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" APPENDIX: PEAK-LOCUSTHEOREM proved
for ALL Lognormal Stochastic Processes L (t)
starting at t = tswith probability one.

7 Author: Claudio Maccone (e-mail: clmaccon@libet)o.i
Key equations discovered on December 21, 22, 232@43. This code version completed on Januarg@04.

7 (%i1) killall);
(%00)done

K Defining the lognormal pdf of the lognormal stosti@process L(t) STARTING AT t = ts (with ts = tag).
e

(%i1) assume(t>ts, te>ts, sL>0);
(%01)[t>ts,te>ts,sL>0]

? (%i2) depends(M,t);
(%02)[M(1)]

- (%i3) Lpdf(n,sL,ts,t):=(%e(-(log(n)-M(t))"2/(2*sL"2*(t<))))/ (sqrt(2*%pi)*sL*n*sqrt(t-ts));
2
- (log () -M (1))

2 (t-
%e 2sL< (t-ts)

~N2Tm sk nAt-ts

(%03)Lpdf(n,sL,ts,t):=

K Normalization condition.

e

(%i4) normalization_condition:'integrate(Lpdf(n,sL,ts)th,inf)=radcan(integrate(Lpdf(n,sL,ts,t),n,0,inf))
(log (n) -M (1)) *

©ope 2 (t-ts) L2 .
n

n

NN

(%04)

K Mean value.

e

(%I5) def_mean_value_integral:'integrate(n*Lpdf(n,sbL)is,0,inf)=radcan(integrate(n*Lpdf(n,sL,ts,t),ni@d));
(log (n) -M (1)) ®

00

2
%e 2L gp (ts-t) sL2-2 M (1)

0 2
2 t-ts sL

(%05) = %e
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? (%i6) easy_mean_value_integral:lhs(def_mean_value_irjetpator(rhs(def _mean_value_integral));

(log (n) -M (1)) 2

00

%e 2 (t-ts) sL? dn

tssL2 tsl?
0 ) —+M(1)
(%06) = %e
i V2 mAt-ts st
? (%I17) def_mean_value:mean_value=rhs(easy_mean_valuerahteg
tssL? tsL?
+——+ M(1)

(%07)mean_value= %e

4 Introducing the SCALE FACTOR (denoted K) on theR7THCAL SCALE of the stochastic process L(t).
Defining the TEMPORARY MEAN VALUE FUNCTION OF THEIME m(t).

4 (%i18) temporary_m(t):=K*%e"(-(ts*sL"2)/2+(t*sL"2)/2+M(t))
-tssL? tsl?

+——+M(t)

(%08)temporary_mi( =K %e 2 2

E Assigning the starting value Ns (with probabillfyof the process L(t) at the starting time t=ts.
7

(%i19) def_Ns:temporary_m(ts)=Ns;
(%609)%eM (™) K = Ns

N

(%i10) expression_of_K:first(solve(def Ns,K));
(%010)K = Ns %e M (19

N

Defining the MEAN VALUE FUNCTION OF THE TIME m(t).

N

(%i11) temporary_m(t),expression_of_K;
tssL? tsL?
- +——-M(ts) + M(t)
(%011)Ns%e 2 2

4 (%112) m(t):=Ns*%eN(M(t)-M(ts))*%e((sL"2/2)*(t-ts));
o2

— (t-ts)
(%6012)m(t):=Ns %eM (0 -M(19) g4 2

E Checking the special case t = ts, namely the INLTCONDITION with probability one.

(%i13) m(ts);
(%013)Ns

E Defining the k-th MOMENT of the general Lognorn&tbchastic Process L(t).
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? (%i14) declare(k, integer);
(%014)done

- (%i15) k_moment:'integrate(n"k*Lpdf(n,sL,ts,t),n,0,inf)Feand(radcan(integrate(n“k*Lpdf(n,sL,ts,t),n,0,if))
s k positive, negative, or zero? p;

Is k-1 positive, negative, or zero? p;

(log (n) -M (1)) ®

00

a2
nk-loge 2-B)sL” gp k2tssL2 k2tsl2
- +

(%015) = %e

i 2 t-ts L

? (%i16) def_mean_value_of the square:subst(2, k, rhs(k_mbtjne
(%ol6)%e’2 tssL2+ 2t sL2+ 2 M(t)

? (%i117) def_variance:variance=factor(expand(def_mean_valu¢he square-(rhs(def_mean_value))*2));
(%01 7)variance= - (%eS L2 ope! SL%) gper 2 tSSLEH tsl 2+ 2 M(1)

e

(%i118) def_st_dev:standard_devation=sqgrt(rhs(def_variance)
-2tssL2+tsL2+2 M(t)

