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Appendix A Proof of Theorem 1

Recall that propositional programs consist of clauses of the form p < Ly,...,L,, where
each L; is either a propositional variable or the negation of a propositional variable; the
L; are called literals, negative if they have negation and positive otherwise. As hinted in
Section 3, we need to consider propositional programs with a possibly countably infinite
number of clauses, as this is the case with the ground instantiation of a higher-order
program. Moreover, we must allow a positive literal L; to also be one of the constants
true and false. The reason for this is that in the ground instantiation of an H program,
there may exist ground expressions of the form (E; ~ E3) in the bodies of clauses.
These have specific meanings under the semantics of Section 5 and can not be treated as
propositional variables. In the case where the two expressions E; and E, are syntactically
identical, the expression (E; & E3) will be treated as the constant true (i.e., it is assumed
that T((Ey =~ E3)) = true for every interpretation I of the ground instantiation), and
otherwise as the constant false.

We use, throughout all sections of the Appendix, the standard representation of partial
interpretations of propositional programs by (T, F'), where T' and F' are disjoint subsets of
the Herbrand base Bp of a propositional program P (i.e., the set of propositional variables
appearing in P) denoting the sets of propositional variables considered to be true and
false, respectively, in the interpretation. Naturally, (T, F) is a total interpretation if
TUF = Bp.

The truth ordering < and Fitting ordering < of interpretations can be defined in two
equivalent ways:

Definition 20

If I =(T,F)and I' = (T', F’) are two partial interpretations of a propositional program
P then we say that I < I’ if T C T and F’ C F, or, equivalently, if I(p) < I'(p) for
every propositional variable p of P. Moreover, we say that I < I' if T C T and F C F’,
or, equivalently, if I(p) = I’(p) for every propositional variable p of P.

A model M of a propositional program is as usual considered to be <-minimal (respec-
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tively, <-minimal) if there does not exist a different model N of P, such that N < M
(respectively, N < M).

Theorem 1

Let P be a program and let Gr(P) be its ground instantiation. Also let M be a partial
interpretation of Gr(P) and let M be the Herbrand interpretation of P, such that v (A) =
M (A) for every A € Up . Then, M is a Herbrand model of P if and only if M is a model
of Gr(P). Moreover, M is <-minimal (respectively, <-minimal) if and only if M is <-
minimal (respectively, <-minimal).

Proof

Step 1 M is a model of Gr(P) = M is a Herbrand model of P: For every Herbrand
state s of P there exists a ground substitution 6 such that 0(V) = s(V), and therefore
s(V) = [0(V)]m,s, for all states s’ and variables V in P. Also, for every clause A +
Ly,...,L,, in P there exists a respective ground instance A8 + L10,... L0 in Gr(P).
As M is a model of Gr(P), M(A8) > min{M(L0),...,M(L,,0)}. By assumption,
vapm (AG) = M(AF) and vaq(L;0) = M(L;0) for all i < m. Moreover, it is easy to see (by
a trivial induction on the structure of the expression) that A§ = [A] a5, which implies
that va(A0) = v ([Am,s). Similarly, va(Li€) = va([Li]am,s), for all © < m. It
follows immediately that va([Alam,s) = min{vm([L1]as), - - - s v ([Lm]am,s) }, which
implies that M is a model of P.

Step 2 M is a Herbrand model of P = M is a model of Gr(P): Every clause in Gr(P)
is a ground instance of a clause A < Ly,...,L,, in P and is therefore of the form
A + L40,...,L,,0 for some ground substitution #. Consider a Herbrand state s,
such that s(V) = 0(V) for every variable V in P. Because M is a model of P, we have
that va([Alm,s) = min{vam([Lila,s), - - s vm([Lm]a,s) }- Again, it is easy to see that
A0 = [A] m,s and therefore va (A8) = var([Alm,s). Similarly, vaq(Li0) = var([Li]am,s)
for all ¢ < m. Additionally, vo((A8) = M(A8) and va(L;0) = M(L;0) for all i < m, so
M(AO) > min{M(L,0),...,M(L,,0)}, which implies that M is a model of Gr(P).

