Online Appendix - The Optimal Cyclical Design for a Target
Benefit Pension Plan

Appendix A. Stochastic Control Problem

Appendix A.1. Problem Formulation

Before we formulate our stochastic control problem, here we first define the admissible set

of the benefit payout strategies.

Definition Appendix A.l. (Admissible strategies) The strategy b = {b(t)}c0.r) is called an

admissible strategy, if it satisfies the following conditions:
(1) b is F-progressively measurable;
(2) Evvre [ I T(b(s))st] < oo forany (x, 1, 8) € RXRXM, where Ey.v 1o [ = E[X(®) = x, L) = L, (1) = &];
(3) The stochastic differential Eq. (3) has a unique strong solution X(t) for any (t, x, 1, €) €

0, T] xR xR*x M.

We denote the set of all admissible strategies by I1.

As mentioned in the main text, the income stability is measured by the quadratic function.
Therefore, given the asset value x, the inflation index /, and the market condition € € M at time

t, we adopt a similar objective function as Wang et al. (2018) such that:
T _ 2
J(ta X, l’ 8) = [Et,x,l,s{ f e_ms(b(s)L(S)R(S) - bL(S)R(S)) ds
t
—roT * 2
+ Aoye™" (X(T) = Xy X L(T)) .

Our problem is to control the actual benefit level b to minimize the income stability:

}7211; J(t, x, 1, ). (A.1)
The value function is defined as
V(t, x,1,e) =inf J(¢, x, 1, &). (A.2)
bell
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Appendix A.2. Solution

By dynamic programming, we derive the following Hamilton-Jacobi-Bellman equation

(HJB) equation from the optimal control problem (A.1)

— 2 M

inf {vaa, x,1.8) + ™ (BIRW) ~ BIR®) + Y qu V(1 x. 1 j)} _0, (A3)
=1

V(T,x, 1 &) = A.e™ (x — X21)?, (A.4)

where

Ll V(t,x,l,e) = —rgV + V, + V[x(rs + mo(us — 1.)) + cLA(t) — bIR(t) — [1D(1)]

1 1
+Vial + EVxx[xﬂgo-g]z + EVllnilz + Vxl[XﬂgO'g]lngg (A.5)
and subscript denotes partial derivatives of V with respect to state variables x and /.

Theorem Appendix A.l. For the optimization problem (A.1), the optimal benefit strategy is

given by
—As3(1)
\ o Aa® ¥ !
b*(t)=b+ - , A.6
© et IR(1) (A.6)

and the value function is
V(t,x,1,8) = Ap (02 + Ap(OF + A (D,

where A.(t), e = 1,--- , M satisfy

A% (1)

M
A;I(t) + Aal(t) : [Z(ra + ﬂs(ﬂa - ra)) — Iy + ﬂgo-g + q.ea] - lrot + Z qngjl(t) = O»
JFe

M
A(,gz(t) + ASZ(I) ' [2&’5 —ryt ni + qgs] + Z qejAjZ(t)

JFE ) A23(t)
+Ag(1) - [c.AM) — D(1) — DR(1)] - 42_W =0,
AL () + As(t) - [(re + (e — 72)) — 1o + Qg + M0 L0]oPe + Gee] — ‘w
+ %{4 GeiA (1) + Aa(f) - [2c.A(1) = 2D(1) — 2bR(1)] = 0

J#*e

(A.7)

with boundary conditions Ay (T) = A,e™T, Apn(T) = (X2)* Ae™7, and A3(T) = —=2X*Ae™7 .



Proof. Consider the HIB equation:
irl}f{ —roV(t, x, 1, &) + Vi(t, x,1,&) + V(t, x, 1, &)[ x(re + me(te — 1)) + . LA(F) — bIR(t) — 1D(1)]

1 1
+ Vl(t, X, l’ S)G’é‘l + vax(ta X, l’ 8)x2ﬂ§0'§ + EVH(I’ X, l, 8)772[2 + Vxl(t’ X, la 8)X7T€0-€ln8p€

M

+ & (BIRW) ~ BIRD) + Y guy V(1 3.1 j)} 0.
=1

Suppose that
V(t,x,1,€) = Ay ()x* + Ap(OP + As(H)xl

with boundary conditions A, (T) = Aze™"T, Ayp(T) = (X2)* Az, and Ag3(T) = —2X*Ae™"7 .