(%018)standard_devation= J %6t S-%_0pe!S 2 gpe 2

E Finding the upper and lower standard deviationesir
e

(%i119) def_upper_std_curve:upper_std_curve(p)=(expandieisihean_value)+rhs(def_st_dev)));
tSSI'2+g+ M (1) ! -tssL2+g+ M (1)
(%019)upper_std_curve 9%e 2 2 +J%et L2 gpeSS? gpe 2

(%i20) def_lower_std_curve:lower_std_curve(p)=(expand(fek(mean_value)-rhs(def_st_dev)));
tSSI'2+g+ M (t) | tssL2+g+ M (t)
(%020)lower_std_curvef 3%e 2 2 J e R T 2

K Defining the standard deviation function of t: 2€f).

(%i21) Delta(t):=sqgrt(%e”(t*sL"2)-%e(ts*sL"2))*%eN((-2SL N2+t *SLA2+2*M(1))/2);
(-2) tssL2+tsL2+2 M(t)

(9602 1)A(t) = %6 -2~ 0665 S 0pe 2

E Finding sL when Ns, Ne and Delta(te) are known.
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(%i22) def_of _standard_deviation_at_end:DeltaNe=Delta(te);
-2tssL2+tesL2+2 M(te)

(95022) DeltaNe= %€t -2 06eS S ope 2

E Final Boundary condition.

L

(%i23) final_boundary_condition_eq:Ne=m(te);
(te-ts) sL?

-M(t M (t
(%023)Ne=Ns %e 2 (197 MU

Finding sL in terms of the four Boundary condisofts, Ns) and (te, Ne),
PLUS the additional fifth conditon on the final stiard deviation: DeltaNe.

(%i24) towards_sL_1:def of standard_deviation_at_end/fim@indary_condition_eq;
| 2tsd2+tesL2+2 M(te) (te-ts) sL?
DeftaNe %662 96/5%2 040 2

B Ns

+ M (ts) - M (te)
(%024)

4 (%i25) towards_sL_2:expand((expand(towards_sL_1*Ns))"2YXZs@/(ts));
DeltaNe? N52: gpe 1S SL2+ tesLZ+2 M(ts)

(%6025)%e” M) 4
Ne?

- (%i26) towards_sL_3:log(towards_sL_2);
DeltaNe? NSZ]

=-tssL?+tesL?+ 2 M(ts)
Ne?

(%026)Iog(%e2 M(ts)

(%i127) def_sL:second(solve(towards_sL_3,sL));
DeltaNe? Ns? |
\/ Iog(%e2 M (ts) +aesj_ 2 M(ts)
Ne?

~te-ts

(%027)sL=

K Defining the RUNNING b-LOGNORMAL.
e

(%i28) assume(sigma>0);

.~ (%028)[0>0]
? (%129) RbLpdf(t, mu, sigma, b):=(%e”(-(log(t-b)-mu)*2/(2ga2)))/(sqrt(2*%pi)*sigma*(t-b));
- (log (t-b) -p) ?
%e 20'2

(%0029)RbLpdf (t,p,0,b):=

J2 o (t-b)
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(%i30) assume(mu>0);

. (%030)[p>0]
? (%i31) 'integrate(RbLpdf(t, mu, sigma, b), t, b, inf)=igtate(RbLpdf(t, mu, sigma, b), t, b, inf);
(log (t-b) ) °
oo%e 2 0.2
dt
o t-b
(%031) =1
2o

’ (%i32) RbL_PEAK_ABSCISSA:first(solve(diff(RbLpdf(t, mu,@na, b), t)=0, t));
(06032)t= %69+ b

~ (%i33) RbL_p:subst(p,t,RbL_PEAK_ABSCISSA);
(%033)p = %e 9"+ b

~ (%i34) RbL_PEAK_ORDINATE:RbLpdf(t, mu, sigma, b),RbL_PEAKBSCISSA;

02

%e?

2o

-u
(%034)y————

4 Invoking the CONDITION that the RbL_PEAK_ORDINAT#Rust equal
the Exponential Mean Value of the ENVELOPING GBM.

(%i35) assume(p>ts);
(9%035)[ p >ts]

4 (%i136) def RbL_CONDITION:RbL_PEAK_ORDINATE=m(p);
2
%‘H (p-ts) sL?

