Tps 1%~ ! (0)(B;) and
uc; < ~J(Cj) for all Bj and C; such that

u < (up, *...xUp, *uUc, *...%Uc,) i
If uc; contains an oddly negated label for some C;, then A°(uc;) = 0 and it consequently follows

that lc( ) =0 < T,; 1% (0)(H). Thus, we assume that uc; only contains evenly negated labels
for any C;. Note that, since uc; < ~J (Cj), then uc; cannot contain any non-negated label, that
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is, all occurrences of labels in uc; are strictly evenly negated and, thus, every term M/C/ <J(C j)

must contain some oddly negated label. Hence, I(C;) < A°(J(Cj)) = 0 for any C; and there is a
rule R! in Q' of the form

ri: H< By,...,By,

By induction hypothesis, ug; < Tps 1¢=1(0)(B;) implies A¢(up;) < T,; 17" (0)(B;) and, con-
sequently, A°(u) < T, 1% (0)(H).

Since Tps 1% (0)(H) = ¥,,cy,, u Where every u € Uy is join irreducible and every u € Uy satisfies
u < Tps 1% (0)(H), it follows that A (i) < T,; 1% (0)(H) and, thus, ¥,,cyy,, A°(u) < T, 1% (0)(H).
Note that, by definition, A°(¥,cq,, #) = Luecv, A° (1) and, thus,
ATt (0)(H)) = A°( ), u) < Tpit* (0)(H)
uely

In case that « is a limit ordinal, it follows u < Tps +% (0)(H) iff u < Tps P (0)(H) for some
B <  and, by induction hypothesis, it follows that A (i) < T,; B (0)(H) < T,; 1% (0)(H) and,
thus, Tp; 1% (0) > A(Tps 1% (0)).

Finally, by definition ['p(7) and T'p(J) are respectively the least models of Pl and P’ and, from
Theorem 11, these are precisely 7,1 (0) and Tps 1 (0). Hence, T, 1 (0) > A¢(Tps 1© (0))
implies T'p(7) > A¢(Tp(J)). O

Proposition 6
Given a program P over a signature (A, Lb) where Lb is a finite set of labels, any ECJ interpre-
tation [ satisfies [p(1(I)) = A°(Tp(I))). O

Proof of Proposition 6. Let I be a CG interpretation such that I(H) = I(H) for every atom H.
Then, it follows that / = A¢(I). Hence, from Lemmas B.6 and B.7, it respectively follows that
Tp(I) < A¢(Tp(I)) and Tp(I) > A°(Tp(I)). Then, Tp(I) = Tp(A°(I)) = A¢(Tp(I)). O

Proof of Theorem 5. According to (Cabalar et al. 2014a), a CG interpretation [ is a CG stable
model of P iff ] is the least model of the program P’. Then, the CG stable models are just the
fixpoints of the I'p operator.

Let I be a CG stable model according to (Cabalar et al. 2014a), let I be a ECJ interpretation
such that I(H) = I(H) for every atom H € At and let J & T2 (I) be the least fixpoint of '3
iterating from 1. Since I(H) = I(H) for every atom H € At, it follows that = 1¢(I) and, by
definition of CG stable model, it follows that 7 = T'p (f ). Thus, from Proposition 6, it follows that
[ = A¢(Tp(I)). Applying T'p to both sides of this equality, we obtain that T'p(I) = Tp(A¢(Tp(I))).
From Proposition 6 again, it follows that T'p(1¢(T'p(I))) = A¢(Tp(T'p(1))) = A¢(T'4(I)) and, thus,
Lp(I) = A¢(T3(I)). Furthermore, since I = ['p(I), it follows that I = A¢(I'3(7)). Inductively
applying this argument, it follows that [ = A¢(I'%21% (I)) for any successor ordinal &.. Moreover,
for a limit ordinal c,
(31 ) = 2( LI () = L amt ) =1
B<oa B<o

Then, since we have defined J = I'31> (I), it follows that [ = A°(J) = A¢(I) and, since we also
have that 7 = A¢(I'p(I)), we obtain that A¢(I) = A¢(I'p(I)).
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The other way around. Let / be a fixpoint of I' such that 1¢(I) = A¢(Tp(I)) and let I & 1(I).
In the same way as above, it follows that ['p(I) = A¢(T'p(I)) = A¢(I) =I. That is, ['p(I) = I and
so that [ is a causal stable model of P according to (Cabalar et al. 2014a). ]

Appendix B.7. Proof of Theorem 6

Proof of Theorem 6 . Let / be a causal stable model of P and I be the correspondent fixpoint of
I'2 with I = A°(I). Since E is a enabled justification of A, i.e. E < Wp(A), then E < Lp(A) with
LLp the least fixpoint of I'2. Since, [ is a fixpoint of '3, if follows that E < LLp(A) < I(A) and,
thus, A°(E) < A°(I(A)) = I(A). Then G ¥ graph(A¢(E)) is, by definition, a causal explanation
of the atom A.

