Proof of equation 10:

var (ZZ]) COov (Xij, YZ]) — COV (Zij, Xij) Cov (Zij, YZJ)
var (Z;;) var (X;;) — cov (Z;;, Xij)Q

B cov —

var (Z;;) cov (X;j, By x Xij + BycCij + €v,,)
—cov (BzcCij + €z, BxcCij + €x,,) cov (BzcCij + €z,,, By x Xij + BycCij + ev,;)
var (Z;;) var (X;;) — cov (ﬂzccz‘j +e€z,;,BxcCij + EXij)z

var (Zz]) [ﬂyxVaI‘ (X”) + ByCCOV (Xij7 C”)]
— BzcBxcvar (Cy;) [Bzo By xcov (Cij, Xij) + BzcBycvar (Cij)]
var (Zij) var (X,;) — [BzcBxcvar (Cij))?

By x var (Zl ) var (X”) + By cvar (Zzg) cov (ﬂxccij + €X,;5 C”)
— BzeBxcvar (Cyj) [Bze By xcov (Cij, BxcCij + €x,;) + BzcBycvar (Cyj)]
var (Zi;) var (Xi;) — [BzoBxcvar (Ciy)]?

By xvar (Z;;) var (X;;) + BycfBxcvar (Z;;) var (C;j)
— BzcBxcovar (Cij) [Bze Py x Bxcvar (Cij) + Bzc By cvar (Cij)]
var (Z;;) var (X;;) — [BzcBxcvar (C’i-)]2

_ By xvar (Z;;) var (X;;) + BycBxcoivar (Zij) — By xBrcByc(08)? — BacBxcByc(cd)?

var (Zi;) var (Xi;) — f% 0% c(08)?

BycBxcoivar (Zij) — BrcBxcPyc(od)?

var (Zij) var (Xij) — B3c 8% (08)?

=PByx +

BycBxco [var (Zi;) — B5c08]
var (Z;;) var (X;j) — B%c8%c(02)?

=PByx +

BycBxcod [(B3c0t +02,) — BZcod]
B3c0ot + 0622) (/63(00% + sz) — B%cB%c(02)?

Zﬂyx—i—(

If var (C;;) = var (X,;) = var (Z;;) = 1, then
ByeBxc (1 - B%¢)

1= 65c6%c

Bcov = BYX +

Proof of equation 11:

In a linear model, S5 may be excluded from Eq. 3 without changing the value of Sy, L.

covstd °
E(Yij | Xijs Xi, Zij) = Bo + BWooera (Xij — Xi) + B2 24,
We can then modify this model as:

_ 1 *
E (Y | Xij, Xs, Zij) = Bo + By, (Xij — Xijr) + Bz Z;; so that By, = BWCEUSM-

coustd§ covstd



We then have:

var (Zz]) Ccov [Y;j, (ij — Xij’)] — COV [Zij7 (X Xz]’)] cov (Y;j s Z )
var (Z”) var (X” — Xij/) — COV [Zij, (Xz] ij/) 2

/3*
Weovstd

Plugging in pieces from the derivations below gives:

(BZcod +0e,) [Byx (1= Bycokpe — 02 pex) + ByeBxcod (1 — pc)]
— BzcBxcod (1 — pe) (By xBxcBzcod + BycBzco?)
2(8200% +0ey) (1= Boeo2pc — pex 02 ) — [BzeBxcot (1 — pe))?

ﬁ*
Weovstd

If var (C;;) = var (X;;) = var (Z;;) = 1, then this simplifies to

Byx (1= B%cpc — 02 pex) + ByeBxe (1= pe) — BzeBxe (1 — pe) By xBxcBze + ByeBze)
2(1— B%opc — pexo?,) — BzeBxe (1 — po)]”

/Bch'ustd -

Proof of equation 12:

Similarly, in a linear model, Sp may be excluded from Eq. 4 without changing the value of Sy

cov *

E (Y | Xij, Xi, Zij, Zi) = Bo + Bw.,, (Xij — Xi) + Bz (Zij — Z)