Step 3 M is minimal = M is minimal: Assume there exists a model N of P, distinct
from M, such that A" < M (respectively, N' < M). Then we can construct an interpre-
tation N for Gr(P) such that for every ground atom A, N(A) = var(A). It is obvious that
N < M (respectively, N = M), since N(A) = var(A) < v (A) = M(A) (respectively,
un(A) X v (A)). Also, N is distinet from M, since N(B) = var(B) # v (B) = M(B)
for at least one ground atom B. As we showed in Step 2, the fact that A/ is a model
of P implies that N is a model of Gr(P), which is of course a contradiction, since M
is a <-minimal (respectively, <-minimal) model of Gr(P). Therefore, M must be a
<-minimal (respectively, <-minimal) model of P.

Step 4 M is minimal = M is minimal: By the reverse of the argument used in Step
3: Assume there exists a model N of Gr(P), distinct from M, such that N < M
(respectively, N < M). Then we can construct an interpretation A for P such that
for every ground atom A, N(A) = ua(A). It is obvious that N/ < M (respectively,
N < M), since vp(A) = N(A) < M(A) = vp(A) (respectively, N(A) < M(A)). Also,
N is distinct from M, since their valuation functions are distinct. As we showed in
Step 1, the fact that N is a model of Gr(P) implies that A is a model of P, which is
of course a contradiction, since M is a <-minimal (respectively, <-minimal) model of
P. Therefore, M must be a <-minimal (respectively, <-minimal) model of Gr(P). [



Appendix B Proof of Lemma 1

For the proof of Lemma 1, which we present in this appendix, we rely on the method
of (Przymusinska and Przymusinski 1990) for the construction of the well-founded model.
We first give the necessary definitions from (Przymusinska and Przymusinski 1990).

Definition 21

Let P be a propositional program and let J be an interpretation of P. The operator © ;(-)
on the set of interpretations of P is defined as follows: for every interpretation I and every
propositional variable p of P,

true, there exists a clause p < Ly,...,L, in P s.t. for all i < n,

either J(L;) = true or L; is a positive literal and I(L;) = true;

©,(I)(p) = | false, for all clauses p < L1,...,L, in P there exists an i < n, s.t.
either J(L;) = false or L; is a positive literal and I(L;) = false;
0, otherwise.

Moreover we define the following sequence of interpretations:

or oo {To, Fo) = (0, Be)
@T]mJr ) = (Thy1, Fry1) = eJ(@}n)
@Sw = <va Fw> = <Un<w Tp, ﬂn<w FB>

It is shown in (Przymusinska and Przymusinski 1990) that, for any interpretation J, the
operator O has a unique least fixed-point given by @3“’.

Definition 22
Let P be a propositional program. For every countable ordinal a < ~, we define the
interpretation M, as follows:

My = (To, Fo) = (0,0)
Mov1 = (Tus1, Far1) = @b’a, for a successor ordinal o + 1
M, = (To, Fo) = (Upca Tp, U< Fi3), for a limit ordinal o

Again from (Przymusinska and Przymusinski 1990), there exists the least countable or-
dinal A, such that M, = @R}‘; and M), coincides with the well-founded model Mp of the
propositional program P.

We now present the proof of Lemma 1.

Lemma 1

The Herbrand interpretation Mp of the program of Example 4 is not extensional.

Proof

We repeat here the program of Example 4 for the reader’s convenience:
sQ«< Q (Q
PR <« R

qR < ~(w R)
w R < ~R
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Recall that the predicate variable Q is of type o — o and the predicate variable R is of
type o. The ground instantiation of the above program is infinite, as so:

sp<< p (sp
sq<+<q((q
sw+ w (s w

(s p) « (s p)

(s @ « (s @

(s w) « (s w)

(s p) «~@w (s p))
(s p) < ~(sp)

(s @ +~w (s @)
(s @) +~(q

(s w) «+~@ (s w)
(s w) < ~(s w)

o)

=0 £ 0 5 Q9 '°'o

The well-founded model Mg, p) of the above (infinite) propositional program is the val-
uation function of Mp. It has already been argued in Section 6 and Section 8, that
Mg py(s p) # Mgrpy(s q) and this should be obvious to the reader who is familiar
with the well-founded model semantics; however, for reasons of completeness, we present
a formal argument in the second part of this proof. In the same sections, we claimed
that this is despite the fact that p = Me,py,0—0 9> which we will immediately proceed to
prove. Of course, by Definitions 17 and 18, the facts that Mg, p)(s p) # Mer(py(s q) and
P =M, py,0—0 9> Tender Mp not extensional.