Appendix B.8. Proof of Theorem 7
The proof of Theorem 7 will need the following definition.
Definition 18
Given a program P, a WnP interpretation is a mapping J : At — By, assigning a Boolean for-

mula to each atom. The evaluation of a negated literal notrA with respect to a WnP interpretation
is given by J(notA) = =J(A). An interpretation J is a WnP model of rule like (4) iff

J(By)*...%T(Bp) *I(notCy) x...x I(notCy) xr; < T(H)

The operator &p(J) maps a WnP interpretation J to the least model of the program P”. g

Note that the only differences in the model evaluation between ECJ and WnP comes from the
valuation of negative literals and the use of ‘x’ instead of °-* for keeping track of rule application.
Besides, we will also use the following facts whose proof is addressed in an appendix.

Definition 19
Given a positive program P, we define a direct consequence operator ¥p such that

Tp(I)(H) & Y {I(B1)*...xI(By)xri | (ri: H<By,...,B,) P}

for any WnP interpretation J and atom H € At. |

Definition 20 (From Damdsio et al. 2013)
Given a program P, its why-not program is given by & % PU P’ here P’ contains a labelled fact
of the form

—not(A) : A

for each atom A € At not occurring in P as a fact. The why-not provenance information under the
well-founded semantics is defined as follows: Why »(H) = [ »(H)|; Why 2 (H) = [-% % (H)];
and Why o (undef A) = [-T 2 (H) AN Tg(H)] where T» and TU» = & 2 (T ») be the least and
greates fixpoints of 6291,, respectively. O
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Lemma B.8

Let P be a labelled logic program over a signature (Ar,Lb) where Lb is a finite set of labels
and let 7 and J be respectively a ECJ and a WnP interpretation such that A”(I) > J. Then,
AP (T (D) < .(3).

Proof . By definition I'ys (1) and & 4 (3J) are the least model of the programs 3/ and £?7, respec-
tively. Furthermore, the least model of programs B’ and £?7 are the least fixpoint of the Tz and
T »3 operators, that is, Iy (1) = Ty 1 (0) and & 5 (J) = T 55 19 (L).

In case that o = 0, it follows that AP (T 19(0)(H)) = T 53 1% (L)(H) = 0 for every atom H.
We assume as induction hypothesis that A7 Ty £(0)) < T 518 (L) forall B < a.

In case that o is a successor ordinal. Assume that u < Ty 1=1(0)(H) for some join irreducible u
and atom H. Then there is a rule r; € P of the form (4) and

u < (up, *...kuUp *Uc, *...¥UC,) T

where up; < Ty 1%-1(0)(B,) and uc; < ~I(C;). Hence, by induction hypothesis, it follows that
AP(up;) < Ty 11 (1)(B;) and, since uc; < ~I(Cj), it also follows that A?(uc;) < =J(C;)
for all C;. Consequently, we have that A?(u) < T 5,5 1% (L) (H).

In case that & is a limit ordinal, u < Tqy T¢(0) iff u < T 1B (0) for some § < « and all join

irreducible u. Hence, by induction hypothesis, it follows that A?(u) < T3 18 (0) < T35 1% (0)
and, thus, A7 (T 1% (0)) < T3 1% (L). |

Lemma B.9

Let P be a labelled logic program over a signature (Ar,Lb) where Lb is a finite set of labels
and let I and J be respectively a ECJ and a WnP interpretation such that A?(I) < J. Therefore,
AT (1)) > 6 (3. O

Proof . The proof is similar to the proof of Lemma B.8 and we just show the case in which « is
a successor ordinal.