We can then modify this model as:

* 1 * B cov *
E (Yij | Xij, Xi, Zij, Zi) = Bo +ﬂwm 5 (Xij = Xog) + By 5 (Zij = Ziyr) - s0 that Sy, = 5o and B =

w
N

We then have:

var (Zij — Zijr) cov [wi (Xij — Xijr )] —cov[(Zij — Ziyr) , (Xuj — Xyjr)] cov [Vij, (Zij — Zijr)]
Val"( Z”/ VaI‘( Xij/) — COV [(Z” — Zij/) s (X” — Xij/)]Z

Ao =

Plugging in pieces from the derivations below gives:



[2(1 = B3c0tpc = pe,02,)] [Byx (1= Bicotpc — 02, pex) + ByeBxcot (1 — pc)]
— [2BzcBxc0o? (1 — pe)] [(By xBxcBze + ByceBze) oz (1 — pe)]

BWeoy =
e [2(1 - B%co2pc — peyo2,)] [2(1 = Bhcodpc — pex )] — [2Bz¢Bxcol (1 - pe))?

If var (C;;) = var (X;;) = var (Z;;) = 1, then this simplifies to
2(1 = B%cpc — pe,02,)] [Byx (1 = Bxcpc — 02 pex) + Byebxe (1 — pe)]

— [28zcBxc (1 = po)l [(ByxBxcBzc + PyeBzc) (1 — po)l
[2(1 = B%epc — pey02,)] [2(1 = Byepc — pexo?,)] — [2Bz¢Bxc (1 — pe)]?

IB;;I/CO’U =

Derivation pieces:

The components of the within-pair estimates above are derived as:

cov [Yij, (Xij - X;j)] = cov (Yij, Xij) — cov (Yij, Xij7)
= cov (Byx Xij + BycCij + ev,,, Xij) — cov (Byx Xij + BycCij + ev,,, Xijr)
= By xvar (X;;) + Byccov (Cij, Xi;) — By xcov (Xij, Xijr) — Byccov (Cij, Xij)
= By x [var (X;;) — cov (X5, Xij7)] + By [cov (Cij, Xij) — cov (Cyj, Xijr)]
= PByx {Val“ (BxcCij + €x,,) — cov (ﬂxccz‘j +ex,;, BxcCijr + €Xij/>}
+ Byc {COV (Cij, BxcCij + €x,,;) — cov (Cij7 BxcCijr + 6X7¢j/)]
= Byx (Bxcoe + 02, — Bxcoepc — 02 pex) + Bye (Bxcoe — Bxcogpc)
= Byx [Bxcoe (1 —pc) + 02 (1= pey)] + Bye [Bxcod (1= pc)]
= By xBxcoé (1 — pc) + By xo?, (1 — pey) + ByeBxcoe (1 — pc)

= Byx (1= Bxcotpc — 02 pex) + BreBxcod (1= pe)



cov (Yij, Zij) = cov (By x Xij + BycCij + ey, Zij)
= fyxcov (Xij, Zij) + Byccov (Cij, Zijz)
= Byxcov (BxcCij + €x,,, BzcCij + €z,,) + Byccov (Ciz, BzcCij + €z,,)

= ByxBxcBzcoé + PycBzcoé

COov [Zij, (Xij — Xij/)] = COV (Zij, Xij) — COV (Zij, Xijl)
= cov (BzcCij + €z,,, BxcCij + €x,,) — cov (52()0@‘ +e€z,,,BxcCijr + EXij,>
= BzcBxcoe — BzeBxcogpe