0 %oe 0, 2
(%036)———=—=Ns %e

2o

-M(ts) + M(p)

K SEPARATING the mué&sigma(p) part from the sigma ygp) part.

(%i37) Two:[%e”(sigman2/2-mu)=%e"(p*sL"2/2), 1/(sqrt(2*%prmigma)=Ns*%e”(-(ts*sL"2)/2-M(ts)+M(p))];
o? p sL? tssL?
S H p 1 -, ~M(ts) + M(p)
(%037)[%e = %e ,———=Ns %e

V2o

E Solving the sigma_only(p) part, namely the seaeauaiation, with respect to sigma.
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(%i38) final_sigma:first(solve(second(Two), sigma));

tssL?
, M9 -M(p)

@HNS

%

(%038)a=

E Inserting this into the first equation, we nowdfithe mu(p) function.

? (%i39) eq_in_mu_only:first(Two),final_sigma;
tssl2
2 5 + M (ts) -M (p)
%e u p SLZ
 (%039)%e 4mNs? = %e 2
? (%i40) mu_from_first_eq:distrib(first(solve(log(eq_in_munlg), mu)));
%etssl_2+2 M (ts) -2 M (p) D o2
(%040)pu= -
i 4 TNs? 2
? (%i41) final_mu:mu_from_first_eq,sigma_from_second_eq;
%etssl_2+2 M (ts) -2 M (p) D o2
(%041)u= -
i 4 TtNs? 2
’ Summing up: these are mu and sigma of the Ruriinggnormal
| for the GENERAL LOGNORMAL STOCHASTIC PROCESS L(t).
? (%i42) RbL_mu_and_sigma:[final_mu, final_sigma];
SL2
0pelS SLZ+ 2 M(ts) -2 M (p) psL2 Yoo 2 +M(ts) -M(p)
(%042)[p= - ,0=
i 4 TINs? 2 2/ Ns

K To these, we must add the value of b(p) obtainea the b-lognormal PEAK ABSCISSA equation:

(%i43) b_from_mu_and_sigma:first(solve(RbL_p,b));
(06043)b= p-%eH ™0
K In CONCLUSION, we have proven the PEAK-LOCUS THEHENR

(%i44) PEAK_LOCUS_THEOREM:[final_mu,final_sigma,b_from_mand_sigma];
2

0pelSSLZ+2 M(ts) -2 M (p) D sl e 2 +M(ts) -M(p)

o= b= p-%eHh 7]
4 TtNs? 2 2~ nNs

(%044)[ u=

E ENTROPY of the Running b-Lognormal in bits.
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? (%i45) def H_of RbL_in_bits:H_of RbL_in_bits=(log(sqrt(2i#*sigma)+mu+1/2)/log(2);
log(2 /1t o)+ p+

log(2)

N

H_of RbL_in_bits=

~ (%i46) Hvl:def_H_of RbL_in_bits,PEAK_LOCUS_THEOREM;

tssL?

M (ts) -M
%e 2 (1) -M (p) +%etssL2+2M(ts)-2M(p) psl2 1

log N 5 -
S 4 1tNs 2 2

log(2)

H_of RbL_in_bhits=

- (%i47) Hv2:expand(radcan(Hv1));
%etSSL2+2M(tS)'2M(p)+ tssL?  psL? M(ts) M(p) Iog(Ns)

H_of RbL _in bits= -
4 1tlog(2) Ns? 2log(2) 2log(2) log(2) log(2) Iog(2)

1
| 2log(2)

? (%148) Hv3:%e"\(ts*sL"2+2*M(ts)-2*M(p))/(4*%pi*log(2)*Ns"2)(p-ts)*sL"2/(2*10g(2))-(M(p)-M(ts))/log(2)-lc
QpelSSL2+2 M(ts) -2 M (p) (p-ts) s M(ts) M(p) Iog(Ns) 1
41tlog(2) Ns? 2 |09(2) log(2) log(2) "2 log(2)

7 (%i49) radcan(Hv3-rhs(Hv2));
0

- (%i50) H(p):=%e"\(ts*sL"2+2*M(ts)-2*M(p))/(4*%pi*log(2)*Ns2)-((p-ts)*sL"2)/(2*log(2))+(M(ts)-M(p))/log(:
0pelSSL2+ 2 M (1) + (-2) M(P) (p_ts) sL2+M(ts)-M(p)+-Iog(NS)+ 1
4 1tlog(2) Ns? 210g(2) log(2) log(2)  2log(2)