First, we show that p =/ ) 00 9, 1-€. that for all A, A” € Up , such that A =y o o, A',
P A =g py.0q A holds. By definition Mg, (p) is a fixed-point of the operator © ¢, (+),
therefore for any ground atom B we have that Mg, py(B) equals to true, if there ex-
ists a clause B < Li,...,L, in Gr(P), such that Mg, py(L;) = true for all i < nj; it
equals to false if for every clause B < Ly,...,L, in Gr(P), we have that Mg, p)(L;) =
false for at least one ¢ < n; and it equals to 0 otherwise. Observe that there ex-
ists only one clause in Gr(P) such that p A is the head of the clause, in particular
it is the ground instance p A < A of the clause p R < R of P. This suggests that
Mgy py(p A) = Mgy py(A) (1). Similarly, the ground instance q A" <= ~(w A’) of the
clause g R + ~(w R) is the only clause in Gr(P) with g A’ as its head atom and from
this we can infer that Mg, py(q A') = Megpy(~Gw A')) = =Mg.py(w A’) (2). Finally,
the only clause in Gr(P), such that w A’ is the head of the clause, is the ground in-
stance w A’ <— ~A’ of the clause w R < ~R of P, which implies that Mg, py(w A’) =
Mg (p)(~A") = ~Mqyp)(A) (3). By (2) and (3) we have Mg, p)(q A") = Mg p)(A'), and,
in conjunction with (1), that Mc,py(p A) = Mgy (p)(q A’), because A =y ., , A" implies,
by Definition 17, that Mg,p)(A) = Mg p)(A’). Therefore, we also havep A Zprg 0 q A’
and, in consequence, P Zn/gp) 00 -

For the second part, we show that Mg, p)(s p) # Me(p)(s q). We do this in two steps;
first we show that Mg,p)(s p) = false and then that Mg, py(s q) = 0.

For the first step, it suffices to show that M;(s p) = @Rﬁ}’o (s p) = false. For this, we
prove that @MLD(S p) = false and @;/[”O (p (s p)) = false, for all n < w, by an induction
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on n. The basis case is trivial, as @;9[0 = (0, Up ), assigns the value false to every atom.
For the induction step, we show the statement for n 4+ 1 assuming that it holds for n.
We see that there exists only one clause in Gr(P) such that s p is the head of the clause;
this is the ground instance s p < p (s p) of the clause s Q + Q (s Q) of P. By the
induction hypothesis, we have that @R?O (p (s p)) = false, therefore @EZH)(S p) =
false. Similarly, the only clause in Gr(P) with p (s p) as the head of the clause is
the ground instance p (s p) < (s p) of the clause p R < R of P. By the induction
hypothesis, we have that @;rv?o(s p) = false, therefore @I\/(IZH)(P (s p)) = false.