= BzcBxcod(l— po)

cov [Yij, (Zij — Zsjr)| = cov (Yij, Zij) — cov (Yij, Zijr)
= cov (ByxXij + BycCij + evi,, Zij) — cov (Byx Xij + BycCij + evi,, Zijr)
= Py xcov (Xij, Zi;) + Byccov (Cij, Zi;) — By xcov (Xij, Zijr) — Byccov (Cij, Zijr)
= Py x [cov (Xij, Zij) — cov (Xij, Zijr)] + By e [cov (Cij, Zij) — cov (Cyj, Zijr)]
= By x [cov (BxcCij + €x,;, Zij) — cov (BxcCij + €x.;, Zij') ]
+ Byve {cov (Cij, BzcCij + €z,,) — cov (Cij, BzcCijr + ez”,)}
= Byx [5XCC0V (Cij, BzcCij + €z,,) — Bxccov (Cij; BzcCijr + ezij,ﬂ
+ Byc (Bzcod — Bzcodpc)
= By x (BxcBzcoé — BxcBzcogpe) + Bye (Bzcog — Bzcogpc)
= ByxBxcBzcot (1 — po) + BycPzcod (1 — pe)

= (ByxBxcBzc + BycBze) og (1 — pe)



cov[(Zij — Zijr) , (Xij — Xijr)] = cov (Zi5, Xij) — cov (Zsj, Xy ) — cov (Zijr, Xij) + cov (Zij0, Xijr)
= cov (Bzc¢Cij + €z,,, Xij) — cov (BzcCij + €z,,, Xij)
— cov (ﬂzccij/ + €z, Xij) + cov (ﬁzccij/ + €z, Xij’)
= Bzccov (Cij, Xij) — Bzocov (Cij, Xijr) — Bzocov (Cijr, Xij) + Bze (Cijr, Xijr)
= Bzccov (Cij, BxcCij + €x,;) — Bzccov (Cija BxcCijr + EXij/)
— Bzccov (Ciyr, BxcCij + €x,,;) + Bzccov (Cijr, BxeCijr + €x.,;)
= BzcBxcod — BzeBxcogpe — BzeBxcoepe + BzePxcos
=2Bz0Bxc08 — 2BzcBxcotpe

= 2BzcBxcod (1 — pc)

var (Xz — Xij’) = 2 [Va]f' (ij) — COV (Xija Xij’)]

=2 (1 - Bg(CO%'pC - PCXUEX)

var (Zl — Zij’) = 2 [V&I‘ (Zl ) — COV (Zij7 Zij’)}

=2(1 - B%c08pc — pey0c,)
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si

{

code to replicate findings

Estimate byx with confounding

Arguments

byx, effect of
byc, effect of on
bxc, effect of on
bzc, effect of ¢ on z

rho.X, twin correlation in X

rho.C, twin correlation in C

rho.Z, twin correlation in Z

n, number of twin pairs per replication
reps, number of replications

on

O 0 X
<<

Returns crude = (y ~ x)
crude.cov = (y ~ x + ¢)
within = (y ~ (x - x.mean))
within.cov = (y ~ (x - x.mean) + (z - z.mean))
within.cov2 = (y ~ (x - x.mean) + z)

m.confounding.lm = function(byx, byc, bxc, bzc, rho.X, rho.C, rho.Z, n, reps)

# Define Tho.Y
rho.Y = 0.2

# Error wvartances
var.epsY = 1 - (byx =~ 2 + byc = 2 + 2 * byx * byc * bxc)

var.epsX = 1 - bxc = 2
var.epsZ = 1 - bzc ~ 2
var.C = 1.0

# Correlations (sibling)

rho.epsY = (rho.Y - byx = 2 * rho.X - byc = 2 * rho.C - 2 * byx * byc *
bxc * rho.C) / var.epsY

(rho.X - bxc = 2 * rho.C) / var.epsX

(rho.Z - bzc = 2 * rho.C) / var.epsZ

rho.epsX
rho.epsZ

# Covariances (sibling)
cov.epsY = var.epsY * rho.epsY
cov.epsX = var.epsX * rho.epsX
cov.epsZ = var.epsZ * rho.epsZ
cov.C = rho.C

# Error covariance matriz

A = matrix(c(var.epsY,0,0,0,
0,var.epsX,0,0,
0,0,var.epsZ,0,
0,0,0,1), nrow=4, byrow=T)

B = matrix(c(cov.epsY,0,0,0,
0,cov.epsX,0,0,
0,0,cov.epsZ,0,



0,0,0,cov.C), nrow=4, byrow=T)