H(p):=

7 (%i51) H(ts);
0pets s Iog(Ns) 1
4 1tlog(2) Ns2 10g(2) "2 log(2)

’ (%i52) def_Evo_Index_in_bits:Evo_Index_in_bits=-H(p)+H{ts)

o 0pelSSLZ+2 M(ts) -2 M (p) 0pets sL? (p-ts) sL? M(ts)-M(p)
Evo_Index_in_bits=- + + -
4 1tlog(2) Ns? 41log(2) Ns? 2log(2) log(2)

- (%i53) v2_Evo_Index_in_bits:(%e"(ts*sL"2)*(1-%e(-2*(M(KHts)))))/(4*%pi*log(2)*Ns 2)+((p-ts)*sL"2)/(z
(1-%e 2 M(P)-M(19)) gpglsst 2 L (P19 82 M(p)-M(ty
+
4 1tlog(2) Ns? 2 log(2) log(2)
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(%i54) radcan(rhs(def_Evo_Index_in_bits)-v2_Evo_Index_its)b
(%054)0

E Thus, the DEFINITION of the function Evo_Index{p)given by:

(%i55) Evo_Index(p):=((1-%e(-2*(M(p)-M(ts))))*%e(ts*sLNY (4*%pi*log(2)*Ns2)+((p-ts)*sL"2)/(2*log(2)
(1-%6(- 2) (M(p) -M(ts) )) %pels S|_2+ (p-ts) SL2+ M(p) -M(ts)
4 1tlog(2) Ns? 2log(2) log(2)

(%055)Evo_Indexp )=

K Checking that, at the initial instant ts, this Elrmex(p) equals ZERO: Evo_Index(ts) = 0.

(%i56) Evo_Index(ts);
(%056)0
E Derivative of Evo_Index(p) with respect to p.

’ (%i57) Evo_Index_derivative:'diff('Evo_Index(p),p)=diff(&vIndex(p),p);

d 2. .
| (dpM(p)j%etssL 2 (M(p) -M(ts)) L2 ddpM(p)
(%057)——Evo_Indexp F + +
dp 2 1tlog(2) Ns? 21og(2) log(2)

” Thus, in general, the derivative of Evo_Index@NOT A CONSTANT,
namely, in general, the Evo_Index(p) does NOT GROMEARLY IN TIME.

However, the last equation also reveals that:

the derivative of Evo_Index(p) is a CONSTANT (naytle growth is LINEAR)
if, and only if, the derivative of M(p) with respdo p equals ZERO.

In that case, the constant derivative equals thstaat sL"2/(2*log(2)).

Checking the tsGBM case, that is the GBM STARTING tA= ts special case of all the above formulae.
WARNING: this is MORE GENERAL than the GBM, sindeetGBM always starts at ts = 0.

? (%i58) tsGBM _case:[M(t):=log(NO)+(muL-sL"2/2)*(t-ts), Ns=£}Nt
2
(%058)[M(t) :=log(NO)+ (muL S;J (t-ts),Ns=NO]

K The derivative of this M(t) with respect to t is:

(%i59) derivative_of M_for_tsGBM:'diff(‘'M(t),t)=diff(M(t)t);

d sL.?
0, W = -—
(/0059)dt M(t) = muL 5
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” However, in Chapter 30 of his book "Mathematicall'$, this author already proved that the
(Shannon) Entropy of the GBMs decreases LINEARL Yinme.
Since we know the tsGBM_Evo_Index to grow LINEARLYtime, the last derivative must equal ZERO,
yielding the tsGBM CONDITION

- (%i60) tsGBM_CONDITION:second(solve(rhs(derivative_of _Mr ftsGBM)=0, sL));

(%060)sL=~/2 ~/muL

E tsGBM mean value curve of t.
e

(%i61) def_tsGBM_mean_value:def_mean_value,tsGBM_CONDITION
(%061)mean_value= %e! MUL-tsmuk N

(%162) tsGBM_mean_value:radcan(def tsGBM_mean_value);
(%062)mean_value= %e(' ") ML No

E tsGBM standard deviation
4

(%i63) def_tsGBM_standard_deviation:def_st_dev,tsGBM_CONON;
21log(NO)-4tsmuL+ 2t muL

(%063)standard_devation= J9pe? t ML _gpe2tsmul g0 2

- (%164) tsGBM _standard_deviation:rootscontract(factor(raddef tsGBM_standard_deviation)));
(%064)standard_devation= 9pe? tMUL _gpe2 tsmuL gt muL-2tsmul g