Assume that u < T ;5 1% (L)(H) for some join irreducible u and atom H. Hence, there is some
rule r; € P of the form (4) and

u < oug k.. KUB, KUC, ... kUG, ¥ Ti

where up; < T g0 11 (L)(B;) for each B; and uc; < —=J3(C;) for each C;. By induction hy-
pothesis, ug; < A7 (T 1¢=1(0))(B;) for all B;. Furthermore, since A?(I) < 7J it follows, from
Lemma B.3, that A?(~I) > =7 and, since uc, < =J(Cj), it also follows that uc, < A?(~I(Cj)).
Hence,

A(u) < (AP(up,)*...x AP (up,) * AP (uc,) * ... % AP (uc,)) xri < N’(T;WTO‘ (0)(H))
Thus, T3 1% (L)(B) < AP (T 1% (0)(B)). =
Note that the image of A” is a boolean algebra and the set of causal values corresponding to

negated terms { ~¢ ‘ t € Vpp, } are also a boolean algebra. Consequently, we define a function
A4(t) = ~~t which is analogous to A” but whose image is in V.
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Lemma B.10
Let P be a labelled logic program and let I be an ECJ interpretation. Then, I'y (1) = I'y (A9(1))
and AP (1) = AP(A4(1)). O

Proof . For T'p (I) = Tp(A9(I)). Since A9(t) = ~~t and ~~n~t = ~1, it follows that 19(~1) =
~rorvl = ~I and, thus, ! = PA*(). Since by definition [y (1) and T (A9(I)) are respectively
the least models of programs B/ and P**(7) it is clear that Tz (1) = I (A9(1)).

For AP(t) = AP(A%(¢)), just note AP (A9(t)) = AP (~rut) = 2=AP(2) = AP(2). O

Proposition 7
Let P be a program over a signature (A¢,Lb) where Lb is a finite set of labels. Then, any causal
interpretation / satisfies:

(). &x(AP(I)) = AP(Ip (1)),
(11) F&l}(lq( )) = Fs;}(]) and
(iii). AP(r) = AP(A9(r)). O

Proof . (i) From Lemmas B.8 and B.9, it respectively follows that A? (' (1)) < &5 (AP(1))
and that A?(I'(I)) > & »(AP(I)). Then, &p(AP(I)) = AP(T'»(I)). (ii) and (iii) follow from
Lemma B.10. g

Proof of Theorem 7. Note that Why »(A) = T »(A) and that, by AP definition, it follows that
A?(0) = 0 and thus, from Proposition 7 (i), it follows that & 5 (L) = & 5 (A7(0)) = A7 (T'p(0))
and

Br(L) = 65(A70) = A'(TH(0) = AP(AU(T5(0))
Hence, from Proposition 7, it follows that
6 (L) = G4(65(1) = BHAAIUTH(0))
= AP(Tp(A1(Tp(0)) = AP(Dp(Tp(0) = AP(T5(0))

Inductively applying this reasoning it follows that &2, 1> (0) = A7 (F2 1* (0)) which, by Knaster-
Tarski theorem are the least fixpoints of the operators, thatis, Tp» = 7LP (ng) and, consequently,
Why»(A) =T »(A) = AP (Lp(A)) = AP (We(A)) = Whyp(A). Similarly, by definition, it fol-
lows that Why s (notA) = =Tl (A) where Tl is the greatest fixpoint of the operator &2,.
Thus,

Whyp(notA) = =65 (Tp) = AP(~I'p(Ly)) = AP (~Ugp(A)) = AP (Wyp(norA))
Finally, Why o (undef A) = =% »(A) * Tl (A) and, thus
P(~Lip(A)) * AP (~~Ug(A))

AP(
AP (~Lap (A) % ~~Ugp(A))
AP (~We (A) 5 ~Wes (notA)) = AP(Wys (undef A))

Why g (undef A)

and, thus, Why g (undef A) = AP (W (undef A)) = Whyp(notA). O
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Appendix B.9. Proof of Theorem 8

Lemma B.11

Let P be a labelled logic program over a signature (Af, Lb) where Lb is a finite set of labels and
no rule is a labelled by not(A) nor ~~not(A). Let Q be the result of removing all rules labelled
by ~not(A) for some atom A. Let / and J be two interpretations such that J = p,,(4) (/). Then,

I'o (J) = Prot(A) (FP(I)) O

Proof . In the sake of simplicity, we just write p instead of p,,,;(4). By definition I'p(7) and T'o(J)
are respectively the least model of P/ and Q. The proof follows then by induction on the steps
of the Tp operator assuming that p (T 18 (0)) = Ty 18.(0) for all B < a.