For the second step, we perform an induction on «, during which we simultaneously
show that M,(s q) = 0, My(q (s @) = 0 and M,(w (s q)) = 0, for all countable
ordinals a.. The basis case is trivial, as My = ((), 0) assigns the value 0 to all atoms. For
the induction step, we first prove the statement for a successor ordinal a+1, assuming that
it holds for all countable ordinals up to «. Indeed, there exists exactly one clause in Gr(P)
with w (s q) as its head atom, in particular the ground instance w (s q) < ~(s q)
of the clause g R <— ~(w R). As ~(s q) is a negative literal, for every n < w the
value of @;/([Z+1)(W (s @) is defined by M,(~(s @)). By the induction hypothesis, we
have M, (s q) = M,(~(s q)) = 0, therefore it follows that @;V([ZH)(W (s @) =0 and,
because this holds for every n < w, that M,11(w (s q)) = 0. Moreover, the ground
instance q (s q) + ~(w (s q@)) of the clause g R < ~(w R) is the only clause in
Gr(P) with q (s q) as its head atom. Again, ~(w (s q)) is a negative literal and so
for every n < w the value of @RS,ZH)(q (s @) only depends on M,(~(w (s q))). By
the induction hypothesis, we have M,(w (s q)) = My(~@(w (s @)) = 0, therefore
it follows that @R(IZH)(q (s @) = 0. Since this holds for every n < w, we also have
that My11(q (s @)) = 0. Finally, there exists only one clause in Gr(P) such that s
q is the head of the clause, in particular the ground instance s q < q (s q) of the
clause s Q + Q (s Q) of P. We have already shown that @R([ZH)(q (s q)) =0 for all
n < w; moreover, by the induction hypothesis, M,(q (s q)) = 0. Consequently, for all
n < w, @;/(IZ+2)(S q) = 0 and thus M,41(s q) = 0. It remains to show M,(s q) = 0,
My(q (s @)) =0and My(w (s q)) =0 for a limit ordinal c. In this case, we have that
Mo = (Up<a T5:Up<q Fp)- By the induction hypothesis, Mg(s q) = 0 for all 3 < a,
which means that s q ¢ T and s q ¢ Fp. In other words, s q ¢ U5<a Ts and s q &
Up<a F. therefore Mo (s q) = 0. In the same way we can show that M.(q (s @)) =
0 and M,(w (s q)) = 0. This concludes the induction and so we have proven that
Mepy(s @) =0. O

Appendix C Proof of Theorem 2

Before we proceed with the proof of Theorem 2, we recall some necessary definitions. Note
that the proof makes use of a fixed-point characterization of the perfect model semantics
given in (Przymusinska and Przymusinski 1990), rather than the more traditional defini-
tion of (Przymusinski 1988). The following definition of the local stratification of possibly
infinite propositional programs is adapted to allow for the presence of expressions of the
form (E; =~ Es).

Definition 23
A propositional program P is called locally stratified if and only if it is possible to decom-
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pose the Herbrand base Bp of P into disjoint sets (called strata) S1,Sa,...,Sq,...,a <7,
where -y is a countable ordinal, such that for every clause H < Ay, ..., A, ~B1,...,~B,
in P, we have that for every i < m, stratum(A;) < stratum(H) and for every i < n,
stratum(B;) < stratum(H), where stratum is a function such that stratum(C) = 8, if the
propositional variable C € Bp belongs to Sg and stratum(C) = 0, if C ¢ Bp and is a
constant (equivalently, of the form (E; ~ E3)). Any decomposition of the described form
is called a local stratification of P.

In (Przymusinska and Przymusinski 1990), for any interpretation J, the operator ¥ is
defined and shown to have a unique least fixed-point given by \IIE“’ of the next definition.
This is then used to give an iterated fixed-point characterization of the perfect model of
a locally stratified program.

Definition 2/
Let P be a propositional program and let J be an interpretation of P. The opera-
tor Wy : 2B — 2B% is defined as follows: for every I C Bp, ¥;(I) = {p € Bp |

there exists a clause p < Ly,...,L, in P such that, for all ¢ < n, either J(L;) = true or
L; € I'}. Moreover we define the following sequence:
10 _
e g gt
n n
\I!# = V(¥ %
w n
\IJJ = Un<w \I’J

We follow the usual convention of identifying a subset of the Herbrand base with a total
(two-valued) interpretation of the program and use the two notions interchangeably.
E.g., a set \I/T]" of the above sequence is considered to be equivalent to the interpretation
(@l Bp — 01" and p € 1" is considered to be equivalent to 1" (p) = true.

