APPENDIX

The following consequences from Theorems 1 and 2 should be pointed out.

Theorem A. For all e > 0, there is § > 0 such that if A C SL3(Z) is a finite set,
then either

(1) there exist a nilpotent subgroup G and elements z1,-- - , zg € SL3(Z) with 5 < |A|°
such that
AC U 2 G,
1<i<p
or

(2) [A%] > JA['F0.

Remark. In particular Theorem 1 holds replacing (ii) by |A2| > |A['*°.

Proof. Assume (2) fails. Thus |A2| < |A|'* for all 6 > 0 and in particular

Els 3.5
B(AA) = o > A

Hence, there exists a |A|“°-approximate group H in SL3(Z) with the following prop-
erties. (See [TV].)
(3) 1Al < [H| < A",
(4) [H?| < |A]* |H]I.
(5) |AN Hxg| > |A|=%°|H| for some zo € SL3(Z).
Let Hy = Azy' N H. Then (3)-(5) imply

|H3| < |Ho|'* 5% < |Ho|'+"°.

Hence by Theorem 1, there exist a nilpotent subgroup G of SL3(Z) and an element
¢ € SL3(Z) so that
|Ho NEG| > |Hol' ™, (6)
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where € = ¢(6) — 0, as § — 0.

Let H; = HyNEG and take a maximal set {z; }1<i<g in A such that z;H1Nz;Hy = ()
for i # j. Thus by construction

AC U ZiH1H1_1, (7)
where HiH; ' C €G(EG)™! =¢GE~ =Gy ~ G.

To estimate (3, we write

_UsH| _ Al AP

— +(14c—ce)d
P=mr S P S jaeaa — A 00 (8

Theorem 2. Let A C SLy(C) be a finite set, and

|A?%| < K|A]. 9)
Then there exist a virtually abelian subgroup G of SLo(C) and elements z1,--- , 23 €
SLy(C), with 8 < K¢, such that
AC U ziG
1<i<B

Proof. Proceeding as before, we get an K°-approximate group H in SLo(C) such that
(10) |A| < |H| < K€|A|.

(11) |H3| < K¢ |H|.

(12) |AN Hzo| > K¢ |H| for some xg € SLy(C).

Thus, Hy = Axal N H satisfies |H3| < K?¢|Hp|. We apply Theorem 2 to the set
H,.

In alternative (ii), |[H2| > ¢|Ho|**?, hence by (10)-(12)

K > |Ho|% > (K¢ |A|)% = K~ % |A]%

and
1
(&3

K > |A|

e}

2i*6>|A|3.
2



Obviously,

A= U x - {e},
TEA
where g = |A] < K% .
In alternative (i), Hy C G, where G is virtually abelian.

Again, take a maximal set {2;}1<;<p in A such that z; Hy are disjoint. Hence

AC U ZiHoHo_lc U ziG,
1<i<g 1<i<p

and
[AHo| _ |A Azt A% KA

= = K1te, 0
|Ho| — |Ho| |Ho| ~ K—¢|A]

p <