Note that, Tx 19 (0)(H) = 0 for any program X and atom H and, thus, the statement trivially
holds.

In case that ¢ is a successor ordinal. Let u € V; be a join irreducible causal value such that
u < Tpi 1% (0)(H). Then, there is a rule in P of the form (4) such that

u < (up, *...%up, ¥uc, *...xuc,) i

where up; < Tpr 17! (0)(B;) and uc; < ~I(C;) for each positive literal B; and each negative
literal notC; in the body of rule r;.

If r; = ~not(A), then p(u) = 0 < Tp 1%~ (0)(H). Otherwise,

1. By induction hypothesis, it follows that p(up;) < Tp 1%=1(0)(B;), and
2. from J(H) = p(I(H)) and uc; < ~I(C}), it follows that p(uc;) < ~J(C;).

Furthermore, no rule in the program P is labelled with not(A) nor ~~not(A) and, thus, r; #
not(A) and r; # ~~not(A). Hence, p(u) < Tp 1%~ (0)(H).

The other way around is similar. Since u < T, 1% (0)(H) there is a rule in Q of the form (4) such
that

u < (up, *...%uUp, *Uc, *...%Uc,) i

and ug; < Ty 1¢-1(0)(B;) and uc; < ~J(C;) for each positive literal B; and each negative lit-
eral notC; in the body of rule r;. By induction hypothesis, up; < p(Tp: 1¢=1(0)(B;)) for each B;
with 1 < j <mand, since J(H) = p(I(H)) and uc; < ~J(C;), it follows that uc, < p(~I(C;)).
Then, u < p(Tp 1% (0)(H)).

In case that @ is a limit ordinal Tx 1% (0) = Yo Tx 8 (0)(H) and, thus, u < Tx 1% (0) if and
only if u < Ty 1% (0)(H) with B < o By induction hypothesis, p (Tp1 17 (0)(H)) = T, 17 (0)(H)
and, thus, u < p(Tp 1% (0)) if and only if u < Ty 1% (0). Hence, p(Tp: 1 (0)) = Tps 1% (0) and,
consequently, I'p(J) = p(T'p(1)). O

Proposition 8

Let P be a labelled logic program over a signature (Az, Lb) where Lb is a finite set of labels where
no rule is a labelled by not(A) nor ~~not(A). Let Q be the result of removing all rules labelled
by ~not(A) for some atom A. Then, Lo = p,,5,(4)(Lp) and Ug = ppes(4) (Up). O
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Proof. Note that Ly = '3 1= (0) with X € {P,Q}. Furthermore, by definition, it follows that
210 (0) =T%1° (0) = 0. Then, assume as induction hypothesis that I 1# (0) = p(I'% 17 (0))
for all B < o. When « is a successor ordinal, by definition I'} 1% (0) = I'%(I'3 17! (0)) =
[y (Cx (T% 1! (0))) with X € {P, O} and, thus, the statement follows from Lemma B.11.

In case that « is a limit ordinal I3 1% (0) = Yh<a %12 (0). Then, for every join irreducible u it
follows that u < T'%1% (0) if and only if u < T35 (0) for some B < o (by induction hypothesis)
iff p(u) < T24P (0) iff p(u) < T31% (0). Hence, FzQ 1% (0) = p(T21 (0)) and, conseugntly,
Lo =p(Lp)

Finally, note that Uy = I'x (Lx) with X € {P, O} and, thus, the statement follows directly from
Lemma B.11. O

Proof of Theorem 8. By definition, program P is the result of removing all rules labelled with
~not(A) in *B. In case that L is some atom H, by definition, it follows that Wp(H) = Lp(H) and
We (H) = LLeg (H) and, from Proposition 8, it follows that L.p = p(Ls ) and, thus Wp = p(Wgz).

Similarly, in case that L is a negative literal (L = not H), then Wp(H) = ~Up(H) and Wep (H) =
~Usz (H) and, from Proposition 8, it follows that Up = p(Usp ). Just note tha p,(~u) = ~p,(u)
for any elementary term x and any value u. Hence, Up = p(Usgz) implies that ~Up = p(~Ug)
and, consequently, Wp = p(Wy).