Given a local stratification S1,S5s,...,8S,, ..., a <, of a propositional program P, we
define the sets B, = |J s<a Op for every countable ordinal o < . Clearly, Bp = B,. Then
the perfect model of P can be constructed (Przymusinska and Przymusinski 1990) as the
last interpretation IV, in an =<-increasing sequence of partial interpretations of P:

Definition 25

Let P be a propositional program and let Sy,.55,...,S,,...,a < v, where  is a countable
ordinal, be a local stratification of P. For every countable ordinal o < v, we define the
interpretation N, as follows:

Ny = (To, Fo) = (0,0)
Notv1 = (Tot1,Foat1) = <\I!R‘,’Z,Ba+1 — \I!;;‘;% for a successor ordinal o + 1
N, = (To, Fao) = (Up<a T5, U<y F3), for a limit ordinal o

Theorem 8 (Przymusinska and Przymusinski 1990)
Let P be a propositional program. The sequence No, Ny, ..., Ng,..., Ny is Z-increasing.
Moreover, INV,, coincides with the perfect model Np of P.

The next lemma and its following corollary are the basis for our proof of Theorem 2.

Lemma 2
Let P be an H program. If P is stratified then the ground instantiation Gr(P) of P is
locally stratified.



Proof
Consider a decomposition Si,...,.S, of the set of predicate constants of P such that the
requirements of Definition 19 are satisfied. This defines a decomposition S7,..., S, of

Up,, which is also the Herbrand base of Gr(P), as follows:
S; = {A € Up,, | the leftmost predicate constant of A belongs to S;}
It is easy to check that Si,..., S, corresponds to a local stratification of Gr(P). [

An immediate result of the above lemma is that the model Np can be defined for every
stratified program of H:

Corollary 1
Let P be an H program. If P is stratified, then the perfect model Np of P exists and
coincides with its well-founded model Mp.

Proof

By Lemma 2, if P is stratified then Gr(P) is locally stratified. Therefore the unique
perfect model Ng,(py of Gr(P) exists (Przymusinski 1988) and Np is defined. Moreover,
the perfect model of a locally stratified propositional program, which is the valuation
function of Np, coincides with its well-founded model Mg, (py (Przymusinski 1988), i.e.
the valuation function of Mp. In other words, in this case Np and Mp coincide, because
they have the same valuation function. []

Theorem 2
The well-founded model Mp of a stratified program P is extensional.

Proof
By Corollary 1, if P is stratified then Mp coincides with Np. Therefore, it suffices to
show that ANp is extensional and for this we rely upon the constructive definition of
Ngrpy from (Przymusinska and Przymusinski 1990) presented above.

Consider a stratification Si, ..., .S, of the set of predicate constants of P. As argued in
the proof of Lemma 2, the following decomposition Si,...,S. of Up ,:

S! = {A € Up, | the leftmost predicate constant of A belongs to S;}

corresponds to a local stratification of Gr(P). Therefore, whenever a ground atom A
begins with a predicate constant p, we will have stratum(A) = stratum(p). Moreover,
by Theorem 3, Ngypy = N,

Since the valuation function of Np is Ng(p), essentially we need to show that E =x; .,
E, for every ground expression E of every argument type p. We perform an induction on
the structure of p. For the base types ¢ and o the statement holds by definition. For the
induction step, we prove the statement for a predicate type m = p; — -+ = ppm — 0,
assuming that it holds for all types simpler than 7 (i.e., for the types p1,..., pm, 0 and,
recursively, the types that are simpler than p1, ..., p). Let A be any atom of the following
form: A is headed by a predicate constant p and all variables in vars(A) are of types
simpler than 7. Let 6,0" be ground substitutions, such that vars(A) C dom(8),dom(8’)
and 0(V) =g, .0 0'(V) for any V : p in vars(A). We claim it suffices to show the following
two properties P;(a) and Pa(«), for all finite ordinals (i.e., natural numbers) a:
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Py(a): If No(AB) = true then Ng.py(A0') = true.
Py(a): If No(AB) = false then Ng.py(A8') = false.