Substitute into the HIB equation and use the first order condition, leading to

x— —As3(f)l
An(t)  x 1(A83<r) Ad(r)[ zAgm]

+ BR(t)) =b+

by(t) = e"O’ﬂ(Z‘) ' ? + R(t) 2e~rot lﬂ(l)

e—}’ol

By separating variables, we obtain

AL

A;1 (t) + Asl(t) ' [2(1"8 + ﬂa(,us - rs)) —rp+ ﬂ'z;o-g + qgs] - + Z QSjAjl(t) = O,
Jj#*e

e—rol‘

M
A;z(t) + ASZ(I) ' [20'8 —rt 775 + qgs] + Z qngjZ(t)

*&
ot ey A0
+As (1) - [eAAW) = DO = PR = 7225 = 0,
AL + As(0) - [(rs + 7e(te = 1)) = To + e + MO Mepe + Goc| = %

+ % qeiA3(1) + Aci (1) - [2¢.A®) = 2D(1) - 2bR(1)] = O,

J#e

(A.8)

with the boundary conditions Az (T) = e, App(T) = (X2)* Ase™T, and A5(T) = —2X> A7 .
]

Theorem Appendix A.2. There exists a unique solution (A(t), Ay(1), A3(?)) satisfying ODEs
(A7) foreach t € [0,T].

Proof. We only prove the uniqueness and existence of the solution for the first ODEs in (A.8)
which is non-linear from the quadratic terms Ail(t). The second and third ODEs in (A.8) are
both linear with respect to the variables A, () and A.3(¢), and the existence of the solutions can

be directly obtained from Waltman (2004). We first define recursively a sequence of ODEs as

. 28 V(e
XOW + (200 + mepte — 1)) — 1o + Mo0e — ———= Ot()]-Xg‘)(t)
e I
M (k=1) 2
o (Xe (D)
(k) T £
+§ qeiX (1) + 0’-( — ) =0, (A9

J=1

3



where Xéo)(t) = ¥, and ¥, are positive constants for e = 1,2, ..., M. Obviously, for each k, the

linear ODEs (A.9) has uniquely continuous solutions XP) as

T (k=1)
2X.
Xék)(t) = exp {f 2re + mo(uy —1re)) — 1o + ﬂi(fﬁ + oy — ——— (8) a’s} e
t

e—I‘OS

T s 7 x*=D
+f exp {f 2re + (g — 1)) — 1o + ﬂiof + Goe — S—(U)dv}
t t

o
[ZQSJX(M(S)JF( X 1)( )’ ]

Jj*e
= exp{[20 + Mtz — 1)) — 1o + moo2] [T — 1]} - A,e7"

T
+f exp{[Z(rg+7rg(;49 rg))—r0+7ro'] [s—t]}

X“ ”( ), X))
£ ]a’s,

e oS

[Z 4 X () = 2X(s) - (A.10)

j=1

which from the first equality gives the non-negativity of Xg‘)(t) fore=1,2,..., M. We can also
find from (A.9) that

. 2X§k_1) t
0 = XY+ [2(r8+7rg(ﬂg—r£))—l’o+7r§ 2 _ _Ol()] X0
e T
u (k=1 2
ot (Xe ()
S (E20)
j=1
' 2X.°(1) u
= XP@) + [Z(rg + 7o(fte — 12)) — o + Mo07, — = ] X9 () + Z ds; ij( 9
=1

Xék)t 2
rer (—()) +e - (XED@0) - XP o).

e—r()t
Then by defining (1) = XX(1) - X¥ V() fore =1,2,....M

2XP(1)
20 s

M k) 1)\ 2
X9t
+ § C]st;kH)(f) +e (e—())
=

0 = X&)+ [2(r8 + (e = 1)) = Fo + M072 —

—rot

- 2XP(r u
{Xé“(t) + [2(;’8 + (e — 1)) — Fo + Mo — —e_rof )] - XP) + Z G X (1)
j=1

e—rot

K ()12
"y (Xg_(t)) e (X%D(p) _X(k)(t))z}

2X(k)(t)

- —Qg(t)—[2(rs+ﬂg(/tg—ra))—ro+ﬂ§ 2 ] 0.(1

M
= 21450 0 = - (XED @) - XP W)’

J=1



that is
2X3(1)

e—rol

0.(0) + [2<rg 1y — 1)) — o + 720 — - 0,(1)

M
#4090 + e - (XEDW) = XOW) =0, 0uT) =0,

J=1

The above ODEs have the following solution

T s
o.(1) = f exp {f 2ry + (g — ry)) — ro + ﬂidﬁ + Qee — erOUXg‘)(v)dv}
t t

M
X[ Z qs;Q(5) + € (XP(s) = XED(5)) |ds > 0,

J#e
which means Xg‘)(t) > Xff”)(t) > 0. By the monotone convergence theorem, there exists
A(®) = (A1), -+, Ap(D)) such that ]}im X®(#) = A(¢). From the bounded convergence theorem,
taking the limit as k — oo in the second equality of (A.10), it follows that
Aty = exp{[20 + M — 1)) = 1o + moo2] - [T = 11} - Loe ™"