M = rbind(cbind(A,B),
cbind(B,A))

# Cholesky decomposition
# Prints NA for all estimates when M matriz is singular
if (is.na(tryCatch(chol(M), error=function(err) NA))){
crude.est = NA
crude.cov.est = NA
within.est = NA
within.cov.est = NA
within.cov.est2 = NA
} else {
L = chol(M)
nvars = dim(L) [1]

# Random wvariables that follow an M error covariance matriz

r = t(L) %*% matrix(rnorm(nvars*n), nrow=nvars, ncol=n)
r = t(r)
rdata = as.data.frame(r)

names (rdata) = c('epsY1l','epsX1l','epsZl','epsCl', 'epsY2', 'epsX2', 'epsZ2’

round(cov(rdata), 2)

# Generate Y,X,Z,C for each member of a twin pair
Cl1 = rdata$epsCl
C2 = rdata$epsC2

Z1 = bzc*Cl + rdata$epsZl
Z2 = bzc*C2 + rdata$epsZ2

X1 = bxc*Cl + rdata$epsX1l
X2 = bxc*C2 + rdata$epsX2

Y1 = byx*X1l + byc*Cl + rdata$epsY1
Y2 = byx*X2 + byc*C2 + rdata$epsY¥2

# Set up data

id <- c¢(1:n, 1:n)

y <= c(Y1,Y2)

x <- c(X1,X2)

c <- c(C1,C2)

z <- ¢c(Z1,Z2)

mx = with(data.frame(cbind(X1,X2)), (X1+X2)/2)
x.mean <- c(mx,mx)

mz = with(data.frame(cbind(Z1,22)), (Z1+Z2)/2)
z.mean <- c(mz,mz)

dat <- data.frame(cbind(id, y, x, ¢, z, x.mean, z.mean))

# The crude estimate w/o covariate

crude = summary(tryCatch(lm(y ~ x, data=dat), error=function(err) NA))

crude.est = crude$coef[2,1]

,'epsC2')



# The within-pair estimate w/o covartiate
within = summary(tryCatch(lm(y ~ I(x - x.mean), data=dat), error=function(err) NA))
within.est = within$coef[2,1]

# The crude estimate w/covariate
crude.cov = summary(tryCatch(lm(y ~ x + z, data=dat), error=function(err) NA))
crude.cov.est = crude.cov$coef[2,1]

# The within-pair estimate w/covariate
within.cov = summary(tryCatch(lm(y ~ I(x - x.mean) + I(z - z.mean),
data=dat), error=function(err) NA))
within.cov.est = within.cov$coef[2,1]
within.cov2 = summary(tryCatch(lm(y ~ I(x - x.mean) + z, data=dat),
error=function(err) NA))
within.cov.est2 = within.cov2$coef[2,1]
}
return(list(crude=crude.est, crude.cov=crude.cov.est,
within=within.est, within.cov=within.cov.est,
within.cov2=within.cov.est2))
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Supplemental Figure. Exposure effect estimates with the inclusion of a covariate from
individual-level and within-pair models when A) the within-pair correlation in the exposure is
less than the within-pair correlation in the confounder; B) the within-pair correlation in the
exposure equals the within-pair correlation in the confounder; C) the within-pair correlation in
the exposure is more than the within-pair correlation in the confounder. For each scenario oc =
0.5, while px varies between 0.3, 0.5, and 0.7 (consistent with Figure 2). Additionally, each
column represents a different value of o, the within-pair correlation in the covariate. fc is the

effect of the confounder on the covariate. Blue lines denote the exposure estimate from



individual-level models, red lines denote the exposure estimate from CTC models as specified in
equation 4, and green lines denote the exposure estimate from CTC models as specified in
equation 3. Simulation results (solid lines) are overlaid on the derivation results (dashed lines) to
show their concordance. Darker lines denote the exposure effect estimate with covariate

inclusion while lighter shaded lines denote the same estimate without covariate inclusion. The

true causal exposure effect is zero (Svx = 0).
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