To see why proving the above properties is enough to establish that E =y ., » E, observe
the following: first of all, we assumed that = is of the form p; — -+ — pn — o, so if
Vi :p1,...,Vin : pm are variables, then EV; --- V,, is an atom of the form described
above. As NGr(P) = NT, if NGr(P)(E 9(V1) ce Q(Vm)) = NT(E 9(V1) ce Q(Vm)) = true and
property P;(r) holds, then we can infer that Ng,p)(E0'(V1) --- 0'(V,,)) = true. Because
the relations =y ., ,, are symmetric, 6 and ¢’ are interchangeable. Therefore the same
argument can be used to infer the reverse implication, i.e. Ng,py(E0'(V1) --- 0'(Vin)) =
true = Ngpy(EO(V1) - -+ 0(Vim)) = true, thus resulting to an equivalence. If P(r) holds,
the analogous equivalence can be shown for the value false in the same way and so it
follows that E =y, » E. Finally, r is determined by the stratification of the higher-order
program and is therefore finite, so we only need to prove properties P;(a) and P («) for
finite ordinals.

We will proceed by a second induction on «a.

Second Induction Basis (o = 0) We have Ny = (@, (). As this interpretation does
not assign the value true or the value false to any atom, both properties P;(0) and P»(0)
hold vacuously.

Second Induction Step (« + 1) We first show Pj(a + 1). We have that Nyy1 =
<\IJ}\‘,‘; Bt — \If;‘,‘j), observe that \I/I\;‘; (Af) = true if and only if there exists some n < w
for which \I/EL (A) = true. Therefore, in order to prove Pj(« + 1), we first need to
perform a third induction on n and prove the following property:

P{(a+1,n): If \Iﬁvr; (A0) = true then Ng,py(A0') = true.

Third Induction Basis (n = 0) Property Pj(a+1,0) holds vacuously, since \I/Ea =0,
i.e. it does not assign the value true to any atom.

Third Induction Step (n+1) We now show property Pj(a+1,n+1), assuming that
P/(a+ 1,n) holds. If \IJ%:H)(A&) = true, then there exists a clause Af < Li,...,Ly in
Gr(P) such that, for each i < k, either N, (L;) = true or L; is an atom and \IIRZ (L;) = true.
This clause is a ground instance of a clause pVy - - V,,, < Ky, ..., Ky in the higher-order
program and there exists a substitution 6”, such that (pVy --- V,;,)8” = A and, for any
variable V & {V1,...,V,,} appearing in the body of the clause, 8”(V) is an appropriate
ground term, so that L; = K;0”8 for all i < k. Observe that the variables appearing in
the clause (pVy -+ V,,,)0" + Ky0”, ... Kp8" are exactly the variables appearing in A
and they are all of types simpler than 7. We distinguish the following cases for each K;6",
i < k:

. K;0" is of the form (E; = Eg): As remarked in Appendix A, an expression of the form
(E1 =~ E3) has the same value in any interpretation. If N, (K;8"6) = \I/;Z(Kﬂ”e) = true,
by definition we have E;6 = E56. Since E; and Es are expressions of type ¢, all variables
in E; and E; are also of type ¢ and, because =n,, . is defined as equality, we will have
E10 = E10" and Eo0 = E20’. Therefore E10" = E2f and Neyp)(Ki00') = true will also
hold.

. K;0" is an atom and starts with a predicate constant: As we observed, the variables
appearing in K;0" are of types simpler than 7. Because K;6"6 is an atom, either N, (L;) =
N (K;0"0) = true or \I/%L(Li) = \I/?VT;(KZ'H”Q) = true may hold. In the former case,
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by the second induction hypothesis we can apply property P;(a) and it follows that
Ner(py(Ki)'0") = true. Similarly, in the latter case, the same conclusion can be reached
by the third induction hypothesis and property Pj(a + 1,n).

. K;0" is an atom and starts with a predicate variable: As in the previous case, it may be
No(Li) = No(K;0"0) = true or W' (L;) = WY (Ki0"0) = true. Let K;0” =VE; -+ Ep
for some V € vars(A). Then B =6(V)E; --- E, is an atom that begins with a predicate
constant and, by vars(K;8”) C vars(A), all of the variables of B are of types simpler
than 7. Hence, by the second induction hypothesis, B satisfies property P;(«) and if
No(Ki0"0) = No(BO) = true then it follows that Ng.py(B6#') = true (1). Similarly, by
the third induction hypothesis, B also satisfies property Pj(a+1,n), so if \IIR,T; (K;0"6) =
\IIRZI(BF)) = true, then the same conclusion, that Ng,p)(B#') = true (1), is reached
again. Observe that the types of all arguments of 6(V), i.e. the types of E;#" for all
j < m/, are simpler than the type of V and consequently, since V € vars(A), simpler
than 7. For each j < m/, let p; be the type of E; and let p be the type of V; by
the first induction hypothesis, E;0" =n¢ ., »; E;¢#'. Moreover, by assumption we have
that 0(V) =0 0 (V). Then, by definition and by (1) Neipy(0(V)E18" --- Ep0') =
NGr(P) (QI(V) E19’ ce Emle/) = NG,(p)(Kﬂ”Q’) = true.