M

T 2
+f CXp{[Z(rg + ﬂa(ﬂs - rs)) —ry+ 7'1'3;0"E . [S — t]} [Z qngj(s) - (AS(S)) ds,

—rps
= ¢

(A.11)

which is obviously a continuous solution of the first ODEs in (A.8). Next we show the unique-

ness of the solution. Suppose there is another solution Y(¢) = (Y;(¢),- - - , Y (?)), that is
. M
Ya(t) + [2(r8 + ﬂ-s(ﬂs - rs)) -t FgUg]Ys(t) + Z qngj(t) - er()tyg(t) = O’ YE(T) = /lse_FOT’
j=1
which is equivalent to
Yo(t) + [20rs + ma(ue — 1)) — 1o + moo> — 2 A (0)]Y(t) + ™' A1)
M
+ ) 4ei¥i(0) = €V (AL = Vo)’ = 0, Yo(T) = A"

j=1
The ODE:s for A.(f) can be written as

AL + AL - [2(rs + (e — 15)) — 1o + 202 — 2™ A ()]

M
+VAAD + Y qejA () = 0, A(T) = dpe ™.
=1
Then by defining B.(f) = A.(t) — Y.(2), it is easy to find that B.(¢) satisfies

M
B(t) + [2(re + (e — 1)) — 1o + Moo — 2 A(1)] - Bo(D) + Z qeiB (1)

=1

+e " (Ay(s) — Yu(5)) =0, BJT)=0.

5



and has the following representation

T X
B.(t) = f exp {f 2(re + me(ue — 15)) — 1o + ﬂiai + Qe — e’OUAS(U)dU}
t t
M

X[ Z qsB(5) + € (A1) - Yo(0)*|ds > 0,

J#e
which gives A.(f) > Y.(¢). Similarly, we can also obtain Y.(¢) > A.(t) which shows the unique-

ness. L]

Remark 1. Given the penalty weight A, if the equity share r,. satisfies the following conditions:

[niaﬁ + 7. X 2(ug — 1) + 2(re — 1) + q&g] Ae — Ai + Z q:idi =0, Ve=1,---,M,
i#e
(A.12)
then we have B.(t) = B, = A.. In addition, if the population is stationary such that A(t) = A,

R() = Rand D(t) = D, and X satisfies

LX: - csﬂ—D—ER]+Z

i*te

qﬂ X =0, Ve=1,-,M, (A.13)

where {o = (re+m:(Ue— 1)) =210 + Qe+ T O Moo+ Gee — Ae, then Yoy X Liability, (1) = X7 X L(2).

Appendix B. Equity Share as Control Variable

Similar to the value function (A.2), we define the objective function as:

T
Jt,x,1,8) = s { f ™ (b(s)L()R(s) BL(S)R(S))2 ds + A,e"T (X(T) — X % L(T))z} :

J(T,x, 1, &) = Ae™ (x — X x 1)?
and the value function as:
V(t, x,l,e) = ibnf J(t, x, 1, ). (B.1)

The solution of the problem (B.1) can be derived using the standard HIB technique. We get

the following HJB equation satisfied by the value function V(z, x, [, ):

— 2 M
inf {Lb’”V(t, x,1,8) + ¢ (BIR(W) ~ BIR®) + Y 4.Vt x. 1 j)} -0, (B2
T ]:1
V(T,x,1,&) = A.e™" (x — XI1)%, (B.3)



where

LYVt x, 1 €) = —rgV + V, + V[ x(rs + m(ts — 12)) + cLA®E) — bIR() — 1D(1)]

1 1
+Via .l + EVXX[XTFEO'S]Z + EVunilz + Vulxn.oe|lmeps, (B.4)

and subscript denotes the partial derivatives. The solution of the optimization problem is given

as:

Theorem Appendix B.1. For the optimization problem (B.1), the optimal benefit and invest-

ment strategies are given by

b*(t) = b +

_As ( )
Aa(®) (X~ 2501
IR(?) ’

e—r()l‘

2(#8 - rs)Aal (I)X + (,us —re+ nspso-s)lAs’g’(t)

* £ =—
) 2024, (1)x

and the value function is
V(t,x,1,8) = Ag (DX + Apa(D + A3 (1),
where Ag(t), e = 1,2,--- , M satisfy