In case that L is an undefined literal (L = undef H), by definition, it follows that Wp(H) =
~Wp(H)x~Wp(notH) = ~ILp(H) x ~~Up(H) and Wz (H) = ~Ls (H) * ~~Uq (H) and the
result follows as before from Proposition 8. g

Appendix B.10. Proof of Theorem 9

Proof of Theorem 9. Note that p(A” (u)) = AP(p(u)) for any causal value u € V. By definition
Whyp(L) = AP (W) (L) and, thus

p(Whyp(L)) = p(A"(Wg)(L)) = AP(p(Weg))(L)
From Theorem 8, it follows that Wp = p(Wg:) and, thus, p(Whyp(L)) = AP (Wp)(L). O

Appendix B.11. Proof of Theorem 2

The proof of Theorem 2 will rely on the relation between ECJ justifications and non-hypothetical
WnP justifications established by Theorem 9 plus the following result from (Damdsio et al.
2013). First, we need some notation. Given a conjuntion of labels D, by Remove(D) we de-
note the set of negated labels in D, by Keep(D) the set of positive labels, by AddFacts(D) the set
of facts A such that —not(A) occurs in D and by NoFacts(D) the set of facts A such that not(A)
occurs in D.

Theorem 12 (Theorem 3 from Damdsio et al. 2013)

Given a labelled logic program P, let N be a set of facts not in program P and R be a sub-
set of rules of P. A literal L belongs to the WFM of (P\R)UN iff there is a conjunction
of literals D |= Whyp(L), such that Remove(D) C R, Keep(D)NR =0, AddFacts(D) C N, and
NoFacts(D)NN = 0. O
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Definition 21
Given a positive program P, we define a direct consequence operator Tp such that

Tp((H) € Y {I(B1)*...xI(B,) | (ri: H< By,....B,)€P}

for any standard interpretation interpretation / and atom H € Ar. g

Lemma B.12

Let P be a labelled logic program over a signature (Az, Lb) where Lb is a finite set of labels and
let 7 and 1 be respectively a ECJ and a standard interpretation satisfying that there is some enable
justification E < ~I(H) for every atom H such that /(H) = 0. Then, every atom H satisfies
['p(I)(H) = 1 iff there is some enabled justification E < I'p(I)(H). O

Proof . By definition I'p(1) and fp(f) are the least model of the programs P! and P! , respectively.
Furthermore, the least model of programs P! and P’ are the least fixpoint of the 7p and Tp
operators, that is, Tp(I) = Tpr 1¢ (0) and ['p(J) = TP; 19 (0). In case that @ = 0, it follows that
7,;1° (0)(H) for every atom H and, thus, the statement holds vacuous. We assume as induction
hypothesis that for every atom H and ordinal 8 < « such that Tpi 18 (0)(H) = 1, there is some
enabled justification E < Tp 18 (0)(H).

In case that « is a successor ordinal. If 7 1%~ (0)(H) = 1, then there is a rule r; € P of the form
(4) such that T 1! (0)(B,) = 1 and I(C;) = 0. On the one hand, by induction hypothesis, it
follows that there is some enabled justification Ep; < Tpi 1%=1(0)(B;) and, by hypothesis, there
is some enabled justification Ec; < ~I(C;). Hence,

E & (E, *...Ep, *Ec, *...xEc,)
is an enabled justification E < Tp 1% (0)(H).

The other way around, let E be some join irreducible justification. If E < Tp 1% (0)(H), then
there is a rule r; € P of the form (4) such that

E < (EBl *~~-EBm*EC1 *"'*ECH)'ri

where Ep; < Tpi 1% (0)(B;) and Ec; < ~I(C;) are enabled justifications. Hence, it follows that
T,;1% (0)(B;) = 1 and /(C;) = 0.

In case that o is a limit ordinal, 7, 1% (0) = 1 iff 7,;1# (0) = 1 for some B < e iff there is a
join irreducible enabled justification E < Tpr 18 (0)) < A?(Tpr 1 (0). O

Proof of Theorem 2. Let E < Wp(L) be an enabled justification of L € {A, notA, undef A}. From
Theorem 9, it follows that AP (E) < AP(Wp(L)) = p(Whyp(L)), that is, A?(E) < p(Whyp(L)).
Note that the minimum causal value ¢ such that p(¢) = p(Whyp(L)) is Whyp(L) A Ageq, n0t(A)
and, thus, D < Whyp(L) where D is defined by D = A”(E) A A\gca, 0t (A). Furthermore, since
E is an enabled justification, A?(E) is a positive conjunction and, thus, so it is D. Hence, there is
a positive conjunction D such that D < Whyp(L) and, from Theorem 12, it follows that L holds
with respect to the standard WFM of P.