. K;0" is a megative literal and its atom starts with a predicate constant: Let K;0” be of
the form ~B, where B is an atom that starts with a predicate constant. It is N, (~B#) =
N (K;0"0) = N,(L;) = true and therefore N, (BO) = false. Moreover, by vars(K;0") C
vars(A), all the variables of B are of types simpler than 7, so we can apply the second
induction hypothesis, in particular property P»(c), to B and conclude that Ng.py(B6') =
false. Then NGr(p)(NBQ’) = NGr(p)(Kiﬁ”G’) = true.

. K;0" is a negative literal and its atom starts with a predicate variable: Let K;0" =
~(VE;y --- Ey) for some V € vars(A). Then B =6(V)E; --- E,,,v is an atom that begins
with a predicate constant and, by vars(K;8”) C vars(A), all of the variables of B are
of types simpler than 7. Also, N,(~B#) = N,(K;0”6) = N,(L;) = true and therefore
N, (B) = false. Hence, by the second induction hypothesis and in particular property
Py (), it follows that Ngyp)(B8') = Neyp)(0(V) E10" - -- B, 0') = false (1). Observe that
the types of all arguments of 6(V), i.e. the types of E;¢’ for all j < m/, are simpler than
the type of V and consequently, since V € wvars(A), simpler than w. For each j < m/,
let p; be the type of E; and let p be the type of V; by the first induction hypothesis,
Ej0" =N, py.0; Ej0'- Moreover, by assumption we have that 6(V) =ng ., , ¢'(V). Then, by
definition and by (1), Nepy(0(V) E10" - - - E;/0") = Neypy (0" (V) E10' - - - Er0') = false.
Obviously, this makes Ng,py(~(60'(V) E10" --- Er0')) = Ngwpy(Ki0"0') = true.

We have shown that, for each i < k, Ng.py(Ki0"8') = true. Since the clause Af" <
Kif"0', ..., Kp0"0" is in Gr(P) and Ng,py is a model of Gr(P), we can conclude that
Nerpy(A0') = true.

This concludes the proof for P/(a+1,n). Notice that property Pj(«a+1,n) immediately
implies property P;(a+1): as mentioned before, N1 (Af) = \I!;,“; (Af) = true if and only
if there exists some n < w for which \IJ}VTL (Af) = true and then Ng,(py(A0') = true follows
from property Pj(a+1,n). It remains to prove property Py(ca+1). Observe that the atoms
Af and A6’ both start with the same predicate constant p and recall that we have chosen
a local stratification for Gr(P), such that stratum(Af) = stratum(A8') = stratum(p).
Moreover, we have that No41 = (W;‘,‘;,BQH - \I/;‘,i), 50 if Nyt1(AB) = false, it follows
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that A8 € Byt1. Because stratum(Af) = stratum(Af'), it must also be A0 € By,
which implies that N,41(Af8’) can be either true (if A9’ € \II;‘[”) or false (if A9’ ¢ \I/;V"i),
but not 0. For the sake of contradiction, assume that N,41(A8") = true. As the relations
2 Neey.ps are symmetric, 6 and 6" are interchangeable, so property Pi(a + 1) applies and
yields Ngp)(Af) = true. Because (by Theorem 3) Noi1 =< Ngy(py, this contradicts our
initial assumption that N,11(A6) = false. Therefore, it must be N,1(A8") = false and
so, again by Nui1 = Ng(p), it follows that Ng.p)(A0') = false. [