’ (He — rs)z Ai (1)
A0 + A (D) [2re = 10 = == 4 gee] = =0

M
+ 2 g:jAn(1) =0,
J*e

e

M
A‘Igz(t) + A£2(t) ' [2&’8 —rt+ Uﬁ + q.sa] + Z qngjZ(t)

J*e
i AL (e — 1o + 000 P A (t
FAs (1) - [eoA) - D) — BR®)] - 4;3_(,03 e A IZ)) 50 _ B3
— — e M
A;3(t) + Ag3(t) . [r_‘9 —ro+a, — (/'ts rs)(;us 0-2r8 + 775/350'5) + qgg] + ; (]ngj’j(t)
& JFE
—W + A (D) - [2¢,A@1) - 2D() - 2bR(1)] = 0,

and Ag(T) = .67, App(T) = (X2)* AT, As(T) = —2X: e,
The HJB equation becomes

ibnf{ —roV(t,x,LLe)+ Vi(t,x,l,&) + Vi(t, x, 1, &)[x(rs + n(us — 1)) + c.LA®) — bIR(t) — [D(1)]
i 1 1
+Vit, x, 1, &)l + EV”(I’ x, L e)x*m*o? + 3 Vilt, x, L e? P + Vy(t, x, L, &) xnorcIn.p,

_ 2 M
+e (DIR(r) = BIR(D)) + 3, 4 V(t, 2.1, J')} =0
j=1

with the boundary condition V(T, x,1,i) = A,e”"*T(x — X;l)z.
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The first-order conditions of b and r are

Vit x,le) - (e = re)Vilt, x, 1, €) + ep0:Vu(t, x, 1, €)
by(t) = ——— + b, () = — .
o) = 3 iR 70 2Vt 3, 1, ©)
Suppose that

V(t,x,1,8) = A ()X + AP + Aga(D)x] + Apa(1)x + Ags(D] + Age (1)

with the boundary conditions A, (T) = A.e*T, A(T) = (X;)2 e and A5(T) = —2X:Ae70T,
Apa(T) = Aes(T) = Age(T) = 0.
Substituting by, 7 and V(t, x, [, €) into the HJB equation and separating the variables, we

have

e rs)z Az (t) M
AL + A0 25—y - He T g - 2D S A = 0,
0% e’ jte

M
A;Q(t) + ASZ(t) : [2(15 —ry+ 77,% + qgs] + Z qngjZ(t)

Jj*e
_ A2() (e — T + o)A (D)
+Ag3 (1) - [co A1) — D(1) — bR(1)]| - ype 102An (D) =0,
, e_rs) e~ Fet sso-s) M
AL+ As0)- (1 = o+ = PRI g 14 S g
& JFE
Ag(DA(t _
—% + A1 (1) - [2¢A(E) — 2D(1) — 2BR(D)] = O,
e~ Te 2 M As tAs t)
AL+ Ak Tre = ro = BT 1 g 4 3 gt - 210050 g
& J*e
’ M (/Js - ra)(/l.s —ret nspao-a)As3(t)A84(t)
A85(t) + ASS(I) : [a'a — Ty + qgs] + JggqngjS(t) - 20-3;1451(1‘)

_f% + Au(D) - [exA0) = D) = DR = 0,

AL (D) + Aw(® - | 1+ 3 o (0) (e AL _
! 1)+ &l H-|— + g€ + gjji 1) — = =
ot T AT LT IO el T G T T 42 40

(B.6)

Considering the boundary conditions, we obtain A (1) = A.5(f) = A,(f) = 0 and

=Ag(1)
0a0(Mx+ Al — - A [*¥~ 350!
bo(f) = b=h
o) 2o IRG) Rl [ Re |

2(/18 - rs)Asl (t)-x + (ﬂs — T+ nspao-s)lAaia’(t)

* N =—
) 2024, (D)




where

e~ Te 2 Ai (t) M
AL (O +An@) - [2re =10 - M +oe] — =+ X oA (1) = 0,
O e’ Jj#e
M
A;Q(t) + ASZ(I) ' [20'8 —r+ 775 + 6]&9] + Z qngjZ(t)
J*te
. AL (e = T+ 11:p:06) AL (D)
+A:3(1) - [ A) — D) — BR()] - —2— ~ S -9, B
3(1) - [ce A1) — D(2) 0] yy— 20270 (0)
’ S_rs) e~ Vet sso-s) M
AL + As(D) - [re = ro + 0, — Lo =T P 4 gl + Y 4uAR ()
P J*E

Aa(DAL()

e—r()t

+ Ag1 (D) - [2c,A(F) — 2D(1) — 2bR(D] = 0

and Ay (T) = A,e77, An(T) = (X2)? Loe™™T, A(T) = =2X: A,
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