The other way around. If L = A is an atom, then L holds with respect to the standard WFM iff
1fp(12)(L) = 1. Furthermore, %19 (0)(H) = I'31% (0) = 0 for any atom H and, thus, there is
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an enabled justification E < Nl'% TO (0) = ~0 =1 for any atom H. Then, from Lemma B.12, for
any atom H , there is an enabled justification E < T'p(I'31° (0))(H) iff ['p(1%1° (0))(H) = 1.
Applying this result again, it follows that E < T21! (0)(H) = I'3(I'21° (0))(H) if and only
if 1211 (0))(H) = T%(I%31° (0))(H) = 1. Inductively applying this reasoning it follows that
121> (0)(H) = 1 iff there is an enabled justification E < T'51* (0)(H) which, by Knaster-Tarski
theorem are the least fixpoints respectively of the I'p and I'p operators.

Similarly, if L = not A, then L holds with respect to the standard WFM if and only if gfp(I'3)(L) =

['p(1fp(1%)) (L) = 0 iff there is not any an enabled justification E < T'p(Ifp(T'3))(L) = gfp(T'3)(L)
iff there is an enabled justification E < Wp(L) = ~gfp(['3)(L).

Finally, if L = undef A, then L holds with respect to the standard WEM iff 1fp(['%)(L) = 0 and
gfp(I'%2)(L) = 1 if and only if there is not any enabled justification E < Wp(L) and there is not
any enabled justification E < Wp(notL) iff there is some enabled justification £ < ~Wp(L)
and there is some enabled justification E < ~Wp(not L) iff there is some enabled justification
Wp(undef A) = ~Wp(A) x ~Wp(notA). O

Appendix B.12. Proof of Theorem 10

Lemma B.13
Let 7 and u be two causal terms such that no-sums occur in ¢ ant # < u. Then, px(¢) < py(u). O

Proof . By definition ¢ < u if and only if # = ¢ x u. Then, py(¢) = px (¢ *u) = px(¢) * px(u) and, thus

if follows that p,(7) < px(u). O
Lemma B.14
Let ¢ be a causal term. Then, A(AP (1)) < AP(A4(¢)). O

Proof If t € Lbis alabel, then A¢(¢) =7 and A”(¢) =1 and, thus, A (AP (t)) =1 <t = AP(A°(¢)).
If r = ~I with [ € Lb a label, then A°(¢t) = 0 and AP (t) = =l and, thus, A(A”(¢)) =0<0 =
AP(AC(2)). If t = ~~I with [ € Lb alabel, then A¢(¢) = 1 and A”(¢) = [ and, thus, A°(A7(r))

1 <1=AP(A°(x)).

Assume as induction hypothesis that A°(A”(u)) < AP(A°(u)) for every subterm u of 7. If r =
up-up, then

AAP (1)) = ASAP () *AC(AP(up) < AP(AS(ur) % AP(A(uz) = AP(AC(uy-12))

Similarly, if t =Y,y u, then

AAP(yu) = Y AAPw) < ) AP(A((w) = AP(A°(Y w)
uelU uclU uclU uclU
and if t =[],y u, then
A@Ar([Tw) = TTAArw < [TAPA(W) = AP@A(]]w)
ucl ucl ucl ucl



16 Online appendix
Proof of Theorem 10. From Theorem 9, it follows that p(Whyp(A)) = A?(Wp)(A). Further-
more, since D < Whyp(A), from Lemma B.13, it follows that

p(D) < p(Whyp(A)) = AP(Wp)(A) = AP(Lp)(A)

and, thus, 1¢(p(D)) < A¢(A7(ILp))(A). Let I be any CG stable model. Then, since I = A¢(I) for
some fixpoint / of I'%, it follows that A¢(Lp) < T and, thus, A7 (A1¢(ILp)) < AP (I). Furthermore,
from Lemma B.14, it follows that A¢(A?(Lp)) < AP(A¢(Lp)) and, thus

A(p(D)) < ASAP(Lp))(A) < AP(AS(Lp))(A) < AP(D)(A)

Note that, since D is non-hypothetical and enabled, it does not contain negated labels and, thus,
A¢(p(D)) = p(D). Consequently, p(D) < AP(I)(A). O