4 (%i65) final_GBM_upper_st_dev_curve:subst(0, ts, tsGBhdsad _deviation);
(9%065)standard_devation= %e! ML +/gpe? tMUL_1 NO

E tsGBM upper standard deviation curve of t
e

(%i166) def_tsGBM_upper_standard_deviation_curve:def_uper curve,tsGBM_CONDITION;
(9%066)upper_std_curve :)%et muL - ts muL NO+J%e2t muL_%eZ tsmul g muL - 2 ts muL NO

(%i67) final_tsGBM_upper_st_dev_curve:rootscontract(fgctmican(def_tsGBM_upper_standard_deviation
(%067)upper_std_curvex =)<J %pe? L MUL_gpe? S MUL 4 gpels m“'-) 9%pel MuL-2tsmul g

(%i168) final_GBM_upper_st_dev_curve:subst(0, ts, final B&G upper_st_dev_curve);
(%068)upper_std_curvey( 3 %e' ™ (\/ %e? LMl _1 4+ 1) NO

E tsGBM lower standard deviation curve of t
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? (%i69) tsGBM _lower_st_dev_curve:def _lower_std_curve,tsGBIM@NDITION;
(%069)lower_std_curveg 3 %e" MuL-ts mul NO-~ %€ t ML 052 tSMUL gt MUL-2 ts muL g

(%i70) final_tsGBM_lower_st_dev_curve:rootscontract(fagtcan(tsGBM_lower_st_dev_curve)));
(%070)lower_std_curveg ¥ -(J 0pe? L MUL_gpe? tS MUL _gpelS m“L) 9pel MuL-2tsmul N

(%i71) derived_GBM _lower_st_dev_curve:subst(0, ts, fireEBM_lower_st_dev_curve);

(%071)lower_std_curveg 3 -%e" ML (\/ 0pe? tMul_q . 1) NO

E Finding the sL for tsGBM.
7

(%i72) def_sL;

DeltaNe? Ns?2
Iog(%e2 M (ts) +sz- 2 M(ts)
e

~/te-ts

(Yo072)sL=

4 (%i73) def_sigma_tsGBM:def_sL,tsGBM_case;
DeltaNe2 N02
o —

Ne

+ NOZJ-Z log(NO)
(%073)sL=

~te-ts

4 (%i74) sigma_for_tsGBM:logcontract(def_sigma_tsGBM);

\/Iog(Neer DeItaNezj
Ne2

~te-ts

(%074)sL =

(%i75) def_Evo_Index_for_tsGBM:Evo_Index(p),tsGBM_CONDITNO
(p-ts) muL

log(2)

E Evo_Index(p) for the tsGBM.
e

(%075)

’ (%i76) Evo_Index_for_tsGBM(p):=((p-ts)*muL)/log(2);

(p-ts) muL
(%076)Evo_Index_for_tsGBMf§ F—————
log(2)

4 (%i77) derivative_of _tsGBM:'diff('Evo_Index_for_tsGBM(p)diff(Evo_Index_for_tsGBM(p),p);
muL

log(2)

d
(%077)E Evo_Index_for tsGBMg ¥
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4 Re-writing the same results in the old, traditiamatation muL=B and sL=sigma, Ns=A, plus ts=0
for the GBM_Evo_Index and the GBM_Peak Locus_Th®ore

- (%i78) A_exp_B_notation_for_GBM:[muL=B,sL=sigma,Ns=A];
(%078)[muL=B,sL=0,Ns=A]

4 (%i79) def_GBM_Evo_Index:'GBM_Evo_Index=Evo_Index_for_td@),A_exp_B_notation_for GBM;
(p-ts) B
log(2)

(%079)GBM_Evo_Index=

4 (%i80) towards_ GBM_Peak Locus_Theorem_1:PEAK LOCUS THEOR&BBM_ CONDITION;

%ez ts muL %ets muL

(%080)[p=———-—-p muL,0=

2
P b=p-%eh O
4 7tNs? J2 /1 Ns P :

4 (%i81) towards_ GBM_Peak_Locus_Theorem_2:subst(0,ts,tow@8M Peak Locus Theorem_1);

(%081)[ = ,b=p-%e“"’2]

1
-pmuL,0=—————
4 T{Ns? 2T Ns

4 (%i82) GBM_Peak _Locus_Theorem:towards_ GBM_Peak Locus Ened?2,A_exp_B_notation_for GBM,;

(%082)[ = b=p-%e' ]

1
pB,o=———
J2A A

4 A2




